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1. Introduction and statement of the main results
1.1. Introduction

In this paper we study properties of time dependent Schrodinger-type linear partial
differential equations defined on scales of Hilbert spaces. Our aim is twofold: (i) to put in
a unified setting several results only known in particular cases concerning well-posedness
and growth of norms for large time and (ii) to generalize and extend such results to new
models.

More precisely, given a scale of Hilbert spaces {H"}xer, we denote by (-, ), the scalar
product of H°, and we consider Cauchy problems of the form

{iatw(t) = L(t)y(t) (1.1)

Ylims =¥s €HY, s€R

where L(t) is a time-dependent, linear, symmetric (w.r.t. (-, -),) and unbounded operator
in H°. We want here to establish a list of simple criteria which ensure the global in time
well-posedness, the unitarity in the base space HY, as well as giving bounds on the
growth of the H*-norms for the solution of (1.1). In all the paper we assume that the
spaces H* are defined as the domains of the powers of a positive self-adjoint operator H,
ie. HF = D(H"*/?).

Our first result concerns a very general class of operators L(t). Roughly speaking,
under the condition that the commutator [L(t), H] is H™-bounded for some 7 < 1, we
will prove that the flow (¢, s) of (1.1) exists globally in time in ¥ and its norm grows
at most polynomially in time as ¢ — 0o, and more precisely we prove the upper bound

U )¢l cery < C (E—)20=D (1.2)

for some constant C' independent of ¢. Here (z) = (1 + 22)/2.

It is remarkable that such a bound, in the case 7 = 0, is optimal, since there exist
operators L(t), H with [L(t), H] bounded s.t. the solution of (1.1) fulfills ||U/ (¢, 0)t)||4x >
C <t>%. Such an example was constructed by Delort in [10], choosing L(t) = H + V()
where H = —A + |z|? on R is the harmonic oscillator and V/(¢) is an ad-hoc pseudodif-
ferential operator of order 0 (see Remark 1.6 for more details).

However, with stronger assumptions on L(¢) and H, one might hope to improve the
bound (1.2). Indeed it is well known that in many interesting situations the norm of flow
of (1.1) grows much more slowly, in particular at most as t¢ when ¢t — oo, for any ¢ > 0.
This is the case for example for equation (1.1) on T with L(t) = —A +V (¢, x), as proved
by Bourgain in [5]. Here A is the Laplacian and V (¢, z) is a smooth potential. The same
bound holds also when L(t) = —A + V (¢, z) is defined on Zoll manifolds, as proved by
Delort [9].
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The crucial feature of these examples is a spectral property of the principal opera-
tor —A on Zoll manifolds. Indeed its spectrum can be enclosed in clusters whose distance
is increasing (we will refer to such property as increasing spectral gap condition). Note
that, in the example of Remark 1.6, the harmonic oscillator —A + |z|? on R does not
fulfill the increasing spectral gap condition.

Such property motivates our second result. In order to improve the upper bound (1.2),
we put ourselves in the situation where L(t) is of the form L(t) = H+V (t) and we assume
that H has increasing spectral gaps. Then provided that V(¢) is smooth in time, we prove
that for every € > 0 the bound

(e, S)HE(H’C) < Cre(t—s)°, Vt,seR (1.3)

holds. This is essentially the content of Theorem 1.9 below. It is important to note that
we allow V(t) to be an unbounded perturbation. More precisely we can take V(t) to be
H"-bounded, where v < 1 depends only on the spectral properties of H.

In the case where t — V (t) is analytic, we are able to further improve the bound (1.3),
obtaining the logarithmic estimate

242, $)l|caury < v(log (t = 5))7", Vt,s €R (1.4)

where the constant ¢ > 0 can be explicitly calculated. This is the content of Theorem 1.10
below. Once again when V (¢) is a bounded perturbation the exponent o that we find is
optimal (see Remark 1.11 below).

Finally we apply our abstract theorems to several different models, including one
degree of freedom Schrodinger operators, perturbations of the Laplacian on compact
manifolds, Dirac equations, a discrete NLS model and some classes of pseudodifferen-
tial operators. We recover many known results proven with different techniques, often
improving such results (allowing e.g. unbounded perturbations) but also obtaining new
results. More details and references will be given in Section 5.

The problem of estimating the growth of higher norms for equation (1.1) is very old,
and goes back to the pioneering works initiated by Howland [20] and developed by Joye
[21,22], Nenciu [29] and Barbaroux—Joye [3].

Such authors, roughly speaking, under the increasing spectral gaps condition on H
and the assumption that the perturbation V(¢) is smooth in time and bounded, use the
method of adiabatic approximation to prove that for every € > 0 we have

[U4(t, s)|| oy < Cre (t—s)°, Vit s eR.

Our aim here is to extend the adiabatic approximation schema of Joye and Nenciu to a
class of unbounded perturbations V (¢) and to control the growth of the *-norm V& > 0.

As a final remark, we would like to mention some situations in which it is possi-
ble to prove better bounds, and in particular to prove that ||U(t, s)[| () is uniformly
bounded in time V& > 0. Such results can be obtained for instance provided that the
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perturbation V fulfills some stronger assumptions, for example being quasi-periodic in
time and small in size. Indeed in these cases one might try to apply KAM methods to
conjugate L(t) to a diagonal operator with constant coefficients, which in turn implies
that the H*-norms are uniformly bounded in time ¥k > 0. The problem of the existence
of such a conjugation goes in the literature under the name of reducibility and had a
tremendous development in the last 20 years. To list the achievements of such theory is
out of the scope of this manuscript: we limit ourselves to state the latest results in the
various models considered in Section 5.

1.2. Main result

We start to make more precise assumptions. We ask that the scale of Hilbert spaces
is generated by a positive self-adjoint operator H in H, in the following sense: first
H has a dense domain D(H) = H2. Then, defining for every k > 0 the operator H*
by functional calculus (spectral decomposition), we demand that H* = D(H"*/?). For
k < 0, H* is defined by duality as the completion of H with respect to the norm
[lu|le = sup{| (v, u) |, ||v]|-x < 1}. Notice that for every m € R and k € R, H™ is an
isometry from H*¥+2™ onto H*. Denote by H> := NperH*.

Let us denote by ||-||x the natural norm on #*, which in turns is equivalent to || H*/2.||,.
Finally given a Banach space B, we denote by Cy(R, B) the Banach space of continuous
and bounded maps f : R — B with the usual sup norm ||f|lo := sup,eg ||f(t)]5-
We denote by Cp°(R, B) the space of maps f : R — B smooth.

Given A, B, Banach spaces, we will denote by £(.A, B) the set of linear bounded maps
from A to B. In case A = B we will simply write £(.A).

Given an operator A, we say that A is H”-bounded if AH ™" is a bounded operator
on H°.

Remark 1.1. Recall that H> is dense in H* Vk € [0, oo[. This follows from the spectral
decomposition of H: H = [[° AdEn(A) (see [30]). Let Eyla,b] = f; dEy()\) be the
spectral projector on [a,b]. If ¢» € D(H*/?) then Ey[0,N] € H™ for all N > 0 and
Jim [[HM2 (4 =)o = 0.

Let us introduce now a time dependent family of operators L(t) and the following
conditions:

(HO) There exist integers m > 0 and ko > 2m such that ¢ — L(t) € Cyp(R, L(H 2™ HF))
for 0 < k < ky.
(H1) For every t € R, L(t) is symmetric on H*+2® w.r.t. the scalar product of H° i.e.

<L(t)wa ¢>0 = <1/)7 L(t)(b>0 s va ¢ c Hk0+2m )

(H2) There exists k; > 2m such that [L(-), HJH™! € Cy(R, L(HF)) for 0 < k < 2k;.

The first theorem concerns existence of a global in time flow of equation (1.1):
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Theorem 1.2. Assume that L(t) fulfills the assumptions (HO), (H1), (H2). Then for all k
with 0 < k < min(ko, k1) — 4m, equation (1.1) admits a unique propagator U(t,s) €
CO (R xR, L(H*)) fulfilling

(i) Well-posedness: for every initial datum s, € HET? there ewists a unique global
solution ¥(t) := U(t, s)1s € H* of (1.1) such that (-) € COR, HF ) NCH(R, HF).
(ii) Unitarity: for every initial datum 1), € HF, the H° norm is preserved by the flow,

[¥®)l30 = ¥sll20, Yt €R.
(#ii) Group property: Vt,r,s € R

Ut s) =U,m)U(r,s), U(s,s)=T. (1.5)
(iv) Upper bound on growth: for every k > 0, there exists Cy, > 0 such that
lleA(¢, s)||£(7_[k) < CRpeCrlt=sl vt s e R. (1.6)

In particular U(t, s) estends to a unitary operator in H° fulfilling the group property (iii).
Furthermore for every t € R and every k > 2m, (L(t), H¥,H°) is essentially self-
adjoint.

It is remarkable that the assumptions of Theorem 1.2 are the time-dependent assump-
tions of Nelson commutator theorem to prove essentially self-adjointness, see Proposi-
tion A.2. We shall see later that Theorem 1.2 has many applications for proving existence
and uniqueness for time dependent Schrédinger equations with time dependent Hamil-
tonians.

Remark 1.3. Some variants or special cases of Theorem 1.2 are more or less known in the
literature. For example the results, at least in the special case m = 1 and kg = 4 = kq,
follow from a classical theorem by Kato [23, Theorem 6.1], as was pointed out to us by
J. Schmid [33).

Furthermore for k£ = 1 similar results are proved also in [25, Appendix A}, [34, Theo-
rem I1.27] and [24].

Remark 1.4. At this level of generality, the estimate on the growth of Sobolev norms of
Theorem 1.2 (iv) is optimal. Indeed one example is the following. Let H = —% + 22 be

the harmonic oscillator and L = 2% + Lz on L*(R). We have [H, L] = —2 (f—; + xQ)
and the assumptions (HO)—(H2) are satisfied. But we have

U(t, 0)u(z) = e ?ulets).

So we get
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d itL 2 t d
—e" u(x)|*de = e'||—f(x .
[ e ute)de = |4 f@)lze
R

A first improvement on the growth (1.6) can be obtained by asking that the commuta-
tor [L(t), H] is more regular than what is assumed in (H2). More precisely we introduce
the following assumption:

(H3) There exist k1 > 2m and 7 < 1 real such that [L(-), HJH" € Cy (R, L(}")) for
every 0 < k < 2k;.

Theorem 1.5. (i) Assume that L(t) satisfies the properties (HO), (H1) and (H3). Let
0 < k < min{ko, 2k1} — 4m, and p € N such that

1—7 7~
Then there exists a positive constant Cy, . ,,, independent of t, such that
WA (s $)sll2n < Chrp (t = 5)7 [sllon, Yo € HH . (1.7)

(it) Assume that (H3) is satisfied for every k € N and that 7 < 1 is rational. Then
for every real r > 0 we have

A sl < Crlllsll + (= )27 ([ ]l0) < CF (¢ = )70 [lbsllr . (18)

This result shows that if [L, H] is H™-bounded with 7 < 1, then the growth of the
Sobolev norm is at most polynomial in time. Furthermore, if 1 —7 can be chosen arbitrary
large then for every e > 0 we have

Ut s)bs|lr < Cr.e (t — s>€ sl -

Remark 1.6. At this level of generality, the bound obtained in (1.7) is optimal, at least for
7 = 0. Indeed Delort [10] proved that there exists a time-dependent pseudodifferential
operator V(t) of order 0 and Vr > 0 an initial datum 1, € H" s.t. the solution of
i) = (—A+ |2+ V (£, € R, with ¢(0) = 1, fulfills U4(t,0)ey |- ~ (£)"/? (where
H" := D((—A + |z|?>)"/?)). In such example, H = —A + |z|?, and condition (H3) is
fulfilled with 7 = 0. Then one sees that (1.7) is optimal.

In order to improve further the polynomial growth in (1.7), we make more restrictive
assumptions on the structure of L(t). First we ask that L(¢) is a perturbation of H,
ie. L(t) = H 4+ V(t), where V(¢) is a time-dependent self-adjoint operator. Clearly we
assume that L(t) satisfies (HO), (H1) and (H2) (in particular we can take m = 1). Then we
know from Theorem 1.2 that the Hamiltonian L(t) :== H + V (t) generates a propagator
in each space H¥, k € N, k < min{kq, k;} — 2, which is unitary in H°.
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We make two further assumptions. The first one concerns the structure of the spectrum
of H, which is asked to fulfill the following condition on increasing spectral gaps:

(Hgap) The spectrum o(H) of H can be enclosed in clusters {o;}; >1,
o(H) < U a5, (1.9)

where each o; is a bounded interval of R (we assume that they are listed in
increasing order). Define!

Aji=dist(oj41,05) , j:= sup |Ap — Agf .
A1,A2€0;

Then there exist © > 0 and positive constants «, 8 (independent of j) such that

1
EJ”SAJ'SO&]'“, o; <pBj*, Vji=1. (1.10)

Remark 1.7. If H fulfills (Hgap), then its spectrum is localized in the following sense:
there exist positive constants C7,Csy (independent of j) such that

Oyt <mino; < maxo; < Cyj#t ) Vji>1. (1.11)

In particular

maxo; < minojy, max o mino; , Vj >1.

< 2
¢
The second assumption concerns the regularity in time of the perturbation V(t):

(Vc),, Let n > 1. There exists v with?

O§u<L
p+1

such that V(-)H~" belongs to Cf (R, L(HF)), r > 2, for all 0 < k < 2n. In
particular VO < ¢ < r, there exists a positive R, ¢ s.t.

sup [|[H? OfV(t) HP™"|| g0y < Rny, YO<p<n, YO<(<r. (112
teR

The following result is an extension of Theorem 2 of [29].

