
A GLANCE ON TOPOLOGICAL METHODS

( Teschl , Nirenberg )

topologiche methods to soba the
eg flaky nbd domain

fu tim → Brouwer

Inf din → Schauder

Thin (Brouwer's fixed point thm ) lat U open set

with ut honeomrphic to Balt c- R
" and

t : rt → Te continuous

⇒ 7 se c-
Te : the) -se

what about so - din version of Brown' sthm ?

è
let F : Balo) → è#

se -_ ( asper , _
. ) → (FÈ , ses , sez , .

.

. )

F continuous
,
t se c- BIT ne han I FIXIN =L

so F :( BÈ ) ≤ a Balo) =/ xeé : Bell = ' }

Assone 3 x fixed point in
the bell :

se = Fbi) =D Hall = Il FINI = 1

⇒ se , = [Fla ) ]
,
= 0

sta = [ Fbi)) 2 = se ,
= 0

'

:

My =o ¥7

=D se = ◦ ,
but Flo ) = ( 1,0 .

.
.
. ) ha



Brouwer's thin fails in oo - dim
Space !

Neet extra assumption : F is compact patnb of A-

Det F : U ≤ ✗ → ✗
,
✗ Banach

,
F is Impact

if it is continuous anta t BEH
,
B band

,

FTB) is compact
Devote KIUIY ) the set of compact maps

REI °) IF FELIX) , this Tof rebus to the
"
alla

"

ove

•) f : ☒ → R continuous
,

F : Elton) ) → CHAD) +
a- Finiti = ↓ flussi) Is

then F compact ( CHECK it using Ascola -Aureli )

Properties of compact maps---

the hot (F)
⇒

, Fa : U → × compact tg and

such that Fg →F in the
sup nome

( ie .

Saffy Il Faint -Fink ≤ 0 ) to see F : U → ✗ Continuous

Then F is compact .

pref lat B ≤ U b1
.

NE

claim teso 3- Ne c-
IN : FTB) ≤ U Belyi)

f- 1

This
is tra la FSCBT since this set is compact .

How
, given E .

> o , the 2 : ✗ F- Falso ≤ 42



As FÈ caput , 3- § -net :

NE

FÀ ≤ U Bg ( Yi )
F-a

We claim it is E - net fa FÌBT
.

Intel tany
se c-B we have Fire) belongs to Be (Ya) fa sone

ya .
Intend the ya ist Este) c- BE / Ye) .

then 11 Fin) - ya /I ≤ Il FIA - EHI + IIF, - Yan

≤ HF - Fallo + § = E

N N

→ FIB) ≤ U Belyi ) → FIBT ≤ U Belli)
i -1 l'= '

ce F : ✗→ ✗ continuous with :& AFIDI < +so

and I ( Fg ) ] s.li . Fa → F in the
sup nom

ante

ky : in ( In Fy ( B) ) < so #B bd

=D F compact

Rain the converse appuoximetian problem , la linear maps

a) in Hilbert spiace, it is tue

a) In Banach
Space ,

it is false

Dropping hieaity ,
converse is vchd

in Banach

Pre F : U ≤ ✗ →✗
, Hopin bantha and F compact.

then HE>o 7 Fe Continuous s -

t
.

4) Il F- Fallo ≤ E

Ci ) din ( Im Fein) ) < + a



prof F compact ⇒ TE»
, 3- Isi . . Dp :

Fint
c Ù Belyi)

and we Choose (Yi)
,
-

= a.→ p
E fini

"

≤
lat Y ; (y) : = mai 10, E - " y - Jail)

%
'
:X → R

IF
y c- FÀ

, 77 : G' (g) ≠ °

→ ✗{ ly) : = % •) is nell bf.net

E yity ) ha y c- Fini

e.) E Lily) →

D %4D-toiffiy-ys.IE

P

Put Fe (a) ÷ È ¥4 Fise)) Ya

D Fe Continuous

a) In Fe ≤ spam ( ya , . . / Yp) n Im Fc ≤ finte din

°) Fla) - False) = È XÈ ( FG) FG) - Febe )
a=/

= E
,

È / Fai) ( Fise) - ya)

⇒ Il Fia) - Febe) Il ≤ È
.

"%eE.LI?i.-.?:!-" ≤ e
≤ È tie ( Fc») E = E

ET
→ Il F- Fallo ≤ E ☒



Lemme F : U ≤ ✗ → ✗
,
il open

bd and F

compact , their II + F is closed

( it maps closed set into closed sets )

pnot B c- U closed
,
tenne B

Want (1- +F) (B) closed : assume un + Fan) → Y
,

want to
prove y = se +

Fbi) fa sone se c- B .

