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what	I	cannot	compute		
I	do	not	understand	

fathoming	heat	(and	charge)	transport	from	the	struggle	to	simulate	it



what	heat	transport	is	all	about

T2T1 Q



what	heat	transport	is	all	about

T2T1 Q

heat	flows	from	the	warm	to	the	cool	
as	Fme	flows	from	the	past	to	the	future	
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why	should	we	care?
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energy	conversion



planetary	sciences

Uranus	&	Neptune



why	should	we	care?

energy	saving	and	heat	dissipaFon	

heat	shielding	

energy	conversion	

earth	and	planetary	sciences	

…		…		
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why	should	we	care?

…		…		because	it	is	important	and	poorly	
understood
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r ė(r, t)dr

Green-Kubo	theory

� =
1

3V kBT 2

� �

0
�Jq(t) · Jq(0)�dt



Jq(t) =

�
jq(r, t)dr

=

�
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r ė(r, t)dr

Green-Kubo	theory

� =
1

3V kBT 2

� �

0
�Jq(t) · Jq(0)�dt
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We combine first-principles calculations of forces with the direct nonequilibrium molecular dynamics

method to determine the lattice thermal conductivity k of periclase (MgO) up to conditions representative

of the Earth’s core-mantle boundary (136 GPa, 4100 K). We predict the logarithmic density derivative

a ¼ ð@ lnk=@ ln!ÞT ¼ 4:6 $ 1:2 and that k ¼ 20 $ 5 Wm% 1 K% 1 at the core-mantle boundary, while also

finding good agreement with extant experimental data at much lower pressures.

DOI: 10.1103/PhysRevLett.104.208501 PACS numbers: 91.60.Tn, 66.70.% f, 83.10.Rs

Thermal conductivity is central to our understanding of
planetary evolution as it sets the time scale of cooling.
Thus the thermal evolution of Earth’s core and the history
of the geomagnetic field are controlled by the conduction
of heat into the overlying mantle [1]. The style and effi-
ciency of mantle convection are also strongly influenced by
depth variations in the thermal conductivity [2]. Here we
focus on periclase (MgO), thought to be a major constitu-
ent of Earth’s deep mantle [3].

Despite the importance of this basic physical property,
the thermal conductivity of dielectrics remains unknown at
pressures typical of planetary interiors. Experimental mea-
surements are challenging and have not been attempted
above 40 GPa [4]. The predictions of Debye theory are
strongly model dependent with estimated values of the
isothermal logarithmic density derivative a ranging from
4 to 8 [5– 7], leading to uncertainties in the extrapolated
value of the thermal conductivity at the base of the mantle
of a factor of 5.

MgO periclase, as a wide-gap insulator with a simple
structure (B1) and no phase transformations to well above
400 GPa [8], is an ideal system to study the pressure
dependence of the lattice thermal conductivity. Although
its thermal conductivity is unknown at the conditions of
Earth’s core-mantle boundary, numerous experimental and
theoretical studies have determined thermodynamic prop-
erties under such conditions. These show that calculations
based on density functional theory in the local density
approximation predict properties, such as its equation of
state, heat capacity, and elasticity, in good agreement with
experimental values [9– 11].

We predict the thermal conductivity of periclase by
combining density functional theory with the so-called
‘‘direct’’ nonequilibrium molecular dynamics method
[12,13]. This method has previously been used in combi-

nation with classical potentials, but not before in combi-
nation with ab initio molecular dynamics in which the
forces are computed quantum mechanically from density
functional theory. Classical potentials are unlikely to give
accurate predictions at the extreme pressure-temperature
conditions of interest here: lattice thermal conductivity is
limited by phonon-phonon scattering, which may be very
sensitive to the form of the potential. The widely used
Green-Kubo relation [14] does not serve our purposes,
because in first-principles calculations it is impossible to
uniquely decompose the total energy into individual con-
tributions from each atom.
In the direct method, the thermal conductivity is com-

puted as the ratio of an imposed heat flux to the resulting
temperature gradient. The heat flux JðtÞ is imposed by
dividing the simulation cell into notional sections of equal
width, and exchanging kinetic energy between ‘‘hot’’ and
‘‘cold’’ sections. The temperature gradient dT=dx is com-
puted from the mean temperature of the intervening sec-
tions. Once steady state is reached, the lattice thermal
conductivity, k, is calculated from Fourier’s law:

k ¼ % hJðtÞi
hdT=dxi ; (1)

where the angle brackets indicate time averages. The pre-
cision is improved by averaging temperatures in the two
symmetrically equivalent sections in the periodic cell.
Because the exchange of kinetic energy renders dynamics
in the hot and cold sections non-Newtonian, only the linear
portion of the temperature gradient is considered in the
calculation of the conductivity.
In order to account for the effects of finite system size we

follow the method of [15]. The thermal conductivity is
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planetary evolution as it sets the time scale of cooling.
Thus the thermal evolution of Earth’s core and the history
of the geomagnetic field are controlled by the conduction
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approximation predict properties, such as its equation of
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puted as the ratio of an imposed heat flux to the resulting
temperature gradient. The heat flux JðtÞ is imposed by
dividing the simulation cell into notional sections of equal
width, and exchanging kinetic energy between ‘‘hot’’ and
‘‘cold’’ sections. The temperature gradient dT=dx is com-
puted from the mean temperature of the intervening sec-
tions. Once steady state is reached, the lattice thermal
conductivity, k, is calculated from Fourier’s law:

k ¼ % hJðtÞi
hdT=dxi ; (1)

where the angle brackets indicate time averages. The pre-
cision is improved by averaging temperatures in the two
symmetrically equivalent sections in the periodic cell.
Because the exchange of kinetic energy renders dynamics
in the hot and cold sections non-Newtonian, only the linear
portion of the temperature gradient is considered in the
calculation of the conductivity.
In order to account for the effects of finite system size we

follow the method of [15]. The thermal conductivity is
related to the phonon mean-free path via kinetic theory
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ė′(r, t) = −∇ ·
(
j(r, t) + ṗ(r, t)
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ĤKS�v(r)

�

eH(r) = �1

2
�(r)vH(r)

eXC(r) = (�XC(r) � vXC(r)) �(r)



EDFT =
1

2

�

I

MIV2
I +

e2

2

�

I �=J

ZIZJ

RIJ

+
�

v

�v�1

2
EH +

� �
�XC(r) � µXC(r)

�
�(r)dr

eDFT (r) = e0(r) + eKS(r) + eH(r) + eXC(r)

e0(r) =
�

I

�(r � RI)

�
1

2
MIV

2
I + wI

�

eKS(r) = Re
�

v

��
v(r)

�
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rėDFT (r, t)dr

= JKS + JH + J�0 + J0 + JXC



a	benchmark

108	“LDA	Ar”	atoms	
@bp	density,	T=	250	K	

100	ps	CP	trajectory	
100	ps	classical	FF	trajectory	
1	ns	classical	FF	trajectory

�J(t) · J(0)�

t"[ps]

a

b

1"

100

1


C
✏



a	benchmark

108	“LDA	Ar”	atoms	
@bp	density,	T=	250	K	

100	ps	CP	trajectory	
100	ps	classical	FF	trajectory	
1	ns	classical	FF	trajectory

1

3V kBT 2

� t

0
�J(t�) · J(0)�dt�

t"[ps]

a

b

1"

100

1


C
✏ �J(t) · J(0)�

t"[ps]

a

b

1"

100

1


C
✏



a	benchmark

108	“LDA	Ar”	atoms	
@bp	density,	T=	250	K	

100	ps	CP	trajectory	
100	ps	classical	FF	trajectory	
1	ns	classical	FF	trajectory

1

3V kBT 2

� t

0
�J(t�) · J(0)�dt�

t"[ps]

a

b

1"

100

1


C
✏

same	behavior	at	T=400	K

�J(t) · J(0)�

t"[ps]

a

b

1"

100

1


C
✏



liquid	(heavy)	water

1

3V kBT 2

� t

0
�J(t�) · J(0)�dt�

1 2t[ps]

64	molecules,	T=385	K	
expt	density	@ac



liquid	(heavy)	water

1

3V kBT 2

� t

0
�J(t�) · J(0)�dt�

1 2t[ps]