L Clearly Aj are the distances between of the spectral clusters, while §; are their diameters.
2 Here p is the rate of growth of the spectral gap as defined in (1.10).
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Theorem 1.8. Fiz an arbitrary n > 0. Assume that H + V(t) fulfills (HO), (H1), (H2),
(Hgap) and (Vc),. Then for any real 0 < k < 2n there exists Ck,, independent of t,
such that

n

U, )| 2zry < O (t— s>%<“ ! ) , Vt,s e R. (1.13)

A natural question is if increasing the regularity in time of V(¢) leads to better esti-
mates. The answer is positive: assume

(Vs), Let n > 1. There exists v with’ 0 < v < 45 such that V(-)H ™" belongs to

C(R, L(HF)) for all 0 < k < 2n. In particular V/ > 0, there exists a positive
ng s.t.
sup [|H? OfV(t) HP™" | guoy < Bnye s YO<p<n, V£>0. (114)
teR

Theorem 1.9. Fiz an arbitrary n > 0. Assume that H + V() fulfills (HO), (H1), (H2),
(Hgap) and (Vs),,. Then for any real 0 < k < 2n and every € > 0 there exists Ci,
independent of t, such that

I (t, 8)l| 20y < e (t— )7, Vt,s € R (1.15)

If one assumes that V(¢) is analytic in time, better estimates were proved for 1-D
Hamiltonians [36] or for perturbations of the Laplace operator on the torus [6,12]. We
are able to extend such results to our more general situation, provided V fulfills the
following analytic estimates:

(Va)n Let n > 0. There exists v with 0 < v < 245 such that V(-)H™" is an operator in

L(HF), Y0 < k < 2n, analytic in time. In particular there exist cg ,c1,, > 0 such
that V¢ > 0

sup [|[H? 0;V (t) H™*"|| £(30) < con c‘in o0, Yo<p<n. (1.16)
teR

Then we have

Theorem 1.10. Fiz an arbitrary n > 0. Assume that H + V (t) fulfills (HO), (H1), (H2),
(Hgap) and (Va),. Then for any real 0 < k < 2n there exists a positive vy, independent
of t, s.t.

ol

()"

|24 (¢, S)”L(Hk) <~ (log{t—s))z\n , Vi, s € R. (1.17)

3 Here p is the rate of growth of the spectral gap as defined in (1.10).
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Notice that Theorem 1.9 and Theorem 1.10 hold true with only time regularity on
V(t) and a limited amount of regularity in the scale spaces H*. On the contrary, all
the previous results deal with potentials which are smooth or analytic in the scale of
spaces H*. In particular in [36,12] the authors assume analyticity in ¢ and x. Here we
only need analyticity in ¢ and some finite amount of regularity in z.

Remark 1.11. In the case of the Schrodinger equation on the circle, Bourgain [5] showed
that the logarithmic growth factor for ¢ — oo can not be avoided. More precisely he
proved the following. Fix s > 0; there exist a sequence of real potentials V;(z,t), a se-
quence of initial conditions wg and a sequence of times ¢; — oo as j — oo, s.t. the
solutions 1, (t) of ith = —0pxt) 4+ Vj(, )1, & € T, fulfill || (¢;)|| s > Cs(log (¢;))°. Since
H = —0,, fulfills (Hgap) with x = 1 and V fulfills (Va),, with v = 0, we see that the
bound in (1.17) is optimal.

Remark 1.12. Theorem 1.10 could be extended, with a different exponent, replacing
analytic estimates (Va),, by Gevrey estimates:

(Vg),, Fix n > 0. There exist 0 < v < # and s > 1 s.t.

sup ||HP afV(t) H™P7" | z(20) < com Cf’m (N, v£>0,0<p<n. (1.18)
teR

1.8. Scheme of the proof

The proof proceeds essentially in three steps. First we prove Theorem 1.2. The strategy
is to regularize the operator L(t) obtaining a sequence of bounded operators Ly(t) for
which we are able to prove uniform estimates on the flow they generate, and then to
pass to the limit. This in turn is possible thanks to the boundedness of [L(t), H|H L.
Theorem 1.5 then follows easily by a recursive argument.

The strategy to prove Theorem 1.9 and Theorem 1.10 is to extend the scheme of
Nenciu [29] to deal with unbounded perturbations. The idea is to construct an adiabatic
approximation Uy,q(t, s) of the flow U(t, s), for which the norms H* are bounded uniformly
in time. In case of time-analytic perturbations, special care is needed in order to perform
estimates.

Organization of the paper: In Section 2 we prove Theorem 1.2 and Theorem 1.5. In
Section 3 we prove the control of the growth of the Sobolev norms in case of perturbations
depending smoothly in time, namely we prove Theorem 1.9. Theorem 1.8 will be deduced
during the proof of Theorem 1.9. In Section 4 we consider perturbations depending
analytically in time and we prove Theorem 1.10. In Section 5 we apply the abstract
theorems to different kind of Schrédinger equations.
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2. Existence of the propagator

The aim of this section is to prove Theorem 1.2 and Theorem 1.5. It is technically
more convenient to consider the integral form of equation (1.1)

wlt) = v+ [ Lyo)ar (2.1)

We begin with an easy lemma:

Lemma 2.1. Assume that the condition (H3) is satisfied. Let 0 :=1 — 7. Then

(i) For k € N, 1 <k < ky, we have [L, HX|H %% € C, (R, L(H")).
(ii) For any 0 < 0 and any real p such that 0 < p < ki we have [L, HP|H P+¢" ¢
Cy (R, L(HY)).

Proof. (i) The proof is by induction on k. First write [L, H**'] = [L, H*| H — H* [H, L],
which shows that

[L Hk-‘rl]H—k 1+9 [L Hk] H—k+9 _ Hk []{7 L]H—1+9H—k‘

The inductive assumption and the hypothesis [H, L]H~'*? bounded as an operator from
HE — HE, V0 < £ < 2k, imply the inductive assumption.

(ii) For simplicity let us give the proof for 0 < p < 1. We use the following Cauchy
formula

1
pr = -0 %Zpil(H — Z)ilH'(/)dZ
2im
r
for a suitable complex contour I'. Using that [L, (H — 2)~'] = (H — 2z)"[L, H|(H — 2) !
we get

1 1
[L, H?] = j[zpfl(H —2) 'L, HH(H — 2) *Hdz + — ?{zp*l(H —2) 7Y [L, H]dz
2 2im
r

=T+1II (2.2)

We have
[]H—p+9/ %7{ p— 1 1H1 p—0+6’ H_S[L,H]H_H'GHsdz,
r

where s = 60" — 6 + 1 — p. It results that ITH-7" is bounded on H if 6’ < 6.
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Using the same trick we get that THP+% is bounded on H if 6/ < 6.
The same proof can be done for k <p < k+1. O

Remark 2.2. It is not clear that the above estimate can be proved under assumption
(H3) with 6’ = 6 if p is not an integer.

Let m as in Theorem 1.2 and suppose further that m > 0 (the case m = 0 corresponds
to bounded L(t)). The main idea of the proof is to regularize L(t) is such a way that it
becomes a bounded operator, for which it is possible to construct a unitary flow. To do
so, for any N > 1 introduce the smoothing operator

H™\ !

The following lemma describes the main properties of the smoothing operator Ry .
Lemma 2.3. There exists a positive Cy such that Yk, N > 0 one has:

(Z) Ry : Hk — Hk+2m and HRNHﬁ(H’“,Hk"'Z“‘) < N.
(@) RN ceaer iy < C.
(iti) |Rn — 1| cepnsam ry < S2.
(iv) | Ry = T gagmszmn gy < S22, ¥n €10, 1].

Proof. The proof is an easy computation, and it is skipped. Notice that (iv) follows from
(ii) and (iii) using interpolation. 0O

Now we regularize the operator L(t) by defining
LN(t) = RN L(t) RN .

Lemma 2.4. For every N > 1, Ly(t) is symmetric on H° and bounded on H* for 0 < k <
ko —2m. Furthermore for every n € |0,1] there exists Cy, > 0 such that for 0 < k < ko—2m
we have:

C
||LN<t) — L(t)||£(7_£k+2m(1+n),’}.[k) < N—Z, N>1, teR. (23)

Proof. We prove only the estimate. By Lemma 2.3 one has

| Ln(t) = L) £(pqrrencion agry < |RNL(E) (RN — D] £(3gr+2m000 30y
+ [(By = D L) £oper+2n00m 309

Cn
< (L2 pertzn pary + ”L(t)||£(7-L’°+2‘"(1+”),7-{k+2‘”7))N—;7n
<G
< 7o

where the last inequality follows from (HO) using that k + 2m < kg. O
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We use Ly (t) as a propagator for a regularized differential equation. More precisely
consider the regularized Schrédinger equation

{iatw = Ly(t)y

2.4
¢|t:s = ws , S€E R ( )

Since the operator Ly (t) is bounded on H* to itself for every k, 0 < k < ky, it generates
a flow Uy (t,s) € C(R x R, L(H¥)) for 0 < k < ky, which is unitary in H°.

Lemma 2.5. For any 0 < k < 2kq, there exists a positive constant Cy, independent of N,
such that

IUN(t, 8)]| 2(pry < eCrlt=sl YN >0 .

Proof. First we control [[Un(t,s)|[zpzry for 0 < k < k;. We must show that
H*Uy(t,s) H~* is bounded uniformly in N as an operator from H° to itself. Remark
that, due to the unitarity of Uy (¢, s) in H°, one has

1" Un (8, 5) H (| 200y = U (t,5)" H* Un (8, 8) H " oo -

Now one has

t
Un(t,s) H Uy (t,s) H* =T+ /uN(r, )" [Ly(r), H*Un(r,s) H *dr

t
=1+ /MN(T, $)* Ry [L(r), H*) H=* Ry H* Un (7, s) H *dr

where we used that [Ry, H*¥] = 0 and
[Ln(t), H*] = Ry [L(t), H*] Ry -

By Lemma 2.1, for 0 < k < ki, one has the bound [|[L(t), H*] H=¥||£(3;0) < Cy, for some
positive constant Cj, thus it follows (using also Lemma 2.3 (4)) that uniformly in N

|Rn [L(t), HY)H " Ryl ca0y < Ck, YN >0, 0<k<k.

Such estimate combined with the unitarity of Un(,s) in L(H?) gives
1" Un (2, 5) H"|| 3009

t
<1 +/||uN(r,s)*RN [L(r), H)H™* Ry H" Uy (r, s) H™"|| (300 dr

t
< 1+0k/|\H'“UN(7‘, 8) H™*|| o dr
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which by Gronwall inequality allows us to conclude that
[UN(, 8) || crzry < eFrlt=sl VO<k<k .

Interpolating with the trivial bound |Un(t,s)|/znoy = 1 gives the result for gen-
eral k. O

Proof of Theorem 1.2. Fix arbitrary t,s € R. Choose n > 0 small enough. The first
step is to show that for every ¢ € HF+2(1+0) | the sequence {Up(t,s)}n is a Cauchy
sequence in the space H*. For k < ky = min{kg, 2k1} — 4m one has

[Un (t, 5)3p = Un (E, 8)0 |

-y / O, (Un (1, 7) Uny (1 5)0) dir

= H/UN'(W) (L (r) = Lo (r)) Un (r, )4 ||

< [t —s| s [Un: (& ) o) 1DN (1) = Lne (r) || g aaes2nem 34r)
re|s,t

X JUN (1, 8) || £ (aem+2n4m) || k+2m(140)

1 1 —s
<C (W N W) |t — 5| et Crranaen sl gl onry),

where in the last inequality we used a easy variant of estimate (2.3) in Lemma 2.4. For
any t,s in a bounded interval, and ¢ € H*+2(14)  the sequence {Un(t,s)}y C HF
is a Cauchy sequence. Since H¥+22(147) is dense in H* and ||Un (t, )| gy < eCFl1=]
uniformly in N, by an easy density argument one shows that for any 1) € H* the sequence
{Un (t, s)Y} y is also Cauchy in H¥, k < ko. Thus for every ¢ € H* the limit

Z/{(t, S)Qb = ngnoo uN(t7 5)1/1

exists in H*, k < ky. Moreover we have the following error estimate, for N > 0 large
enough,

C —S8
A (e, sy —Un (t )¢l < < [t = 51 €™ W llkronuiny » 0SS ha (25)

By the principle of uniform boundedness (Banach—Steinhaus Theorem), U(t, s) € L(HF).
Since Uy (t, 5) is an isometry in H°,

|ed(e, sywllo = Jim_ [t $)2llo = 41l

which shows that (¢, s) is an isometry on H.
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Let us prove now that ¢ (t) = U(t, s)i, satisfies the integral equation (2.1). Denote
YN (t) = Un(t, s)1bs. Then we have

t

OV (t) = o +i7! / Ly (r)™ (r)dr . (2.6)

S

Using Lemma 2.4 and estimate (2.5) there exists C' > 0, depending on a, b, k but not
on N, such that for a < s <r <t <b, k < ky we have

200 ) = L0l = € (160) = 5" 0lhran + 3519 ) -

So we can pass to the limit in (2.6) and we get

t

B(t) = o+ 170 / L(r)b(r)dr . 27)

S

In particular if 1, € H*+22(47) then t — 4)(t) is strongly derivable from R into H* and
satisfies the Schrodinger equation (1.1). Furthermore

u(ta 3)¢ = ]\}E)noo Z/{N (ta S)¢ = J\}gnoo UN (t7 T‘)UN(T, 5)¢ = u(t7 ’I")Z/{(T, 5)¢

where the limits are in the H* topology. This shows the group property.
Finally we have shown that (¢,s) + U(t,s) € L(H*T2® HF) is strongly continuously
differentiable with strong derivatives

OU(t, s) = —iL(t)U(t, s) .
With the same proof we get also
OsU(t,s) =ilU(t,s)L(s) . O
We now prove the second theorem, concerning the growth of the norms.

Proof of Theorem 1.5. (i) It is enough to prove (1.7) for ¢; € H*°. We have proved in
Theorem 1.2 that U(t, s) is an isometry in H° so we have

led(t, s)vsll2e = U™ (t,5) HE Ut 5)ts]lo.

But we have

U*(t,s) H U(t, s)1ps = H py +i71 / U*(r,s) [L(r), H*]U(r, s)1s dr

S
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Hence using assumption (H3) and Lemma 2.1, we get the first estimate

t
[U(E, s)bsll2n < [[9sll2x + Ch / [U(r, $)Ysll2o—gydr, 6 =1—7. (2.8)

After m iterations of (2.8), with another constant C, ., we get

Ut 8)sll2k < Crm (IWsll2r + 1t = s|([0sllak—o) + -+ + [t = s s ll2h—m—1)0))

t ty

tm—1
+ Com / / / Ut 802y et - - dtr. (2.9)

Now choose m such that m# > k in such a way that |U(tm,s)Vs|loe—me) <
[ (tm, 8)1s]lo- Then use the unitarity of U(t,s) in HC to obtain the bound (1.7).

(ii) If 0 = % we get the inequality for r = 2k with k = pf, m = £q from Theorem 1.5.
We conclude by an usual interpolation argument. 0O

With very similar arguments one can prove the following result about convergence of
flows.

