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The first direct observation 
of GWs and … BHs!

LSC collaboration 2015



GWs from binary BHs

LSC collaboration 2015



Lectures outline

• The GW signal from two BHs (inspiral+ merger/
ringdown)  

• The LIGO/Virgo detections (data analysis, 
physics, astrophysics) 

• Supermassive BH binaries (LISA and pulsar 
timing arrays)



General relativity in a nutshell

(perfect fluid)

For dust (p=0) Euler equation gives geodesic equation



BHs in GR (or BHs have no hair)

Schwarzschild BH (parametrized by mass alone)

Kerr BH (parametrized by mass and spin)

Electrically charged BHs (Reissner-Nordström,               
Kerr-Newman) probably irrelevant astrophysical



Geodesics in Schwarzschild
Metric is static and spherically symmetric

Conserved energy and orbital angular momentum 
(per unit particle mass) E and L

Motion in 1D potential (Newtonian + corrections!)



Geodesics in Schwarzschild
Massive particles

• Innermost stable circular orbit (ISCO) at r=6M 
• Marginally bound orbit at r=4M 
• Different than in Newtonian gravity  
(circular orbits all the way down to r=0)



Geodesics in Schwarzschild
Dynamics of massless particles only depends on b=L/E

(Unstable) circular photon orbit (“light ring”) at r=3M
Peak of “potential barrier” at r=3M



Geodesics in Schwarzschild
Dynamics of massless particles only depends on b=L/E

Below critical impact parameter                    photons fall into BHb = 3 3M



Geodesics in Kerr

• “Separability” of geodesics equations not trivial, but possible due to 
presence of “hidden symmetry” that gives Carter constant Q 

•  Qualitatively same dynamics as in Schwarzschild (“light ring”, ISCO, 
marginally bound orbits), but details depend on whether motion is 
prograde/retrograde



Spin affects motion around BHs (“frame dragging”)

Innermost Stable Circular Orbit                   
(i.e. inner edge of thin disks)       

Efficiency of EM                 
emission from thin disks

42% for a=1,
32% for a=0.998!

The effect of BH spins:         
frame-dragging in isolated BHs



The effect of BH spins:         
frame-dragging in isolated BHs

Figure from Mino & Brink 2008



EM BH spin measurements
Continuum fitting/iron-Kα lines

Compilations (Reynolds, Brenneman,...)               
of massive BH spins

Stellar-mass BH spins



The effect of BH spins:         
frame-dragging in binaries

• For large spins aligned                           
with L, effective ISCO 
moves inward …

• ... and GW “efficiency”                  
gets larger

Simulation: RIT 2006

EB, Morozova & 
Rezzolla (2012)

Spins increase
GW amplitudes



The effect of BH spins:         
frame-dragging in isolated BHs

Orbital frequency of prograde circular photon orbit 
matches horizon’s when a=M



BH shadows
Event Horizon Telescope 
will image SgrA* and M87  

via VLBI radio (mm wavelength)  
observations



• We can rewrite geodesic motion in Schwarzschild/Kerr as 
Hamiltonian/Lagrangian 

• How to go from test-particle limit to BH binary? 

• In Newtonian gravity, one can go to center of mass frame and 
replace test-particle mass by binary’s reduced mass 

• At post-Newtonian orders (O(v/c)2n beyond Newton) things are more 
involved

BH binary dynamics



The post-Newtonian Hamiltonian



• PN Hamiltonian is complicated, can we make sense of it? 

• Newtonian binaries can be mapped to non-spinning test-particle 
with mass µ = m1m2/M around mass M=m1+m2 

• Energy levels of positronium (e+ - e-) can be mapped to those of 
hydrogen through 

• Particle with mass µ = m1m2/M around deformed Schwarzschild BH 
with M=m1+m2 (“effective one body'') has Hamiltonian related to PN 
Hamiltonian by

The EOB formalism (Damour & Buonanno 1999)

m1=m2=me

(up to 3PN order)

