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• Polarons & molecules: Main concepts & results

• 2-body physics: broad vs. narrow resonances

• Many-body theory & comparison with experiments

• Itinerant Ferromagnetism



Polarons and molecules
One ↓ in a Fermi sea of ↑’s 2
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FIG. 2: rf spectroscopy on polarons. Shown are spatially resolved, 3D reconstructed rf spectra of the environment (blue, state
|1〉) and impurity (red, state |3〉) component in a highly imbalanced spin-mixture. a) Molecular limit, b), c) Emergence of the
polaron, a distinct peak exclusively in the minority component. d) At unitarity, the peak dominates the impurity spectrum.
For the spectra shown as dashed lines in d) the roles of states |1〉 and |3〉 are exchanged. Impurity concentration was x = 5(2)%
for all spectra, the interaction strengths 1/kF a were a) 0.76(2) b) 0.43(1) c) 0.20(1), d) 0 (Unitarity).

in previous work, spectra are spatially resolved and to-
mographically 3D reconstructed [18] via an inverse Abel
transform, and are thus local and free from broadening
due to density inhomogeneities. In addition, phase con-
trast images yield the in-situ density distribution n↑, n↓

and thus the local Fermi energy εF of the environment
atoms and the local impurity concentration x = n↓

n↑
. The

Rabi frequencies ΩR for the impurity and environment rf
transitions are measured (on fully polarized samples) to
be identical to within 5%.

Rf spectroscopy directly probes short-range correla-
tions between particles and is thus ideally suited to ob-
serve the emergence of the polaron. Fig. 2 shows the
observed spectra of the spin down impurities and that
of the spin up environment at low local impurity con-
centration. The bulk of the environment spectrum is
found at zero offset, corresponding to the free (Zeeman
plus hyperfine) energy splitting between states |1〉 and
|2〉. However, interactions between impurity and spin up
particles lead to a spectral contribution that is shifted:
The rf photon must supply additional energy to transfer
a particle out of its attractive environment into the final,
non-interacting state [19]. In Fig. 2a), impurity and en-
vironment spectra above zero offset exactly overlap, sig-
nalling two-body molecular pairing. The steep threshold
gives the binding energy, the high-frequency wings arise
from molecule dissociation into remnants with non-zero
momentum [19, 20, 21]. As the attractive interaction is
reduced, however, a narrow peak appears in the impurity
spectrum that is not matched by the response of the envi-
ronment (Fig. 2b,c,d). This narrow peak, emerging from
a broad incoherent background, signals the formation of
a long-lived quasiparticle, the Fermi polaron. The width
of the polaron peak is consistent with a delta function
within the experimental resolution, as calibrated by the
spectra of fully polarized clouds. The background is per-
fectly matched by the rf spectrum of the environment.
This is expected at high rf energies !ω " εF that are

probing high momenta k " kF and thus distances short
compared to the interparticle spacing. Here, an impurity
particle will interact with only one environment particle,
leading to overlapping spectra.

F. Chévy has provided an instructive trial wavefunc-
tion [5, 9] that captures the essential properties of the
polaron, even on a quantitative level [16] when compared
with Monte-Carlo (MC) calculations [6, 12, 13]:

|Ψ〉 = ϕ0 |0〉↓ |FS〉↑+
∑

|q|<kF <|k|

ϕkqc†k↑cq↑ |q − k〉↓ |FS〉↑

(1)
The first part describes an impurity with a well-defined

wavevector (k↓ = 0) that is not localized and free to
propagate in the Fermi sea of up spins |FS〉↑. In the
second part the impurity particle recoils off environment
particles that are scattered out of the Fermi sea and leave
holes behind. This describes the dressing of the impurity
with particle-hole excitations. The probability of free
propagation is given by the first, unperturbed part, Z =
|ϕ0|2. The two portions of |Ψ〉 give rise to two distinct
features of the impurity rf spectrum Γ(ω) (ω is the rf
offset from the bare atomic transition):

Γ(ω) = 2π!Ω2
R Zδ(!ω + E↓) + Γincoh.(ω) (2)