Theorem 2.6. Let L(t) be an operator fulfilling (HO)-(H2) with kg = ki = oo. Let
{L,(t) }n>1 be a sequence of operators fulfilling (HO), (H1) and (H2) with ko = k1 = o0

uniformly in n, namely Vk > 0, there exists Cy, > 0 s.t.

suﬂlg ||[Ln(t),H]H_1||L(Hk:) <Cp, VYn. (2.10)
te

Assume that there exists m >0 s.t. Vk >0

sup || Ly, (t) — L(t)|| c(pgrsm 26y — 0, 1 — 00 . (2.11)
teR

Denote by Uy, (t, s) the propagator of L,(t) and by U(t,s) the propagator of L(t). Then
for every 1 € H¥t™, for every t,s € R fived, one has

[Un (t, )b —U(E, 5)pllk =0, n—o00. (2.12)

Proof. By Theorem 1.2 the flows U, (t, s) and U(t, s) are well defined and fulfill (i)—(iv)
of Theorem 1.2. We claim that for every k& > 0, 3C% > 0 s.t.

1o (t, 8) | caary < eSH1E=1 W >0 (2.13)

Such estimate follows by arguing similarly to the proof of Lemma 2.5 and using esti-
mate (2.10) to estimate [L, (t), H*]H ~*. We skip the details. Now we have
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([Un (t, 8)0 — U, 8)1|1
t
= /U(tﬂ") (Ln(r) = L(r)) Un (7, ) dr |k
< |t —s| sup [[UE7)|cery 1 Ln(r) — L) cigrsm am 1Un (ry $)[] 2 agesm) |9 k4+m

rée(s,t]

sup, 1L (r) = L(r) | cagrem vy [t — 5] e(OxFCramlt=sl gy,
rels,

IN

which converges to 0 by (2.11). O
3. Growth of norms for perturbations smooth in time

In this section we prove Theorem 1.9, and at the end of the Section we show how
to prove Theorem 1.8. First we show that under assumptions (Hgap) and (Vs),, the
operator H + V(t) satisfies a spectral gap property. Then we describe the algorithm
which will allow us to construct an adiabatic approximation U,4(t, s) of the flow of the
operator H + V(t). Here we follow the strategy of [29], adding analytic estimates to
the construction. Finally we show how to use the adiabatic approximation Uyq(t, s) to
control the growth of the Sobolev norm.

3.1. Spectral properties of H 4+ V(t)
It is more convenient to have dyadic gaps between the clusters, so we define a new

sequence of clusters as follows. Fix a large integer J > 1 (to be chosen later on). Define
the new clusters

Gr=|J o, 7= U ol for j > 2. (3.1)

1<I<2 2Hi—2 4 1<I<IHI—1
We define as well
A i=dist(5,41,5;) ,  0j:= sup |\ —Agf, (3.2)
A1,A2€5;
)\j = g\ne%);/\ .= )I\Iélg)\ . (3.3)

So condition (Hgap) is written now as

(Hgap) The spectrum of H fulfills o(H) C U;<;; 05 and there exist positive con-
stants &,E (independent of J) s.t. Vj > 1

G1o0+ e < A, < g2U+i—hu 3; < B0+ (3.4)
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Remark 3.1. Let H(¢) be an operator fulfilling (Hgap) uniformly in time ¢ € R. Then
there exist positive constants C7, Cy (independent of J, j) such that

)\;r < 5'2 9J(u+1) 7

3.5
51 2 +i=1)(n+1) < A7 < )\j- < 52 9(I+i—1)(u+1) . Vi>2. (3:5)
In particular we have the very useful property
maxo; < 5—2 ming; , VjeN. (3.6)
1

We will denote by I';, j > 1, an anti clock-wise oriented rectangle in the complex
plane which isolates the cluster o, that is I'; contains only o at its interior. We fix such
contours so that

e Ay e Aj .
> — > —2 >2. .
)\lélrfl dist(A,0(H)) > 5 )\lélrfj dist(A,0(H)) > 5 j>2 (3.7)
Finally define
§:=1- LHV . (3.8)
I

It is important to remark that by our assumptions 0 < § < 1.
We prove now a perturbative result. It is in this lemma which enters into play the

restriction v < ﬁ This is indeed the condition which guarantees that the operator

H + V(t) has a spectrum with increasing spectral gaps.

Lemma 3.2. Let H satisfy (Hgap) and V (t) satisfy (Vs),, for somen > 0. There exists a
constant C'y (depending only on H ), such that if J is large enough to fulfill

210 > ot oy sup V(&) H™"|| (30 (3.9)
S

then H + V(t) fulfills (ﬁgé;) uniformly in t € R, with new clusters

~ A ~ Aj_ )

&=\ - Jl}quu[Aj+JTl], jeEN. (3.10)
Here we defined AO = &1.
Proof. We show that any z € Uj[)\j+ + %, Ay — %] belongs to the resolvent set of

H + V(t). For z € C\R we have

H+V(t)—2z=(V)(H -2 +1) (H—2)= (V) H "] [H" (H —2)" "] +1) (H-=z).
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By spectral decomposition

HY( Z/ = (3.11)

]>1F

where {Ex () }cer is the spectral decomposition of H. One has

( dist(zir(H)))y diSt(z’o'l(H))lf,j .

HHV(H— Z)_lH[:(?-[U) = Sup

Fix z € |, [)\;r + %, A1 — TJ] Then (using also (3.4), (3.5))

4 ()"

J

[HY (H — 2)7Y| a0y < < 4aCy 2t 20Dt ly=nl < ¢y o= (Hius

where § > 0 is defined in (3.8). Thus provided (3.9) holds one has

ig}g V() H || cpoy 1HY(H = 2) "l 2300y < 1/2 (3.12)

and we can invert [V (¢) H V][H” (H — 2)7!] + I by Neumann series and define the
resolvent

Ry(t,\) = (H—2)"" ((V(t) H "] [H" (H —2)"" ] +1) "

This shows that any z € |J; [)\Jr —i— 3, A1 — %] belongs to the resolvent set of H +V (1),

J+1
Vt € R. Thus

oH+V(E)c 7

j>1

The lemma follows easily. Notice that we get in particular that for every t € R, H 4V (t)
is self-adjoint on the domain D(H) of H. O

Remark 3.3. One has that &’ = dist(07,1,07), 5? = SUDy, €5/ A1 — Ao fulfill (3.4)

with new constants a, E .

In the following we will always use the clusters 5}’5. By abusing the notation we will

suppress the up-script ’ and write only ¢; = 3;.

Lemma 3.4. There exists 5H > 0, independent on j,J, such that for all j > 1

sup [|[H"(H — 2) ™| 0 < X (3.13)

zel; -1

where § is defined in (3.8).



A. Maspero, D. Robert / Journal of Functional Analysis 273 (2017) 721-781 739

Proof. We show that there exists a constant C' > 0, independent on j, J, s.t. for every
S Fj,

~ 9U+i-Lw

v o —1 o < - - - )
[H"(H — 2)" |l g0y < Cdist(z,a(H))l—V (3.14)

Then (3.13) follows easily using (3.7) and (3.4).
To prove (3.14), recall that || H"(H — 2) ™| £(20) = SUPee, ()

¢ :( < ) 1
2~ \Ig—2l) T—2pv"

Let z € I';. If ( € o we have by (3.5) and (3.4)

1<1”

&= and write

91 (at1) ,
|C| < 022 _ < 03 2(J+]—1) ,

|sz| N A]‘,1

where C3 > 0 is independent of j, J.
Now if ( € 7j, j' # j then ( =~ 20+ =1(1+1) and there exists Cy > 0 s.t. |¢ — 2| >
Cy 20+ =D+ (notice that length(d,) > 20 TF=D+1)) g0

1q <0y

€=z~

Hence (3.14) follows with C' = max(Cs, Cy). O
3.2. Adiabatic approximation

Let us start now the adiabatic approximation as explained in [27,29,22 21].

We present first the formal construction. In a second step we perform analytic esti-
mates to prove that all the objects are well defined.

The idea is to construct a sequence of operators B,,(t) such that for every m > 0 the
flow Uya.m (t,s) of H+V (t) — By, (t) is adiabatic, in particular it preserves the H*-norm,
and By, (t) is a more and more regularizing operator in a suitable sense. The B, (t)
are constructed step by step such that at each step we have an adiabatic transport for
spectral projectors. Let us recall here the adiabatic approximation used at each step
following [27,29].

Consider Hyy (t) = L(t)+W (t) a perturbation of L(t) := H+V(t) such that o(Hy) C
Uj21 0’;»/{/, a splitting of the spectrum of Hyy(t) into clusters 0’;»/{/, uniform in time ¢ € R.
I1}V (¢) denotes the spectral projector of Hy (t) onto o}". We are looking for an adiabatic
transport for all the {II}V(¢)};>1 which means that we want to find an Hamiltonian
H,q(t) = L(t) — B(t) (a “small” perturbation of L(t)) such that

Wy, j(8) = Usg 1 (t,8) Wiy 5 (8) Und,m (2, 5), Vt,s e R,j > 1. (3.15)

a
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Taking the time derivative we see that (3.15) is satisfied if and only if
i[B,IIY] = 9,11 +i[L,I1}V] := F}. (3.16)

It is not difficult to solve the homological equation (3.16) using the decomposition
B = Z HZVBH,‘?//. First note that, by the properties of orthogonal projectors, one
k' >1

has H};V F; HZ‘// =0Vk #£ j, k¥ # j and H}/V F; H}/V = 0, hence there are no diagonal
terms in the homological equation. We can thus assume that H,‘;VBHZ[// =0if kK # 5
and we have H}}VBHZ[,/ = iH;’VFjH,‘?,/.

So, by a computation using that {II} };>1 is a complete family of orthogonal projec-
tors, we get

B=i|> W (oMY +i[L,mY]) | . (3.17)
E>1

The Nenciu algorithm [27] is obtained by iterating this formal computation:

W-—W+B, Iy —In'+>s
Brow =i ZHZ“B (B I8 +i[L, Y TP)) | . (3.18)

E>1

We describe now how to construct the B,,(t)’s. A sequence H,,(t) of perturbations of
L(t) is constructed by induction as follows:

Ho(t) := L(t)
Hups1(t) := Ho(t) + B(t) , ¥m >0,

where the B,,(t) are obtained from the spectral projectors of H,,(t). More precisely, we
will prove that at each step o(H,n(t)) C ;> 0;, where the ¢;’s are the ones of (3.10).
Denote by IL,, ;(t) the spectral projector of H,,(t) on the cluster ;. Then following
(3.17) we define

B(t) =1 Y Ty j(t) O,y ;(2), (3.19)

1<j<+00

where
At,0)A(t) == 0,A(t) +1[L(t), A(t)]

is the Heisenberg derivative of A.
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So that according (3.15) and (3.16) the flow Uygm(t,s) of H + V(t) — By, (t) fulfills
the adiabatic property

Uad,m(tas)nm,j(s) = Hm,j(t)uad,m(ta 5) ) v] 2 1 5 Vt,S eR

(see Lemma 3.9 below) and thus it is an adiabatic approximation of the flow U(¢, s) of
H + V (t). The reason to iterate the procedure is that at each step the B,,(t)’s are more
regularizing operators (see Corollary 3.10).

Let us give some technical details to justify this construction under our assumptions.
Let us denote

By j(t) == Iy, (t) O, )i 5 () -

Notice that B()J‘ (t) = HO,j (t) atH()J' (t), since [L(t),HO,j (t)] =0.
In the following we shall denote || - || = || - || z(30) the operator norm in £(H°).

Lemma 3.5. Under the same assumptions of Theorem 1.9, fix an arbitraryM € N. If J is
sufficiently large, for every integers £ > 0,0 < m <M, 0 < p < n, there exists Cp, ¢ > 0,
independent of J, such that

Crn,e
D YA . —p m,n, -
ig}g |HPO; By, ; (t)H™P|| < 7~j(_11+m), VjeN. (3.20)

Therefore By, (t) in (3.19) is well defined, Bp(-) € C2°(R, L(H*)) for any 0 < k < 2n
and

C
P ot P < Zmmt
itel]gHH 9; B (t) H7P|| < Ips(Ltm)

V>0, 0<p<m. (3.21)
Finally By,(t) is a self-adjoint operator in HC.

Lemma 3.5 is quite technical and we postpone its proof at the end of the section.
Remark 3.6. In particular B,,(t) satisfies the condition (Vs),, (with v = 0).

Define for m > 1 the operators

Hy(t) := H + V(t) + Bo(t) + - -+ + B_1(t) = L(t) + Wy (t)
Hugon(t) = H + V() = Bu(t) = L(t) — B ()

The following corollary follows immediately from Lemma 3.5:
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Corollary 3.7. Fix M > 1. Then provided J is sufficiently large, the following holds true:

(i) For every 1 < m <M and t € R, the operators H,,(t) and Hyqm(t) are self-adjoint
operators generating a unitary flow in HO.

(i) For every 1 < m <M and t € R, Hy,(t) and Hyqm(t) fulfill (Hgap) uniformly in
time t € R with 0 ’s as in Lemma 3.2.

Proof. (i) By Lemma 3.5 Y0 < m < M the operator B,,(t) is a bounded self-adjoint
operator. Hence H,,(t) = L(t) + W,,(t) and Hyqm(t) = L(t) — B, (t) are bounded
perturbations of L(t), and thus they are self-adjoint operators generating a unitary flow
in HO.

(#5) Write Hp,(t) as Hp,(t) = H + W (t) with W (¢) := V(¢) + Bo(t) + - - - + B (t). By
(Vs),, and (3.21) it fulfills

C
sup |17 KW () HP™"|| < Ry + (m+1) 555 < 2Ry
te

provided J is sufficiently large (depending on M). Then Lemma 3.2 gives the claim.
The proof for Hgyqm(t) is analogous. O

We will denote by Uya,m (t, s) the propagator of Hyq m(t). The two key points, proved
in Corollary 3.10 below, are the following;:

(1) Uaam(t,s) is an adiabatic approximation of (¢, s) which preserves the H*-norms.
(ii) The operators By,’s are smoothing operators.

In order to prove those two properties it is convenient to measure the H*-norm with
the help of the projectors Il,, ;’s. More precisely perform the construction at order m.
Introduce the block diagonal operator

Am(t) =Y 207 D00 IL, (1)

1<j<00

As the II,,, ;’s are orthogonal projectors one has that

IAm (el =D 220~V (005, v e HO.

Jj=1
The next lemma shows that the norm ||H? - || is equivalent to the norm ||A,,(¢)? - ||:

Lemma 3.8. Fizn € N, n > 0. Assume that (Vs),, is satisfied. Then for any 1 < m <M,
there exist positive ¢c1 and cq, depending on n,V,o(H),|H"B;(t) H™"||, such that Y0 <
p<n,ViycH?P VteR
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Llllzp <N (Hadn(t) + o) Blo < call iz (322)
& 2700 A (6o <I(Haam(t) + o) llo < e2 270 AT, (o (3.23)

The proof is postponed in Appendix D.
We prove now some properties of the adiabatic evolution.

