7 Symbolic calculus

We are ready to prove rigorously the results about symbolic calculus. We will use Peetre’s
inequality

Lemma 7.1 (Peetre’s inequality). For any s, € R, for any &,n1 € R™ one has

©)° <C e )’ (7.1)

Proof. For s > 0 is trivial. For s < 0 use that

" <C(&=m (&)

It is also useful to approximate symbols with Schwartz functions.

Lemma 7.2 (Approximation of symbols). Let a € S™, m € R. Then there exists a sequence
(aj)jen C S such that

(1) (a;)jen is bounded in S™, i.e.

on (a;) < Cy o' (a), Vj e N.

(ii) Vo, B € N¢, 858?@(:10,5) — agafa(a:,y) uniformly on compacts.
(iii) a; — a in 8™ as j — oo for any m' > m.
Proof. Let x € C§°, x =1 in B1(0). Set
a;(z,€) = a(z,E)x(2772)x(277€) € CF°.

By Leibnitz rule, 8?8? a; equals

X@72)x (27760200 a(w, &)+ Y Cor g2 02 ) (2772) (07 X)(277€) (92~ 0 a(x, €))
0#a’/<a
0#£B'<pB

In particular, using the boundedness of x and its derivatives, we get for each fixed k and |a+ | <
k, that

0200a;(@,6)| < C O™ gi'(a)

proving (). Item (ii) follows by taking the punctual limit in the expression above. Finally to
prove item (7ii) we remark that a —a; = (1 — x(2772)x(277¢))a

920 (a; — )(@,6)| £ |(1 = x@ )27z alw, )|

+ > 2 e e |or 0! a(w,€)|
0#B'<p
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from which we deduce that, Vm' > m,

© " 020¢ (0 - )@, 9)| S (@) sup (7
1€1>27

+ 9} (@) sup ()~ 2
|€]~27

< i (a)27 0w

using that in the first term |¢| > 27, while in the second term |¢| ~ 27. Hence p}* (a; —a) — 0
as j — oo, as claimed. O

This means that, when we work with symbols of some pseudodifferential operators, we can
always assume that they are Schwartz and then argue by approximation.

7.1 Adjoint

For the adjoint one has the following result

Theorem 7.3 (Adjoint). Let a € 8™. Then erists a* € S™ such that Op (a)" = Op (a*). In

particular
1 . - O
006 = e [ AT €M dydy (72)
(271')” R2n

and one has the asymptotic expansion

@*(@,€) ~ Y 208 DYa(z,© (7.3)

(03

Finally for every j € Ny there exist C; N > 0 such that

pj'(a") < Cpjin(a) (74)
The proof of the theorem can be found in [AG91].

Remark 7.4. We can write .
a*(z,y) = [P Pea)(z, €) (7.5)

where the equality is meant in sense of Fourier multipliers. See (6.15) for a proof .
Formula (7.12) gives us a mnemonic way to compute the expansion of the symbol: indeed
formally

P Psa(e, &) =) (D De)ta(w,§) = Y —0¢ D3a(x,€)
k «@
where we used the multinomial theorem
- k k k!
NE o -
(Zx]) N Z (a)x ’ (a> Tl
j:1 aeN?

lo|=k

Remark 7.5. The expansion (7.3) is in decreasing symbols, since 9¢'Dga(x,§) € Sm-lel
particular symbolic calculus tells us that

a*(x, &) = a(z, &) + S™ 1 (7.6)
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Remark 7.6. Since a € 8™ implies a* € 8™, we have Op (a)” : S(R") — S(R™). In particular
we can extend the action of Op (a) by duality over §’'(R™):

(Op (a) u,v) s 5= <u, Op (a)*v>5/ s VueS', YWwes (7.7)

where the conjugate operator A is defined by

]

Av:=
To deduce (7.7) we used that

(Op (a)u,v) s s = (Op (@) u, V) 2 = (u,0p(a)" D), = <u, Op (a)" E>s' s

)

Remark that Op (a) is a pseudodifferential operator with symbol

Op (a(w.€)) = Op (a(z.~9)) (7.8)

indeed

Op (@)v = Op(a)v = (2m) " / ¢IE=VE 4 £ u(y) dyde = (27) " / V8 Gz €) u(y) dyde

7.2 Composition

Theorem 7.7 (Composition). Let a € ™, b € Sm/, then exists c := a#b € S™tm such that
Op (a) 0 Op (8) = Op (c).

In particular
(0.6) = g [ €640 b+ 0. €) dud (79)

and one has the asymptotic expansion
1 (6% (o7
oz, &) ~ > —0¢aD2b (7.10)
[
Finally for every j € Ny there exist C; N > 0 such that

P (ath) < C ol v (a) 7y (b) (7.11)

Remark 7.8. We can write

c(z,y) = ePvPr(a(z,nb(y, )| v=: (7.12)
where the equality is meant in sense of Fourier multipliers. See (6.15) for a proof.