64	molecules,	T=385	K	
expt	density	@ac

�

S(�) =

� �

��
�J(t) · J(0)� ei�tdt



1

3V kBT 2

� t

0
�J(t�) · J(0)�dt�

1 2t[ps]

liquid	(heavy)	water

64	molecules,	T=385	K	
expt	density	@ac

t
3V kBT 2

� t

0
�J(t�) · J(0)�dt�

1

6V kBT 2

�����
� t

0
J(t�)dt�

����
2
�

�

Einstein’s	relaFon	



liquid	(heavy)	water

1

6V kBT 2

�����
� t

0
J(t�)dt�

����
2
�

1 2t[ps]

64	molecules,	T=385	K	
expt	density	@ac

1

3V kBT 2

� t

0
�J(t�) · J(0)�dt�

1 2t[ps]



liquid	(heavy)	water

1

6V kBT 2

�����
� t

0
J(t�)dt�

����
2
�

1 2t[ps]

64	molecules,	T=385	K	
expt	density	@ac

1

3V kBT 2

� t

0
�J(t�) · J(0)�dt�

1 2t[ps]
�DFT = 0.74 ± 0.12 W/(mK)

�expt = 0.60



electric	transport	in	ionic	fluids

J = ��� · E
= Ṗ
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electric	transport	in	ionic	water

is lacking for the electrons. But as long as the system is
nonmetallic, all electronic contributions can theoretically
be allocated to ions, which then carry screened effective
charges instead of their bare nuclear charges.

The remaining task is now to determine the effective
charge of each ion in a consistent way. The literature offers
several methods to obtain effective charges from a popu-
lation analysis of their surrounding electronic states [30],
e.g., with a Bader analysis [31]. However, since in a MD
simulation all ions are in motion, it is much more reason-
able to ask which fraction of its electronic screening cloud
remains attached to an ion as it is displaced from its current
position. This question is adequately answered by polar-
ization theory [15,16], which allows us to calculate the
Born effective charge tensor !Z via the determination of the
change in the electronic polarization induced by a dis-
placed ion. The numerical procedure involves a self-
consistent perturbative DFT scheme [16,32]. For instance,
this method reproduces the measured mean effective
charge of þ0:53 of hydrogen in liquid water [33] very
well [10].

We employ VASP 5.2.8 to calculate the Born effective
charge tensor !ZðtÞof every ion at each time step of a MD
run. We used a plane-wave cutoff of 400 eV and the
Baldereschi point [34] in these particular calculations.
This is sufficient to fulfill the charge neutrality condition
2hZHi ¼ %hZOi for the diagonal elements within 1%. It
also results in acceptable numerical costs that amount to
about 3 times of the respective MD simulation. In all
calculations the time-averaged charge tensors of both ion
species are, within the statistical uncertainties, diagonal
and contain the same values in any direction. This is
consistent with the symmetry of the isotropic and cubic
systems that we consider here.

First we examine water at a temperature of 2000 K and a
density of 2 g=cm3. Under these conditions the system still
retains its molecular structure but already contains about
20% of dissociated water molecules [10] so that frequent
proton jumps occur. Figure 1 displays typical fluctuations
of the Born effective charge of an arbitrary hydrogen and
oxygen ion. Most interestingly, a hydrogen ion can carry an
effective charge greater than þ1 for short times. Such
anomalous (anti-) screening can often be correlated with
events at which the hydrogen ion changes its nearest oxy-
gen ion, thus performing a Grotthuss-like proton jump into
the respective direction. An explanation for temporarily
antiscreened hydrogen ions is given by the breaking of
the proton’s bond to its oxygen and a jump to the next
oxygen ion to form another bond again. During such a
process the initial bonding electrons pull back to its oxygen
ion while electronic charge density from the second oxy-
gen ion is attracted by the incoming proton to form the new
bond. This effectively creates an additional negative cur-
rent that is directed oppositely to the motion of the proton.
Nevertheless, effective charges of þ2 can occur also

without a proton jump; see Fig. 1 near time step 200. We
then relate this effect to protons that have already large
vibrational amplitudes but do not yet have enough kinetic
energy to break their already weakened bond.
Additional simulations show that effective proton

charges greater than þ1 occur also in other phases of
water. Figure 2 shows distributions of the Born effective
charges distinguished by diagonal and off-diagonal com-
ponents for both ion species in fluid and superionic water.
The diagonal components are distributed over relatively
broad intervals and have pronounced non-Gaussian tails to
high charge values. The off-diagonal components accumu-
late around zero. To analyze and understand the micro-
physics that generates such charge distributions in greater
detail would go well beyond the scope of this work.
Instead, we aim to put the key aspect here on the calcu-
lation of the ionic conductivity in the respective systems.
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FIG. 1 (color online). Fluctuations in the diagonal Born effec-
tive charges for a hydrogen and an oxygen ion. The triangles
indicate Grotthuss-like proton jumps (changes of the proton’s
nearest oxygen neighbor, detectable with a geometric analysis).
One time step amounts to 0.3 fs.
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is lacking for the electrons. But as long as the system is
nonmetallic, all electronic contributions can theoretically
be allocated to ions, which then carry screened effective
charges instead of their bare nuclear charges.

The remaining task is now to determine the effective
charge of each ion in a consistent way. The literature offers
several methods to obtain effective charges from a popu-
lation analysis of their surrounding electronic states [30],
e.g., with a Bader analysis [31]. However, since in a MD
simulation all ions are in motion, it is much more reason-
able to ask which fraction of its electronic screening cloud
remains attached to an ion as it is displaced from its current
position. This question is adequately answered by polar-
ization theory [15,16], which allows us to calculate the
Born effective charge tensor !Z via the determination of the
change in the electronic polarization induced by a dis-
placed ion. The numerical procedure involves a self-
consistent perturbative DFT scheme [16,32]. For instance,
this method reproduces the measured mean effective
charge of þ0:53 of hydrogen in liquid water [33] very
well [10].

We employ VASP 5.2.8 to calculate the Born effective
charge tensor !ZðtÞof every ion at each time step of a MD
run. We used a plane-wave cutoff of 400 eV and the
Baldereschi point [34] in these particular calculations.
This is sufficient to fulfill the charge neutrality condition
2hZHi ¼ %hZOi for the diagonal elements within 1%. It
also results in acceptable numerical costs that amount to
about 3 times of the respective MD simulation. In all
calculations the time-averaged charge tensors of both ion
species are, within the statistical uncertainties, diagonal
and contain the same values in any direction. This is
consistent with the symmetry of the isotropic and cubic
systems that we consider here.

First we examine water at a temperature of 2000 K and a
density of 2 g=cm3. Under these conditions the system still
retains its molecular structure but already contains about
20% of dissociated water molecules [10] so that frequent
proton jumps occur. Figure 1 displays typical fluctuations
of the Born effective charge of an arbitrary hydrogen and
oxygen ion. Most interestingly, a hydrogen ion can carry an
effective charge greater than þ1 for short times. Such
anomalous (anti-) screening can often be correlated with
events at which the hydrogen ion changes its nearest oxy-
gen ion, thus performing a Grotthuss-like proton jump into
the respective direction. An explanation for temporarily
antiscreened hydrogen ions is given by the breaking of
the proton’s bond to its oxygen and a jump to the next
oxygen ion to form another bond again. During such a
process the initial bonding electrons pull back to its oxygen
ion while electronic charge density from the second oxy-
gen ion is attracted by the incoming proton to form the new
bond. This effectively creates an additional negative cur-
rent that is directed oppositely to the motion of the proton.
Nevertheless, effective charges of þ2 can occur also

without a proton jump; see Fig. 1 near time step 200. We
then relate this effect to protons that have already large
vibrational amplitudes but do not yet have enough kinetic
energy to break their already weakened bond.
Additional simulations show that effective proton

charges greater than þ1 occur also in other phases of
water. Figure 2 shows distributions of the Born effective
charges distinguished by diagonal and off-diagonal com-
ponents for both ion species in fluid and superionic water.
The diagonal components are distributed over relatively
broad intervals and have pronounced non-Gaussian tails to
high charge values. The off-diagonal components accumu-
late around zero. To analyze and understand the micro-
physics that generates such charge distributions in greater
detail would go well beyond the scope of this work.
Instead, we aim to put the key aspect here on the calcu-
lation of the ionic conductivity in the respective systems.
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FIG. 1 (color online). Fluctuations in the diagonal Born effec-
tive charges for a hydrogen and an oxygen ion. The triangles
indicate Grotthuss-like proton jumps (changes of the proton’s
nearest oxygen neighbor, detectable with a geometric analysis).
One time step amounts to 0.3 fs.
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FIG. 2 (color online). Distribution of Born effective charges in
partially dissociated (top) and superionic water (bottom) in
arbitrary units. Solid lines represent diagonal components,
dashed lines off-diagonal components. Protons are displayed in
black, oxygen ions in red (gray in print version). The average
values of the diagonal components are indicated as well.
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is lacking for the electrons. But as long as the system is
nonmetallic, all electronic contributions can theoretically
be allocated to ions, which then carry screened effective
charges instead of their bare nuclear charges.

