8 Applications of symbolic calculus and different quanti-
zations

In this section we describe some applications of symbolic calculus and we also describe different
quantizations.

8.1 Commutators

An immediate application of the results obtained so far is the following one, regarding commu-
tators.

Theorem 8.1. Leta € S™, b e 8™, then ezists ¢ € ™™ =1 such that
[Op (a), Op(b)] =Op(c) .
The symbol ¢ is given by

c:=ab —bfa~ >y %((%“ang — 0¢b D2a) (8.1)

- %{a, by + gt =2 (8.2)
and one has the quantitative estimate: Vj € N, there exist C, N > 0 such that
Py e) < CpRi(a) o (0) - (8:3)
Proof. 1t is sufficient to note that, by composition of pseudodifferential operators
[Op (a), Op (b)] = Op (a) Op (b) — Op (b) Op (a) = Op (a#b — b#a) .
Furthermore (7.13) gives
a#b — b#a = ab+ deaDyb + 8™ 2 —ba — OcbDya + ST 2

1 /
= c{a. by + 87

We define the Moyal bracket by

{a,b} pm = i(a#b — b#a) (8.4)
_ {a,b} + Sm—&-m’—Q

Then

i[Op(a),Op (b)] = Op ({a, b} m) (8.5)
= Op ({a,b}) + Op (3m+m’—2) (8.6)
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8.2 Symbol recovery

Given a pseudodifferential operator Op (a) with symbol a € S, we can recover its symbol by the
formula

a(z, &) == e "¢O0p (a) [e™™*]. (8.7)

Remark that such a formula is well defined (in the distributional sense), because we have proved
that Op (a) : &' — &', and €!*¢ € S’. To prove (8.7), use the calculus of oscillatory integrals to
compute

<>p<a>[éfﬂ<x>::<2w>-”L/"e“m—y”7a<w,n>ew€dndy

= lim(2)~" / " a(a,m) e x(ey) x(en) dndy
€E—>

= lim (2m) ™" / e a(x,m) x(en) ( / ev(&=m) x(ey)dy> dn
e—

— lim(27r)7"/ elrn a(z,n) x(en) if{ <77 — £> dn
e—0 en €

T Y (2
e—0

= #alr,On(0) 2m) " [ R0

= " a(x, €)

~—

[ afa, e+ XA+ ORI

Exercise 8.2. Prove that if (a;);>1 C S approzimates a € 8™ in the usual sense, then for any
ue S, Opl(a;)u— Op(a)u in §’. Deduce equality (8.7).

Consider now an operator A: 8’ — &', and put
oa(x, &) = e T A1), (8.8)

then we can recover A from its symbol o 4. Indeed for u,v € S write (F~1v)(&) = (2m) ™" (¢, v) g/ 5>

where e¢(z) 1= €€ and recalling the definition of transposed operator, write
(Au,v) 5 s = (u, Atv>8, 5= (u, .7-"71(14’51))>S,

= (@ 2m) " (e A'v)g ) = (B 2m) " {Aec.v)s.5)
- <a 2m) ™" (

,S

S’.S
T eeoa € thes) o o = T | HOS oA Or(acds

S8

_ <(271r)n /ﬁ(f)eimfa,q(%f)dfa”>S,7S

so in particular, if o4 is a symbol, we get that A = Op (a), hence A is a pseudodiff.
Thus, given an operator A, if we want to prove that it is a pseudodifferential operator, it is
sufficient to compute (8.8) and then check that it is a symbol in some appropriate class.

i (

8.3 Parametrix

We shall now construct an approximate inverse to an elliptic operator.
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Theorem 8.3. Let a € 8™, m > 0 be elliptic, namely Ic > 0 such that
la(z, O = (™ , VIl =p. (8.9)
Then there exists b € S~ such that
Op(a)Op (b)) =1 + R, Op(b)Op(a) =1+ R, R,R' € Op (5~>) (8.10)

