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serious answers to silly questions

how is it that the heat conductivity is well defined, 
when the energy current that determines it is not? 

how is it that the electric conductivity of non-ionic 
fluids vanishes, when the current fluctuations that 
determine it do not?
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conserved extensive quantities (energy, charge, mass, …) in a macroscopic 
body flow from high- to low-density regions so as to maximise entropy

S
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the linear-response theory of transport

energy transport

charge transport
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classical and quantum adiabatic heat transport 
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We combine first-principles calculations of forces with the direct nonequilibrium molecular dynamics

method to determine the lattice thermal conductivity k of periclase (MgO) up to conditions representative

of the Earth’s core-mantle boundary (136 GPa, 4100 K). We predict the logarithmic density derivative

a ¼ ð@ lnk=@ ln!ÞT ¼ 4:6$ 1:2 and that k ¼ 20$ 5 Wm%1 K%1 at the core-mantle boundary, while also

finding good agreement with extant experimental data at much lower pressures.
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Thermal conductivity is central to our understanding of
planetary evolution as it sets the time scale of cooling.
Thus the thermal evolution of Earth’s core and the history
of the geomagnetic field are controlled by the conduction
of heat into the overlying mantle [1]. The style and effi-
ciency of mantle convection are also strongly influenced by
depth variations in the thermal conductivity [2]. Here we
focus on periclase (MgO), thought to be a major constitu-
ent of Earth’s deep mantle [3].

Despite the importance of this basic physical property,
the thermal conductivity of dielectrics remains unknown at
pressures typical of planetary interiors. Experimental mea-
surements are challenging and have not been attempted
above 40 GPa [4]. The predictions of Debye theory are
strongly model dependent with estimated values of the
isothermal logarithmic density derivative a ranging from
4 to 8 [5–7], leading to uncertainties in the extrapolated
value of the thermal conductivity at the base of the mantle
of a factor of 5.

MgO periclase, as a wide-gap insulator with a simple
structure (B1) and no phase transformations to well above
400 GPa [8], is an ideal system to study the pressure
dependence of the lattice thermal conductivity. Although
its thermal conductivity is unknown at the conditions of
Earth’s core-mantle boundary, numerous experimental and
theoretical studies have determined thermodynamic prop-
erties under such conditions. These show that calculations
based on density functional theory in the local density
approximation predict properties, such as its equation of
state, heat capacity, and elasticity, in good agreement with
experimental values [9–11].

We predict the thermal conductivity of periclase by
combining density functional theory with the so-called
‘‘direct’’ nonequilibrium molecular dynamics method
[12,13]. This method has previously been used in combi-

nation with classical potentials, but not before in combi-
nation with ab initio molecular dynamics in which the
forces are computed quantum mechanically from density
functional theory. Classical potentials are unlikely to give
accurate predictions at the extreme pressure-temperature
conditions of interest here: lattice thermal conductivity is
limited by phonon-phonon scattering, which may be very
sensitive to the form of the potential. The widely used
Green-Kubo relation [14] does not serve our purposes,
because in first-principles calculations it is impossible to
uniquely decompose the total energy into individual con-
tributions from each atom.
In the direct method, the thermal conductivity is com-

puted as the ratio of an imposed heat flux to the resulting
temperature gradient. The heat flux JðtÞ is imposed by
dividing the simulation cell into notional sections of equal
width, and exchanging kinetic energy between ‘‘hot’’ and
‘‘cold’’ sections. The temperature gradient dT=dx is com-
puted from the mean temperature of the intervening sec-
tions. Once steady state is reached, the lattice thermal
conductivity, k, is calculated from Fourier’s law:

k ¼ % hJðtÞi
hdT=dxi ; (1)

where the angle brackets indicate time averages. The pre-
cision is improved by averaging temperatures in the two
symmetrically equivalent sections in the periodic cell.
Because the exchange of kinetic energy renders dynamics
in the hot and cold sections non-Newtonian, only the linear
portion of the temperature gradient is considered in the
calculation of the conductivity.
In order to account for the effects of finite system size we

follow the method of [15]. The thermal conductivity is
related to the phonon mean-free path via kinetic theory
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how come?
how is it that a formally exact theory of 
the electronic ground state cannot predict 
all measurable adiabatic properties? 
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insights from classical mechanics

<latexit sha1_base64="/ThBZSYdQH8dh1hvtaLlQodYAZQ="></latexit>

 ⇠
1

2t
var

⇥
D(t)

⇤
D(t) =

Z t

0
J(t 0)dt 0

<latexit sha1_base64="KVG1T4dd0vEy+JarXuETWTaU1C4="></latexit>

var
⇥
D0(t)