The remaining task is now to determine the effective
charge of each ion in a consistent way. The literature offers
several methods to obtain effective charges from a popu-
lation analysis of their surrounding electronic states [30],
e.g., with a Bader analysis [31]. However, since in a MD
simulation all ions are in motion, it is much more reason-
able to ask which fraction of its electronic screening cloud
remains attached to an ion as it is displaced from its current
position. This question is adequately answered by polar-
ization theory [15,16], which allows us to calculate the
Born effective charge tensor !Z via the determination of the
change in the electronic polarization induced by a dis-
placed ion. The numerical procedure involves a self-
consistent perturbative DFT scheme [16,32]. For instance,
this method reproduces the measured mean effective
charge of þ0:53 of hydrogen in liquid water [33] very
well [10].

We employ VASP 5.2.8 to calculate the Born effective
charge tensor !ZðtÞof every ion at each time step of a MD
run. We used a plane-wave cutoff of 400 eV and the
Baldereschi point [34] in these particular calculations.
This is sufficient to fulfill the charge neutrality condition
2hZHi ¼ %hZOi for the diagonal elements within 1%. It
also results in acceptable numerical costs that amount to
about 3 times of the respective MD simulation. In all
calculations the time-averaged charge tensors of both ion
species are, within the statistical uncertainties, diagonal
and contain the same values in any direction. This is
consistent with the symmetry of the isotropic and cubic
systems that we consider here.

First we examine water at a temperature of 2000 K and a
density of 2 g=cm3. Under these conditions the system still
retains its molecular structure but already contains about
20% of dissociated water molecules [10] so that frequent
proton jumps occur. Figure 1 displays typical fluctuations
of the Born effective charge of an arbitrary hydrogen and
oxygen ion. Most interestingly, a hydrogen ion can carry an
effective charge greater than þ1 for short times. Such
anomalous (anti-) screening can often be correlated with
events at which the hydrogen ion changes its nearest oxy-
gen ion, thus performing a Grotthuss-like proton jump into
the respective direction. An explanation for temporarily
antiscreened hydrogen ions is given by the breaking of
the proton’s bond to its oxygen and a jump to the next
oxygen ion to form another bond again. During such a
process the initial bonding electrons pull back to its oxygen
ion while electronic charge density from the second oxy-
gen ion is attracted by the incoming proton to form the new
bond. This effectively creates an additional negative cur-
rent that is directed oppositely to the motion of the proton.
Nevertheless, effective charges of þ2 can occur also

without a proton jump; see Fig. 1 near time step 200. We
then relate this effect to protons that have already large
vibrational amplitudes but do not yet have enough kinetic
energy to break their already weakened bond.
Additional simulations show that effective proton

charges greater than þ1 occur also in other phases of
water. Figure 2 shows distributions of the Born effective
charges distinguished by diagonal and off-diagonal com-
ponents for both ion species in fluid and superionic water.
The diagonal components are distributed over relatively
broad intervals and have pronounced non-Gaussian tails to
high charge values. The off-diagonal components accumu-
late around zero. To analyze and understand the micro-
physics that generates such charge distributions in greater
detail would go well beyond the scope of this work.
Instead, we aim to put the key aspect here on the calcu-
lation of the ionic conductivity in the respective systems.
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FIG. 1 (color online). Fluctuations in the diagonal Born effec-
tive charges for a hydrogen and an oxygen ion. The triangles
indicate Grotthuss-like proton jumps (changes of the proton’s
nearest oxygen neighbor, detectable with a geometric analysis).
One time step amounts to 0.3 fs.
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FIG. 2 (color online). Distribution of Born effective charges in
partially dissociated (top) and superionic water (bottom) in
arbitrary units. Solid lines represent diagonal components,
dashed lines off-diagonal components. Protons are displayed in
black, oxygen ions in red (gray in print version). The average
values of the diagonal components are indicated as well.
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is lacking for the electrons. But as long as the system is
nonmetallic, all electronic contributions can theoretically
be allocated to ions, which then carry screened effective
charges instead of their bare nuclear charges.

The remaining task is now to determine the effective
charge of each ion in a consistent way. The literature offers
several methods to obtain effective charges from a popu-
lation analysis of their surrounding electronic states [30],
e.g., with a Bader analysis [31]. However, since in a MD
simulation all ions are in motion, it is much more reason-
able to ask which fraction of its electronic screening cloud
remains attached to an ion as it is displaced from its current
position. This question is adequately answered by polar-
ization theory [15,16], which allows us to calculate the
Born effective charge tensor !Z via the determination of the
change in the electronic polarization induced by a dis-
placed ion. The numerical procedure involves a self-
consistent perturbative DFT scheme [16,32]. For instance,
this method reproduces the measured mean effective
charge of þ0:53 of hydrogen in liquid water [33] very
well [10].

We employ VASP 5.2.8 to calculate the Born effective
charge tensor !ZðtÞof every ion at each time step of a MD
run. We used a plane-wave cutoff of 400 eV and the
Baldereschi point [34] in these particular calculations.
This is sufficient to fulfill the charge neutrality condition
2hZHi ¼ %hZOi for the diagonal elements within 1%. It
also results in acceptable numerical costs that amount to
about 3 times of the respective MD simulation. In all
calculations the time-averaged charge tensors of both ion
species are, within the statistical uncertainties, diagonal
and contain the same values in any direction. This is
consistent with the symmetry of the isotropic and cubic
systems that we consider here.

First we examine water at a temperature of 2000 K and a
density of 2 g=cm3. Under these conditions the system still
retains its molecular structure but already contains about
20% of dissociated water molecules [10] so that frequent
proton jumps occur. Figure 1 displays typical fluctuations
of the Born effective charge of an arbitrary hydrogen and
oxygen ion. Most interestingly, a hydrogen ion can carry an
effective charge greater than þ1 for short times. Such
anomalous (anti-) screening can often be correlated with
events at which the hydrogen ion changes its nearest oxy-
gen ion, thus performing a Grotthuss-like proton jump into
the respective direction. An explanation for temporarily
antiscreened hydrogen ions is given by the breaking of
the proton’s bond to its oxygen and a jump to the next
oxygen ion to form another bond again. During such a
process the initial bonding electrons pull back to its oxygen
ion while electronic charge density from the second oxy-
gen ion is attracted by the incoming proton to form the new
bond. This effectively creates an additional negative cur-
rent that is directed oppositely to the motion of the proton.
Nevertheless, effective charges of þ2 can occur also

without a proton jump; see Fig. 1 near time step 200. We
then relate this effect to protons that have already large
vibrational amplitudes but do not yet have enough kinetic
energy to break their already weakened bond.
Additional simulations show that effective proton

charges greater than þ1 occur also in other phases of
water. Figure 2 shows distributions of the Born effective
charges distinguished by diagonal and off-diagonal com-
ponents for both ion species in fluid and superionic water.
The diagonal components are distributed over relatively
broad intervals and have pronounced non-Gaussian tails to
high charge values. The off-diagonal components accumu-
late around zero. To analyze and understand the micro-
physics that generates such charge distributions in greater
detail would go well beyond the scope of this work.
Instead, we aim to put the key aspect here on the calcu-
lation of the ionic conductivity in the respective systems.
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FIG. 1 (color online). Fluctuations in the diagonal Born effec-
tive charges for a hydrogen and an oxygen ion. The triangles
indicate Grotthuss-like proton jumps (changes of the proton’s
nearest oxygen neighbor, detectable with a geometric analysis).
One time step amounts to 0.3 fs.
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FIG. 2 (color online). Distribution of Born effective charges in
partially dissociated (top) and superionic water (bottom) in
arbitrary units. Solid lines represent diagonal components,
dashed lines off-diagonal components. Protons are displayed in
black, oxygen ions in red (gray in print version). The average
values of the diagonal components are indicated as well.
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The total current ~JðtÞ in Eq. (1) is expressed as a time
derivative of the polarization, and is thus given by the time-
dependent Born effective charge tensor via