Sine F compact , 7 kun ) with Flann ) → 5
so una =

LYTE
) - FYI → y -5

4-

=D y -J c- B sine B closed
.

Cell se :-. y - J ,
their

set Fse ) = Y -5 f- Fly - J )

( F cont . ) = y - 5 t him Flann ) = Y
@b.→ + to

Levay - Schauder fixed point theoan
-- -

Def the context of V is

wnvlv ) = A A
A Convex

A≥ ✓



The ( Leroy - Schauder ) lat D be - closed
,

Convex
,

bourdet sub set of - Bench Space
X and

F : D → D compact .

their F has a fixed point

prof Given a >o abitano , let E be an

appoxinehion of F with
Nn

a) IIF - Full oo < '

a.) Inn Fu ≤ spam
< 71 ' . " ' Iain ,

with (Ya
.

) ≤ FCD) ≤ D

( as in the
previ .ws proof)

Moreau F (a) = Z Xè ( Fse)) ya feed

1 " E YI ( x) =L
⇒ Fai D) ≤

Conv / Gol} E Conv ID) c- D

→ Fu : D → Dn Nn

→ Fu /Nand :
"" D → DÈI seta & convex & findin

Brouwer 's fixed point thm :

tu 3 sen : Fnlseu ) = nn

→ (an)
.

C
D bd → (FINI )

u

has svbsey
convergenti.



Flank → 2- c- D Gs D closed )

Then Run- Flann ) = Falana ) - Flann)

⇒ Il due - Flann ) Il ≤ Il Fna -Filo ≤ In -'°
↓
2-

=D dna → 2-

As F continuo
,

Flavia) → Flz)

: =

F has fixed point !

Thee is annotta four of Schouten thm :

Thin K convex
, compact set and f : kik

Continuous . Then I seek with f- (a) = se

EI 1
. prove

this fam ( telone it from He often are )

I-ppli-d-efschanktheoanpeanotheaan-hetfc-l.CIxk s'R
"

)
with I c- IR in c- IR

"

Open
and Courten

(P) {
n' = f- (tiniti )

alto) - sto
with to c-I , sto c- Il .



Then (P ) ha I least 1st

nel c- È Ito- E
,
taci
,
112
")

pref Integral bounuletion : sett) is asd off
t

sett) = shot | f- ( t , setti) = F (sett)
to

the
mep

F : Cecconi → Ckai) is carpet .

↑

CHEÈ :(
Ascola
]Lat M : = sup llfltix) H Arabi

TÉI
,
Ilse - roll ≤ g

auto consta Di = | ylhc-CT-ltaf.t.tt ) , R
" ) :

YIIIY"
- noi ≤ g }

Then ) D closed and Connex ( it is
abell ?

il Does FÀ c- D ? let sett) E D
,
Han

t

11 Flutti) - ho Il =
" | f- ( t ,

sett ) dtt
to

≤ 8 M ≤ s

provided 8 is chosen sff . Smell !

→ by Schouten 's Hwan 7 fixed point :L- F
it 's on solution of (P )



Sturm - Liouville problem

(D) { - "
"
= f- ( se > utri )

ulo) =n /1) ero

thm Let f : 1×112 →R continuous and

bourdet
. Then (D) hes a clessniel Solution

.

pneof-conr.tn Ha anxihay linea problem

f-
"
"

= ,
alden / il =o

By Storm - Liouville theory , Ne sol
op

T : E → E is compact
g- Tg

Counter Flu) : =
1- [ flx , n'xD)

a) F continuo» : f is co and bd
,
un flan)

Is a
New tthri operator , continuous Esk

a) F compact :
al became T is compact

.) Fi D → D with D closed and Convex :

Put Mi = sup I flash /

nel
,
TEIR

D: - { ne Ù : Hull ≤ R }
Il



then IF Http ≤ 411 fini "" "
e

≤ 4M ≤ R

provette R longe enosh

⇒ 3 u fixed point in LF of u = Flu)

i. e . il = T [ f- (se, ulxi) }

→ f : l'→ E ,

T : l' → H ! se ne H !

so u is week Sol ED urlo) - ult ) = 0
,

Then net ! ↳ C ( [a) 7) and so - u
"
= flauti) c- lo

⇒ UE (
2 (Tail) ah uh = UN = o → classica Solution

.