The first part in |Ψ〉 contributes, according to Fermi’s
Golden Rule, a coherent narrow quasiparticle peak ∝
Zδ(!ω + E↓) to the minority spectrum. Its position is a
direct measure of the polaron energy E↓, its integral gives
the quasiparticle residue Z. The particle-hole excitations
in the second part give rise to an incoherent background
Γincoh.(ω) ∝

∑

q,k |φqk|
2 δ(!ω−εq−k−εk+εq+E↓): The

polaron energy E↓ is released as the impurity at momen-
tum q − k is transferred into the final state, leaving be-
hind an environment particle in k above and a hole within
the Fermi sea at q. This part of the spectrum starts at
!ω = |E↓| like Γ(ω) ∝ (!ω − |E↓|)

2, less steeply than a
molecular dissociation spectrum (∝

√

!ω − |EB |), as the
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FIG. 2: rf spectroscopy on polarons. Shown are spatially resolved, 3D reconstructed rf spectra of the environment (blue, state
|1〉) and impurity (red, state |3〉) component in a highly imbalanced spin-mixture. a) Molecular limit, b), c) Emergence of the
polaron, a distinct peak exclusively in the minority component. d) At unitarity, the peak dominates the impurity spectrum.
For the spectra shown as dashed lines in d) the roles of states |1〉 and |3〉 are exchanged. Impurity concentration was x = 5(2)%
for all spectra, the interaction strengths 1/kF a were a) 0.76(2) b) 0.43(1) c) 0.20(1), d) 0 (Unitarity).

in previous work, spectra are spatially resolved and to-
mographically 3D reconstructed [18] via an inverse Abel
transform, and are thus local and free from broadening
due to density inhomogeneities. In addition, phase con-
trast images yield the in-situ density distribution n↑, n↓

and thus the local Fermi energy εF of the environment
atoms and the local impurity concentration x = n↓

n↑
. The

Rabi frequencies ΩR for the impurity and environment rf
transitions are measured (on fully polarized samples) to
be identical to within 5%.

Rf spectroscopy directly probes short-range correla-
tions between particles and is thus ideally suited to ob-
serve the emergence of the polaron. Fig. 2 shows the
observed spectra of the spin down impurities and that
of the spin up environment at low local impurity con-
centration. The bulk of the environment spectrum is
found at zero offset, corresponding to the free (Zeeman
plus hyperfine) energy splitting between states |1〉 and
|2〉. However, interactions between impurity and spin up
particles lead to a spectral contribution that is shifted:
The rf photon must supply additional energy to transfer
a particle out of its attractive environment into the final,
non-interacting state [19]. In Fig. 2a), impurity and en-
vironment spectra above zero offset exactly overlap, sig-
nalling two-body molecular pairing. The steep threshold
gives the binding energy, the high-frequency wings arise
from molecule dissociation into remnants with non-zero
momentum [19, 20, 21]. As the attractive interaction is
reduced, however, a narrow peak appears in the impurity
spectrum that is not matched by the response of the envi-
ronment (Fig. 2b,c,d). This narrow peak, emerging from
a broad incoherent background, signals the formation of
a long-lived quasiparticle, the Fermi polaron. The width
of the polaron peak is consistent with a delta function
within the experimental resolution, as calibrated by the
spectra of fully polarized clouds. The background is per-
fectly matched by the rf spectrum of the environment.
This is expected at high rf energies !ω " εF that are

probing high momenta k " kF and thus distances short
compared to the interparticle spacing. Here, an impurity
particle will interact with only one environment particle,
leading to overlapping spectra.

F. Chévy has provided an instructive trial wavefunc-
tion [5, 9] that captures the essential properties of the
polaron, even on a quantitative level [16] when compared
with Monte-Carlo (MC) calculations [6, 12, 13]:

|Ψ〉 = ϕ0 |0〉↓ |FS〉↑+
∑

|q|<kF <|k|

ϕkqc†k↑cq↑ |q − k〉↓ |FS〉↑

(1)
The first part describes an impurity with a well-defined

wavevector (k↓ = 0) that is not localized and free to
propagate in the Fermi sea of up spins |FS〉↑. In the
second part the impurity particle recoils off environment
particles that are scattered out of the Fermi sea and leave
holes behind. This describes the dressing of the impurity
with particle-hole excitations. The probability of free
propagation is given by the first, unperturbed part, Z =
|ϕ0|2. The two portions of |Ψ〉 give rise to two distinct
features of the impurity rf spectrum Γ(ω) (ω is the rf
offset from the bare atomic transition):