~JðtÞ ¼ e
XN

i¼1

!ZiðtÞ $ ~viðtÞ; (2)

where ~vi is the velocity of the ith ion and N is the
total number of ions. For a simulation of 15 ps duration
(50 000 time steps) at 2000 K and 2 g=cm3 we calculate
the current-current correlation function CðtÞ ¼
h ~JðtÞ $ ~Jð0Þi=3e2 and the respective time integral and
display the results in Fig. 3. Depending on how the time-
dependent charges are treated, significantly different re-
sults are obtained. In particular, the complex mechanism of
charge transfer in water does not allow us to use only
constant average values of the Born effective charges,
ZH ¼ hZHi ¼ 0:69 and ZO ¼ hZOi ¼ %1:37 (dashed black
line). It is necessary to include their full time dependence
into the correlation function to obtain converged results
(full black line). Interestingly, the use of predefined con-
stant charges can yield the same conductivity as is found
with the fully time-dependent charge tensors, but only if
they have values of ZH ¼ 1 and ZO ¼ %2 (blue line, gray
in print version). The usually assumed picture of protons
transporting their unscreened charges is thus not in contrast
to our findings. Nevertheless, this work shows that the
processes of charge transport in water involve a complex
interplay of ionic movements and changes in the electronic
polarization of their surrounding.

In a second simulation of 60 000 time steps we examine
superionic water [26,35] at 3000 K and 3 g=cm3 and found
the correlation functions to behave similarly to those
shown in Fig. 3. In the sameway as above, constant charges
of ZH ¼ 1 and ZO ¼ %2 yield the same conductivity as the
time-dependent ones.

In general, the time correlations in the current-current
correlation function fade on the same time scale as they do
in velocity autocorrelation functions. Thereafter the time
integral is stable for a certain period before statistical
fluctuations take over at long times. Several 10 000 time
steps are necessary to obtain converged conductivities with
this method.
Furthermore, the Green-Kubo formula (1) can be de-

composed into autocorrelation and crosscorrelation terms.
When constant charges are assigned to all particles, the
contributions from autocorrelations can be expressed by
diffusion coefficients which leads to the Nernst-Einstein
relation. The crosscorrelation terms contain contributions
from the formation of associated species, such as
water molecules, and are usually negative. Mattsson and
Desjarlais [9] introduced a simple but well-motivated ap-
proximation scheme for this term (originally neglecting the
relatively small contribution of the oxygen ions [10]). This
leads to

!0 ¼ e2NHDH

VkBT
þ ð2eÞ2NODO

VkBT

!
1% 3

2
"
"
; (3)

where Di are diffusion coefficients, which can be obtained
with much less numerical effort than a reasonably con-
verged current-current correlation function. The factor "
denotes the fraction of hydrogen ions bound to oxygen ions
and has to be approximated. The term proportional to "
represents the deviation from the Nernst-Einstein relation
in Eq. (3).
With such a model most of the experimental ionic con-

ductivities [5,7,8] in warm dense water can be reproduced
well [10]. Nevertheless, the performance of Eq. (3) can
now be checked against our more general approach. For
our simulations in partially dissociated and superionic
water we display the results of both methods in Table I.
The agreement is very good in fluid water but not in
superionic water where the model of Mattsson and
Desjarlais reduces to an Einstein equation for the protons
(DO ¼ 0). Therefore all crosscorrelations are omitted
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FIG. 3 (color online). Upper: current-current correlation func-
tion for water at 2000 K and 2 g=cm3. Depending on the treat-
ment of the effective charges, different results are obtained, see
text for further explanations. Lower: the respective time integrals
of the functions from the upper figure.

TABLE I. Electrical conductivities from the current-current
autocorrelation function (1) calculated with time-dependent
Born effective charges, !, and with constant charges of þ1 for
hydrogen and %2 for oxygen, !þ1;%2. These are compared with
those derived from Eq. (3), !0 (" is taken from Ref. [10]). For
additional comparison, the conductivity using Eqs. (1) and (2)
with time-dependent Bader charges, !B, instead of Born effec-
tive charges is given as well. Bader charges [31] do not capture
electronic polarization effects and should not be used to calcu-
late conductivities. All conductivities along with estimated er-
rors are given in 1=" cm.

T (K) % (g=cm3) ! !þ1;%2 !0 !B

2000 2.0 30' 3 30' 3 28' 2 11' 1
3000 3.0 140' 15 140' 15 91' 3 55' 5
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is lacking for the electrons. But as long as the system is
nonmetallic, all electronic contributions can theoretically
be allocated to ions, which then carry screened effective
charges instead of their bare nuclear charges.

The remaining task is now to determine the effective
charge of each ion in a consistent way. The literature offers
several methods to obtain effective charges from a popu-
lation analysis of their surrounding electronic states [30],
e.g., with a Bader analysis [31]. However, since in a MD
simulation all ions are in motion, it is much more reason-
able to ask which fraction of its electronic screening cloud
remains attached to an ion as it is displaced from its current
position. This question is adequately answered by polar-
ization theory [15,16], which allows us to calculate the
Born effective charge tensor !Z via the determination of the
change in the electronic polarization induced by a dis-
placed ion. The numerical procedure involves a self-
consistent perturbative DFT scheme [16,32]. For instance,
this method reproduces the measured mean effective
charge of þ0:53 of hydrogen in liquid water [33] very
well [10].

We employ VASP 5.2.8 to calculate the Born effective
charge tensor !ZðtÞof every ion at each time step of a MD
run. We used a plane-wave cutoff of 400 eV and the
Baldereschi point [34] in these particular calculations.
This is sufficient to fulfill the charge neutrality condition
2hZHi ¼ %hZOi for the diagonal elements within 1%. It
also results in acceptable numerical costs that amount to
about 3 times of the respective MD simulation. In all
calculations the time-averaged charge tensors of both ion
species are, within the statistical uncertainties, diagonal
and contain the same values in any direction. This is
consistent with the symmetry of the isotropic and cubic
systems that we consider here.

First we examine water at a temperature of 2000 K and a
density of 2 g=cm3. Under these conditions the system still
retains its molecular structure but already contains about
20% of dissociated water molecules [10] so that frequent
proton jumps occur. Figure 1 displays typical fluctuations
of the Born effective charge of an arbitrary hydrogen and
oxygen ion. Most interestingly, a hydrogen ion can carry an
effective charge greater than þ1 for short times. Such
anomalous (anti-) screening can often be correlated with
events at which the hydrogen ion changes its nearest oxy-
gen ion, thus performing a Grotthuss-like proton jump into
the respective direction. An explanation for temporarily
antiscreened hydrogen ions is given by the breaking of
the proton’s bond to its oxygen and a jump to the next
oxygen ion to form another bond again. During such a
process the initial bonding electrons pull back to its oxygen
ion while electronic charge density from the second oxy-
gen ion is attracted by the incoming proton to form the new
bond. This effectively creates an additional negative cur-
rent that is directed oppositely to the motion of the proton.
Nevertheless, effective charges of þ2 can occur also

without a proton jump; see Fig. 1 near time step 200. We
then relate this effect to protons that have already large
vibrational amplitudes but do not yet have enough kinetic
energy to break their already weakened bond.
Additional simulations show that effective proton

charges greater than þ1 occur also in other phases of
water. Figure 2 shows distributions of the Born effective
charges distinguished by diagonal and off-diagonal com-
ponents for both ion species in fluid and superionic water.
The diagonal components are distributed over relatively
broad intervals and have pronounced non-Gaussian tails to
high charge values. The off-diagonal components accumu-
late around zero. To analyze and understand the micro-
physics that generates such charge distributions in greater
detail would go well beyond the scope of this work.
Instead, we aim to put the key aspect here on the calcu-
lation of the ionic conductivity in the respective systems.
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FIG. 1 (color online). Fluctuations in the diagonal Born effec-
tive charges for a hydrogen and an oxygen ion. The triangles
indicate Grotthuss-like proton jumps (changes of the proton’s
nearest oxygen neighbor, detectable with a geometric analysis).
One time step amounts to 0.3 fs.
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FIG. 2 (color online). Distribution of Born effective charges in
partially dissociated (top) and superionic water (bottom) in
arbitrary units. Solid lines represent diagonal components,
dashed lines off-diagonal components. Protons are displayed in
black, oxygen ions in red (gray in print version). The average
values of the diagonal components are indicated as well.