EOB can be generalized to include BH spins  
and produce GW waveforms



PN/EOB ISCO

Le Tiec, EB, Buonanno 2011

Qualitatively the same as Schwarzschild/Kerr



BH spin precession

EOB waveforms for BH binary with mass ratio 1:6 and spins 0.6 and 0.8, from Pan 
et al (2013) [using spin-EOB model of EB & Buonanno 2010, 2011]

• Spin precesses around total angular momentum J=L+S1 +S2

• Precession-induced modulations observable with GW detectors:                             
- Increase SNR and improve measurements of binary parameters                        
(e.g.  luminosity distance and sky localization)                                                                  
- Allow measurements of angle between spins



Main idea: expand dynamics in powers of 1/c [i.e. of v/c, ∂t/c GM/(r c2)]:

The PN formalism

“Poisson gauge”

Einstein  
equations



The PN formalism
Expand Einstein eqs+perfect fluid in 1/c, over flat space:



The PN formalism

a=aN

Expand Einstein eqs+perfect fluid in 1/c, over flat space:



The PN formalism

a=aN(1+1PN/c2

Expand Einstein eqs+perfect fluid in 1/c, over flat space:



a=aN(1+1PN/c2+2PN/c4+…)

Expand Einstein eqs+perfect fluid in 1/c, over flat space:

The PN formalism



PN effects are not only  
relevant for BH binaries



Keep time derivatives even though  
they carry factor 1/c, because for GWs ∂t/c ~ ∂x) 

How about the TT term?



Keep time derivatives even though  
they carry factor 1/c, because for GWs ∂t/c ~ ∂x) 

How about the TT term?



The quadrupole formula



The quadrupole formula
Binary moving on circular orbit on x,y plane with orbital 

frequency Ω, GW traveling along z



GW detectors

Figure generated by http://gwplotter.com/



• We have started from linearized theory over Minkowski
• This implies that stress energy tensor is conserved wrt to Minkowski metric ...
• … and that is used to go from ”Green formula” to ”quadrupole formula”
• This is inconsistent as a binary system in GW-dominated regimes does NOT 

move on Minkowski geodesics (i.e. straight lines)
• Exercise: compute GWs from Green formula for a system of two unequal 

masses on Keplerian orbits one around the other and verify that the GW 
amplitudes differ by a factor 2 (assume propagation along z axis)

• Which one is correct? Quadrupole or Green?
• One would expect Green, but actually the quadrupole formula is the correct one

Wrong+wrong=right



Proceed as before  
but with T replaced by τ 

A (more) correct derivation



A (more) correct derivation

• Non-linear terms are important in τij but not τ00 

• Non-linear terms in Green formula account for 
discrepancy with quadrupole formula for circular 
Keplerian binaries 

• Quadrupole formula is correct, Green’s is not



• Quadruple formula (or quadrupole+octupole) often a decent 
approximation for GW signal during inspiral 

• Often used in combination with geodetic motion in Kerr to produce 
“kludge” waveforms for Extreme Mass Ratio Inspirals (stellar origin 
BH + massive BH)

BH binary inspirals

Figure from Babak et al 2007



GW “backreact” on geometry at 
second order



GWs carry energy and momentum



BH binaries inspiral till 
(effective) ISCO

From energy balance:



GWs from binary BHs

LSC collaboration 2015



GWs from binary BHs

LSC collaboration 2015



Extracting the BH masses

fgw~ 75 Hz corresponds  
to r12~350 km

Objects in GW150914 
must be BHs 

(not WDs or NSs) LSC collaboration 2015



Extracting the BH masses

LSC 2018, O1+O2 detections



Extracting the BH masses

Figure: LSC collaboration 2018



• Stellar-mass BH form 
from massive stars 

• Difficult problem: 
stellar evolution 
needed to 
understand mass 
loss from stellar 
winds, and 
explosion 
mechanism (core 
collapse SN, direct 
collapse to BH) 

• Evolution depends 
on mass, metallicity, 
rotation

The formation of stellar-mass BHs



The role of metallicity and stellar winds

LSC 2015; Belczynski et al 2010; Spera et al 2015

LSC 2015; Dominik et al 2013



The role of metallicity and stellar winds

Mapelli 2018;  
Spera & Mapelli 2017



Pair instability SN

Woosley, Blinnikov, Heger (2007)



A cutoff at 40 Msun?