⇤
= var

⇥
D(t)

⇤
| }
O(t)

+ var
⇥
�P(t)

⇤
| }
O(1)

+2cov
⇥
D(t) · �P(t)

⇤
| }

O(t
1
2 )



<latexit sha1_base64="QZaRez47RsYiYimDjuClcYSLzA8=">AAACH3icbVDNTgIxGPwW/xD/UI9eGonRE9k1Gr2YkHjxiIkLJLCSbulCQ7fbtF0TsuE9vOLLeDNeeRcPFtiDgJM0ncx0+rUTSs60cd2pU9jY3NreKe6W9vYPDo/KxycNnaSKUJ8kPFGtEGvKmaC+YYbTllQUxyGnzXD4OPObb1RplogXM5I0iHFfsIgRbKz02hliKfHlw2Lvlitu1Z0DrRMvJxXIUe+Wfzq9hKQxFYZwrHXbc6UJMqwMI5yOS51UU4nJEPdp21KBY6qDbP7qMbqwSg9FibJLGDRX/yYyEoeK9Qdm6Z4Mx1qP4tDmY2wGetWbif957dRE90HGhEwNFWQxPko5MgmaFYN6TFFi+MgSTBSzP0BkgBUmxta3PCW0KtVjW5e3Ws46aVxXvduq+3xTqfl5cUU4g3O4Ag/uoAZPUAcfCCh4hwl8OBPn0/lyvhdHC06eOYUlONNfkNOkVA==</latexit>

0 = 

<latexit sha1_base64="DSnh0mRKJEd5Z0ODNxsQPR1FdJs="></latexit>

J0 = J+ Ṗ
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gauge invariance of transport coefficients
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gauge invariance

thermodynamic invariance E �[�] = E [�] +O[��]
e �(r) = e(r)�� · p(r)

j�(r, t) = j(r, t) + ṗ(r, t)
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any two conserved densities that differ by the divergence of a 
(bounded) vector field are physically equivalent 

the corresponding conserved fluxes differ by a total time 
derivative, and the transport coefficients coincide
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Microscopic theory and quantum simulation of
atomic heat transport
Aris Marcolongo1, Paolo Umari2 and Stefano Baroni1*

Quantum simulation methods based on electronic-structure theory are deemed unfit to cope with atomic heat transport within
theGreen–Kubo formalism, because quantum-mechanical energy densities and currents are inherently ill-defined at the atomic
scale. We show that, although this di�culty would also a�ect classical simulations, thermal conductivity is indeed insensitive
to such ill-definedness by virtue of a kind of gauge invariance resulting from energy extensivity and conservation. On the basis
of these findings, we derive an expression for the adiabatic energy flux from density-functional theory, which allows heat
transport to be simulated using ab initio equilibrium molecular dynamics. Our methodology is demonstrated by comparing
its predictions to those of classical equilibrium and ab initio non-equilibrium (Müller–Plathe) simulations for a liquid-argon
model, and by applying it to heavy water at ambient conditions.

Understanding heat transport is key in many fields of
science and technology, such as materials and planetary
sciences, energy saving, heat dissipation and shielding, or

thermoelectric conversion, to name but a few. Heat transport in
insulators is determined by the dynamics of atoms, the electrons
following adiabatically in their ground state. Simulating atomic heat
transport usually relies on Boltzmann’s kinetic approach1, or on
molecular dynamics (MD), both in its equilibrium (Green–Kubo,
GK; refs 2–5) and non-equilibrium4–6 flavours. The Boltzmann
equation applies only to crystalline solids well below melting,
whereas classical MD (CMD) bears on those materials and
conditions that can be modelled by interatomic potentials.
Equilibrium ab initio (AI) MD (refs 7,8) is set to overcome these
limitations, but it is still surprisingly thought to be unfit to cope
with thermal transport ‘because in first-principles calculations it is
impossible to uniquely decompose the total energy into individual
contributions from each atom’ (excerpted from ref. 9). Such a
unique decomposition is not possible in classical mechanics either,
because the potential energy of a system of interacting atoms
can be partitioned into local contributions in an infinite number
of equivalent ways. The quantum-mechanical energy density is
also a�ected by a similar indeterminacy. Notwithstanding, the
expression for the heat conductivity derived from any sensible
energy partitioning or density should obviously be well defined, as
any measurable quantity must.