PRL 107, 185901 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending

28 OCTOBER 2011

185901-2

is lacking for the electrons. But as long as the system is
nonmetallic, all electronic contributions can theoretically
be allocated to ions, which then carry screened effective
charges instead of their bare nuclear charges.

The remaining task is now to determine the effective
charge of each ion in a consistent way. The literature offers
several methods to obtain effective charges from a popu-
lation analysis of their surrounding electronic states [30],
e.g., with a Bader analysis [31]. However, since in a MD
simulation all ions are in motion, it is much more reason-
able to ask which fraction of its electronic screening cloud
remains attached to an ion as it is displaced from its current
position. This question is adequately answered by polar-
ization theory [15,16], which allows us to calculate the
Born effective charge tensor !Z via the determination of the
change in the electronic polarization induced by a dis-
placed ion. The numerical procedure involves a self-
consistent perturbative DFT scheme [16,32]. For instance,
this method reproduces the measured mean effective
charge of þ0:53 of hydrogen in liquid water [33] very
well [10].

We employ VASP 5.2.8 to calculate the Born effective
charge tensor !ZðtÞof every ion at each time step of a MD
run. We used a plane-wave cutoff of 400 eV and the
Baldereschi point [34] in these particular calculations.
This is sufficient to fulfill the charge neutrality condition
2hZHi ¼ %hZOi for the diagonal elements within 1%. It
also results in acceptable numerical costs that amount to
about 3 times of the respective MD simulation. In all
calculations the time-averaged charge tensors of both ion
species are, within the statistical uncertainties, diagonal
and contain the same values in any direction. This is
consistent with the symmetry of the isotropic and cubic
systems that we consider here.

First we examine water at a temperature of 2000 K and a
density of 2 g=cm3. Under these conditions the system still
retains its molecular structure but already contains about
20% of dissociated water molecules [10] so that frequent
proton jumps occur. Figure 1 displays typical fluctuations
of the Born effective charge of an arbitrary hydrogen and
oxygen ion. Most interestingly, a hydrogen ion can carry an
effective charge greater than þ1 for short times. Such
anomalous (anti-) screening can often be correlated with
events at which the hydrogen ion changes its nearest oxy-
gen ion, thus performing a Grotthuss-like proton jump into
the respective direction. An explanation for temporarily
antiscreened hydrogen ions is given by the breaking of
the proton’s bond to its oxygen and a jump to the next
oxygen ion to form another bond again. During such a
process the initial bonding electrons pull back to its oxygen
ion while electronic charge density from the second oxy-
gen ion is attracted by the incoming proton to form the new
bond. This effectively creates an additional negative cur-
rent that is directed oppositely to the motion of the proton.
Nevertheless, effective charges of þ2 can occur also

without a proton jump; see Fig. 1 near time step 200. We
then relate this effect to protons that have already large
vibrational amplitudes but do not yet have enough kinetic
energy to break their already weakened bond.
Additional simulations show that effective proton

charges greater than þ1 occur also in other phases of
water. Figure 2 shows distributions of the Born effective
charges distinguished by diagonal and off-diagonal com-
ponents for both ion species in fluid and superionic water.
The diagonal components are distributed over relatively
broad intervals and have pronounced non-Gaussian tails to
high charge values. The off-diagonal components accumu-
late around zero. To analyze and understand the micro-
physics that generates such charge distributions in greater
detail would go well beyond the scope of this work.
Instead, we aim to put the key aspect here on the calcu-
lation of the ionic conductivity in the respective systems.
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FIG. 1 (color online). Fluctuations in the diagonal Born effec-
tive charges for a hydrogen and an oxygen ion. The triangles
indicate Grotthuss-like proton jumps (changes of the proton’s
nearest oxygen neighbor, detectable with a geometric analysis).
One time step amounts to 0.3 fs.
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FIG. 2 (color online). Distribution of Born effective charges in
partially dissociated (top) and superionic water (bottom) in
arbitrary units. Solid lines represent diagonal components,
dashed lines off-diagonal components. Protons are displayed in
black, oxygen ions in red (gray in print version). The average
values of the diagonal components are indicated as well.
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The total current ~JðtÞ in Eq. (1) is expressed as a time
derivative of the polarization, and is thus given by the time-
dependent Born effective charge tensor via

~JðtÞ ¼ e
XN

i¼1

!ZiðtÞ $ ~viðtÞ; (2)

where ~vi is the velocity of the ith ion and N is the
total number of ions. For a simulation of 15 ps duration
(50 000 time steps) at 2000 K and 2 g=cm3 we calculate
the current-current correlation function CðtÞ ¼
h ~JðtÞ $ ~Jð0Þi=3e2 and the respective time integral and
display the results in Fig. 3. Depending on how the time-
dependent charges are treated, significantly different re-
sults are obtained. In particular, the complex mechanism of
charge transfer in water does not allow us to use only
constant average values of the Born effective charges,
ZH ¼ hZHi ¼ 0:69 and ZO ¼ hZOi ¼ %1:37 (dashed black
line). It is necessary to include their full time dependence
into the correlation function to obtain converged results
(full black line). Interestingly, the use of predefined con-
stant charges can yield the same conductivity as is found
with the fully time-dependent charge tensors, but only if
they have values of ZH ¼ 1 and ZO ¼ %2 (blue line, gray
in print version). The usually assumed picture of protons
transporting their unscreened charges is thus not in contrast
to our findings. Nevertheless, this work shows that the
processes of charge transport in water involve a complex
interplay of ionic movements and changes in the electronic
polarization of their surrounding.

In a second simulation of 60 000 time steps we examine
superionic water [26,35] at 3000 K and 3 g=cm3 and found
the correlation functions to behave similarly to those
shown in Fig. 3. In the sameway as above, constant charges
of ZH ¼ 1 and ZO ¼ %2 yield the same conductivity as the
time-dependent ones.

In general, the time correlations in the current-current
correlation function fade on the same time scale as they do
in velocity autocorrelation functions. Thereafter the time
integral is stable for a certain period before statistical
fluctuations take over at long times. Several 10 000 time
steps are necessary to obtain converged conductivities with
this method.
Furthermore, the Green-Kubo formula (1) can be de-

composed into autocorrelation and crosscorrelation terms.
When constant charges are assigned to all particles, the
contributions from autocorrelations can be expressed by
diffusion coefficients which leads to the Nernst-Einstein
relation. The crosscorrelation terms contain contributions
from the formation of associated species, such as
water molecules, and are usually negative. Mattsson and
Desjarlais [9] introduced a simple but well-motivated ap-
proximation scheme for this term (originally neglecting the
relatively small contribution of the oxygen ions [10]). This
leads to

!0 ¼ e2NHDH

VkBT
þ ð2eÞ2NODO

VkBT

!
1% 3

2
"
"
; (3)

where Di are diffusion coefficients, which can be obtained
with much less numerical effort than a reasonably con-
verged current-current correlation function. The factor "
denotes the fraction of hydrogen ions bound to oxygen ions
and has to be approximated. The term proportional to "
represents the deviation from the Nernst-Einstein relation
in Eq. (3).
With such a model most of the experimental ionic con-

ductivities [5,7,8] in warm dense water can be reproduced
well [10]. Nevertheless, the performance of Eq. (3) can
now be checked against our more general approach. For
our simulations in partially dissociated and superionic
water we display the results of both methods in Table I.
The agreement is very good in fluid water but not in
superionic water where the model of Mattsson and
Desjarlais reduces to an Einstein equation for the protons
(DO ¼ 0). Therefore all crosscorrelations are omitted
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FIG. 3 (color online). Upper: current-current correlation func-
tion for water at 2000 K and 2 g=cm3. Depending on the treat-
ment of the effective charges, different results are obtained, see
text for further explanations. Lower: the respective time integrals
of the functions from the upper figure.