Woosley, Blinnikov, Heger (2007)

Talbot  
& Thrane 2018



Last week’s updates!

LSC 2018



• In the field (plausible because ~70% of massive 
stars have companion, c.f. Sana et al 2012) 

• In dense environments (globular clusters/nuclear 
star clusters) via dynamical mechanisms 

• Primordial BHs? But problems with CMB/absence 
of enough MW candidates in radio/X-rays if one 
wants to explain all of Dark Matter. Formation 
mechanism also unclear (clustering vs lack of 
clustering), conflicting predictions for spins

How do stellar-mass BH 
binaries form?
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stars have companion, c.f. Sana et al 2012) 

• In dense environments (globular clusters/nuclear 
star clusters) via dynamical mechanisms 

• Primordial BHs? But problems with CMB/absence 
of enough MW candidates in radio/X-rays if one 
wants to explain all of Dark Matter. Formation 
mechanism also unclear (clustering vs lack of 
clustering), conflicting predictions for spins

How do stellar-mass BH 
binaries form?



Field BH binaries

Belczynski et al 2016

Merger rates for standard model (M1; red); 
optimistic common-envelope phase (M2; pink);  
and pessimistic large black-hole kicks (M3; 
green/black)



Field BH binaries
D

ecreasing natal kicks

From www.syntheticuniverse.org

http://www.syntheticuniverse.org


Dynamical channel

• Similar uncertainties (natal kicks) 
• Possible in globular clusters and 

nuclear star clusters, or even in the 
field (field triples) 

• May be as important as field channel

Antonini & Radio 2016

Rodriguez & Loeb 2018



The effect of BH spins:         
frame-dragging in binaries

• For large spins aligned                           
with L, effective ISCO 
moves inward …

• ... and GW “efficiency”                  
gets larger

Simulation: RIT 2006

EB, Morozova & 
Rezzolla (2012)

Spins increase
GW amplitudes



BH spin precession

EOB waveforms for BH binary with mass ratio 1:6 and spins 0.6 and 0.8, from Pan 
et al (2013) [using spin-EOB model of EB & Buonanno 2010, 2011]

• Spin precesses around total angular momentum J=L+S1 +S2

• Precession-induced modulations observable with GW detectors:                             
- Increase SNR and improve measurements of binary parameters                        
(e.g.  luminosity distance and sky localization)                                                                  
- Allow measurements of angle between spins



Measuring BH spins

GW150914 GW151226
Figures: LSC collaboration 2016



Measuring BH spins

GW150914 GW151226

Spins are either small 
or precessing

Figures: LSC collaboration 2016



Comparison to models
Misaligned spins possible in field channel if large kicks, 

natural in dynamical channel

Figure from Belczynski et al 2017



Last week’s updates

LSC 2018



Parametrized inspiral tests of GR

Caveat: ppE parameters may depend on sources (should be viewed as BH 
charges), so stacking may not be physically meaningful!



GWs from binary BHs

LSC collaboration 2015



• Consider scalar field toy model first 

• On Schwarzschild, decompose in spherical harmonics 

• Because of symmetry, equations “separate”:

Perturbations of non-spinning BHs

Tortoise coordinates ranging +/- ∞



• Ingoing/Outgoing boundary conditions at event horizon/infinity 

• Akin to solving Schrodinger equation in 1D in quantum mechanics 101 

• Counting of degrees of freedom + continuity = discrete complex 
quasinormal mode frequencies 

• Imaginary part of frequency shows linear stability 

• Peak at ~ 3M as l diverges    
  (because geometric optics limit of  
  Klein-Gordon equation is geodesics  
  equation)

Perturbations of non-spinning BHs



• Separability on Schwarzschild extend to vector and 
tensor perturbations 

• Expand in vector and tensor harmonics (of even/odd 
parity, c.f. E/B modes of CMB) 

•

Basis for vectors on 2-sphere Basis for tensors on 2-sphere

Perturbations of non-spinning BHs



Odd-parity metric perturbations (Regge-Wheeler 1957) 
 

Even-parity metric perturbations (Regge-Wheeler 1957, Zerilli 1970) 