In this work we first demonstrate that the thermal conductivity
resulting from the GK relation is una�ected by the indeterminacy
of the microscopic energy density; we then introduce a form of
energy density, and a corresponding adiabatic energy flux, from
which heat-transport coe�cients can be computed within the
GK formalism, using density-functional theory10,11 (DFT). Our
approach is validated by comparing the results of equilibriumAIMD
to those of non-equilibrium (Müller–Plathe, MP; ref. 6) AIMD and
equilibrium CMD simulations for a liquid-argon model, for which
accurate interatomic potentials are derived by matching the forces
generated by them with quantum-mechanical forces computed
along the AIMD trajectories. The case of molecular fluids is finally
addressed, and illustrated in the case of water at ambient conditions.

Theory
According to the GK theory2,3, the atomic thermal conductivity of
an isotropic system is given by:

 =
1

3VkBT 2

Z
1

0
hJq(t) · Jq(0)idt (1)

where brackets h·i indicate canonical averages, kB is the Boltzmann
constant, V and T are the system volume and temperature, Jq(t)=R

(je(r, t)+(p+ hei)v(r, t))dr is themacroscopic heat flux, with je, v,
p, and hei being the energy-current density, local velocity field, and
equilibrium values of pressure and energy density, respectively12,13.
For further reference, we define as di�usive a flux that results in
a non-vanishing GK conductivity, according to equation (1). The
integral of the velocity field is non-di�usive in solids and can be
assumed to vanish in one-component fluids, because of momentum
conservation. In these cases, as well as inmolecular fluids, as we will
see, we can therefore assume that heat and energy fluxes coincide.

Energy is extensive: it can thus be expressed as the integral of
a density, which is defined up to the divergence of a bounded
vector field: two densities that di�er by such a divergence, e(r) and
e0(r)=e(r)+@ ·p(r), are indeed equivalent, in that their integrals
over any finite domain di�er by a boundary term, which is irrelevant
in the thermodynamic limit, and can thus be thought of as di�erent
gauges of the same scalar field. Energy is also conserved: therefore,
for any given gauge of its density, e, a corresponding current density,
je, can be defined so as to satisfy the continuity equation:

ė(r, t)+@ · je(r, t)=0 (2)

According to equation (2) the macroscopic fluxes in two di�erent
energy gauges di�er by a total time derivative, which is non-
di�usive: J0e(t)= Je(t)+ Ṗ(t), where P(t)=

R
p(r, t)dr. The equality

of the corresponding heat conductivities results from the following
Lemma. Let J1 and J2 be two macroscopic fluxes defined
for the same system, and J12 = J1 + J2 be their sum. The
corresponding GK conductivities, 1, 2 and 12 satisfy the relation:
|12 �1 �2|2p12.

1SISSA–Scuola Internazionale Superiore di Studi Avanzati, Via Bonomea 265, 34136 Trieste, Italy. 2Dipartimento di Fisica e Astronomia, Università di
Padova, Via Marzolo 8, I-35131 Padova, Italy. *e-mail: baroni@sissa.it

NATURE PHYSICS | ADVANCE ONLINE PUBLICATION | www.nature.com/naturephysics 1



JE =
�

I

eIVI +
1

2

�

I �=J

(VI · FIJ)(RI � RJ)

<latexit sha1_base64="M1RO31s3btD77jINUsj/lN5Js7w="></latexit>

gauge invariance of heat transport
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We combine first-principles calculations of forces with the direct nonequilibrium molecular dynamics

method to determine the lattice thermal conductivity k of periclase (MgO) up to conditions representative

of the Earth’s core-mantle boundary (136 GPa, 4100 K). We predict the logarithmic density derivative

a ¼ ð@ lnk=@ ln!ÞT ¼ 4:6$ 1:2 and that k ¼ 20$ 5 Wm%1 K%1 at the core-mantle boundary, while also

finding good agreement with extant experimental data at much lower pressures.

DOI: 10.1103/PhysRevLett.104.208501 PACS numbers: 91.60.Tn, 66.70.%f, 83.10.Rs

Thermal conductivity is central to our understanding of
planetary evolution as it sets the time scale of cooling.
Thus the thermal evolution of Earth’s core and the history
of the geomagnetic field are controlled by the conduction
of heat into the overlying mantle [1]. The style and effi-
ciency of mantle convection are also strongly influenced by
depth variations in the thermal conductivity [2]. Here we
focus on periclase (MgO), thought to be a major constitu-
ent of Earth’s deep mantle [3].

Despite the importance of this basic physical property,
the thermal conductivity of dielectrics remains unknown at
pressures typical of planetary interiors. Experimental mea-
surements are challenging and have not been attempted
above 40 GPa [4]. The predictions of Debye theory are
strongly model dependent with estimated values of the
isothermal logarithmic density derivative a ranging from
4 to 8 [5–7], leading to uncertainties in the extrapolated
value of the thermal conductivity at the base of the mantle
of a factor of 5.