Lemma 3.9. For every integer 0 < m <M and j > 1 we have
IL,,, i (t) = Ugam (t, 8) Iy, i (8) Uaa,m (£, )", vt,s € R. (3.24)

Proof. For any propagator U(t,s) with generator ¢ — L(t) of class C! and any C* and
bounded operator A(t) we have

00 (UL, 5)” AQYULt,5)) = Ut 5)" Do) AV UL ).
Since the generator of Uyq m(t,s) is L(t) — B (t), it is enough to prove that
Op—p, m () =0, VEeR, Vi>1,m>0. (3.25)

This follows easily using the definition of B,,(t) and properties of orthogonal projec-
tors. O

Corollary 3.10. (i) For every 0 < m < M, Ugam(t,s) preserves the H*-norms. More
precisely for every 0 < p < n, there exists Cp, > 0 s.t.

[Uad,m (t; 8)l ey < Cp Vi,sER.

(ii) For every 0 < m <M, B,,(t) : H° — H?P provided p < (1 +m).

Proof. (i) First note that by Lemma 3.9 one has that Ay, (£)Uad,m (¢, ) =Uga.m (t, $)Am(s).
Then by Lemma 3.8 and the unitarity of Uyq,m(t,s) in H° one has
[Uad,m (t, 8)¥sll2p < CIAT, ()Uad,m (t, 8)¥sllo < CllUad,m (¢, 8)AT, (8)1s]lo
S CAL()sllo < Cllepsllzp -

(ii) Recall that I, j(t) B (t) = B ;(t). Now we have

1B (8)0s3, < CIAL(8) B (D)sllg < €Y 207 DHF022) By s ()05

i>1
< C|lsllo Z 920 =Dl(u+Dp=ps(tm)l < ||y, o

j=1

provided p < #5(1 +m). O
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We are finally ready to prove Theorem 1.9.

Proof of Theorem 1.9. Fix € > 0 and choose M such that

1(p+1)n
€

5 SMEL (3.26)

Choose J sufficiently large to perform the construction at step M. As the evolution U(¢, s)
is unitary in H® and Iy ;(¢) is a projector we have

IThe, () U, $)bsllo < sllo s Vi>1, VeseR. (3.27)

We compare the evolution U(t, s) with the adiabatic evolution Uaqu(t, s) defined above.
In order to do this, write

W = (H +V(t)) = Haan(t)y + Bu(t)y

and use the Duhamel formula

t

U(t,s) = Ugau(t,s) — i/L{ad’M(t, r) Bu(r)U(r, s)dr. (3.28)

S

By equation (3.24), the property Ily ;(t) Bu(t) = Bu ;(t) and Lemma 3.5 one has

t
M (Ut 8)sllo < [Uadu(t, s) T j(5)1slo + || /Uad,m(tﬁ) By (r)U(r, s)sdr|o

< [Ty 5 (s)sllo + (¢ — 5) 27Dy g (3.29)
where in the last line we used that, provided J is sufficiently large,
C’M,n,O

jgﬂgHBM,j(t)H < RODT = 2G=D0 D °

Vi>1,teR.

We compute now the norm of U(t,s)ys in H?*". Fix N = N(¢) to be chosen later. By
Lemma 3.8

[0t )6, < 2 2002 |G Ut ) < 2 200214 1)
1 1

where
L= 7 207 DOED2 L (U )01
1<j<N

1= 20D, (Ut s)sll?

F>N+1
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To estimate I, use (3.27) to obtain

) . 2N(p+1)2n -1
I<|lsllg D 270D <l |5 S 1

T < Cllwsig 2002 (3.30)
0<j<N—1

where C' depends only on n, u. To estimate the second summand, we use (3.29) and
Lemma 3.8 to obtain

II< 42 2j(u+1)2n”HM,j(5)¢ng Al 5>2 ||7/}9||(2J Z 927 [(u+1)n—(M+1)pd]
Jj2>N j>N

) 5 ) 2l(p+1)n—(M+1) )28
<4l + 46— )7 193 T (3.31)

where we used that (i + 1)n/ué <M+ 1. Thus, (3.30) and (3.31) give

e (t, s)ibsll3, < € 27002 [y |13, [2204020 4 (1 — )2 gl On=(er ]
(3.32)

where C' does not depend on N. Now choose N(t) in such a way to optimize (3.32), i.c.
pick

N(t) = log (t — s)

M+ 1)uo
to obtain
WAt )53, < C 2T 10849 2 (3.33)

Using (3.26) one has

2(p+1)n 2
U (t, $)sll5, < C (& —s) 085 |lgh]|3, < C (t— )" [[Yall3, »
which is the desired estimate. O

We also get the following application of the adiabatic approximation concerning the
spectra of Floquet operators (see [20,29,22]).

Let assume that conditions (Hgap), (Vs),, are satisfied and suppose that V (¢) is pe-
riodic with period T" > 0. Denote F := U(T,0) the Floquet operator (or monodromy
operator). Let us recall that U(nT,0) = F so the spectrum of F gives informations on
the large time behavior of the propagator.

Theorem 3.11. Let us assume that conditions (Hgap), (Vs),, are satisfied, V' is T-periodic
and that (H+1)~" is in the trace class for N large enough. Then the Floquet operator F
has no absolutely continuous spectrum.
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Proof. It results from Lemma 3.5 that B, (¢) is in the trace class for m large enough. So
from (3.28) we infer that U(T,0) —Uga,m (T, 0) is in the trace class. It is easy to see that
the Hamiltonians H,,(t) are T-periodic (from the induction construction). So it results
from (3.24) that Uyq,m (T, 0) commutes with II,, ;(0), the spectral projectors of H,(T).
But (H,,(T) +1)~! is a compact operator hence the spectrum of Uyq (T, 0) is purely
discrete. Applying the Birman—Krein-Kato [4] theorem on the stability of the absolutely
spectrum under class trace perturbations we get Theorem 3.11. O

3.3. Proof of Lemma 3.5

The proof is by induction. Through all the proof, we will denote by C,, ¢ some
positive constants which depend on m,n,£ but not on j, J.
We will prove (3.20) together with the estimate Vj € N

_ _ C ‘
sup || 17 OF Ly 5 (1) HP|| , sup |[H? 07 0e, 1) (6) H 7| < =225
teR teR Aj_l

Yo<p<mn, £>0 (3.34)

Step m = 0. Recall that Ho(t) = H + V(t) = L(t). Provided J is sufficiently large, by
Lemma B.2 the projectors

1
Iy ; (t) :== o %Ro(t, A) dA vi>1 (3.35)
L

are well defined and fulfill
Cone

sup |[HP Oy Py (1) HP|| < =25, Y0<p<mn, £>0,
teR A§-71
for some constants Cp ¢ independent of j. This proves (3.34) for m = 0. Recall

that By ;(t) = Iy ;(t) 01y ;(t). Then by Leibnitz rule and (3.34) it follows immedi-
ately (3.20) for m = 0.

Step m ~» m + 1. Assume that we performed already m steps, with m < M. Then we
constructed the operators B;(t) = >, B; j(t) V1 < i < m. In order to construct By, 11(t),
we need the spectral projectors of the operator H,,11(t) = H+V (t)+ Bo(t)+- - -+ B (t)
(see formula (3.19)). By Corollary 3.7 Hy,41(t) fulfills (ﬁgég) provided J is sufficiently
large. Therefore we can apply Lemma B.2 and obtain that H,,1(¢) fulfills (ﬁgé;) and
that the projectors

1

Hpy1,5(t) = o4

?{Rm+1(t, A) d\, Roi1(t,\) i= (Hpyr (t) — N) 71
r;
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are well defined Vj > 1 and fulfill

Cm n
sup || H? 0/ 0,40 (1) HP|| < 2248 0 yo<p<n, £>0. (3.36)

s
teR Aj_l

This proves the first of (3.34) for m + 1.
We pass to estimate 0f Ot 1) 41(t). Using the definition of H,, 1 we get

Oy 1,5 (8) = Ol 1 5 (8) = 1Y [By(t), Topyr 5(8) — T ()] — i [Bu(t), Ty 5(1)] -
=0 =0

(3.37)

Consider the last term in the r.h.s. above. Note that 9 := J 1) is a derivative in the
algebra £(H"). So for any projector II we have IT 911 = 911 — O1I II. Using the definition
of B; and the properties of the projectors, one gets the identity

[Bi(t), 10,5 (t)] = =i, )1 ;(¢) -

Therefore using the inductive estimates (3.21) and (3.36) we get

/

C
sup ||H? 0Y[By(t), 11, ; ()| H P|| < Al(;—”’f . W>0,0<p<n. (3.38)

teR 2

Consider now the term in the middle of (3.37). To estimate it, remark that

1

2mi
L

ny1,5(8) — 1L ;(t) = Rni1 (6, \) (Hpir (t) — Hi(8)) Ri(t, N dX . (3.39)

As Hm+l(t) - Hl(t> = ZZL:l Bk:<t)7 by (321)

sup [|H? 8¢ (Hpy1(t) — Hi(t)) HP| < Coumy, ¥£>0,0<p<n,
teR

thus we can apply Lemma B.3 and get that

6777, n
sup || H? 8¢ (T i1;(t) — T ;(t)) HP| < =22 we>0,0<p<n. (3.40)
teR j—1

Therefore by Leibnitz rule and estimates (3.21), (3.40) we find that

VA < — Cvln n,t
sup [|[H? | 0f Y [Bi(t), Wynt1,5(t) =y 5(8)] | HP|| < = V>0,0<p<n.

teR =0 j—1

(3.41)
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We come back to the estimate of O )1l 11,;(t). Using (3.36), (3.38) and (3.41) we get

Cm—i—l,n,é
Ad

J—1

Suﬂg HHP 3t£ 8(t,L)Hm+1,j(t) pr” < 5 V0 < p<n 7€ >0,
te

proving the inductive estimate (3.34).
We define now a series of objects and in the next lemma we give the estimates. Let

L (1) = Mgy (8) — Ty (1) (3.42)
Ky, j(t) =1 ;(t) L ;(t) (3.43)
D (t) = M1 5 (6) Ly s (1) (3.44)

Lemma 3.12. For every integers £ >0, 0 < p <mn, 0 <m <M, provided J is sufficiently
large, one has

sup | H? 9Ly, ;(t) H?|| < Smmt (3.45)
teR j—1
P gt , -p Cinn.t
ilelﬂlg | H? 0y K () HP|| < ny;rl)(wl ’ (3.46)
p ol ) —p /c\m,n,é
ilel]g”H 0y Dy j(t) H7P|| < AETTD&H : (3.47)

5

Proof. First we prove (3.45). One has

L ;(t) = —2% j'{ Ryni1(t,A) Bin(t) Ryn(t,\) dX . (3.48)
l—‘J

We apply Lemma B.3 with P=V +By+---+B,,,, =V +By+:--+ Bpmn_1, B= B,
and get

sup | HP 0/ Lo ;(t) HP| < 22l v >0, 0<p<n.
teR -1

For later use we study the operator (1 — L, j(t))~!. Provided m < M and J is sufficiently
large, estimate (3.45) with £ = 0 guarantees that (1 — L,, ;(¢)) is invertible by Neumann
series in H? and

iuﬂg |H? (1 — Ly ;)" HP| <2, YO<p<n.
S

To study its derivatives we can proceed as in (B.8), and get
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c

sup |H? 0Y(1 = Ly ; ()" HP| < =24 Yo<p<n,f>1, (3.49)
[S j—1

provided J is sufficiently large.
Estimate (3.46) follows immediately from the identity

1

Ko i(t) = Tl ()5

me(t,)\) B (t) Ryy1(t, A) dX
rj
1
=~ R (t,A) B j(t) Rmt1(t, A) dA (3.50)
T
Ly

and the application of Lemma B.3 with B = B,, ;, using the bound

Sup | HP 0f B (1) H 7| < <0 9020, 0<p<n,
teR Aj—l

which follows from the inductive assumption.
Finally we prove (3.47). Using 12, +1,; = Um41,; and simple algebraic manipulations
one proves that [29, (2.41)]
D (t) = M1, (8) Ko, (8) (1 = Ln 3 ()7 (3.51)

Then Leibnitz rule, (3.36), (3.46), (3.49) give the claimed estimate. O

We can now conclude the proof by calculating the norm of B,,11,;. One has the
formula [29, (2.42)]

By, (t) = 1D (1) O, 0y Mma1,5(8) + W1 5 (8) Ot o=y ) Bm g (F) - (3.52)

Consider first the term Dy, ;(t)O(t, 1)1 lim41,5(). Then (3.47) and the inductive assumption
give

— Cm,n,
sup 1P 0 (D (£) O, 1) in41,5(£) HP|| < NTQ)(L;H , Y0O<p<n, £>0.
-1
(3.53)

To estimate 8(t7H_H K., j use that H — Hppp = — Z:io B;, so that

m+1)

Ot H-Hp) Km,j = 0K j —1i Z [Bis Km ;] -

0<i<m

Using once again (3.46) and the inductive assumption we get
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)K@Awﬂwngzgg%gg VO<p<m £>0. (3.54)

sup || H? afa(t,H_H
teR il

m41

Then (3.53), (3.54) and 0 < § < 1 give

Nm n C’m n
Sup || H ) B y1,5(t) H || < <m0 e M0<p<n, (20

= Xm0+l = X (m+2)s
teR Aj71 AJ;l

thus proving the inductive step.

The estimate on B,,(t) is trivial. The self-adjointness can be proved using the argu-
ments of [29, Lemma 2.

The proof of Theorem 1.8 follows by exactly the same arguments, but it is easier. In
fact it is a simple adaptation of the methods of Nenciu [29], so we just sketch the proof.

Proof of Theorem 1.8. In case V(¢) fulfills (Vc),, it is sufficient to note that in the
adiabatic algorithm described above one can perform at most M = r — 1 steps. Indeed in
this case one verifies, exactly as in [29], that By, ; € Cy ™ (R, L(#"*)) and estimates
(3.20), (3.21) hold for 0 < ¢ < r —m — 1. Since at every step of the adiabatic iteration
we lose regularity in time, we can perform at most M = r — 1 steps. Thus estimate (3.33)
with M =r — 1 gives

2(p+1)n 2n

UGt syl < C (= "5 3, < € (1 — ) F (B ) 2,

which implies the desidered estimate (1.13). O
4. Growth of norms for perturbations analytic in time

In this section we prove the upper bound on the growth of the norm in case of
perturbations which are analytic in time. The proof is essentially the same as in case of
perturbations smooth in time, but we need extra attention to compute the dependence
of all the constants from the parameters J and M. Indeed in this case we want to optimize
J and M by choosing them as a function of t — s, so we need to know exactly how all the
constants depend on such parameters.

Notice that perturbations analytic in time were considered in [21,28].