Perturbations of non-spinning BHs



Odd-parity metric perturbations (Regge-Wheeler 1957): 
2 free radial functions

Even-parity metric perturbations (Regge-Wheeler 1957, Zerilli 1970): 
4 free radial functions, but 2 algebraic relations from Einstein eps

Perturbations of non-spinning BHs



Odd-parity

Even-parity

Construct complex variables out of each pair of free radial functions

Effective potentials peak at r=3M in the large l limit  
(i.e. in the geodesics limit)

Perturbations of non-spinning BHs



• Separability of equations not at all obvious in Kerr, but 
possible due to “hidden symmetry” (c.f. Carter’s constant) 

• Use Newman-Penrose scalars (projections of Weyl curvature 
on null tetrad) to get Teukolsky equation

Perturbations of spinning BHs

Spin-weighted spheroidal harmonics

Separation constant



Perturbations of spinning BHs

• Connection to circular photon orbit frequency ω and 
Lyapunov coefficient λ (i.e. curvature of geodesics effective 
potential) in geometric optics limit!

QNM data from E Berti

• Amplitude of modes depends on merger physics/initial 
conditions; set by “continuity” near circular photon orbit in 
phenomenological waveform models (e.g. EOB)



EOB vs numerical relativity

Example from Taracchini et al 2012, c.f. also phenomenological waveforms



- Difficult with advanced detectors                                                               
because little SNR in ringdown

- Can perform consistency tests between                                    instal and 
merger/ringdown

Ringdown tests of the no-hair theorem

From the LSC paper on tests of GR



The first direct observation 
of GWs and … BHs!

LSC collaboration 2015



Not the biggest BHs in the 
Universe!

A monster of                                                                  
4.5 million solar                                                          solar 
masses in the                                                                   
centre of our Galaxy! 



Galaxies merge…
… so massive BHs must merge too!

+

=

Figure from De Lucia & Blaizot 2007

Ferrarese & Merritt 2000
Gebhardt et al. 2000,
Gültekin et al (2009)

EB 2012
Figure credits: Lucy Ward



What links large and small scale?
• Small to large: BH jets or disk winds transfer kinetic energy to the galaxy and keep 

it “hot”, quenching star formation (”AGN feedback”). Needed to reconcile ΛCDM 
bottom-up structure formation with observed “downsizing” of cosmic galaxies

• Large to small: galaxies provide fuel to BHs to grow (”accretion”)

Disk of dust and gas 
around the massive BH 

in NGC 7052 



Fossil evidence for massive 
BH mergers

Nuclear Star Clusters: masses up to ~107 Msun, r ~ pc

BH binaries eject stars by slingshot effect and through remnant’s 
recoil (“erosion”)

Erosion by BH binaries crucial                                                                
to reproduce NSC scaling relations                                                      

Antonini, EB and Silk 2015a,b



Problem: terrestrial detectors blind at f ≲ 1-10 Hz (seismic noise)

GWs from massive BHs

Figure generated  
by http://gwplotter.com



The space race!

Background characteristic strain at  f=1/yr 
is A<1.45 x 10-15 (Nanograv 2018)



Laser Interferometer Space 
Antenna (LISA)

“LIGO ~ 2030” vs LISA



LISA status and timeline

• LISA Pathfinder mission a success (surprisingly stable)

• LISA is now a mission (June 2017)

• Phase 0 ended; currently (2018-19) in Phase A, then ~ 10 yrs of 
industrial production, with launch ~ 2030-34                                                                        

• Phase 0/A: finalization of mission design (options analyzed by 
ESA’s Gravitational Wave Advisory Team in collaboration with 
industry & LISA Consortium) + consortium re-organization



Detector designs considered in 
ESA studies

• Armlength L= 1, 2, 5 Gm (A1, A2, A5)

• Low-frequency (acceleration) noise at the LISA requirement level of LISA 
Pathfinder (N2) or 10 times worse (N1): we know it’s N2!