MgO periclase, as a wide-gap insulator with a simple
structure (B1) and no phase transformations to well above
400 GPa [8], is an ideal system to study the pressure
dependence of the lattice thermal conductivity. Although
its thermal conductivity is unknown at the conditions of
Earth’s core-mantle boundary, numerous experimental and
theoretical studies have determined thermodynamic prop-
erties under such conditions. These show that calculations
based on density functional theory in the local density
approximation predict properties, such as its equation of
state, heat capacity, and elasticity, in good agreement with
experimental values [9–11].

We predict the thermal conductivity of periclase by
combining density functional theory with the so-called
‘‘direct’’ nonequilibrium molecular dynamics method
[12,13]. This method has previously been used in combi-

nation with classical potentials, but not before in combi-
nation with ab initio molecular dynamics in which the
forces are computed quantum mechanically from density
functional theory. Classical potentials are unlikely to give
accurate predictions at the extreme pressure-temperature
conditions of interest here: lattice thermal conductivity is
limited by phonon-phonon scattering, which may be very
sensitive to the form of the potential. The widely used
Green-Kubo relation [14] does not serve our purposes,
because in first-principles calculations it is impossible to
uniquely decompose the total energy into individual con-
tributions from each atom.
In the direct method, the thermal conductivity is com-

puted as the ratio of an imposed heat flux to the resulting
temperature gradient. The heat flux JðtÞ is imposed by
dividing the simulation cell into notional sections of equal
width, and exchanging kinetic energy between ‘‘hot’’ and
‘‘cold’’ sections. The temperature gradient dT=dx is com-
puted from the mean temperature of the intervening sec-
tions. Once steady state is reached, the lattice thermal
conductivity, k, is calculated from Fourier’s law:

k ¼ % hJðtÞi
hdT=dxi ; (1)

where the angle brackets indicate time averages. The pre-
cision is improved by averaging temperatures in the two
symmetrically equivalent sections in the periodic cell.
Because the exchange of kinetic energy renders dynamics
in the hot and cold sections non-Newtonian, only the linear
portion of the temperature gradient is considered in the
calculation of the conductivity.
In order to account for the effects of finite system size we

follow the method of [15]. The thermal conductivity is
related to the phonon mean-free path via kinetic theory
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solution:
choose any local representation of the energy that 
integrates to the correct value and whose 
correlations decay at large distance — the 
conductivity computed from the resulting current 
will be independent of the chosen representation.



thermal conductivity of liquid water from DFT

0.2 0.4 0.6 0.8 1.0
!/2º(THz)

0.5

1.0

1.5

2.0

2.5

3.0

W
/(

m
K

)

∑DFT = 1.18 ± 0.11
∑NN = 1.13 ± 0.07

𝜅expt = 0.6  🙁

<latexit sha1_base64="qN4/9XE47H/qbTcHTbk2vdk/g+Q=">AAACD3icbVDLSsNAFJ3UV62vqks3g63gqiQFsbiqdGFBkIr2AU0pk+kkHTKZhJmJWkL8Bz/EhSt34ta1K0H/xWntpq1ndTjnXO4914kYlco0v4zM0vLK6lp2PbexubW9k9/da8kwFpg0cchC0XGQJIxy0lRUMdKJBEGBw0jb8Wtjv31HhKQhv1WjiPQC5HHqUoyUlvr5C0enfco9yMm9PINF20dRhPrJTe38KrU1F+EDNEsV+Ggz4irYhbYrEE7aaRJcprag3lDBXrGfL5glcwK4SKwpKYApGv38iz0IcRwQrjBDUiZIKIoZSXN2LEmEsI88kuDAmWyYVVEg5ShwUngUIDWU895Y/M/rxsqt9BLKo1gRjnVEe27MoArh+DdwQAXBio00QVhQfQ/EQ6TbKv3BXE53tOYbLZJWuWSdlMzrcqFan7bNggNwCI6BBU5BFdRBAzQBBs/gE3yDH+PJeDXejPe/aMaYzuyDGRgfv57am+Y=</latexit>