First rewrite assumption (Va),, in the following way: there exist a, ¢, A > 0 such that
for any integer £ >0,0<p<n

i
HP O'V(t) HP V|| <a —— 4.1
sup |HY 0fV(1) H || €2 5 (41)
Here A is a constant such that
1 1
(RS - <A, (12)

mt e L7 (L m)?

and can be chosen to be A > 27%/3.
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Note that (4.1) can always be achieved simply by choosing Acyn < a, 4¢1., < c.
The next step is to extend Lemma 3.5 in the analytic setting. Define

21

o o2m ]

and
Cy = max(CH, éH) ,

where C'y and éH are the constants of Lemma 3.2 respectively Lemma 3.4.
Finally we fix a time 7" > 1. We obtain the following

Proposition 4.1. Fiz a positive M € N and choose J such that
212 [y (a4 2d)c]M < 27190 (4.3)

For every integers m, £, p such that

the following holds true:

(i) The operators IL,, ; fulfill for every j > 1

sup [H? 0L, (1) 7| < € Ly (4.4)
tE[OPT] e N (1+€)2 A20=1ns ’ '
- ot 11
H? 9} Tl ;(t) H7P|| < : - 4.
tes[lé’p]’] || at ];Oa(t,L) kv]( ) H — A(l +'€)2 2(]—1)/L5 4 bl ( 5)
o0 ct 1
P 5t ) -p
tes[l(l)%] ||H ata(tyL)HTrL,J(t) H || < A(l _|_€)2 2G—1)us (46)
(i) The operators By, ; fulfill for every j > 1
sup [[H7 0 Boy(t) H7| <~ ! ! (47)
te[OPT] t Pm,j = A(L+£)2 26-D0m+Dus (14 m)2 .
(iii) The operators By, (t) fulfill
sup |HP OB (1) B < — L d (4.8)
te[0,T] — A0+ 62 (1+m)?

(iv) The Hamiltonians Hy,(t), Haa,m(t) fulfill (Hgap) with ;s as in (3.10).
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Before proving Proposition 4.1, we show how Theorem 1.10 follows.

Proof of Theorem 1.10. Having fixed T > 1, we consider the evolution ¢/(¢,0) on a time
interval 0 < ¢ < T. Choose J in such a way that (4.3) is fulfilled, namely

1 1
J = i logM+1) + o log (2" [Cy (a+2d)d]) , (4.9)
and choose M as a function of T
1
M+1= LZ log (T)] , (4.10)

where |-| denotes the integer part.

Now remark that the constants ¢, co of Lemma 3.8 do not depend on M and J. Indeed
they depend only on o(H), n, and the norm of H="(V (t)+ Y\, Bi(t))H". But by (4.8)
it follows easily that such norm depends only on a, d (see (4.16) below for the precise
computation). Hence we can repeat the arguments of the proof of Theorem 1.9 and using
estimate (4.7) to estimate B,, ;, one gets

2(ut D

sup_ [U(t,0)ull3, < O+ 00 P (14012, , (4.11)
tel0,T

where the constant C' does not depend on J and M. Now substitute J as in (4.9) and M
as (4.10) to get

sup 122, 0)%0ll3,, < v (log {T)*" WD/ iy 3, (4.12)
te|0,

for some v > 0 which does not depend on T'. Since T was arbitrary, the estimate above
holds Vt. It is easy to adapt the proof to consider also the case U(¢, s).

Finally interpolating with k& = 0 gives the general case. The exponent in (1.17) is
obtained by simply replacing § with its definition (3.8). O

4.1. Proof of Proposition 4.1

Step m = 0. Define Il ;(t) as in (3.35). We apply Lemma C.2 with P =V, a = a,
b =1 (it is easy to see that (C.4) is fulfilled) and get that for every £ >0,0<p<n

N Cf 24C . min(¢,1)
sup ||HP 910, ;(t) HP|| < — il
te[O,T}H 1o, (t) HP|| G+07 \Ano,

0t 1 min(£,1)
<ar <A2(j1)u5> . (4.13)

Consider now 9, 1, ;(t) = 0¢I1g ;(t). For £ +1 <M one has by (4.3), (4.13)
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(4 1)t 24cya 0 1

1
H? Of Iy . (t) HP| < - , 1
tes[%PT] ” 8ta(t,L) O,J(t) ” = (1 +£)2 AAg_l — A(l +g)2 2(j—1)ud 4

(4.14)

Thus we proved (4.4), (4.5) and (4.6) for m = 0. Consider now By ;(t) = Lo ;(t) 011 ;(1).
4
We apply Lemma C.1 with P = Il ;, a = 1,b = iggla, k=0 and Q = 01l ,

j—1

d:%,le,izlandobtainthatfor£+1§M
j—1

sup ||HP 9 Bo;(t) H?|| <

min(¢,1)
24CHa 25CHa+1 (E—‘rl)!cp'_l
t€[0,T] Aﬁgfl

ARI_ A1+ 0)?

2°Cpa (£ + 1)ttt
535_1 A1+ 0)?

< ot 1
= A+ 0)2 20G-1)8

provided

2°¢C
max( AHa, 25Cy aMc) < 2 (4.15)

which is clearly fulfilled using (4.3). This proves (4.7) for m = 0.

Step m ~» m+1. Assume that we performed already 0 < m < M steps. By the inductive
assumption V0 <4 < m one has that B;(t) = >_; B ;(¢) fulfills (4.8) ¥/ +i+1 <M.

Thus Hy,41(t) = H + W(t), where we defined W (¢) := V(¢) + >, B;(t). It fulfills
Ve4+m+1<MVYO<p<n

ot

sup ||HP 0'W (¢) wau<ﬂ a+di 1 < (a+2d) .
+€[0,T] ’ = A1+ 0)2 S (1+i)?) = AL +0)?

(4.16)

Thus W(t) is a perturbation of H analytic in time which fulfills the conditions of
Lemma C.2. Indeed with a = a 4+ 2d we have that 2*Cya < 21“‘57 hence by Lemma C.2

the projectors

1

2mi
r;

Hm-i-l,j(t) = R7n+1(ta/\) dA 3 Rm+1(t7)‘) = (Hm+1(t) - /\)71

are well defined Vj > 1. Furthermore they fulfill V/+14+m <M, VO<p<n
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_ 0t 24¢c
sup || HP 0fTpq1 j (1) HP|| < ( B

min(¢,1)
— (a+ 2d)> . (417)
teR (L+6)2 \AA2_,

where we used (4.16) and Lemma C.2.
To estimate 9f 9(;,1)IIm+1,j(t) We use again formula (3.37). Consider its last term.
Since [By(t),11;;(t)] = —i0,1)I1;,;(t), one gets the identity

m—+1 m
> 0T () = 0Ly (1) — 1> [Bi(t), T ;(8) — T (2)] - (4.18)
=0 1=0

This identity allows us to estimate (4.5) at step m + 1. We estimate the two terms in
the r.h.s. above separately. To estimate the second one we use formula (3.39). Since

(P4

sup |[H? 0f (Hma () — Hi(t)) H7P| <

Vil
— % (a424),
te[0,7] A1+ 0)? ( )

by Lemma C.3 we get that V/+m +1 <M, V0 <p <n,

Oct (a+2d)2°

sup ||H? 0f (Tyq,(t) — 0 (1)) HP|| < = 4.19
2ap [ 3 (s 6Ty ) H71 S s (119)
Hence by Lemma C.1, (4.8), (4.19) we get
- fct  (a+2d)d28
sup [|[H” > [Bi(t), Wmy1,5(t) = T j(8)] HP[| < = - (4.20)
t€[0,T) ; mhd ! A(l +€)2 Ajfl

The first term of (4.18) is estimated by (4.17) with ¢ 4+ 1 replacing ¢. Together with
(4.20) we get for £+ 1+m <M, V0<p<n

m+1 Y
YANG 1 1
sup ||HP af§ Oy () H7P| < : - 4.21
te[og“] | t o (t,L) l,]( ) | < A1+ 0)2 2G—1)us 4 ( )

using (4.3). This proves (4.5) at step m + 1.
Now consider 9, 1,)[1;41,;(t). Using (4.21) and the inductive assumption (4.5) we get

m+1
1H? 0f 01,0y W15 (6) HPI| < |IHP 0) ) 0,0y (1) HP|
k=0

m
+ | HP 0 Y 0,1y Iy (8) HP||
k=0
< ot 1
— A(1+£)2 26-Dus

(4.22)

proving (4.5) at step m + 1.
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Next we estimate Ly, j, K j, D, ; defined in (3.42)—(3.44).

Lemma 4.2. For every 0 <p<mn, {+m+1 <M one has

ot 254

sup |[H? O{ Ly, ;(t) H?| € 5 = 4.23
te[wl t Lim,j () | AT+ 07 R, (4.23)

0t 25 1 1
sup |H? 8/ K, ;(t) HP|| < _ : 4.24
22£|| t (1) | < Al + 0)2 Ay 2u(G=1)(m+1)d (1 4 m)2 ( )

0t 28 1
sup ||H? 8! D,,, :(t) H™?|| < — 4.25
§2§|| i Dimi (t) = AL+ 02 guG-1)(m+15 A,y (1 +m)? (4.25)

Proof. First we prove (4.23). Using the definition of L., ; given by (3.48), we apply
Lemma C.3 with P =V +By+ -+ By, Q =V +By+ -+ Bpn_1, B = B,
h=d/(1+m)? and get that for f+1+m <M, V0<p<n

et 254 1
sup |[HP 8€Lm7- t) H7P|| < = ,
te[0,T] ” ‘ J( ) ” A(l +£)2 Aj_l (1 + m)2

provided 2%Cy(a + 2d) < 279, For later use consider the operator (1 — L, ;(t))~ .

Provided - is d < 1, the operator (1 — Ly, ;(t)) is invertible by Neumann series and
j—1

sup (1 = L3 ()71 < 2.
te[0,T)

To study its derivatives we can proceed as in (B.8), (C.7) to get for {+m+1 <M, £ > 1

ot £ [ 264 Oet a2
sup [[H? O (1= Ly ()" H?|| < G52 <~ ) <

t€l0,T] (1 +£)2 =1 Ajfl B A(l +€)2 8];1

(4.26)

provided 274 < Ej,l. Thus for ¢ +m+1<M

0 CZ 97 4 min(¢,1)
sup ||[H? 9f(1 = Ly (1)) HP|| < — 2 - .(4.27
A | i ( (1) [ G+07°\ 44, , (4.27)

Estimate (4.24) follows immediately from the identity (3.50) and Lemma C.3 with
B = By, j, h =27#0= Dm0 (1 4 4p)=2,

Finally we prove (4.25). Consider formula (3.51). Then Lemma C.1 applied twice and
(4.17), (4.24), (4.27) give V/+ 14+ m <M
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ot 28 1
sup |HP 9;D - VO<p<n,
by 0 Pma @ H S 5008 G o &, G2 -
(4.28)
where we used that (4.3) implies max 24 20y (a+d)| <1. O

AN VAR

We can now conclude the proof by calculating the norm of B, 11, ;. We use again (3.52).
Consider first the term Dy, 04, 1)L 41,5. We can compute its first £ derivatives provided
¢4+ 14+ m < M. We apply once again Lemma C.1 with P = Dy, ;, k = 0 and Q =
Ott,0)lm1,5, i = 0, and use estimates (4.22), (4.25) to get

sup ||H? 0y (D, (1) 81,0y Mm1,5(1) H |
t€[0,7]
0 ct 210
< —
A1+ £)? 9G—-Du(m+2)s Aj_q (1+m)?

(4.29)

The other term to estimate is Il;11,;0(¢,1—H,,.1)Km,j- To estimate Oy g_m,, ) Km,;
write 8(t7H_Hm+1)Km,j = 8th’j - ZOSiSm[Bi’ Km’j}. By (4.24)

_ 1+ 0)! 1 2° 1
su HpafaKm-tHP<( . -
te[OPT] I . ’j( ) < A(l+¢)2 2vU=DmtL)S Ajy (14 m)?

(4.30)

Consider now Y. [B;, Ki ;]. For £+ 14 m < M we have that Lemma C.1, estimates
(4.8) and (4.24) imply that

sup [[F? 0% S [Bi(0), Ko (0] 17 < 20 L 274 1
te(0,7] e = A+ 022G D08 } T (T m)?
(4.31)
Then (4.30) and (4.31) imply that, for £ + 1 +m <M,
sup | H” af(Hm+1,j(t)a(t’H,Hm_H)Km)j(t)) o
te[0,T
0t 1 25 1
: = M 44) . 4.32
> A(1+£>2 2,u(j—1)(m+1)6 A_j—l (1+m)2( (o ) ( 3 )

Then (4.29) and (4.32) give

sup || HP0yBny1,(t) H?|

te[0,T]
Pl 1 22 1 2 iMe+4d
= A(1 + £)2 20 =D (m+1)8 gj_l (1+m)? |20-1Dus
0t 1 1

= A+ 02 2¢G- D025 (2 4 m)?
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where we used that

o5 (m+2)?

25 4 Mc+4d] < 212 cdM < 29H9 4.33
(m—i—l)Q[ +Mc+4d] <2 cdM < (4.33)

The inductive step is proved.
5. Applications

In this section we apply our abstract theorems to different models. We are able to
recover many already known results and to prove new estimates.

5.1. One degree of freedom Schrodinger operators

Let us consider here equation (1.1) where L(t) is a time dependent perturbation of
the anharmonic oscillator, namely

d2
L(t) = ——— + 2% 4 px) + V(t,x) = Hy + V(t,z), xR (5.1)
where k € N, p(x) is a polynomial of degree less than 2k — 1, and V (¢, z) is a real valued
time dependent perturbation with a polynomial growth in x of degree < m fulfilling
Ve >0

sup |9{0IV (t,2)| < O ()" | Wz eR, (5.2)
teRrR

where r := max(0,r) for any r > 0. Without restriction we can always assume that Hy,
is positive and invertible. The following lemma is an easy computation

Lemma 5.1. For every pu > 0 there exists C,, > 0 such that for every (j,k) € N x N such
that 5 +§ < p we have

¢
9l s gy < Coull il gy - (53)
Under the condition that m < k + 1 we get that the commutator [V (¢,z), Hy] is
Hj-bounded. By Theorem 1.2 L(t) generates a propagator U(t, s) in the Hilbert spaces
scale H}, := D((Hy)"/?). Furthermore if m < k+1 then [V (¢,x), Hy] is H]-bounded with
T= m}—}jk < 1. Thus Theorem 1.5 can be applied and we get the following polynomial
bound for the growth of the H}-norm vr > 0,

I (t, )tbs | < Cr (t — 5) T [[a)y | - (5.4)

For £ = 1 and m = 0 we recover a known bound for time dependent perturbations of
the harmonic oscillator:
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U, $)sllr < Cr (t — S>% sl - (5.5)

As mentioned in Remark 1.6, Delort [10] suggests that estimate (5.5) may be sharp
for V(t,z) satisfying (5.2) with m = 0. Actually the example constructed by him is
a zero order pseudo-differential operator. Construct a local potential to saturate the
estimate (5.5) is still an open problem.