Formula (7.12) gives us a mnemonic way to compute the expansion of the symbol: indeed
formally
ik
iD,- 1
v o (a(a, m)bly, €))]v=: = 2}; 1Dy - Do) (al, mb(y, )=

13

= 3~ ogalr, &) Db, )
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Remark 7.9. Note that 0ga(x,§) Dgb(z,§) € S™=lel | hence the expansion is in decreasing
symbols. In particular symbolic calculus tells us that

a#b = ab+ Oca Db+ S™H™ 2 (7.13)
Remark 7.10. It holds that
(i) a#l =1#a =1
(i) (a#tb)#c = a#(b#c)
which follows immediately by the properties of the corresponding quantizations.

Proof of Theorem 7.7. We split the proof in several steps.
Step 1: ¢(z,y) is a symbol.
Note that ¢(x, &) is defined through an oscillatory integral. So first we verify that

(y;m) = coe(y,m) == alz,§ +n)b(x +y,§)

is an amplitude in A™ = A, namely Va, 8 € N4
1050} cae| < Carp ((y,m)™
By the fact that a,b are symbols and Peetre’s inequality we have
0500 coe(y.m)| < |00a(x, & +n)| |05b(y + 2,€)]
< ofi(@) €+ 0" o) ()™
SEF™ O™ o5 (a) @\a|(b)

7.1) , ,
< O™ )™ o (a) i (b)

SE™™ (L + [yl + )™ of (@) 9T (b)

—

In particular c; ¢ € Al 5o the oscillatory integral is well defined. We can also be more precise:
as

m4+m’ m m’
N||;zn\|+2n+1(cm,£) <& p|m|+2n+1(a) @\m\+2n+1(b)
we get, with N = |m| +2n + 1,

ez, )] < ONJI| 1 (erg) < O™ 0R(a) o (B)

To prove that ¢(z, &) is a symbol we need to compute the derivatives 838? c(z,&). We use
that we can exchange derivative and oscillatory integral and obtain

CB//7BZ . ’ / ” "
Roe(x,6)= Y 5 / e (0507 alw, & +m) (950 (b +y,€)) dydy  (7.14)
NN COR
B +B!"=p Ca e (yom)
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We know that the oscillatory integral is bounded by the seminorms of the amplitude, so we
compute them. Take |§ + 7| < K, then

07000 e(y.m)| S 99" +19] by + =, €)

02 0 Foala, & + )

e+ g s (@) @™ T o s (0)
<

e+ ™ T o i 51(0) O 41 5 ()
D o ymrm 18l o Im18] m wo
~ () (m) PK+|a+ﬁ|(a) @K+|a+ﬁ\( )

<™ I @t fyl + )N 91 (0) O sy ()

hence each term in the finite sum in (7.14) is an amplitude in AI™=18Il ¢ AlmI+I81 Tt follows by
(6.26) that for |a 4+ 8] < j we have

o20c(x, &) < NI, L @) < O™ T o (@) 0w (1)

where N = |m| + 2n + 1. This because we need to control |y + 0| < K < |m|+ || +2n+1
derivatives in the seminorm, thus K + |a+ 8| < K +j < |m|+2j 4+ 2n+ 1.
This proves that c(x, ) is a symbol and the estimate on its seminorms.

Step 2: Asymptotic expansion.

To prove the asymptotic expansion, we use Taylor expansion 2

o e )bty = 3 fg( a(z,€)) (07b(w,€)) + ri(w, €, ,7)

o+l <2k—1

(e = Y <2k>"—,gaa<x,s,y,n>

lot+B]=2k
1
rag(@,&y,1m) = / (1 —t)* 102 (x, & +tn) 9Ib(z + ty, ) dt
0

Insert the expansion in the integral and use that

= Y Fawe g [ e*lyn”,yﬁ, dydy + Ry(e.€)
la+8]<2k—1
where
Ry(,€) = (2m) " / W (2, €,y m)dydn. (7.15)

Now recall from (6.34) that

. 0 a#B
/ e y' 771 dy dn = (=)=
R27 ﬁ (QW)nT o = ﬂ

2Recall multivariable Taylor expansion at order 2k — 1

f(z) = Z w(m—a)a+ Z Rg(z)(z — a)?,

al
la|<k |Bl=k+1

1
Rg(x) = %/g (1—-0)PI=1DPf(a + t(z — a)) dt
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so we get that only the terms with a = 8 survive, and

€)= Y aln,€) DEbw, ) +Rulw,6) (7.16)

o] <k—1

€$m+m’7|a\

We get the finite terms of the asymptotic expansion. So have a truly an asymptotic expansion
we have to show that
1 r_
o &= Y —0%a(@,§)Dyb(x,€) = Ri(w,€) € S™HH

lal<k—1

We begin by proving
[Ri(a, )] S (€™ " (7.17)