breaking news: SCAN ⇡ 0.8
⇥
W
mK

⇤



ionic transport



<latexit sha1_base64="pMAb96daTK/qhqUmZtFm5ygkW+Y="></latexit>

J =
X

i

qivi

<latexit sha1_base64="UMldHDomVhwoaNVxzA3SUMhYkCg="></latexit>

J = �E

E
<latexit sha1_base64="1p6m/zqrSYBE0mns3heMeJiaXTg=">AAACAHicbVDLSsNAFJ3UV62vqks3g0VwFZJKaN0VRXBZwT6kLWUynbRDZyZhZiKU0I2/4Fb37sStf+LWL3HSRLDqgQuHc+7l3nv8iFGlHefDKqysrq1vFDdLW9s7u3vl/YO2CmOJSQuHLJRdHynCqCAtTTUj3UgSxH1GOv70MvU790QqGopbPYvIgKOxoAHFSBvprs+RnvgBvBqWK4597nluvQYz4tVzUvOgazsLVECO5rD82R+FOOZEaMyQUgmSmmJG5qV+rEiE8BSNSc9QgThRg2Rx6hyeGGUEg1CaEhou1J8TCeJKzbhvOtPT1G8vFf/zerEO6oOEiijWROBsURAzqEOY/g1HVBKs2cwQhCU1t0I8QRJhbdJZ2oK5L+l4ouelRSjZ5/Av+Q6lXbXdM7t641QaF3k8RXAEjsEpcEENNMA1aIIWwICDR/AEnq0H68V6td6y1oKVzxyCJVjvX7cdl5I=</latexit>

+
+
+

_
_
_J

<latexit sha1_base64="l6ssRBPtYl3aTrDkRRIzykfHT5Y=">AAACAHicbVDLSsNAFJ3UV62vqks3g0VwFZJKaN0V3YirCvYhbSmT6aQdOjMJMxOhhG78Bbe6dydu/RO3fomTJoJVD1w4nHMv997jR4wq7TgfVmFldW19o7hZ2tre2d0r7x+0VRhLTFo4ZKHs+kgRRgVpaaoZ6UaSIO4z0vGnl6nfuSdS0VDc6llEBhyNBQ0oRtpId32O9MQP4PWwXHHsc89z6zWYEa+ek5oHXdtZoAJyNIflz/4oxDEnQmOGlEqQ1BQzMi/1Y0UihKdoTHqGCsSJGiSLU+fwxCgjGITSlNBwof6cSBBXasZ905mepn57qfif14t1UB8kVESxJgJni4KYQR3C9G84opJgzWaGICypuRXiCZIIa5PO0hbMfUnHEz0vLULJPod/yXco7artntnVG6fSuMjjKYIjcAxOgQtqoAGuQBO0AAYcPIIn8Gw9WC/Wq/WWtRasfOYQLMF6/wK/AZeX</latexit>

<latexit sha1_base64="l5iycHkSnH2a6wQTu9+EErYqylU="></latexit>

� =
⌦

3kBT

⌦
|J|2

↵
⇥ ⌧J

= 0



<latexit sha1_base64="4pqbTLwHfbML/whMl052z5VyHy8="></latexit>

J =
1

⌦
µ̇

=
1

⌦

X

i

Z⇤i · vi

E
<latexit sha1_base64="1p6m/zqrSYBE0mns3heMeJiaXTg=">AAACAHicbVDLSsNAFJ3UV62vqks3g0VwFZJKaN0VRXBZwT6kLWUynbRDZyZhZiKU0I2/4Fb37sStf+LWL3HSRLDqgQuHc+7l3nv8iFGlHefDKqysrq1vFDdLW9s7u3vl/YO2CmOJSQuHLJRdHynCqCAtTTUj3UgSxH1GOv70MvU790QqGopbPYvIgKOxoAHFSBvprs+RnvgBvBqWK4597nluvQYz4tVzUvOgazsLVECO5rD82R+FOOZEaMyQUgmSmmJG5qV+rEiE8BSNSc9QgThRg2Rx6hyeGGUEg1CaEhou1J8TCeJKzbhvOtPT1G8vFf/zerEO6oOEiijWROBsURAzqEOY/g1HVBKs2cwQhCU1t0I8QRJhbdJZ2oK5L+l4ouelRSjZ5/Av+Q6lXbXdM7t641QaF3k8RXAEjsEpcEENNMA1aIIWwICDR/AEnq0H68V6td6y1oKVzxyCJVjvX7cdl5I=</latexit>