TABLE I. Electrical conductivities from the current-current
autocorrelation function (1) calculated with time-dependent
Born effective charges, !, and with constant charges of þ1 for
hydrogen and %2 for oxygen, !þ1;%2. These are compared with
those derived from Eq. (3), !0 (" is taken from Ref. [10]). For
additional comparison, the conductivity using Eqs. (1) and (2)
with time-dependent Bader charges, !B, instead of Born effec-
tive charges is given as well. Bader charges [31] do not capture
electronic polarization effects and should not be used to calcu-
late conductivities. All conductivities along with estimated er-
rors are given in 1=" cm.

T (K) % (g=cm3) ! !þ1;%2 !0 !B

2000 2.0 30' 3 30' 3 28' 2 11' 1
3000 3.0 140' 15 140' 15 91' 3 55' 5
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“Interes8ngly,	the	use	of	predefined	constant	
charges	can	yield	the	same	conduc8vity	as	is	
found	with	the	fully	8me-dependent	charge	
tensors.”	[op.	cit.]	

even	more	interesFngly,	these	constant	charges	are	integer	and	
coincide	with	the	formal	oxidaFon	numbers	of	the	ionic	species
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Ĥ(B) �= Ĥ(A)
<latexit sha1_base64="wgiQVBvAbTzvbsgUneeEzZ1EXP4="></latexit><latexit sha1_base64="wgiQVBvAbTzvbsgUneeEzZ1EXP4="></latexit><latexit sha1_base64="wgiQVBvAbTzvbsgUneeEzZ1EXP4="></latexit><latexit sha1_base64="wgiQVBvAbTzvbsgUneeEzZ1EXP4="></latexit><latexit sha1_base64="wgiQVBvAbTzvbsgUneeEzZ1EXP4="></latexit>

Ĥ(A�) = Ĥ(A)
<latexit sha1_base64="JxAPWEAh0YXz2PEldhkRP01LCLA="></latexit><latexit sha1_base64="JxAPWEAh0YXz2PEldhkRP01LCLA="></latexit><latexit sha1_base64="JxAPWEAh0YXz2PEldhkRP01LCLA="></latexit><latexit sha1_base64="JxAPWEAh0YXz2PEldhkRP01LCLA="></latexit><latexit sha1_base64="JxAPWEAh0YXz2PEldhkRP01LCLA="></latexit>



Q
�
A, B

�
= Q(A, A�) � Q(B, A�)

Q�(A, A�) = n1� + · · · + nN�qN�

|Q�(BA�) < K

n, q � Z
qi� = qi (space isotropy)

<latexit sha1_base64="qIAVagfOA5EXjsVEPfy2XXnmkME="></latexit><latexit sha1_base64="qIAVagfOA5EXjsVEPfy2XXnmkME="></latexit><latexit sha1_base64="qIAVagfOA5EXjsVEPfy2XXnmkME="></latexit><latexit sha1_base64="qIAVagfOA5EXjsVEPfy2XXnmkME="></latexit><latexit sha1_base64="qIAVagfOA5EXjsVEPfy2XXnmkME="></latexit>

� � 1

T

�
Q

�
A(0), B(T )

�2
�

<latexit sha1_base64="kQtXxYtFo9J6BmmVAFUckpVJIiA="></latexit><latexit sha1_base64="kQtXxYtFo9J6BmmVAFUckpVJIiA="></latexit><latexit sha1_base64="kQtXxYtFo9J6BmmVAFUckpVJIiA="></latexit><latexit sha1_base64="kQtXxYtFo9J6BmmVAFUckpVJIiA="></latexit><latexit sha1_base64="kQtXxYtFo9J6BmmVAFUckpVJIiA="></latexit>

A’

Thouless’	quanFsaFon	of	parFcle	transport
D.J.	Thouless,	Phys.	Rev.	B		27,	6083	(2011)

R.	Resta	and	D.	Vanderbilt,	Top.	Appl.	Phys.	105,	31	(2007)

Ĥ(t + T ) = Ĥ(t)
<latexit sha1_base64="4Ndc0sv8rIP00NhCteGbi/JaSuU="></latexit><latexit sha1_base64="4Ndc0sv8rIP00NhCteGbi/JaSuU="></latexit><latexit sha1_base64="4Ndc0sv8rIP00NhCteGbi/JaSuU="></latexit><latexit sha1_base64="4Ndc0sv8rIP00NhCteGbi/JaSuU="></latexit><latexit sha1_base64="4Ndc0sv8rIP00NhCteGbi/JaSuU="></latexit>

Q� =
1

L�

� T

0
J�(t)dt � Z

<latexit sha1_base64="uMvJjdDMC2l/jd3kXuR6m+j/ksQ="></latexit><latexit sha1_base64="uMvJjdDMC2l/jd3kXuR6m+j/ksQ="></latexit><latexit sha1_base64="uMvJjdDMC2l/jd3kXuR6m+j/ksQ="></latexit><latexit sha1_base64="uMvJjdDMC2l/jd3kXuR6m+j/ksQ="></latexit><latexit sha1_base64="uMvJjdDMC2l/jd3kXuR6m+j/ksQ="></latexit>

A

B

Q
�
A, B

�
= Q(A, A�) � Q(B, A�)

Q�(A, A�) = n1� + · · · + nN�qN�

|Q�(BA�)| < K

n, q � Z
qi� = qi (space isotropy)

<latexit sha1_base64="Ff7mI31t1NAkcb9a9c7M1dsilNY="></latexit><latexit sha1_base64="Ff7mI31t1NAkcb9a9c7M1dsilNY="></latexit><latexit sha1_base64="Ff7mI31t1NAkcb9a9c7M1dsilNY="></latexit><latexit sha1_base64="Ff7mI31t1NAkcb9a9c7M1dsilNY="></latexit><latexit sha1_base64="Ff7mI31t1NAkcb9a9c7M1dsilNY="></latexit>

Q
�
A, B

�
= Q(A, A�) � Q(B, A�)

Q�(A, A�) = n1�q1� + · · · + nN�qN�

|Q�(BA�) < K

n, q � Z
qi� = qi (space isotropy)

<latexit sha1_base64="NGK6I4B9VO/CkuiaZXMKFf6MSp0="></latexit><latexit sha1_base64="NGK6I4B9VO/CkuiaZXMKFf6MSp0="></latexit><latexit sha1_base64="NGK6I4B9VO/CkuiaZXMKFf6MSp0="></latexit><latexit sha1_base64="NGK6I4B9VO/CkuiaZXMKFf6MSp0="></latexit><latexit sha1_base64="NGK6I4B9VO/CkuiaZXMKFf6MSp0="></latexit>