When k£ > 1 (namely the anharmonic case) we can improve the bound (5.4) by
applying Theorem 1.9 and Theorem 1.10. Indeed it is well known (see e.g. [17]) that
in this case Hy satisfies (Hgap). Indeed the resolvent of Hy is a compact operator in
L%(R), hence its spectrum is discrete, o(Hy) = {)\;};>1 and furthermore it is known to
be simple. To verify the gap condition we use the following lemma:

Lemma 5.2. There exists ¢, > 0 such that

Ms1 =N > e, V=1,

k=1

where p, = 377

Proof. It is known that the eigenvalues {\;},;>1 of Hj are given at all order in j by a
Bohr—Sommerfeld rule [17]: one has that

where by, is a smooth function such that by (x) = coz+o(z). Lemma 5.2 follows easily. O

Lemma 5.2 shows that Hy, satisfies (Hgap) defining Vj > 1 the clusters o; := {\;}
E—1
k+1
Consider now the perturbation V' (t, ). The critical index to apply Theorem 1.9 is here

ugil = % One verifies easily that V (¢, x) is H,jﬂk -bounded. Hence provided m < k—1,

we have that v := ¢ fulfills v < Mi‘il (such condition appears already in a work by

Howland [20] in order to study the Floquet spectrum when V (¢, x) is a periodic in time

and pg =

perturbation).

Theorem 5.3 (Smooth case). Fiz an integer k > 1 and let m < k — 1. Assume that
V' satisfies the estimate (5.2). Then for every r > 0, for every € > 0, there exists a
positive Cy ¢ s.t.

Ut )| eary < Cre (E—s)° .

Proof. Having fixed r > 0, choose an integer n s.t. » < 2n. To apply Theorem 1.9 we
have to check that V fulfills assumption (Vs),. Remark that Hj is a pseudodifferential
operator whose symbol is in the class S’%]ﬁc of Definition 5.13, while V'(t) belongs to ST,
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of Definition 5.12. But under assumption (5.2), HY9fV (t)H, ?~" is a pseudo-differential
operator of order 0 (see the symbolic calculus of Theorem E.1 and Theorem E.2). So
applying the Calderon—Vaillancourt theorem (Theorem E.4) we get that (Vs),, is satis-
fied. O

Remark 5.4. Under the weaker assumption that V has just a derivatives uniformly
bounded in time,

sup |0L09V (t,2)| < Cy (x) ™™+ | Yz eR, V0<(<a, (5.6)
teR

we can apply Theorem 1.8 and obtain the estimate
rk
Ut $)l ey < Cra(t — )@=
In case V (¢, x) is analytic in time, we obtain better estimates:

Theorem 5.5 (Analytic case). Fiz an integer k > 1 and let m < k —1. Assume that there
exist Cy, C1 > 1 such that V¢, j > 0 we have

sup | (@)™ 03V (b2 =y < Ca Co - (5.7)

Then we have that ¥r > 0
rk
U, ) cry < Cr (log (t —s))F1mm .

Proof. We apply Theorem 1.10. Having fixed r > 0, we choose an arbitrary integer n with
r < 2n. We check assumption (Va),, using again the Calderon—Vaillancourt Theorem. 0O

Comparison with previous results: To the best of our knowledge Theorem 5.3 and
Theorem 5.5 are new.

In same cases better estimates on the Hj-norm of the flow are known. For example
if V(t,z) is a quasi-periodic function of time and small in size, one might try to prove
reducibility, which in turn implies that the Sobolev norms are uniformly bounded in
time. We mention just the latest results: Bambusi [2,1] proved reducibility for L(t) on R
in several cases, including k > 1 and V (¢, ) fulfilling (5.2) with m < k+1 (in some cases
even for m < 2k). Grébert and Paturel [16] proved reducibility for L(t) on R?, d > 1,
with k£ =1 and V (¢, z) a small bounded quasi-periodic perturbation.

5.2. Operators on compact manifolds
Let (M,g) be a Riemaniann compact manifold with metric g and let A, be the

Laplace-Beltrami operator. Denote by S7}(M) the space of classical symbols of order
m € R on the cotangent T*(M) of M (see Hormander [19] for more details).
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Let H=1—- A, and V(t) = V(t,z,D;) be an Hermitian classical pseudodifferential
operator of order m < 1. We want to consider the Schrédinger equation (1.1) with L(t)
defined by

Lt)= -0y + 14+ V() =H+ V()

and study its flow in the usual scale of Sobolev spaces H*(M) = D(H"/?).

By semiclassical calculus one verifies that [L(t), H|H ~! is a pseudodifferential operator
of order 0, hence the assumptions of Theorem 1.2 are satisfied and L(t) has a well defined
propagator U(t,s) in H*(M) and it is unitary in L2(M).

Moreover one has that [L(t), HJH ", 7 = ™t is a pseudodifferential operator of
order 0. Provided m < 1, one has 7 < 1, hence by applying Theorem 1.5 we get for the
flow U(t, s) the following uniform estimate in the space H*(M):

Uty s)| 2 ary < Ck (t—s)™ . (5.8)

Better estimates can be obtained if the spectrum of A, satisfies a gap condition.
A typical example is the Laplace—Beltrami operator on Zoll manifolds. We recall that
Zoll manifolds are manifolds where all geodesics are closed and have the same period,
for examples spheres in any dimension. It is a classical result due to Colin de Verdiére [7]
that the spectrum of /A is concentrated in Ujsilito— %,j +o+ %], where 0 € Z/4
and C' > 0. Defining Vj > 1 the cluster o; = [(j + 0 — %)2, (J+o+ %)2], one sees
immediately that the gap condition is satisfied with u = 1. Hence H fulfills (Hgap). The

oy . . 1) _ 1
critical regularity for V is then =5

Theorem 5.6. Assume that Vt € R, V(t) is an Hermitian pseudodifferential operator
on M of order m < 1. Assume that in local charts its symbol v(t,x, &) fulfills the following
condition: there exists C; > 0 s.t. Y& > 0, for every multi-indices o, 3 there exists
Cuop > 0 such that

146~V 0207 B o(t, 2, ) oo (s xre) < Cap CF L (5.9)
Then for any r > 0 the propagator U(t, s) for H + V(t) satisfies

r

Ut $) |l conry < Cr (log (t = ) (5.10)

Proof. Having fixed r > 0, choose an integer n with r < 2n. We verify that (Va),, holds.
By semiclassical calculus, V(t)H~ % € S%(M). Form < 1,v := 7 is strictly smaller than
1, the critical regularity. To verify that V/(t) satisfies (Va), it suffices to work in local
charts (since M is compact one can considered just a finite number of them). Then by
Calderon—Vaillancourt theorem, the norm of 9fV as an operator H"+2¥(M) — H"(M)

is controlled by
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C > )T 920 0fu(t 2, €) | Loy s nr
|| +|BI<N

for some universal constants C, N sufficiently large and depending only on n and the
dimension of M. Then using (5.9) one verifies that (Va),, is fulfilled. O

Comparison with previous results: Theorem 5.6 for Zoll manifolds and with unbounded
perturbations is a new result.

In case M = T, Theorem 5.6 was proved by Bourgain [5] when V(¢,x) is an an-
alytic periodic function in both z and ¢ and extended by Wang [36] for V(¢,z) real
analytic function with arbitrary dependence on t. Such authors obtained the bound
U, 8)|lzzry < Cr(log(t —s)))", for some constant ¢ > 3. Remark that our The-
orem 5.6 improves this estimate: indeed for bounded potentials one can take m = 0
in (5.10), leading to the better estimate [U(t,s) 22 < Cr (log (t — s))".

Later Fang and Zhang [12] extended the results of [36] to the d-dimensional torus T¢,
d > 1 (such result is not covered by Theorem 5.6 since —/A on T¢ does not fulfill (Hgap)).

In case V(t,x) is a smooth function of x and ¢, the estimate [[U(t,s)|znr) <
C. (t — s)¢ was proved by Bourgain [6] for M = T¢, d > 1, and by Delort when M
is a Zoll manifold.

If V(¢) is quasi-periodic in time and small in size, some results of reducibility are
known. We cite here only the latest results (see their bibliography for more references).
In case M = T, Feola and Procesi [14] proved reducibility when V (¢, z) is quasi-periodic
in time, small in size, and in some class of unbounded operators. In case M = T¢, d > 1,
Eliasson and Kuksin [11] proved reducibility when V (¢, z) is a small analytic potential.
For M = S? (2-dimensional sphere) reducibility was proved by Corsi, Haus and Procesi
[8].

5.8. Time dependent electro-magnetic fields

Consider the Schrodinger equation (1.1) with L(t) = H, y(t) the time dependent
electro-magnetic field

1
H,y(t):= 5(D+a(t,ac))2 +V(t,z), zeRY, d>2,

where we denoted D := i~!V. Here we assume that the electromagnetic potential
(a(t,z),V(t,x)) is continuous in ¢t € R and smooth in # € R?. Furthermore we assume
that for every multi-index o we have the following uniform estimate in (¢, z):

0%a(t,z)| < Co (@) 71D+ | 190V (t,2)| < Co ()10 | vieR . (5.11)

We choose H = Ho,se where Hose = 3 (—A + ||?) is the harmonic oscillator and de-

fine Vr > 0 the spaces H" = D(Hgs/f ). By direct computations we can prove that the

assumptions of Theorem 1.2 are satisfied. Indeed write first



762 A. Maspero, D. Robert / Journal of Functional Analysis 273 (2017) 721-781

H,y =—A+V(t,x)+2a(t,x) - D+ i div(a(t,z)) + a*(t, x).

Denote 0; = %. Then we get that

K = [Ha,VaHosc] = Z ’Yj,kajz',k =+ Z Vjaj + 7
1<j,k<d 1<j<d

where for any multi-index «, there exists a C,, > 0 s.t. for any 1 < 5,k < d
D9 k(t,2)| < Car  [D™(t,2)] < Ca )"~V D0 (t, )] < Ca ) 2710+
The following Lemma is well known and can be easily proved by induction:

Lemma 5.7. For every multi-index o, 8 we have

la+18]

||£L’aD'8'LL||L2(R4) < COéﬁHHOSCQ u||L2(Rd)7 Yu € LQ(Rd) (512)

From this Lemma it results that K is H,s.-bounded. Moreover if a(t,z) does not
depend on z and V(¢,2) grows at most linearly in z, i.e. |8§‘V(t,x)’ < C, <x>(1_|0‘|)+,
vVt € R, then K is H;s/c?—bounded. Then we can apply our general results (Theorems 1.2

and 1.5) to get
Theorem 5.8. Under assumptions (5.11) we have:

(i) For each t, the Hamiltonian H, v (t) is essentially self-adjoint in L?(R?) with core
S(RY).
(i1) For every k € N, the Cauchy problem (1.1) with L(t) = H, v (t) is globally well-posed
in the weighted Sobolev space H¥(R?) = D(H(]fs/f)
(ii¢) If furthermore a(t,x) = a(t) depends only on timet and ‘8§‘V(t, x)’ <Cyq (ac)(l_la‘)*,
vVt € R, then for any r € N, we have the bound:

[U(t, )l conry < Cr (t—5)" .

Comparison with previous results: Theorem 5.8 (i) and (ii) where proved by Yajima in
[37,38] by a different method. We recover them as a consequence of our general results.
Notice that V(¢,z) has no fixed sign.

5.4. Differential systems of first order
Let us denote by My (C) the space of Hermitian N x N matrices. Let t € R, z € RY,

Aj(t), 1 < j < d, and B(t,z) belong to My(C), the A;’s depend only on time, A; €
Cy(R, My (C)), while B(t,z) € Cy(R, C>®(R%, My (C)) satisfies V¥ multi-indexes a
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109B(t,2)| < Co ()™ 71D+ wreR, zeR?.

Let us consider equation (1.1) with L(t) = Z A;(t)D; + B(t,z). Such equation is
1<j<d

symmetric-hyperbolic. A basic example is the Maxwell system. An other example is the

Dirac equation with a time dependent electro-magnetic field:

3
ihw = (ﬂTTLC2 +c <Z O‘n(th)> + V(tvx)> w(Lt)
n=1

where D,, =i~} %, (an, B) are the Dirac matrices and V (¢, z) is 4 x 4 Hermitian matrix
(the electro-magnetic potential).

Let us introduce the reference operator H = (—A + |z|?*)Icn, k € N, and the scale of
Hilbert spaces Hj, = D ((—A + |oc|2k)7"/2)7 for any r > 0. We compute the commutator
[L(t), H]. If m < k 4+ 1 we can check that [L(t), H] is H-bounded and if m < k then
[L(t), H] is H'~%-bounded with 6 = 5. So Theorem 1.2 and Theorem 1.5 can be applied
to give

Theorem 5.9. Let m < k + 1. Then problem (1.1) is well-posed in the weighted Sobolev
spaces Hj, for any r > 0. Moreover if m < k then we have for any r > 0,

ed(t, 8) || caegy < Co (E—5)"" . (5.13)

Remark 5.10. It is easy to see that the first part of Theorem 5.9 holds true if A;(t) =
A;(t,x) are smooth in x and satisfy

109A;(t,2)] < Cq (z) 71D+ vieR.
Moreover, in case |03 A;(t, z)| < Cq, Vt € R, then also the estimate (5.13) holds true.
5.5. A discrete model example

This model was considered in [3]. We keep our notations which are different from [3].

Let us consider the Hilbert space H? = ¢2(Z%) and its canonical Hilbert base {e,, },cz4
defined by e, (k) = d(n — k), k € Z%. We consider equation (1.1) with Hamiltonian
L(t) = Hop + V(t) where Hy is the discrete Laplacian and V (¢) is a diagonal operator:

Hou(n) = Z u(k) , V(t)u(n) = wy(t)u(n)

|k—n|=1

(here | -| denotes the sup norm). Assume that wy, () are real and that there exists M > 0
such that
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lwun @) <C MM, VteR. (5.14)

Introduce the reference operator Hu(n) := (n) u(n) and the usual scale of Sobolev spaces

H" = D(H"?) = {{u(n)}neza: Cpeza ()" [u(n)]* < +oo}.
Let us check that assumptions (HO), (H1), (H3) are satisfied with 7 = 0. With (5.14)
assumption (HO) and (H1) are satisfied. Now we verify (H3).