+
+
+

_
_
_J

<latexit sha1_base64="l6ssRBPtYl3aTrDkRRIzykfHT5Y=">AAACAHicbVDLSsNAFJ3UV62vqks3g0VwFZJKaN0V3YirCvYhbSmT6aQdOjMJMxOhhG78Bbe6dydu/RO3fomTJoJVD1w4nHMv997jR4wq7TgfVmFldW19o7hZ2tre2d0r7x+0VRhLTFo4ZKHs+kgRRgVpaaoZ6UaSIO4z0vGnl6nfuSdS0VDc6llEBhyNBQ0oRtpId32O9MQP4PWwXHHsc89z6zWYEa+ek5oHXdtZoAJyNIflz/4oxDEnQmOGlEqQ1BQzMi/1Y0UihKdoTHqGCsSJGiSLU+fwxCgjGITSlNBwof6cSBBXasZ905mepn57qfif14t1UB8kVESxJgJni4KYQR3C9G84opJgzWaGICypuRXiCZIIa5PO0hbMfUnHEz0vLULJPod/yXco7artntnVG6fSuMjjKYIjcAxOgQtqoAGuQBO0AAYcPIIn8Gw9WC/Wq/WWtRasfOYQLMF6/wK/AZeX</latexit>

<latexit sha1_base64="auOdfVZvBM3XAi1aw/0jwOXnV1c=">AAACCHicbVC7SgNBFJ2NrxgfWbUUZDAIVsuusCQWsgGbYJWAeUASwuxkNhky+2BmVghLSht/wVZ7O2PrB9jb2voT7iOCUQ9cOJxzL/feYweMCqnr70puZXVtfSO/Wdja3tktqnv7LeGHHJMm9pnPOzYShFGPNCWVjHQCTpBrM9K2J5eJ374hXFDfu5bTgPRdNPKoQzGSsTRQiz0XybHtwCt4AS3LGqglXTs3TaNShhkxKwtSNqGh6SlK1tu88Xl7NK8P1I/e0MehSzyJGRIiQlxSzMis0AsFCRCeoBHpxtRDLhH9KD15Bk9iZQgdn8flSZiqPyci5Aoxde24MzlQ/PYS8T+vG0qn0o+oF4SSeDhb5IQMSh8m/8Mh5QRLNo0JwpzGt0I8RhxhGae0tAW7NqejsZwV0lCyz+Ff8h1K60wzTE1v6KVqDWTIg0NwDE6BAcqgCmqgDpoAgxDcgwfwqNwpT8qz8pK15pTFzAFYgvL6BUJrnaA=</latexit>

J =???

<latexit sha1_base64="l5iycHkSnH2a6wQTu9+EErYqylU="></latexit>

� =
⌦

3kBT

⌦
|J|2

↵
⇥ ⌧J

= 0

<latexit sha1_base64="UMldHDomVhwoaNVxzA3SUMhYkCg="></latexit>

J = �E



<latexit sha1_base64="wF/vpgL6SpWMBuLOxTsjdQvNVJM="></latexit>

J =
1

⌦
µ̇

J =
1

⌦

X

i

Z⇤i · vi

6= 0

<latexit sha1_base64="4pqbTLwHfbML/whMl052z5VyHy8="></latexit>

J =
1

⌦
µ̇

=
1

⌦

X

i

Z⇤i · vi

E
<latexit sha1_base64="1p6m/zqrSYBE0mns3heMeJiaXTg=">AAACAHicbVDLSsNAFJ3UV62vqks3g0VwFZJKaN0VRXBZwT6kLWUynbRDZyZhZiKU0I2/4Fb37sStf+LWL3HSRLDqgQuHc+7l3nv8iFGlHefDKqysrq1vFDdLW9s7u3vl/YO2CmOJSQuHLJRdHynCqCAtTTUj3UgSxH1GOv70MvU790QqGopbPYvIgKOxoAHFSBvprs+RnvgBvBqWK4597nluvQYz4tVzUvOgazsLVECO5rD82R+FOOZEaMyQUgmSmmJG5qV+rEiE8BSNSc9QgThRg2Rx6hyeGGUEg1CaEhou1J8TCeJKzbhvOtPT1G8vFf/zerEO6oOEiijWROBsURAzqEOY/g1HVBKs2cwQhCU1t0I8QRJhbdJZ2oK5L+l4ouelRSjZ5/Av+Q6lXbXdM7t641QaF3k8RXAEjsEpcEENNMA1aIIWwICDR/AEnq0H68V6td6y1oKVzxyCJVjvX7cdl5I=</latexit>