Topologico degree theory
- -

Gel : build a function
"

counting solutions "

continua ad stelle urla perturbatore
the HER

"

open
- bardata

, yeir
"

Dy IN ;D
" ) = } f : il →È : continuo»

,

7¢ flan ) }

( y ¢ Haul became ne want stability )ruba perturbato»

È
"



Exercise By / UIIR") ≤ ci / il;D
" )

Open

Det-A-egu-mepisafuncti.ir

deg ( • , U ; y ) : Ds / U ;D " ) → IR

f- → dgllyrliy)
sit

☒ 1) teglfsu , g) = bglfy , 40)
' "aumenta
Foundation

U2 ) tog ( A-
"an ,
U

, 4) =/
1 ' 1- le" normalità
o 1- 144

(D) 41,42 ≤ il open ,
Usarla = ∅

,

1¢ fltrlnsuuz )) attatutj

⇒ teglf.MY/--bylfila,y)+deyll-i9y )

→ "I

(1) 4 ) it hltix) is Eblahonotopy-iie.hc-ll-adxrt.IR" )

°) h It' × ) -49 tu ,» , [a , ] ✗ su
/ ⇒ "%) e- DYIU ;D

")
rt

their deg Chiti ) , U , y) das not dependent



il tepee exists
,
it has imutddy the following

properties

Pre het by be given , then

E) by If , ∅
, y ) =

°

4) il gel f- ( vi.È
,

mi)
,
Uinu, = ∅ la

⇒ teylf , 41 ) = È teglf , Uil)

( iii) fig c- Dy In ;D
" ) ah

list / f-High ) < 1st / y , faut ) V-x.NU

⇒ by If , Mi) = by 19 , rliy)

In particular, if fig on
all

⇒ hey Hilly) = teg / 9,4)
K ) if by (film ) -10 ⇒ 3- set U : f- A) =p

4) He
my Dimitri) → R is locclly

f → teglfikiy) constant

fa f- c- Dylan
" ) Ni flan ) → R is lady

y → tagika;D contanti

so they are bath continuous and constant on
Connected Components



pref C) Use (D} ) with Use U , Ma =D

N) (D} ) + intonata

(iii) hit ,» = 4-f)f + fa

check his etmisrble : hlt
,
d) =/ y

t tti ) c- È } ✗all

' e '

list / y , hit , sul) >o ¥ 1- c- [ai]

list 14 , hlt.am) = List ( y , f- bui) - I hit, - ) - f- Il
Elan)

≥ List ( y , fan) - If - gli LIU)
> ◦

È¥ dog / Noi , Uil) = tglhth.IM/Y)
" "

leg ( film) teylgiuiy)

(v) B.e
y ¢ fin ) ,

we also know got fan) ⇒ yctftk)

(B) with Us - v2 =P gives

tgll.my/--bglfiUs,y)i-d9Il-iMz,y)=o4a.-=-=
by Ii)

4) °) f- c- Dy 1412
" )

, g c- lire , R
") with If -811 « drstly

, flat)
Loo

then g E Dy / Min " )

Put hit
,
D= (s -f) f + tg is atmsrbk handoff

→ teglf , Miy) = by / 9,44)



•) they with it - y ) < 1st / y , fan)
%

fan)

put yltl : = se -tly + ti → 1st / 411-1, faut) > 8 >o

→ f- ylt ) c- D. In ;D
") titoli , ]

"

18 : ◦ ¢ giare ) }

→ leg Ifil , y)
È by If-1,90)

il f-YH) - ( f-g) Il → = leg ( f- yltl , Mio) V-tf.gl]
N

✗ gia -911 ≤ detto / fb "1)=/ leg If -5,40)
← by If init) @

FAI : if y is a regular value of felt then

(Dl - Dal tetumne deg un'gely
Det ) f : Meir

"

→ " 2
"

, ftp.iyc-R is a

regole vale of f- if tre f-
' 4)

dflx) is invertibile I if 1¢ fin ) , it is regular )
a) y is cnticlrhe A y not regular

this Slash ) f- c- e
'

,
the set of what values has

Measure o

ce N
open

bla
, 4¢ flan ) regular value

,

Hen

# { nell : fini -1 } < + •

and if f-
'

b) = { sera ,
.