Lemma 5.11. The commutator [H, Hy) is bounded on H" for every r > 0.

Proof. A direct computation gives

(tHo, Hlu)(m) = " (fnte) = () u(n+e) .

le|]=1, eczd

Thus for any u,v € H" we have

| (v, [Ho, Hlu)zo | = | D D ((n+e) = () uln+ ) v(n)] < 2d |lull o [[v]l3e0

le|=1nezd

which shows that [Hy, H] is bounded on HP°.
Now we prove that [Hy, H] is bounded on H" for any r > 0. An easy computation
gives

H'[Ho, HIHu = Y (ulm+e) [(m)” ((m+¢) = (m) (m+6)7"] ) em
meZ4,|e|=1

(5.15)
Since

P [ (m)" ((m +€) = (m)) (m+¢)" | <C,

it results that [Hy, H] is bounded on H" for any r > 0. O

Thus it follows that [Ho+ V (t), H] is a bounded operator. Applying Theorem 1.5 with
7 = 0 we get in particular that the propagator U(t, s) associated with L(t) is well defined
as a bounded operator on ‘H" and satisfies

U, $) | cory < Cr(t— )2, Vs €R. (5.16)

Comparison with previous result: Estimate (5.16) appeared first in the work of Bar-
baroux and Joye [3]. Zhao [40] showed that when d = 1 there exists a family of functions
wn(t) s.t. the H2-norm of the solution of the Schrédinger equation grows linearly in time
when ¢t — oo, saturating the bound (5.16). In [39], Zhang and Zhao extended this result
to general r > 1 and a larger family of functions w, ().
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5.6. Pseudodifferential operators on R™

We consider here equation (1.1) in case L(t) is a time dependent pseudodifferential
operator on R™. A very general Weyl calculus is detailed in the book [19]. We recall
some basic facts needed here on some particular cases and some more properties in
Appendix E.

Recall that for smooth symbols A(x, &), z,& € R™, one defines the Weyl-quantization
Op;” (A) by the formula

(Onl (Au) (2) := m%w / / A€ 4 (# )u(y) dyd . (5.17)
Y,€

This formula is valid for A in the space S(R?") of Schwartz functions and one can extend
it to functions in more general classes. To introduce the class we are interested in, let us
introduce the weight

Mer(@,€) = (a+ [af* + [¢[*) 247
Here the real number a > 0 will be chosen large enough.

Definition 5.12. Fix v € R, k, £ € R A function A(z, ) € O (R xRy, C) will be called

a symbol in the class g};)@ if for every a, 8 € N™ there exists a constant Cy g > 0 s.t.
|020¢ A(2,€)| < Cayp Aro(a, )@ Hlal=08D+ (5.18)
where r := max(0,r).

The class gz?,z does not contain symbols of strictly negative order. In particular a
symbol A € g,l;é with v < 0 is not decreasing faster at infinity than a symbol simply

in 52 ¢ Thus we define also the following class of symbols:

Definition 5.13. Fix v € R, k, £ € R A function A(z, ) € O (R xRy, C) will be called
a symbol in the class Sy , if for every a, 3 € N" there exists a constant C g > 0 s.t.

0207 A(w, )| < Cuap Ape(w, )7 HI=H1 (5.19)

Such classes were introduced in [31,18], where it is proved that Op}’ (A) is well defined
for A e Sy ,.

Remark 5.14. (i) For v = 2, k = ¢ = 1, §fl is the class of symbols satisfying the
sub-quadratic growth condition
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000/ A(,€)| < Cap ., Vlal+][8] >2.

(ii) The function A} , belongs to %’;e.
(iii) If A € S} 4, v > 0, then A € S ,.

We endow S % ¢ With the family of semi-norms defined by

Phs(A) = sup Ago(w, &)~ HI=I80T 9097 A(x, )] (5.20)
z,£ER™

and for every integer M we define

[ Al = sup  pgg(A) . (5.21)
la|+|BI<M

Correspondingly we endow Sy , with the family of semi-norms defined by

% 5(A) = sup Ao, &)~ =Hel=8D 19297 Az, )| | (5.22)
and for every integer M we define (abusing notation)
|Ala = sup  pog(A) . (5.23)

lal+[Bl<M

We define now the reference operator H to be
— Frk+e Wy k4l
H = Hk:; = Oph ()\k:; ) .

The constant a > 0 in the definition of A4 ¢ is chosen large enough such that H ,’jy is a
positive self-adjoint operator in L?(R™). As usual we define the scale of Hilbert spaces

~ r/2
H" =D ((H,fy) ) for every real r > 0. Formally one has

(k+&)r (k+O)r

H ={uec *R") |uec H 2 (R"), |z| 22 uec L*R")} (5.24)

equipped with a natural norm of Hilbert space.

Remark 5.15. In the class of sub-quadratic symbols §fl one has simply that H = }AIOSC =
—A + |z|? (harmonic oscillator) and H" are the more classical spaces

H(R™) := {u € L*(R") | 2* (hd,)’ u € L*(R™), |a| + |B] <7} . (5.25)

In order to study evolution equations we need to consider time dependent symbols.
We give the following
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Definition 5.16. Let Z C R. We say that a time-dependent symbol A(:) € CY(Z, §g7€)
iff A(t) € 5,’;4 for every ¢t € Z and the map ¢ — p{5(A(t)) is continuous and uniformly
bounded for every a, (5.

We are ready to state the results:
Theorem 5.17. Fiz k, ¢ € Ry and v € R with v < k4 £. Then the following is true:

(i) Assume that A is a real symbol with A € gZ,z- Then Op}) (A) is essentially self-
adjoint with core S(R™).
(ii) Assume that A(-) € CY(R, S’VZI) Then the Schridinger equation (1.1) with L(t) =
OpyY (A(t)) generates a flow U(t,s) which fulfills (i)—~(iv) of Theorem 1.2.
(iii) If v < k + ¢, then the flow U(t,s) fulfills the bound

r (k+0)

U, 8) | zpry < C(t—s)2FFE=

Proof. (i) It follows by the same arguments used to prove item (ii) and Proposition A.2.

(ii) We verify the assumptions of Theorem 1.2 using the symbolic calculus for symbols
in the classes S k¢~ By Remark 5.14, A , is a symbol in Sy , and it is invertible provided
a is sufficiently large. By symbolic calculus the operator H is invertible and its inverse
H'te OpZV(S,; ékM) ). Tt follows easily by symbolic calculus (see Theorem E.1, E.2 and
Corollary E.3) that [A(t), HIH™! € opgv(é',j’;(‘““) ). Then by Calderon—Vaillancourt
theorem (see Theorem E.4) if v < k4 ¢ such operator is bounded on the scale of Hilbert
spaces (5.24). Theorem 1.2 can be applied.

(iii) One applies Theorem 1.5 remarking that [A(t), H|H 7 € Opg"(§;’7(’““)). Then

5
if v < k+ ¢, choosing 7 = %5 one has that 7 < 1 and [A(t), H]H ™" is a bounded

7
operator. O

Remark 5.18. If A € 5?1 then A(t,xz,€) is a sub-quadratic symbol in (z,&) and we
recover a result already proved by Tataru [35] using a complex WKB parametrix for the

Schrédinger equation.

Example 5.19 (A balance between position and momentum behavior). Consider a sym-
bol A of the form

A(z,&) = f(§) +g(z)
where the functions f, g are smooth and fulfill

02 F(€)] < Ca )P+ 192g(2)| < O (@)l 1*D+ (5.26)
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for some p, ¢ € Q such that % + % =1, with 1 < p < 4+00. Then Op}) (A) is essentially
self-adjoint. Indeed in such case it is possible to find integers k, ¢ such that p = (k+¢)/¢,
g = (k+£)/k. Then with such k, ¢, one verifies easily that A € gg;e_

Moreover if f, g are time-dependent the operator A" (t) generates a propagator satis-
fying (4)—(4). It satisfies (iv) if furthermore estimates (5.26) are uniform in time ¢ € R.
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Appendix A. Essentially self-adjointness

In this section we give the proof of essentially self-adjointness which is based to the
commutator method of Nelson [26]. The method was further extended by Faris and
Lavine [13]. The general principle is related with the Friedrichs smoothing method [15].

We start to recall some standard definitions. Let H be a complex Hilbert space and
(v, )3 its inner product. Let L C H be a dense subspace. Let L be a linear operator with
domain D(L) = K and symmetric, i.e. verifying

(Lu,v)y = (u, Lv)y for every u,v € K .

We say that (L, IC, H) is essentially self-adjoint if L admits a unique self-adjoint extension
as an unbounded operator on . When this is true K is called a core for L. Let (L, K, H)
be a symmetric operator. It is known that the operator (L, K, H) is closable, i.e. it admits
at most one closed extension (Lmin, D(Lmin), H). Lmin is the smallest closed extension
of L, and we call (Lyin, D(Lmin), H) the minimal operator associated to L.
We denote by (L¥;,, D(L%;.),H) the adjoint of (Lmin, D(Lmin), H). Recall that by
definition
D(Liyim) ={u €M : [(u,Lv)y| < Cullvlln ,Yv € K} .

It is a classical result [32, Proposition 2| that (L%, D(L%;,),H) is the largest closed
extension of L. Denote Lyay := L%;,. Then we call (Lmax, D(Lmax), H) the mazimal
operator associated to L. Thus L is essentially self-adjoint if L., is self-adjoint. This
means that (Lmin, D(Lmin), H) and (Lmax, D(Lmax), H) coincide.

Let us introduce a smoothing family of operators { R. }.¢jo,1) satisfying

|Rellzny < C, Ve €]0,1], (A.1)
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R.MHCK, Vee]0,1], (A.2)
lim ||Reu — ully = 0,YVu € H. (A.3)
e—0

Proposition A.1. Let (L,K,H) be a symmetric operator. Assume that the commutators
[Re, L] = R.L — LR, satisfies

I[Re, Liulls < Cllulln, Yu € K, Ve €]0,1], (A4)
lim [|[Re, Ljullz =0, Yu € K . (A.5)

Then (L,IC,H) is essentially self-adjoint.

Proof. We have to prove that D(Lmax) € D(Lmin). Let w € D(Lmax). Then by prop-
erty (A.1), ue := Retv € D(Lpin) and ue — u in H. But we have

Lu. = R.Lu+ [L, R.]Au .
So by assumption (A.4) we get that lir% Lu, = Lu so u € D(Lyipn). O
e—
The following criterium apply Proposition A.1 and is due to Nelson [26].

Proposition A.2. Let H be a positive self-adjoint operator in H with a dense domain
D(H).

Let L be a linear and symmetric operator from D(H) into H.

Assume that the operators LH™™ (1 > 0) and H~Y?[H, LJH~'/? are bounded on H
then (L, D(H),H) is essentially self-adjoint.

Proof. Let us repeat here the rather simple proof. We have to verify that the assumptions
of Proposition A.1 are satisfied with R, = e~¢H.
First we have, for u € D(H7),

e Llu=e " Lu— Le "y .

We have Lu € H so liné le=*# Lu — Lul|3 = 0. Writing Le=*"u = (LH~")(e " H™u)
e—

eH

we also have hH(l) ||[Le™¢"u — Lu||3 = 0. So we have proved
E—r

lim ||[[e™*", L]u|l% =0, Yu € D(H"). (A.6)

e—0
Let us estimate now ||[e™**, L]|| £(3;). We start with the following known formula

[e=eH L] = —/e_(E_S)H[L,H]e_SHds ) (A7)
0
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Following [26] we have

€
[e=sH L] = —/e’(E’S)HHl/Q(H’l/Q[L,H]H’l/Q)Hl/Qe’SHds : (A.8)
0

Using that

||H1/26_SHHL'(H) — ilir;)\1/26—5/\ < 08_1/2

and the beta function computation: [; (e — s)71/2s71/2ds = B(1/2,1/2) = £ we get

sup [|[e™*, L]l c3) < +o0. O
€€]0,1]

Appendix B. Technical estimates for perturbations smooth in time

In this section we prove some technical estimates which are useful in the proof of
Theorem 1.9.

First we state a result about boundedness of the resolvent. In all the section H will be
a self-adjoint, positive operator in H° fulfilling (Hgap). Let Hy, (¢) := H + W (t), W(¢t)
a symmetric operator fulfilling (Vs),,.

Lemma B.1. Assume that W fulfills (Vs),,. Then
v -1 1
Ruo |HY(H =2 < 5

we have for any integer 0 < p <mn, any real 0 < 0 < 1,

sup || HP*0(Hy () — 2) " H?|| < 2| H°(H - 2)7'| . (B.1)
teR

Proof. This is a consequence of the resolvent identity:
(Hw(t) —2)7' = (H = 2)7" = (Hw(t) = 2) "' W(t)(H —2)7" (B.2)
so we have for 0 <9 <1,0<p<n,

HPY(Hy (t) — 2) ' H P = HY(H — 2) ™" — (H*™(Hw (t) — 2) 'HP)
x (HPW @) H PV)H"(H —2)"" . (B.3)

Provided

qugHHp W () H™ P~V |[||[H(H = 2)7*|| < Ruo [HY(H — 2) 7| <
S

)

DN | =

estimate (B.1) follows. O
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Lemma B.2. Fiz n > 0. Let P(t) be an operator fulfilling (Vs),, with

sup ||[H? OfP()H P < Dpy, Y£>0,0<p<n. (B.4)
teR
Consider the operator H+ P(t). Then, provided J is sufficiently large, the following holds
true:

(i) H+ P(t) fulfills (ﬁgé;) uniformly in time t € R.

(i) LetT'; be asin (3.7). Any A € T'; belongs to the resolvent set of the operator H+P(t).
Denote Rp(t,\) := (H + P(t) — \)~". Then for any X € I, > 1 one has
2

HPRp(t, VH || < —— =~

sup [ R (6 VH A < Gy o)
Cn,g 1
o) A,

J

VO<p<n (B.5)

sup ||[H? 9f Rp(t,\) HP|| < T Yo<p<n,f>1, (B.6)

teR

where C, ¢ does not depend on j,J
(éii) For any j > 1 define the projector

IL;(t) := — .
i(t) = —5— ¢ Re(t; \)dX . (B.7)
r;

It fulfills
Cn
sup |[HP O/ IL () H P < ==L | Yo<p<n, £>0,
teR A§—1

where C,, ¢ does not depend on j,J

Proof. (i) It follows by Lemma 3.2 provided J is sufficiently large to fulfill condition (3.9).
Thus o(H + P(t)) € U;», 05 (with 75 as in (3.10)).