• 4 or 6 links (L4, L6), 2 or 5 year mission (M2, M5)

• Laser power of 0.7 W for A1 and 2 W for A2 and A5; telescope mirror size 
of 25 cm for A1, 28 cm for A2, 40 cm for A5.                                                    
2W laser and 40 cm telescope improve high-frequency performance

From 
Klein EB et al 2015



Galaxy/BH co-evolution

EB 2012



The “final pc problem”

Begelman, Blandford & Rees 1980



• Seed model: light seeds from PopIII stars (~100 Msun) vs heavy 
seeds from instabilities of protogalactic disks (~105 Msun)

• No delays between galaxy and BH mergers, or delays depending 
on environment/presence of gas:                                                                         
- 3-body interactions with stars on timescales of 1-10 Gyr                         
- Gas-driven planetary-like migration on timescales ≳ 10 Myr                     
- Triple massive BH systems on timescales of 0.1-1 Gyr

PopIII=light seeds, delays
(but similar results with no 
delays)

Q3-d= heavy seeds, delays
Q3-nod= heavy seeds, no 
delays

Massive BH model’s uncertainties

From Klein EB et al 
2015



Detection rates

Red = popIII, orange = Q3-d, green = Q3-nod  
thick = six links (L6), thin = four links (L4)

From Klein 
EB et al 2015

- Armlength L= 1, 2, 5 Gm (A1, A2, A5)                                                                      
- Low-frequency (acceleration) noise at the LISA requirement level of LISA  
Pathfinder (N2) or 10 times worse (N1): we know it’s N2!                                            
- 4 or 6 links (L4, L6), 2 or 5 year mission (M2, M5)

•



• Mass behaves qualitatively like in Newtonian gravity

• Spin affects motion around BHs (“frame dragging”):

Innermost Stable Circular Orbit                   
(i.e. inner edge of thin disks)       

Efficiency of EM                 
emission from thin disks

42% for a=1,
32% for a=0.998!

The effect of BH spins:         
frame-dragging in isolated BHs



The effect of BH spins:         
frame-dragging in binaries

• For large spins aligned                           
with L, effective ISCO 
moves inward …

• ... and GW “efficiency”                  
gets larger

Simulation: RIT 2006

EB, Morozova & 
Rezzolla (2012)

Spins increase
GW amplitudes



The effect of BH spins  
on the waveforms        

EOB waveforms for BH binary with mass ratio 1:6 and spins 0.6 and 0.8, from Pan 
et al (2013) [using spin-EOB model of EB & Buonanno 2010, 2011]

• Spin precesses around total angular momentum J=L+S1 +S2

• Precession-induced modulations observable with GW detectors:                             
- Increase SNR and improve measurements of binary parameters                        
(e.g.  luminosity distance and sky localization)                                                                  
- Allow measurements of angle between spins



Red = popIII, orange = Q3-d, green = Q3-nod  
thick = six links (L6), thin = four links (L4)

Provides information about 

Errors on individual 
masses/spins



Errors on spin inclinations         
and final spin

Red = popIII, orange = Q3-d, green = Q3-nod  
thick = six links (L6), thin = four links (L4)

Provides information about 
interactions with gas 

(Bardeen-Petterson effect)
and ringdown tests of GR



The Bardeen Petterson effect 
• Coupling between BH spin S and angular momentum L of misaligned 

accretion disk + dissipation

• Either aligns or anti-aligns S and L in ~105 yrs (for MBHs) << 
accretion timescale

• Anti-alignment only if disk carries little angular momentum (L < 2S) 
and is initially counterrotating

L>2S

L<<2S



Cosmography (“standard sirens”) 
and probes of massive BH formation

brown = popIII, orange = Q3-d, green = Q3-nod  
thick = six links (L6), thin = four links (L4)

From Klein EB et al 2015; see also
Tamanini EB et al 2016



Electromagnetic 
 counterparts

• GWs provide measurement of 
luminosity distance (though 
degraded by weak lensing) but not 
redshift

• In order to do cosmography in a 
non-statistical way, we need 
redshift

• Electromagnetic (spectroscopic or 
photometric) redshift measurement 
needs presence of gas, e.g. radio 
jet+ follow-up optical emission 

From Tamanini 
et al 2016



Cosmography with LISA

sky-location by inspiral only sky-location by IMR

Better LISA configurations provide measurements of h under different         
systematics than present probes
Measurement of Ωm  slightly better than SNIa with best designs
Measurement of combination of Ωm and ΩΛ different from SNIa/CMB (i.e. 
potential to break degeneracy)
Discovery space: LISA sensitive to cosmological evolution at z ~ 1 - 8

From Tamanini et al 2016



Cosmography with LISA

From Tamanini 

FoM ~ 1/error

From Tamanini 
et al 2016



What can we learn from PTA limits?