Γ(ω) = 2π!Ω2
R Zδ(!ω + E↓) + Γincoh.(ω) (2)

The first part in |Ψ〉 contributes, according to Fermi’s
Golden Rule, a coherent narrow quasiparticle peak ∝
Zδ(!ω + E↓) to the minority spectrum. Its position is a
direct measure of the polaron energy E↓, its integral gives
the quasiparticle residue Z. The particle-hole excitations
in the second part give rise to an incoherent background
Γincoh.(ω) ∝

∑

q,k |φqk|
2 δ(!ω−εq−k−εk+εq+E↓): The

polaron energy E↓ is released as the impurity at momen-
tum q − k is transferred into the final state, leaving be-
hind an environment particle in k above and a hole within
the Fermi sea at q. This part of the spectrum starts at
!ω = |E↓| like Γ(ω) ∝ (!ω − |E↓|)

2, less steeply than a
molecular dissociation spectrum (∝

√

!ω − |EB |), as the
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40K-6Li experiments by Grimm group
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2-body physics
Hyperfine Hamiltonian:

Ĥspin = A �I · �S + C Sz + D Iz

Ĥspin|α� = �α|α�
|α� ≡ |F,mF �
�F = �S + �I

Triplet
 potential

Singlet potential

Atom-atom interaction: V (r) =
Vs(r) + 3 Vt(r)

4
+ [Vt(r)− Vs(r)] �S1 · �S2

Mixes hyperfine states ⇒ Scattering channels[Ĥspin, V̂ ] �= 0
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“Dressed” molecule

Scattering 
matrix:

T =
Tbg

1− TbgΠ
+

g2

ω −K2/2M −∆µ(B −B0) + g2Π

GMB, E. Kolomeitsev, and A. D. Jackson,  PRA 71 052713 (2005)

g2 = Tbg∆µ∆B

reffabg = − 1
∆µ∆Bmr

∝ 1
g2

 “Landau Theory” 
Interaction expressed in 
terms of observable 2-

body parameters 



kF reff � 1 kF reff � 1
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Many-body theory

|ψP � =
√

Za†0↓|FS�+
�

q<kF <k

φk,qa†q−k↓a
†
k↑ aq↑|FS�+ . . .

|ψM � =
�

k

ψka†−k↓a
†
k↑|FS� + . . .

ψk ∝
1

1 + k2a2
⇔ ψM (r) ∝ e−r/a

r

Polaron:

Molecule:

Zero holes: One hole: =Σ Too
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Results & experiments

Non-interacting Strongly interacting

RF flip

Polaron energies

Molecule-hole 
continuum



Polaron quasiparticle residue
|ψP � =

√
Za†0↓|FS�+

�

q<kF <k

φk,qa†q−k↓a
†
k↑ aq↑|FS�+ . . .

RF-probe momentum conserving R ∝ Ω0

�

k

(b†↓ka↓k + h.c.)

Initial state:

Rabi flipping 
frequency:

|I� = b†↓0|FS�

Ω = �ψP |R|I�
=

√
ZΩ0
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Damping of oscillations:
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3-state model
Collisional broadening:
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Molecule wave function

RF-signal to molecule-hole 
continuum (BEC limit):
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Repulsive Polaron Decay

❶ Decay to attractive polaron:
2-body process

➋ Decay to molecule:

3-body process

R. Schmidt and T. Enns, PRA 83 063620 (2011)



2-body decay to attractive polaron:

== = + . .