. /
sen} Iben 3- Hai neighb



d- sei and My nerd d- Y : (
f : mai →My is bieche

f-
"

( 4) = È ,

Uni

pronto f-
'

IY) closed init is carpet . Ry inverse finche
thm

, f- loc difheo amante se tu : f- bel = 2
a f-

'

l ) ) is carpet set of isolette points , so it ↳

finitela mary points on

the f- c- D , In ;D
" )
,
folle

, y ng
value

,
then

any Legue map has the form

teglfiliy) = 2
se c- f-

'4) nn
Gn ( tot lapse))

( agreement : E
✗ c- ∅

⇒ )
what about

y which mha and 1- c- è ?

Idee ) antiche vele : pick ys , ]- regular vhes with

II -111 , 1J-121 « 1
→ kg (fin , ya) = tey / finita)

Put deylf , U , y) :-. hm
miao

by /FU , yn)

with yn-sy , yn regular vche tu

a.) 1- c-è : oppoximde with e
'
font :

the (f)
n

≤ CYN ;D ")n%;D)
with fu → f- un'Lonely in

rt
.

Put by / f , U , y ) : =
him tag / fu ,mi)
n-soo

him wall Solid became g→ Leylg , 4 , y) is
boa cost

.

thm (Bravais fixed point ) Leta Open
with I haeomrphe

to Bild c- IRI ah f : rt → rt continuous
.

Then 3 se c- 5 : the) = se



Leery - Schauder degree

Look for a degree for maps
A- +F) I compact.

which selisfies (Dl - ☐4)

Idee : approximde F with fin dimronge mps Fe

aching on finte tinenronel spece XE

Gustare Brown tepee degli# +Felix
,

) ad the hint

we will week the following
hehe f :

I ≤ R
"

→ 12ᵗʰ continuous
,
ma
"

Roper ,
bd
, ye

IRM ' la + f) NU ) then

by / A- + fini ) = degl # +f)
1am ,

Um
,
y )

whee Hm = Unirmi Un IIRM ✗ le } }
In t.ws

Rey 7 112
"
= IR

"

✗ Io } ≤ IR
"

f- : 12
"

→ 112
"

• → / %) I m - components
3 n -m components

7 Yen
"

, y = (f) c- (☒ + It) ) la ")

Iron

Umana "2714



a) het ne ut sit . setftx) =y =D se = y
- fla) c-È

→ AI + f) in) = ⑦ + f) punte) = y
→ ne + f) nimis)

⇒ # +f)
"
b) = (* 1- f)

1am)
"

ly)

PMI we essere f- c- e
'

ante
y ng

.

value
. enast le

prove

sign bet DIA tf ) / a) = sign
tet d' A- + f) punk)

tre # + f)
"

ly) = (① + f) 1mn )
"

( 9)

Reale fin) = ( f! )
lat dltttt 1×1 = Set (

Am + ?

fif-tip.fm0 #
mm ) n-m'

- ÷

teuehop w. i. t . lost n -m nous:

= tot Lam + f) 'a)
@

Define KIM ,
×) = {FEC

'

in :X)
,
F carpet }

FIN
, = {Fellaini) , 1mF fin din}

Dy Init IF c- lenti) : 4¢#+F) tant }



REI FED
,
/9×1 =D list ly , + F) DM ) > o

Fa F c- KM ×)
, apparente it by FIE FIN ,

×) with

Il F-Fatto < { tstly , ATTI ) Iau)
) = 92

=D List / y , MI
+Fallon ) ) > o → Fsffy /Hd

Next
,
the Xs CX fin In sub d- ✗ with

Fsln) c Xd
, y c- Xs

set Us : = Un Xs , Ken F
,
c- Fy / Ma , Xs)

we put

[leg ( A-+Film ) : = log (A- +Fa ,
Us

, Y) }
LERAY - SCHAUDER DEGREE

Pre LS degree is nell posto . Pick Free Fire, with

HE - Flloo < 912 , Xz as belare .

Put to : = ×, + X2
,

No = Un Xo

By rebnctwnthm Iye Xs
, y c- Xz )

leg ( A- +Fa ,
No

, y ) = hey / A- + Fa
,
Ma

, Y)

Leg l # + Fa , No , y ) = tag ( A- + Fa , U2 , y)



Pot HK ) = AI + (a -f) Fatt Fz

It is etmoide honotopy since

Il Hit) - (A- + F) I /
•

≤ Il Fs - FI /
•

+ 11 Fa -Ftl < f

→ by I # + Fa
,
Us , y) = teg là + Fa , No , y )

= by I A- + Fritto , Y)
= leg / A- + E / NAY)

@

This U open ,
11

,
UEX

, FEDYIMIX) , YEX
the LS Segue fnlflls (Dll - Cda) ,

so the
a

atti Kovel properties