Proof. By symbolic calculus, we will construct b, € S~™ such that a#b — 1, b'#a —1 € S™.
Quantizing them, we obtain two operators Op (b), Op (b’) such that

Op(a)Op (b) =1 + R, Op(¥)Op(a) =1+ R, R,R €O0p(5),
so they are right and left approximate inverses. Before diving into the proof, notice that

Op (b) = Op () = Op (8) (1~ Op (@) Op (+') ) + (Op (b) Op (a) 1) Op (¥') € Op (§7),

€0p(S—2°) €0p(§—=°)

which implies that

Op () Op (a) = (Op (b) = Op (¥) ) Op () + Op () Op () = 1 + Op (™) ,
1+O0p(S—=°)

€0p(S—=°)

i.e., a left approximate inverse is also a right approximate inverse, and viceversa.
We show now how to construct b such that a#b—1 € S, the construction of ¥’ is analogous.
We proceed iteratively. Let y € C§°, x = 1 in [£| < p. Then define

1-x(6) _ o
bo(x, €) 1= — X&) o g=m
)=
Now by symbolic calculus (see (7.13))
a#tbg =abp+S t=1—-x+St1=1-r_, r_eSL

Now we iterate. We look for b = by + b1 + l.o.t in such a way that affb becomes a symbol in a
class of lower and lower order. Note how the construction is perturbative in nature, where the
perturbative parameter is the order of the symbol. So now let us look for b; € S™™~! in such a
way that afi(by + by) is in S~2. We have

a#(bo -+ bl) = a#bo + a#bl =1- r_1+ a#bl
=1l—-r_14+abj+ro=1—1r_4

provided we choose, for example,

1 —x(§) —m—1
by :=r_4 =7r_1bg e ST
a(z,§)
We can iterate this process at any order: assume to have found by, ..., b, with b; € S™™77 |V,

such that
aﬁ(b0+...+b[():177‘_}(_1, T_K—1 GSiK*l,
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then, defining
-x(§) —-m—-K—1
b =r g 1———2>e8 ™
K+1 T_K-1 a(z,€) €
we have

a#t(bo+ ...+ b +bry1) =a#(bo+ ...+ bx) +a#bri1 =1 —r_k_1 + a#br i1

=l-r gy +abg1+r-x o=1-r_g o

The construction can be performed at any order, then we define b ~ 3 j b; as asymptotic series.

Lemma 4.11 produces a symbol b € S~ asymptotic to Ej bj, which fulfills a#b — 1 € SM
VM e R. O

The theorem allows us to construct approximative inverses to general elliptic variable coeffi-
cients operators.

Remark 8.4. The existence of a right approzimate inverse of Op (a)(or equivalently of a left
one), implies that the symbol a is elliptic. Indeed, by symbolic calculus, Op (a) Op (b) —1 € S~
implies ab — 1 € S°°, hence

a(x@)b(x,f) =1 +7ﬂfl($7f), r_1 € 8_1.

This implies that for & large enough

< la(z, ) bz, &)| < C la(z, 916", VI >1.

|~

This shows that a is elliptic. So a elliptic is equivalent to Op (a) having a right (or left) approz-
1mate inverse.

Remark 8.5. If Op (a) has a left approximate inverse, it does not mean that Op (a) is injective,
but that its kernel is composed by smooth functions. Indeed assume that a is an elliptic symbol
and that u € ker Op (a) with only u € L?. We are going to show that actually u € H® Vs. Indeed
let Op (b) be a parametriz, and since 1 = Op (b) Op (a) — R with R smoothing, we have

u = Op (b) Op (a) u — Ru = —Ru.

Since R is smoothing, it follows that uw € H® Vs. In particular it is smooth.
For example % is elliptic, so it admits an approximate left inverse. Its kernel is composed by
constant functions, which are smooth.