+
+
+

_
_
_J

<latexit sha1_base64="l6ssRBPtYl3aTrDkRRIzykfHT5Y=">AAACAHicbVDLSsNAFJ3UV62vqks3g0VwFZJKaN0V3YirCvYhbSmT6aQdOjMJMxOhhG78Bbe6dydu/RO3fomTJoJVD1w4nHMv997jR4wq7TgfVmFldW19o7hZ2tre2d0r7x+0VRhLTFo4ZKHs+kgRRgVpaaoZ6UaSIO4z0vGnl6nfuSdS0VDc6llEBhyNBQ0oRtpId32O9MQP4PWwXHHsc89z6zWYEa+ek5oHXdtZoAJyNIflz/4oxDEnQmOGlEqQ1BQzMi/1Y0UihKdoTHqGCsSJGiSLU+fwxCgjGITSlNBwof6cSBBXasZ905mepn57qfif14t1UB8kVESxJgJni4KYQR3C9G84opJgzWaGICypuRXiCZIIa5PO0hbMfUnHEz0vLULJPod/yXco7artntnVG6fSuMjjKYIjcAxOgQtqoAGuQBO0AAYcPIIn8Gw9WC/Wq/WWtRasfOYQLMF6/wK/AZeX</latexit>

<latexit sha1_base64="fRGfz3AgvUbPtpW8ts2RfcuOqSI=">AAACDXicbVC7SgNBFJ31GddX1NJmMAhiETaCJimEqAgiFhHMA9243J3MJkNmH8zMCmHZb7DzJ6ws7MTW2lL9BH/C3USRGG91OI9hzrEDzqQyjDdtYnJqemY2M6fPLywuLWdXVuvSDwWhNeJzXzRtkJQzj9YUU5w2A0HBtTlt2L2jVG/cUCGZ712ofkBbLnQ85jACKqGs7DG+vN62ImYCD7pg2lRBjPex6QggkRmAUAw4Nt3QGjriXzJMY4NAbGVzRr5c3jOKJTwOCnljcLnKwd1Z5VR8Vq3sg9n2SehSTxEOUkbpm4TTWDdDSQMgPejQiLi2YJ2uGmXBlbLv2jHedEF15V8tJf/TrkLllFoR84JQUY8klkRzQo6Vj9NlcJsJShTvJwCIYMl/MOlCsoNK9tP1QcdhETwOfjrWd/KF3bxxnpQ9RMPLoHW0gbZQARVRBZ2gKqohgu7RK3pHH9qt9qg9ac9D64T2nVlDI6e9fAEuB6CE</latexit>

Z⇤i↵� =
@µ↵
@ui�

<latexit sha1_base64="l5iycHkSnH2a6wQTu9+EErYqylU="></latexit>

� =
⌦

3kBT

⌦
|J|2

↵
⇥ ⌧J

= 0

<latexit sha1_base64="UMldHDomVhwoaNVxzA3SUMhYkCg="></latexit>

J = �E



<latexit sha1_base64="l5iycHkSnH2a6wQTu9+EErYqylU="></latexit>

� =
⌦

3kBT

⌦
|J|2

↵
⇥ ⌧J

= 0

the conundrum

<latexit sha1_base64="wF/vpgL6SpWMBuLOxTsjdQvNVJM="></latexit>

J =
1

⌦
µ̇

J =
1

⌦

X

i

Z⇤i · vi

6= 0

pure, undissociated 
H2O

???



0 50 100 150 200 250
0

0.05
0.1

0.15
0.2

0.25

C(
t) 

[Å
²/f

s²
]

with constant ZH=1 and ZO=-2
with constant ZH=0.69 and ZO=-1.37
with time-dependent Born effective charges

0 50 100 150 200 250
t [fs]

0 50 100 150 200 250
t [fs]

0
0.2
0.4
0.6
0.8

1

tim
e 

in
te

gr
al

 [Å
²/f

s]

0 50 100 150 200 250
t [fs]

0
0.2
0.4
0.6
0.8

1

tim
e 

in
te

gr
al

 [Å
²/f

s]

the conundrum

0 200 400 600 800 10000
0.5

1
1.5

2
2.5

3

Z H

Zxx
Zyy
Zzz

0 200 400 600 800 1000
time steps

-3
-2.5

-2
-1.5

-1
-0.5

0

Z O

2000 K, 2 g/cm³ (part. dissociated) 

-3 -2 -1 0 1 2 3

-3 -2 -1 0 1 2 3

3000 K, 3 g/cm³ (superionic)

ZO

ZO ZH

ZH

Z

⟨  ⟩ ⟨  ⟩

⟨  ⟩ ⟨  ⟩

diagonal
off-diagonal

“Interestingly, the use of predefined constant charges can yield the same 
conductivity as is found with the fully time-dependent charge tensors,  

but only if they have values of ZH=1 and ZO=-2.”

