A more rigorous derivation

* Drop weak-gravity assumption = assume geodesic motion in
strongly curved spacetime when calculating source (ie
quadrupole, octupole etc)
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Full Einstein equations!
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A more rigorous derivation

Following same procedure as before, we re-obtain Green,
quadrupole formula but with T replaced by t and

- - 1
HHY oy Y = PV _ §hngu

goo = —1 — 2; +0(1/c%) 790 — Too(l + O(l/cQ))
goi = O(1/c?) % =T%(1+0(1/c?))
Gis = (1 _ 2;’2) 5 +O(1)t) 7 = (T'ﬁ‘ 4 Mla(awaw _ éaijakgba%)) (1+0(1/c2))

So Green formula formula gets corrected, but quadrupole
formula is NOT

Exercise: show that the extra terms in the Green formula
for account for the factor 2 discrepancy with the
quadrupole formula found for a circular, Keplerian binary




An example: a binary system

* Binary with total mass M, reduced mass u, separation R,
orbital frequency Q); orbit lies in xy plane

| » Consider GWs along z axis at distance r
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Generalizing the quadrupole formula

Why? Approximate because based on slow-motion, weak
gravity approximations

Drop slow-motion approximation = include mass octupole,
current quadrupole and higher order terms

—— 2 T " L . ) )
hyk _ = |:ka . Qnisz_yk 4 n%_M?Jk]
t'=t—r
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current quadrupole
Sijk(tl) _ /xljxlkTOi(tl X!)de/

I Ijk(tf) — /Q:’jm’kTOO(t', X/)def ’ ’
mass quadrupole Mijk(t’) = /fiﬂ?’jﬂ?’kTOO(t’, X’)d?’ﬂ?’-
mass octupole

2 d?
r dt?
all multipole moments (Press 1977)

N e = T
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A potentially complicated waveform structure

Quadrupole (or quadrupole + octupole + higher moments)
formula + geodesic motion is often decent approximation,

eg for particle around Kerr BH ("kludge” waveforms)
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Figure from Babak et al Phys. Rev. D 75, 024005 (2007)
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The stress energy tensor of GWs

Figure from Kip Thorne's website
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. The stress energy tensor of GWs

Average Einstein equations on scale >> A and << L
Ajop = Jap — {Jap)
GLA(Gea); 95 = — (G lheas 957))

CO[Ajed) = —GPhea; 93] + (G hea; 95])

e € ]‘
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Commuting derivatives and using A << L
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The GW luminosity

Quadrupole formula + GW stress energy tensor

1G 1G
Lmass quadrupole = 5_5< I >2 — __<1ij'1tjk>2

(mass of the system in motion) x (size of the system)? MR?  Muv?

F i ~
IH (time scale)3 T3 T

) v
| Lmass quadrupole ™ G(MU ) G/ 65 ~ 10_59

5
C\ T (in CGS units)

Conversion of any type of energy into GWs is
inefficient, unless large masses and/orv ~ c

N e = T




Propagation of GWSs

GW propagating in z-direction

h;-I;T =0 = h;.IJ’.T — hz.TjT(t — 2)

9.hTT =0 = BIT =

| ﬁhH:—hﬂEm&—z);

h. =0
hg:;r = hgg = hy(t—2).

1l

N—— eSS - ———




Propagation of GWSs

+
e =e;RKe;—e;Re,,
Rt =T (t — 2)e™ + X (t — 2)e* s

X —
e"=e, Qe t+eRQe;.

Linear polarization Circular polarization Elliptic polarization=
h+ (t — z) = h(t — 2)cos 2\ h % (t — Z) — i’ih(t — z) other phase differences
h*(t — z) = h(t — z)sin 2\ h"‘(t—z) = h(t — 2)

Binary with masses m. and m,, separation R, orbital frequency (), distance r;

6 = angle between orbital angular momentum and direction to observer
(6 = 0 or 180 deg: face-on; 6 = 90: edge on)

2m1 ™Mo

h™ = B (1 + cos? 0) cos[2Q(t — 1) + 2A¢]
4
h™ = — T?q;zmQ cos 0sin[2Q(t — r) + 2A4],
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