n1 = 3
<latexit sha1_base64="SFjRMETtd/vdYEduabVNc/VI778=">AAACMHicbVDLSgNBEJz1GeMrUTx5WQyCp7CrgrkIgVw8RjAPSEKYnXSSITOzy0yvEJZ8g1f9Db9GT+LVr3A22YNJbGgoqrvpqgoiwQ163qezsbm1vbOb28vvHxweHReKJ00TxppBg4Ui1O2AGhBcQQM5CmhHGqgMBLSCSS2dt55BGx6qJ5xG0JN0pPiQM4qWaqi+f3/TL5S8sjcvdx34GSiRrOr9onPWHYQslqCQCWpMx/ci7CVUI2cCZvlubCCibEJH0LFQUQmml8zVztxLywzcYahtK3Tn7N+LhEpjpjKwm5Li2KzOUvK/WSfGYaWXcBXFCIotHg1j4WLoptbdAdfAUEwtoExzq9VlY6opQxvQ0pdUmImAWScGUFKuUiapUcEDzZf8JaBiyRHkLJ+3Qfqrsa2D5nXZ98r+422pWskizZFzckGuiE/uSJU8kDppEEY4eSGv5M15dz6cL+d7sbrhZDenZKmcn191T6kj</latexit><latexit sha1_base64="SFjRMETtd/vdYEduabVNc/VI778=">AAACMHicbVDLSgNBEJz1GeMrUTx5WQyCp7CrgrkIgVw8RjAPSEKYnXSSITOzy0yvEJZ8g1f9Db9GT+LVr3A22YNJbGgoqrvpqgoiwQ163qezsbm1vbOb28vvHxweHReKJ00TxppBg4Ui1O2AGhBcQQM5CmhHGqgMBLSCSS2dt55BGx6qJ5xG0JN0pPiQM4qWaqi+f3/TL5S8sjcvdx34GSiRrOr9onPWHYQslqCQCWpMx/ci7CVUI2cCZvlubCCibEJH0LFQUQmml8zVztxLywzcYahtK3Tn7N+LhEpjpjKwm5Li2KzOUvK/WSfGYaWXcBXFCIotHg1j4WLoptbdAdfAUEwtoExzq9VlY6opQxvQ0pdUmImAWScGUFKuUiapUcEDzZf8JaBiyRHkLJ+3Qfqrsa2D5nXZ98r+422pWskizZFzckGuiE/uSJU8kDppEEY4eSGv5M15dz6cL+d7sbrhZDenZKmcn191T6kj</latexit><latexit sha1_base64="SFjRMETtd/vdYEduabVNc/VI778=">AAACMHicbVDLSgNBEJz1GeMrUTx5WQyCp7CrgrkIgVw8RjAPSEKYnXSSITOzy0yvEJZ8g1f9Db9GT+LVr3A22YNJbGgoqrvpqgoiwQ163qezsbm1vbOb28vvHxweHReKJ00TxppBg4Ui1O2AGhBcQQM5CmhHGqgMBLSCSS2dt55BGx6qJ5xG0JN0pPiQM4qWaqi+f3/TL5S8sjcvdx34GSiRrOr9onPWHYQslqCQCWpMx/ci7CVUI2cCZvlubCCibEJH0LFQUQmml8zVztxLywzcYahtK3Tn7N+LhEpjpjKwm5Li2KzOUvK/WSfGYaWXcBXFCIotHg1j4WLoptbdAdfAUEwtoExzq9VlY6opQxvQ0pdUmImAWScGUFKuUiapUcEDzZf8JaBiyRHkLJ+3Qfqrsa2D5nXZ98r+422pWskizZFzckGuiE/uSJU8kDppEEY4eSGv5M15dz6cL+d7sbrhZDenZKmcn191T6kj</latexit><latexit sha1_base64="SFjRMETtd/vdYEduabVNc/VI778=">AAACMHicbVDLSgNBEJz1GeMrUTx5WQyCp7CrgrkIgVw8RjAPSEKYnXSSITOzy0yvEJZ8g1f9Db9GT+LVr3A22YNJbGgoqrvpqgoiwQ163qezsbm1vbOb28vvHxweHReKJ00TxppBg4Ui1O2AGhBcQQM5CmhHGqgMBLSCSS2dt55BGx6qJ5xG0JN0pPiQM4qWaqi+f3/TL5S8sjcvdx34GSiRrOr9onPWHYQslqCQCWpMx/ci7CVUI2cCZvlubCCibEJH0LFQUQmml8zVztxLywzcYahtK3Tn7N+LhEpjpjKwm5Li2KzOUvK/WSfGYaWXcBXFCIotHg1j4WLoptbdAdfAUEwtoExzq9VlY6opQxvQ0pdUmImAWScGUFKuUiapUcEDzZf8JaBiyRHkLJ+3Qfqrsa2D5nXZ98r+422pWskizZFzckGuiE/uSJU8kDppEEY4eSGv5M15dz6cL+d7sbrhZDenZKmcn191T6kj</latexit><latexit sha1_base64="SFjRMETtd/vdYEduabVNc/VI778=">AAACMHicbVDLSgNBEJz1GeMrUTx5WQyCp7CrgrkIgVw8RjAPSEKYnXSSITOzy0yvEJZ8g1f9Db9GT+LVr3A22YNJbGgoqrvpqgoiwQ163qezsbm1vbOb28vvHxweHReKJ00TxppBg4Ui1O2AGhBcQQM5CmhHGqgMBLSCSS2dt55BGx6qJ5xG0JN0pPiQM4qWaqi+f3/TL5S8sjcvdx34GSiRrOr9onPWHYQslqCQCWpMx/ci7CVUI2cCZvlubCCibEJH0LFQUQmml8zVztxLywzcYahtK3Tn7N+LhEpjpjKwm5Li2KzOUvK/WSfGYaWXcBXFCIotHg1j4WLoptbdAdfAUEwtoExzq9VlY6opQxvQ0pdUmImAWScGUFKuUiapUcEDzZf8JaBiyRHkLJ+3Qfqrsa2D5nXZ98r+422pWskizZFzckGuiE/uSJU8kDppEEY4eSGv5M15dz6cL+d7sbrhZDenZKmcn191T6kj</latexit>

n
2

=
2

<latexit sha1_base64="IO9eXQK86QbkMfBimomT3kHXE2g=">AAACMHicbVDLagJBEJzN05iXJuSUyxIJ5CS7EoiXgOAlRwNZFVRkdmx1cGZ2mekNyOI35Jr8Rr4mOYVc8xWZVQ9R09BQVHfTVRXGghv0vE9na3tnd28/d5A/PDo+OS0Uz5omSjSDgEUi0u2QGhBcQYAcBbRjDVSGAlrhpJ7NW8+gDY/UE05j6Ek6UnzIGUVLBapfua/0CyWv7M3L3QT+EpTIshr9onPRHUQskaCQCWpMx/di7KVUI2cCZvluYiCmbEJH0LFQUQmml87VztxrywzcYaRtK3Tn7N+LlEpjpjK0m5Li2KzPMvK/WSfBYbWXchUnCIotHg0T4WLkZtbdAdfAUEwtoExzq9VlY6opQxvQypdMmImBWScGUFKuMiatU8FDzVf8paASyRHkLJ+3QfrrsW2CZqXse2X/8bZUqy4jzZFLckVuiE/uSI08kAYJCCOcvJBX8ua8Ox/Ol/O9WN1yljfnZKWcn191Uakj</latexit><latexit sha1_base64="IO9eXQK86QbkMfBimomT3kHXE2g=">AAACMHicbVDLagJBEJzN05iXJuSUyxIJ5CS7EoiXgOAlRwNZFVRkdmx1cGZ2mekNyOI35Jr8Rr4mOYVc8xWZVQ9R09BQVHfTVRXGghv0vE9na3tnd28/d5A/PDo+OS0Uz5omSjSDgEUi0u2QGhBcQYAcBbRjDVSGAlrhpJ7NW8+gDY/UE05j6Ek6UnzIGUVLBapfua/0CyWv7M3L3QT+EpTIshr9onPRHUQskaCQCWpMx/di7KVUI2cCZvluYiCmbEJH0LFQUQmml87VztxrywzcYaRtK3Tn7N+LlEpjpjK0m5Li2KzPMvK/WSfBYbWXchUnCIotHg0T4WLkZtbdAdfAUEwtoExzq9VlY6opQxvQypdMmImBWScGUFKuMiatU8FDzVf8paASyRHkLJ+3QfrrsW2CZqXse2X/8bZUqy4jzZFLckVuiE/uSI08kAYJCCOcvJBX8ua8Ox/Ol/O9WN1yljfnZKWcn191Uakj</latexit><latexit sha1_base64="IO9eXQK86QbkMfBimomT3kHXE2g=">AAACMHicbVDLagJBEJzN05iXJuSUyxIJ5CS7EoiXgOAlRwNZFVRkdmx1cGZ2mekNyOI35Jr8Rr4mOYVc8xWZVQ9R09BQVHfTVRXGghv0vE9na3tnd28/d5A/PDo+OS0Uz5omSjSDgEUi0u2QGhBcQYAcBbRjDVSGAlrhpJ7NW8+gDY/UE05j6Ek6UnzIGUVLBapfua/0CyWv7M3L3QT+EpTIshr9onPRHUQskaCQCWpMx/di7KVUI2cCZvluYiCmbEJH0LFQUQmml87VztxrywzcYaRtK3Tn7N+LlEpjpjK0m5Li2KzPMvK/WSfBYbWXchUnCIotHg0T4WLkZtbdAdfAUEwtoExzq9VlY6opQxvQypdMmImBWScGUFKuMiatU8FDzVf8paASyRHkLJ+3QfrrsW2CZqXse2X/8bZUqy4jzZFLckVuiE/uSI08kAYJCCOcvJBX8ua8Ox/Ol/O9WN1yljfnZKWcn191Uakj</latexit><latexit sha1_base64="IO9eXQK86QbkMfBimomT3kHXE2g=">AAACMHicbVDLagJBEJzN05iXJuSUyxIJ5CS7EoiXgOAlRwNZFVRkdmx1cGZ2mekNyOI35Jr8Rr4mOYVc8xWZVQ9R09BQVHfTVRXGghv0vE9na3tnd28/d5A/PDo+OS0Uz5omSjSDgEUi0u2QGhBcQYAcBbRjDVSGAlrhpJ7NW8+gDY/UE05j6Ek6UnzIGUVLBapfua/0CyWv7M3L3QT+EpTIshr9onPRHUQskaCQCWpMx/di7KVUI2cCZvluYiCmbEJH0LFQUQmml87VztxrywzcYaRtK3Tn7N+LlEpjpjK0m5Li2KzPMvK/WSfBYbWXchUnCIotHg0T4WLkZtbdAdfAUEwtoExzq9VlY6opQxvQypdMmImBWScGUFKuMiatU8FDzVf8paASyRHkLJ+3QfrrsW2CZqXse2X/8bZUqy4jzZFLckVuiE/uSI08kAYJCCOcvJBX8ua8Ox/Ol/O9WN1yljfnZKWcn191Uakj</latexit><latexit sha1_base64="IO9eXQK86QbkMfBimomT3kHXE2g=">AAACMHicbVDLagJBEJzN05iXJuSUyxIJ5CS7EoiXgOAlRwNZFVRkdmx1cGZ2mekNyOI35Jr8Rr4mOYVc8xWZVQ9R09BQVHfTVRXGghv0vE9na3tnd28/d5A/PDo+OS0Uz5omSjSDgEUi0u2QGhBcQYAcBbRjDVSGAlrhpJ7NW8+gDY/UE05j6Ek6UnzIGUVLBapfua/0CyWv7M3L3QT+EpTIshr9onPRHUQskaCQCWpMx/di7KVUI2cCZvluYiCmbEJH0LFQUQmml87VztxrywzcYaRtK3Tn7N+LlEpjpjK0m5Li2KzPMvK/WSfBYbWXchUnCIotHg0T4WLkZtbdAdfAUEwtoExzq9VlY6opQxvQypdMmImBWScGUFKuMiatU8FDzVf8paASyRHkLJ+3QfrrsW2CZqXse2X/8bZUqy4jzZFLckVuiE/uSI08kAYJCCOcvJBX8ua8Ox/Ol/O9WN1yljfnZKWcn191Uakj</latexit>