8.4 Different quantization

So far we have worked with the so called “standard” quantization. However it is possible to
define a whole family of quantizations in the following way: for any 0 < ¢ < 1 define

a)ul(z) = ! =98 ¢ (1 — U
Opi(aulle) = sz [ (o4 (-1, uly)dyde (811)

The values t = 0, %, 1 play a special role and they are called
- t = 0: right quantization, Opy(a(z)§) = 10, a

- t= %: Weyl quantization, Op% (a(z)€) = % (ady + Oza)
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- t = 1: left quantization (standard), Op, (a(x)¢) = a(z)10,

i
Note that the symbol is the same, but the operators are different. However, the operators are

the same at highest order, and the difference is at lower order.
It is also possible to pass from one quantization to a different one:

Theorem 8.6. Fizt € [0,1], and let a € 8™. Then Vs € [0, 1], there exists b € 8™ such that
Opy(a) = Op, (b). (5.12)

In particular
1

b(z, &) = W /e*iy" alx + (s — t)y, &+ n) dydn, (8.13)

namely one has the asymptotic expansion

i — )l
h = el(s=t)DxDey Z %Bnga.
al

Proof. Assume first that a € S. The case a € S™ is obtained as usual by approximation with
Schwarts symbols. We want the integral kernels of Op,(a) and Op,(b) to be equal. Hence

Ko (e.y) = / SVt + (1 - t)y, €) dé = / S5z 1 (1 — syy,m) dy = Ky(z,y)

We change variables in the second integral by putting
r—y==90 N r=z+(1-29)0
z=sx+(1—s)y=y+sb y=2z—sb

/eigfa(z +(t—s)0,&)d¢ = /ew"b(z, n)dn = (2m)" F, (b(z, ~)}9 ,

hence we can invert the Fourier transform and obtain that

and get

Py — L e¥%a(z — S >
= Gy [ T ale+ (- 90.6) deds
£=n+¢
o=zv (;)n /e*in a(z + (s =)y, ¢ +n) dyd¢

as claimed. The proof that b € §™ and the asymptotic expansion follows as in the proof of the
adjoint theorem. O

Remark 8.7. In particular one has Op (a) = Op™ (b) with

lal
1 |

«

For example the formula tells us that if a(x,&) = b(x)€ (dimension 1), then

b(w)%az =Op(a) =Op” (b(x)f - ;bx) (8.14)

58



Similarly one has Op” (b) = Op (a) with

1\ 1
For example if b(z, &) = b(x)€ (dimension 1), then

1 1

Op" (b) = Op <b(x)g + ;ibw(w)> = b(2) 20, + 5-bu(a). (8.15)

8.5 Weyl quantization

A particular important quantization is the Weyl quantization, which we recall is given explicitly
by the formula

@ (@) ul(z) = d@ve g (EXY ) o
00" (@) ul(e) = o [ (5526wl dua (5.16)

Let us check how some common symbols are transformed, in dimension n = 1:
- a(,€) = a(€), then Op” (a) = a(D).

- a(xz,§) = a(zx), then Op" (a) = a(x). This can be obtained by oscillatory integrals tech-
niques.

- a(z,§) = a(z)E, then Op" (a) = 3(aD, + D,a). Indeed, for u,a € S, then

(27_‘_)—71 / ei(m—y)n a (1‘ + y) §u(y) dydf

Op" (a) [u] () o

= Hen [eeon (L (T5) w +a (U5 wi)) avae
1

1
= Sa(a)u(e) + sale)u. (@)

1 1 1
[,a@x + Zax} u=— (ady + O0,a)u
i i

2i

If @ is just bounded with bounded derivatives, or a symbol in a different class, one justifies
the computation above via oscillatory integrals.

Exercise 8.8. Compute Op™ (a(z)&) in dimension n arbitrary.