BEC-limit

ΓPP = πT 2
0 Z−

�

q<kF <k
d3q̌d3ǩδ(∆E + �↑q − �↑k − �∗↓q−k)

= Z−
2
3π

�
m↑(m∗

r)3

m4
r

�
∆EPP

�F
(kF a)2�F ∝ kF a

Σ Too

G↓ =
Z+

�ω − E+
+

Z−
�ω − E−

P. Massignan and GMB, EPJD 65, 83 (2011)



3-body decay to molecule + hole:
(a)

T2=

(b)

(1)

(2) = T2 T2 + T2 T2

= +T2 T2P

P

D(p, ω) � ZM

ω − ωM − p2/2m∗
M

.

ΓP =
g2ZM

2

�
d3q̌d3ǩd3q̌� [F (q,k, ωP )− F (q�,k, ωP )]2

×δ
�
∆ω + ξq↑ + ξq�↑ − ξk↑ − (q + q� − k)2/2m∗

M

�

F (q,k, ω) = T2(q, ω + ξq↑)G0
↓(q− k, ω + ξq↑ − ξk↑)

GMB and P. Massignan, PRL 105 020401 (2010)

Broad resonance ΓP ∝ (kF a)6�F ∝ n2
↑�F Due to Fermi 

exclusion principle

D. S. Petrov, PRA 67 010703 (2003)



2-body 
process3-body 

process

Experiment

(kFa)-1=-0.25:
�Γ/�F = 0.01

�Γ/E+ = 0.03

Non-zero range 
gives ≈ 10 times 
longer life time. 

1/e life time ≈400μs



Itinerant ferromagnetism 
Fermi gas with short range repulsive interactions

Ĥ = −
�

d
3
rψ̂

†
σ(r)

∇2

2m
ψ̂σ(r) + g

�
d
3
rψ̂

†
↑(r)ψ̂

†
↓(r)ψ̂↓(r)ψ↓(r)

E =
3
5
n�F [(1 + η)5/3 + (1− η)5/3 + A(1 + η)(1− η)]

η =
n↑ − n↓
n↑ + n↓

A ∝ g ∝ kF a

Stoner theory:

Not observable due to pairing instability

C. Sanner et al., PRL 108, 240404 (2012)

D. Pekker et al., PRL 106, 050402 (2011)



We have accurate theory in the limit N↓«N↑

Mixed phase energy:

E(N↑, N↓, T ) = N↑ε
0
1(N↑/V, T ) + N↓ε

0
2(N↓/V, T ) + N↓ε

0
1(N↑/V, T )A(T )

↑ ↓
↓

S. Pilati et al., PRL 105, 030405 (2010)

Phase separated energy:

E(N↑, N↓, T ) = N↑ε
0
1(N↑/V↑, T ) + N↓ε

0
2(N↓/V↓, T ) ↑ ↓

Condition for phase 
separation at T=0 A ≥ 5

3

�
m1

m2

�3/5

⇔ E+ ≥ �F



(kF ac)−1

kF R∗

m↓/m↑ = 1

m↓/m↑ = 6/40

m↓/m↑ = 40/6

ΓPP /�F

kF R∗

Ferromagnetism with narrow Feschbach resonance?



Entropy of mixing (ideal mixture):

∆Smix = −NkB [y log y + (1− y) log(1− y)] y =
N↓
N

0.1 0.2 0.3 0.4 0.5
Α�

N 2

N1

�0.20

�0.15

�0.10

�0.05

�F� �N1ΕF1�

0.1 0.2 0.3 0.4 0.5
Α�

N 2

N1

�0.10

�0.05

0.05

0.10
�F� �N1ΕF1�

0.1 0.2 0.3 0.4 0.5
Α�

N 2

N1
�0.05

0.05

0.10

0.15

0.20
�F� �N1ΕF1�

F = E − TS

E+/�F = 0.8 E+/�F = 1

T = 0 T = 0

T = 0.1 T = 0.1

T = 0.2

T = 0.2

T = 0.3 T = 0.3

Minimize free energy for T>0



0.8 1.0 1.2 1.4
E�� ΕF0.5

0.6

0.7

0.8

0.9

1.0
P

T�0.2TF

T�0

Phase separated

Homogeneous

Phase diagram



Conclusions

• Long lived repulsive polaron

• Excellent agreement between theory & experiment

• Narrow resonance increases stability of repulsive 
polaron

• Ferromagnetism for narrow resonance?