(ii) By the previous item each I'; is contained in the resolvent set of H + P(t). To
estimate |Rp(t, A)|| we use Lemma B.1 and Lemma 3.4. Indeed for J sufficiently large
and A € I'; we have

v — CH EH 1
Dl (H =07 < Do < < Do gl < 5.

j—1

hence we can apply Lemma B.1 with # = 0 to obtain estimate (B.5).
To prove (B.6), use the formula

O'Rp(t,\) = Z > (nl.{nk) Rp(t,\) (07 P(t)) Rp(t, \) (9" P(t))

(O P(1)) Rp(t, ) (B.8)
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and take the conjugates with HP to obtain
L
Y] —p _
HPO{Rp(t, VH P => " > (m - m) (HPRp(t, \)H™P)
x [HP(07* P(t)) HP7V| [H"™ Rp(t,\) H™7] -+

c [HP (PR P() HTPVI[HPT Rp(t, VH "] . (B.9)

Then using estimate (B.5), Lemma B.1 with § = v, estimates (B.4) and (3.13), we obtain
forxely,j>1

_ Cnl 1
sup ||HP 8! Rp(t, ) HP| < — : —— , W>1,0<p<n, (B.10
teI]l)R” P Rp(t, \)H 7P| < dist(n, o () A, p (B.10)

where the C), » can be chosen independent of j, J. (iii) For £ > 1, one has H? 9{TI(t) H™? =
— g ﬂgrj HP 9{Rp(t,\)H P d\, hence by (B.6)

L Cay 1 X o
HP OMI(t) HP|| < =5 — < 2
sup || 7 O;T1(8) H ]| < Ad 2 ] distho(H) ~ A5
ey _

where to pass from the first to the second inequality we used that, deforming the con-
tour I'; to two vertical lines passing between the middle of the gaps one has

1 d\ 1 1 1
2 j{ dist(\, o(H)) = %ZO <(§j_1/2)2 +22)1/2 + (&J,/Q)z +x2)1/2> du

Ly
<2 O (B.11)
Lemma B.3. Fiz n > 0. Let P(t),Q(t) be operators fulfilling (Vs),, with estimates as

in (B.4). Furthermore assume that B(-) € C°(R, L(H?P)), YO < p < n, fulfilling the
estimates

sup |HPO{B(t) HP|| < bpy, Y£>0,0<p<n. (B.12)
teR

Provided J is sufficiently large, the operator

K(t) = —2% Re(t, ) B(t) Ro(t, \) dA

is well defined and bounded from H?P to itself, VO < p < n, and fulfills

sup | HP K () H 7| < 2% qupboy, W20, 0<p<n.
teR Aj_l 1<t
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Proof. By Lemma B.2, provided J is sufficiently large, I'; is contained in the resolvent
sets of H 4+ P(t) and H + Q(t), thus K (t) is well defined. To estimate it, take first £ = 0.
Then by (B.5) and (B.12)

-~ 9

1 % Abuod) _ 16by
dist(\, o (H))? =~ A,_,

sup |[HP K(t) H7P|| < —
up | 7 (1) 17 < 5

J

where once again we deformed the contour as in (B.11). Take now ¢ > 1. By Leibnitz
formula we get

K (t) = ——%Rp (t,\) (OfB(t)) Rg(t,\)d\ (B.13)

-2 (nl nz)%f (0" Rp(t, A) (972 B(t)) Ro(t,A) dA (B.14)

ni+ng=4~£
ny>1

—~
<.

-2 (nzng)% 7{RP ) (072 B(t)) (97 Rq(t, \)) dA (B.15)

no+ng==~£
ng>1 r;

> <n1 ri n3>21m ]{@"1313(&/\)) (072 B(t)) (87 Ro(t, \)) dA

ni4nofnz=~¢ .y
ny,mz>1 J

(B.16)

Using (B.12) and (B.5) one finds easily that of K (¢) fulfills the claimed estimate (see the
proof of Lemma C.3 for the details in the case of perturbations analytic in time). O

Appendix C. Technical estimates for perturbations analytic in time

In this section we repeat the estimates of the previous section in case of perturbations
analytic in time.

In the following we fix n € NU {0} and L € N. Then for any 0 < p < n, all constants
may depend on n, but not on L. Finally we denote by A a constant as in (4.2).

Lemma C.1. Let P and Q be operators analytic in time fulfillingV0 < <L, V0<p<n

_ . k4 0)!
P ot P|| < 4 pmin41) k-&-l(i
igﬁgHH O, P(t) H?|| <ab c AT O (C.1)
and
p al —P|| < min(£,1) i+4 (7’+€)|
sup [H7 9{Q(t) H 7)) < d pn) ¢ ik (C2)
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for some positive constants a,b,c,d,f € R and k,i € NU{0}. Then VO < £ < L,
VO<p<n

- : L, (ki o)
P Al Pl < min(£,1) k+i+l (
2161]11;)”}1 9, (PQ)(t) H?|| <ad(b+ f+bf) c 7(1 ek

Proof. First consider the case ¢ = 0. One has sup,g|[H? P(t)Q(t) HP|| <
adckti @, where we used A > 1. Now take 1 < /¢ < L. By Leibnitz formula

-1
L(PQ) = (0'P)Q + P(dLQ) + ()67P ) (077 Q) .
j=1

Using (C.1) and (C.2) we get immediately

X 1
sup [ H? 9(PQ)(t) H 7| <a(b+ f)dcrer KL
teR

A(1410)?
Ny -1 . —1
kiesi (B+L0+10)! I\ (k+i+ 1
+adbfc — 2.\ kot

1
AR+

Now use that (k,jfjfz) > (f) and (4.2) to conclude the proof. O

Lemma C.2. Let P be an operator analytic in time fulfillingV0 < <L, V0O<p<n

. 0 ct
sup [|[H? 9fP(t) H 7| < ab™ntD) _—— C.3
for some positive constants a,b,c € R. Provided that
24 Cpa(l +b) <29 (C.4)

the following holds true:

(i) H+ P(t) fulfills (ﬁ—g\z;;) uniformly in time t € R.

(it) LetT'; be asin (3.7). Any A € T'; belongs to the resolvent set of the operator H+P(t).
Denote Rp(t,\) := (H + P(t) — A\)~" Then for any \ I';, Vj € N, estimate (B.5)
holds and furthermore

s 23
sup |7 Of Rp(t N H | < 0 2 oneb
teR AL +0 Ad_ dist(\, o(H))

VO<p<n,1</<L. (C.5)
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(i) For any j > 1 consider the projector (B.7). It fulfills

0t 2%Chyab
sup | H? O{TL;(t) H?|| < ——— na

A VO<p<n, 1<(<L.
teR A(14£)? A‘;_l =P=

)

Proof. (i) See the proof of Lemma B.1(i).
(ii) We prove only estimate (C.5). The other statements are proved as in Lemma B.2(ii).
First remark that by Lemma B.1 with § = v and Lemma 3.4

2¢
sup [[H?t Rp(t,\) H?|| < ==L = T WAel,, Y0<p<n (C.6)

teR 2

provided
NS
ad Cyg < Ajfl

Clearly such condition is implied by (C.4).
Now take 1 < ¢ < L. Formula (B.9) and estimates (C.3), (B.5), (C.6) give for any
Aely,vi>1,v0<p<n

sup |[H? 0fRp(t,\) H?| (C.7)
teR

¢ k
2 2Cyab 1 1 1
<0y - - 3 e
=0 L dist(h o (H)) ( AT ) Ak L+n)2 (1 +m)

0t 2Cgab
<
A1+ 0)? dlst)\ a( Z( )

k=1 -

< ot 25Cyab
T A+ A dist(N, o(H))

where to pass from the third to fourth line we used that by (C.4) 2CH ab < 1. Thus
J 1

(C.5) is proved.
(iii) By (C.5) one has V1 </ <L, VO <p<m

Ot 2Chab 1 dX
HP §fTI(t) H7P|| < = or P Fa
fg}g” 9, 1(t) (= AL+ 0)2 Al 27TF- dist(\, 0(H))
ot 24Cyab

A1+ 0)? A?q

where we used also (B.11). O
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Lemma C.3. Let P(t), Q(t) be operators analytic in time fulfilling¥0 < £ <L,Y0<p<mn

- 0t
sup |[HP 0 P(t) H=P~¥|| , sup||H? 8!Q(t) HP~"| < ab™n®1) c
teR teER

aae e (©®

Assume that (C.4) holds. Furthermore let B(t) be an operator analytic in time fulfilling
VO</<L

HP 0'B(t) HP|| < het —— <p< .
sup |[H? 0{B(t) H 7| < he! s . W0<p<n ()

for some positive h € R. Then the operator

K(t) = —2% Rp(t,\) B(t) Ro(t, ) dX

rj

is analytic in time, bounded from HP to HP? Y0 < p < n, and fulfills VO < ¢ < L,
VO<p<n

0 h2°
sup [|0f K (t)]| <

teR A(1+€)2 ijl .

Proof. First consider the resolvents Rp(t,\), Rg(t,A). Proceeding as in the proof of

Lemma B.2, they are well defined for any A € IT';, Vj > 1, and fulfill estimates (B.5), (C.5).
Consider now K (t). For £ = 0 one has

h 1 4dA 4h
H? K(t) H?| < —— < — VO<p<n.
w7 KO) 5 < 5 Gty < 38, WSS

J

For 1 < ¢ <L, consider (B.13)—(B.16). We estimate each line. By (C.9), (B.5) one has

4h 0
sup ||H? (B.13) H7?| < ¢

0T wo<p<n.
teR Aj,1 A(l + 6)2 P

To estimate the second line we use (B.5), (C.5), (C.9) and (C.4) to get VO <p <n

24 1 et
sup | HP? (B.14) H=?|| < Chpabh 1 i e

< 26 CH hab
teR ﬁ? . 2r J dist(\,0(H))? = A(1+4)? E}Jﬂl;
B r; _

The third line is estimated exactly as the second one. We pass to the last line. Using
(C.5), (C9) weget VO<p<n
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sup ||H? (B.16) H7?| <
R

Oct 2°¢% a2bh 1 j{ A
te dlSt(

A(l1+0)2 335 . 27 A o(H))?
o 7

< 0ct 28 h(Cyab)?

A1+ 0)? Ajlﬁ_r%‘s

Altogether we find that for 1 </ <L, V0O<p<n

sup | HP Of K (t) H7)| < —

ot 22 h 1+CHab25 (Crrab)? 28
teR

1+ A A, A2

j—1

< ot h2°
TAL+0)? A

j—1

where we used again (C.4). O
Appendix D. Proof of Lemma 3.8

We start with an abstract result. Let Hy (t) := H + W (t), H being a self-adjoint
positive operator in H°, W(t) a symmetric operator, H”-bounded with v < 1. We
assume that, for a fixed n € N, we have
(W), HP W() HP € CY(R, L(HO)), sup,eg | H? W(t) HP=¥|| < D,, Y0 < p < n.
Lemma D.1. Let n > 1. Assume that W satisfies condition (W),,.

Define W, (t) = (H+W (t))" — H". Then we have W,, H'="=" € L(H"). Furthermore

there exist positive constants vy, v1 depending only on H such that
W HY || < yor Dy (D.1)
Finally we have
callllan < [I[(H +W(t) +c0)"[lo < Cull¥ll2n, Vo € H?, VE€R, (D.2)
where ¢, Cy, depend only on D,,.

Proof. We proceed by induction on n. For n = 1 the two side estimate is a classical
perturbation result using (W)g. For n > 1 we have

Wi (t) = Wi (t) H + W, (t) W(t) + H" W (t). (D.3)
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Let us denote a,(t) = ||[H™ W(t) H"7¥| and f,(t) = ||[W,(t) H="7"|. By induction
on n, using (D.3), we get

for1(t) < ap(t) + fp(t) + 70 ap(t) fp(t) (D.4)

where 7y is a constant depending only on H. From (D.4) we get easily (D.1).
Now we can conclude easily to get (D.2) using the interpolation inequality: for 0 <
s <n and € €]0,1] we have:

2s
=I5 < e*|H™ (1§ + 7= [l ][5
From (D.1) we have
Wa®)ello < [Wat) H' =" JH™ " 4]0 -

Taking s = n + v — 1 and ¢ small enough, we get (D.2) where ¢, and C,, depend only
onD,. O

Proof of Lemma 3.8. (i) Recall that Hyqm(t) = H+V (t) — By (t). We apply Lemma D.1
with W =V — B,,,. By the assumptions on V and Lemma 3.5, W fulfills (W),,, thus we
get (3.22).

(ii) If J is sufficiently large, by Lemma 3.2 the Hamiltonian Hgq m (t) satisfy (Hgap)

uniformly in ¢ € R (see Corollary 3.7). Then writing
Haam(t) = Y Tl () Hotm () T (1)
Jj=1
one gets easily that
DO + )Moy (9N < [(Haam (t) + o) lI3
j=1

< ST OF + o) || (8013 (D.5)

j>1
and
ST o) | M (93 < C27EHDP|AL (1)p) 2
j>1

ST + )Ty (D913 = 27 V2P| AL ()3
i>1

from which (3.23) follows. O
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Appendix E. Some properties of the pseudodifferential calculus

We recall here some fundamental results of symbolic calculus. For the proof see [31,18].

Theorem E.1 (Symbolic calculus I). Let A € 5,‘6’1, Be 5,’:,[ be symbols. Then there exists
a unique semi-classical symbol A$B € §Z;“ such that Opy’ (A) Op}Y (B) = Op;” (AtB).
Af#B is the Moyal product of A and B.

The Moyal product is a bilinear continuous map. More precisely it holds the following;:
for every «, 3, there exists a positive constant Cyng (independent of A and B) and an
integer M = M («, 8) > 1 such that

PUE(AEB) < Cag lalasy [blasy -

Theorem E.2 (Symbolic calculus II). Let A € 5,’;7@, B € Sy, be symbols. Then there exists
a unique semi-classical symbol AfB € gg;“ such that Opy’ (A) Op}Y (B) = Op;” (AtB).
AfB is the Moyal product of A and B.

Theorem E.2 is useful in case g < 0, so that the symbol AfB gains in decay at
infinity. The symbolic calculus implies the following result on the commutator of two
pseudodifferential operators:

Corollary E.3 (Commutator). Let A € g,lc”g, v>0,B¢ 5,’:,@ be symbols. Then there

exists a unique semi-classical symbol C € Sg;“_(kM) such that [Opy’ (A), Op} (B)] =
Opy (C).

The second result concerns the boundedness of pseudodifferential operators:

Theorem E.4 (Calderon—Vaillancourt). Let A € §27€ be a symbol. Then there exist con-
stants C; N > 0 such that Osz(A) extends to a linear bounded operator from L? to
itself, and the following estimate holds:

0Pz (A)le(z2) < C |Alvo VR E]0, 1], (E.1)
Notice that C and N are universal constants, independent on A (see for example [32]).
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