There is an important remark about the last computation: if a(z) is real, then Op" (a) is a
selfadjoint operator:

1 R | 1
(Qi(aaz + 8za)> =5 (—0ya—ad;) = ﬁ(aaz + 0.2).

This is a general fact, and the main reason why Weyl quantization is important:
Theorem 8.9 (Adjoint with Weyl). Let a € S™. Then
Op" (a)" = Op" (a).

In particular if a is real valued, then Op"” (a) is symmetric on its domain.
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Proof. Tt is sufficient to recall that if K (z,y) is the kernel of A, then K*(x,y) = K(y,x) is the

kernel of A*. Since Op" (a) has kernel

K*(r,y) = @n)" [ 0% ("” Y s) e,

2 )

by a direct computation we get

K (o) = Kot [ emea (120 ¢ ag

but this is the integral kernel of Op"” (@) as claimed.
Remark 8.10. From (8.17) it follows that

K (m + %x - ;) _ (27r)*"/eit5 a(, €) dé = (Fesia)(x,1)

By taking inverse Fourier transform we get

; t t
— —itg Kw _ _
a(x,§) /e (x+2,w 2)dt

and we recover the symbol from the kernel.
We state also the theorem about composition in Weyl quantization

Theorem 8.11 (Composition with Weyl). Let a € 8™, b € 8™, then
Op*” (a) o Op” (b) = Op” (¢)
with ¢ := a#*b € S™T™ . Moreover, defining the symplectic form
o(z,&y,m) =& y—x-m,

we have that

1 : .
c(z, &) = o / eHoT20) (g 4 2,6 + O) b(x + t, € + 7) dtdzd(dr

and one has the asymptotic expansion

g~ o= ¥ (0" (D) @i (ofom)

Jj=0 la+B|=3
Finally for every j € Nqy there exist C; N > 0 such that
P (aftb) < C Py n(a) Py n (D)

Remark 8.12. We can write
(a#"b)(z, &) = e2PePv=PeDola(a, €)b(y, 1) v=,

3

compare with (6.19).
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Remark 8.13. For Weyl quantization one has
1 / 1 /
a#b = ab + 3 (0ca Dyb — Dya deb) + S™H™ 2 —ab+ i{a7 b} + SmHm 2 (8.24)

Moreover all the terms of odd degree are antisymmetric in a,b, while all the even ones are
symmetric. Hence we have

1 /
a#"’b — b#" a = Y{a, by + Smm =3 (8.25)

which implies

00" (@), 0" (1] = Op" (a0} ) + Op" (57472) (5.26)

Proof of Theorem 8.11. Let K, and K}, be the intergal kernels of Op” (a) and Op" (b) respec-
tively. Then Op" (a) Op®” (b) has integral kernel

K.(z,y) = Ko(z,2) Ky(z,y)dz
Rn

1 . .
— (2 )zn / el(I—Z)C a <.’II —2i_ Z7C> el(Z—y)T b <Z ;— y77_> deCdZ
™ R3n

Using formula (8.19) we get that

: t t
c(z, ) /ne K. <x+2,x 2>dt

_ b / gle—stt/D(C-ert—stt/D(r-0) o (TH2FH2 N (24T 2 N g
2m)2" Jgan 2 2

Now make the linear change of variables

=2 — )
— ! t/
S dtdzd¢ dr = 4™ 4t d2' d¢’ dr’
¢=¢+¢
T=174¢

and one gets (8.20). For the asymptotic formula, one proceeds as for the proof of composition
in the standard quantization: by Taylor expansion

o e C5 7 79
alx + 2, £+ O)blx+t,E+7) ~ a;é(axafa(x,g)) (agagb(x,ﬁ) ol A1 ol

Then one has to study the oscillatory integral

a B v 0
2i(rz—t.0) 20 7 1T T°
/e ol B 1 ol dtdrdzd¢

and by using integration by parts in the oscillatory integrals, one verifies that one must have
a =0 and v = . In such a way one obtains the asymptotic expansion. The details are let to
the reader. O
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