Ĥ(B) �= Ĥ(A)
<latexit sha1_base64="wgiQVBvAbTzvbsgUneeEzZ1EXP4="></latexit><latexit sha1_base64="wgiQVBvAbTzvbsgUneeEzZ1EXP4="></latexit><latexit sha1_base64="wgiQVBvAbTzvbsgUneeEzZ1EXP4="></latexit><latexit sha1_base64="wgiQVBvAbTzvbsgUneeEzZ1EXP4="></latexit><latexit sha1_base64="wgiQVBvAbTzvbsgUneeEzZ1EXP4="></latexit>

Ĥ(A�) = Ĥ(A)
<latexit sha1_base64="JxAPWEAh0YXz2PEldhkRP01LCLA="></latexit><latexit sha1_base64="JxAPWEAh0YXz2PEldhkRP01LCLA="></latexit><latexit sha1_base64="JxAPWEAh0YXz2PEldhkRP01LCLA="></latexit><latexit sha1_base64="JxAPWEAh0YXz2PEldhkRP01LCLA="></latexit><latexit sha1_base64="JxAPWEAh0YXz2PEldhkRP01LCLA="></latexit>



Q
�
A, B

�
= Q(A, A�) � Q(B, A�)

Q�(A, A�) = n1� + · · · + nN�qN�

|Q�(BA�) < K

n, q � Z
qi� = qi (space isotropy)

<latexit sha1_base64="qIAVagfOA5EXjsVEPfy2XXnmkME="></latexit><latexit sha1_base64="qIAVagfOA5EXjsVEPfy2XXnmkME="></latexit><latexit sha1_base64="qIAVagfOA5EXjsVEPfy2XXnmkME="></latexit><latexit sha1_base64="qIAVagfOA5EXjsVEPfy2XXnmkME="></latexit><latexit sha1_base64="qIAVagfOA5EXjsVEPfy2XXnmkME="></latexit>

� � 1

T

�
Q

�
A(0), B(T )

�2
�

<latexit sha1_base64="kQtXxYtFo9J6BmmVAFUckpVJIiA="></latexit><latexit sha1_base64="kQtXxYtFo9J6BmmVAFUckpVJIiA="></latexit><latexit sha1_base64="kQtXxYtFo9J6BmmVAFUckpVJIiA="></latexit><latexit sha1_base64="kQtXxYtFo9J6BmmVAFUckpVJIiA="></latexit><latexit sha1_base64="kQtXxYtFo9J6BmmVAFUckpVJIiA="></latexit>

A’

Thouless’	quanFsaFon	of	parFcle	transport
D.J.	Thouless,	Phys.	Rev.	B		27,	6083	(2011)

R.	Resta	and	D.	Vanderbilt,	Top.	Appl.	Phys.	105,	31	(2007)

Ĥ(t + T ) = Ĥ(t)
<latexit sha1_base64="4Ndc0sv8rIP00NhCteGbi/JaSuU="></latexit><latexit sha1_base64="4Ndc0sv8rIP00NhCteGbi/JaSuU="></latexit><latexit sha1_base64="4Ndc0sv8rIP00NhCteGbi/JaSuU="></latexit><latexit sha1_base64="4Ndc0sv8rIP00NhCteGbi/JaSuU="></latexit><latexit sha1_base64="4Ndc0sv8rIP00NhCteGbi/JaSuU="></latexit>

Q� =
1

L�

� T

0
J�(t)dt � Z

<latexit sha1_base64="uMvJjdDMC2l/jd3kXuR6m+j/ksQ="></latexit><latexit sha1_base64="uMvJjdDMC2l/jd3kXuR6m+j/ksQ="></latexit><latexit sha1_base64="uMvJjdDMC2l/jd3kXuR6m+j/ksQ="></latexit><latexit sha1_base64="uMvJjdDMC2l/jd3kXuR6m+j/ksQ="></latexit><latexit sha1_base64="uMvJjdDMC2l/jd3kXuR6m+j/ksQ="></latexit>

A

B

Q
�
A, B

�
= Q(A, A�) � Q(B, A�)

Q�(A, A�) = n1� + · · · + nN�qN�

|Q�(BA�)| < K

n, q � Z
qi� = qi (space isotropy)

<latexit sha1_base64="Ff7mI31t1NAkcb9a9c7M1dsilNY="></latexit><latexit sha1_base64="Ff7mI31t1NAkcb9a9c7M1dsilNY="></latexit><latexit sha1_base64="Ff7mI31t1NAkcb9a9c7M1dsilNY="></latexit><latexit sha1_base64="Ff7mI31t1NAkcb9a9c7M1dsilNY="></latexit><latexit sha1_base64="Ff7mI31t1NAkcb9a9c7M1dsilNY="></latexit>
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qx	=	=-0.000(6);			qy	=	0.000(2);			qz	=	1.00(18)
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the	charges	transported	by	K	and	Cl		
around	z	cancel	exactly
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energy	conservaFon	and	extensivity	make	heat-transport	
coefficients	independent	of	such	an	indeterminacy;

this	gauge	invariance	of	thermal	transport	makes	it	possible	
to	compute	thermal	transport	coefficients	from	DFT	using	
equilibrium	AIMD	and	the	Green-Kubo	formalism;

gauge	invariance	and	topological	quanFzaFon	of	charge	
transport	make	the	electric	conducFvity	of	ionic	fluids	
depend	on	the	formal	oxidaFon	numbers	of	the	ionic	
species,	via	the	Green-Kubo	formula.

summary
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