As above, the strategy is to show that Ry is well defined as an oscillatory integral with amplitude
rk, then use the bound (6.26) to prove (7.17). First we remark that

/e‘“’"m(x,&w n)dydn = lin. com. [ e ¥ n*y’ rop(z, & y,n) dydn
|o+B=2k

Now we use integration by parts, first in 7 and then in y (the integration by parts is justified by
Proposition 6.6), using that y?e=¥" = (—i)I#l 3! (856"74’7)

lin, com. [ ey o (@,€,y,m) dydy = lin. com. [ (95e™ )y rap(a, €, y,m) dyd
in com. [e”Mny Tap(,&,y,n) dydn in, com e N rap(x,&,y,m) dydn

= 11‘2_‘_/3(‘3252 e—iyn na—"/ ag_’y'raﬁ (.’E, 57 Y, 77) dyd??
v<B

= lin. com. (6;—%—“”7) 85_77&6(35’57%77) dydn

la+B|=2k
Y<B,x

= 11‘1;45(‘38%1. e~y 33J’35J/7"a[3 (w,&,y,m) dydn
Y<B,

Note that we have the conditions v < 8, v < «, otherwise one gets zero in the second passage.
In particular 2|v| < |a+ 3| = 2k, hence |y| < k and

la+ 8 —7] > k. (7.18)

Now, using that
08 0g ali, € + tn) = 10T (o, € + 1),

we prove that Ry is linear combination of terms of the form
/ et /0 1 7(t) (920 alw, € + ) (927 7b(w + 1y, €)) dedydy
Now we show that
(o) = (087 aw, e+ ) (990w +1y.€) ) =887 (ym)
in an amplitude in A™~% C Al"=*l In particular we verify that

m—k a, 3, m4+m’—k
N|Im7k|‘+2n+1 (TI,EB V) 5 <€> * (719)
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Indeed for |§ + v| < |m — k| + 2n + 1 we have, recalling |a + 8| < 2k,

1
8,0, r i‘?”(y,n)),ﬂ/o £()

[ ATCR S tn)\ |02+ H0b( + ty, €)| dt
1 7
< / F(E) (€ + gy It g om(ayom s (b) e
1
< / FE) E+ )™ (O™ s 101(0) 95 (0)

O™ gm (@) g5 (0) / £t) )™M ae

ST T o (a) g g ()

where in the last step we used (tn) < (t) (n). Estimate (7.19) implies

m—k +m’'—k m m’
|Ry(, )| < Z N|‘m k\l+2n+1 (7" £ ) SC p\m|+2n+1+3k(a) @\m|+2n+1+3k(b)

la+B|<2k
Y<B,a

One argues similarly for the derivatives of Ry, substituting ry by 07 ag Tk

Step 3: Composition formula.
We prove that Op (a )oOp (b) = Op (afb) whena € 8™, b € S™'. By Lemma 7.2, we approximate
a € 8™ and b € 8™ with two sequences of symbols (a])JeN, (bj)jen C S. Recall that (a;);en
is bounded in 8™, a; converges pointwise to a with all its derivatives, and a; — a in 8™*¢ as
j — oo for any € > 0; the same holds for (b;);en-.

Then Op (b;) f — Op () f in S by Proposition 5.3. By the same proposition we have that

Op(a;)Op (b;) f = Op(a)Op(b)f inS asj— oo

Now a;, b; € S, so the formal computation of section 5.2, we deduce that Op (a;) Op (b;) f =
Op (a;tb;) f. But now, by the proof before, we know that afb is bilinear and continuous, so
a;jtb; — atb € S™T™ 2 Hence Op (a;tb;) f — Op (ath) f in S. By the uniqueness of the limit
we deduce that Op (a) o Op (b) = Op (afh). O

Example: let us consider in dimension d = 1 the operator
A =0b(x)0ps

Then its adjoint is B
A* i= Oy 0 b(2);

note that, as operator, this means

A*u = 0pp (b(2)u(x)) = b(2)Oprtt + 2b4(2)Optt + bzt

i.e. we have A* = b(2)0zs + 2b,(2)0; + bye. Let us compute A* by symbolic calculus. We have
A=0p (—bfz), hence A* = Op (a*) where

* 1 7 1- 153:90
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so we see, using also Op (&) = D, = 10,, that Op (a*) = b0py + 20,0, + byy.

i

We can also compute A* by composition theorem. Indeed

and by symbolic calculus

257 N L rgeay kT 27 4 oe by 1o1-
&b = ;k!ag(ﬁ J(D5b) = %+ 26~ ba + 525 bu

hence again we find o ~ ~
—Op (£°8b) = b0y + 2b,05 + by

which, not surprinsingly, coincides with the expression that we already found.
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