Background characteristic strain at  f=1/yr 
is A<1.45 x 10-15 (Nanograv 2018)

SAM vs simulations 
(EB 2012 vs Illustris)



Why are we seeing nothing?
Predictions assume:
• GW driven binaries
• Circular orbits
• Efficient formation of bound massive BH binaries after 

galaxy mergers
• M-σ relation

Loopholes:
• Binaries may merge faster than expected based on GW 

emission alone (hence less time in band)
• Eccentric binaries (more power at high frequencies) due 

e.g. to strong environmental effects/triple systems
• Last pc problem (binaries stall)
• M-σ relation may be biased



• If BH binaries stall and do not merge, triple systems naturally form as 
a result of later galaxy mergers

• Merger induced by Kozai-Lidov resonances (secular exchange 
between eccentricity and orbital inclination)

The final parsec “problem”

PN 3-body simulation in a stellar 
environment, with m1=108 Msun,                 

m2=3 x 107 Msun, m3=5 x 107 Msun 
(Bonetti, Haardt, Sesana & EB 2016)



Triple-induced BH mergers:  
PTA and LISA

Bonetti, Sesana, EB, Haardt 2018

light seeds

heavy seeds

Bonetti, Sesana, EB  & Haardt, in preparation



Eccentric inspirals and bursts?

Bonetti, Sesana, EB  & Haardt, in preparation

• Standard MBHB have small eccentricity by the time they get into band 
• Triple driven systems can display eccentricities >0.99! 
• Possibility to see eccentric non-merging sources (bursts) 
• Possibility of an unresolved signal?

Standard 
Channels

Triples



Multi-band gravitational-
wave astronomy

Sesana 2016



Multi-band gravitational-
wave astronomy



From EB, Yunes & 
Chamberlain 2016

• Smoking-gun sign of 
deviation from GR/BH 
“hairs” would be BH-BH 
dipole emission (-1PN 
term in phase/flux)

• Pulsar constrain |B| ≲ 10-7, 
GW150914-like systems + 
LISA will constrain same 
dipole term in BH-BH 
systems to comparable 
accuracy

Tests of the equivalence principle  
with multi-band observations



  In GR, BHs have two hairs (mass and spin)

Tests impossible in ground-based detectors because little SNR in ringdown

Ringdown tests 
of the no-hair theorem

Berti, Sesana, 
EB, Cardoso, 

Belczynski, 2016



Bounds on BH mimickers
• Spinning objects (eg BHs) possess ergoregion, i.e. region where free falling 

observers cannot be static and need to coronate with BH due to frame dragging

• In ergoregion, negative energy modes can be produced but are confined within 
ergoregion (only positive energy modes can travel to infinity)

• By energy conservation, more and more negative energy modes can be produced, 
which would cause instability save for the existence of BH horizon (which acts as 
sink)

• BH mimickers with no horizon are unstable (ergoregion or super-radiance 
instability)

EB, Brito, Cardoso, Dvorkin, Pani 2018



Constraints on axions/fuzzy DM
• Isolated spinning BH + 

massive scalar fields with 
Compton wavelength 
comparable to event horizon 
radius are unstable under 
super-radiance

• Mass and (mostly) angular 
momentum are transferred 
from BH to scalar 
condensate surrounding BH 
on instability timescale; 
condensate then emits 
almost monochromatic 
waves on timescale

• Observable by LIGO/LISA 
as stochastic background 
and resolved sources

Brito, Ghosh, EB et al,  
PRL+PRD 2017



https://signup.lisamission.org/



The LISA Data Challenge 
and the enchilada problem



Conclusion
Gravitational waves have opened a new window 
on the Universe, and the LIGO detection is just the 
beginning… 