“Interestingly, the use of predefined constant charges can yield the same 
conductivity as is found with the fully time-dependent charge tensors,  
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atomic 
“oxidation states”

Dynamical Screening and Ionic Conductivity in Water from Ab Initio Simulations
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We present a method to calculate ionic conductivities of complex fluids from ab initio simulations. This

is achieved by combining density functional theory molecular dynamics simulations with polarization

theory. Conductivities are then obtained via a Green-Kubo formula using time-dependent effective

charges of electronically screened ions. The method is applied to two different phases of warm dense

water. We observe large fluctuations in the effective charges; protons can transport effective charges

greater than þe for ultrashort time scales. Furthermore, we compare our results with a simpler model of

ionic conductivity in water that is based on diffusion coefficients. Our approach can be directly applied to

study ionic conductivities of electronically insulating materials of arbitrary composition, e.g., complex

molecular mixtures under such extreme conditions that occur deep inside giant planets.

DOI: 10.1103/PhysRevLett.107.185901 PACS numbers: 66.10.Ed, 61.20.Ja

The process of electrical charge transport in water has
attracted much attention since von Grotthuss [1] proposed
his mechanism of correlated hydrogen jumps. Especially,
ab initio simulations have offered new insight into the
microscopic dynamical processes of proton transport and
into the interaction of the several involved molecular and
ionic species [2–4]. As pressure and temperature increase,
the dissociation of water molecules allows more protons to
contribute to the charge transport which results in a rising
conductivity [5–8]. Although theoretical approaches
[9–11] to calculate the electrical conductivity of water
under extreme conditions can reproduce most of the ex-
perimental data well, those models require at least an
assumption about the effective charge that is transported
by the protons. The unscreened charge of þe is a well
motivated [9,10,12] but not the only possible choice
here [11,13].

In this work, we present an approach to obtain the
electrical conductivity directly from ab initio simulations
without making assumptions about any involved chemical
species that carry defined electrical charges. To accomplish
this, we combine density functional theory molecular dy-
namics simulations (DFT-MD) [14] with state-of-the-art
polarization theory [15,16], two well-established ab initio
calculation techniques. The calculation of the conductivity
then involves the evaluation of the Green-Kubo formula
for the classical ions that carry time-dependent effective
electric charges. Microscopic analyses show that large
fluctuations in the effective charge of the protons occur
on a femtosecond time scale that play a crucial role in the
charge transport in water. Most important, the real power
of the method presented here is its direct applicability to
more complex systems than water, such as strongly react-
ing chemicals [17] and molecular mixtures in the deep
interior of giant planets [13,18].

Based on the Born-Oppenheimer approximation, our
system is described by classical hydrogen (NH ¼ 108)
and oxygen ions (NO ¼ 54) that are propagated with forces
from the quantum-statistical treatment of the electron sys-
tem with DFT. We use the exchange correlation functional
of Perdew, Burke, and Ernzerhof [19] and the VASP 4.6.28

program package to perform the MD simulations [20–23].
The standard projector augmented wave (PAW) [24,25]
potentials (the 1s core electrons of oxygen are frozen)
are used for the electron ion interaction with a plane-
wave cutoff of 900 eV and the electronic wave functions
are calculated at the ! point. These simulation parameters
have proven to yield well-converged equation of state data
and diffusion coefficients [9,10,26]. The ion temperature is
controlled with a Nosé thermostat [27], which we found
not to influence the time correlation functions in test
simulations.
From basic linear response theory [28] it follows that the

electrical conductivity ! is given by a time integral over a
current-current autocorrelation function,

! ¼ 1

3VkBT

Z 1

0
dth ~JðtÞ % ~Jð0Þi; (1)

where V is the volume, kBT the thermal energy, and ~JðtÞ
is the total electric current of the system at time t.
Equation (1) is known as the Green-Kubo formula, and
it was successfully applied in, e.g., classical MD simula-
tions to derive conductivities of molten salts [29]. In our
system, the current ~JðtÞ must basically contain contribu-
tions from particles of all three different species, namely,
protons, oxygen nuclei, and electrons. Since the Born-
Oppenheimer approximation has decoupled the motion of
ions and electrons (which are treated statically at every
ionic MD step), a direct evaluation of the Green-Kubo
formula is not possible because the dynamical information
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a numerical experiment on molten KCl

a topologically non-trivial minimum-energy path 
connecting two identical configurations of a ionic fluid



a numerical experiment on molten KCl
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a numerical experiment on molten KCl

the charges transported by K and Cl  
around z cancel exactly

Qz[Cl]=-1
Qz[K] = 1

Qy[Cl]=-1
Qz[K] = 0

zz

xx

yyx y

z



Q↵[C] =
1

`
µ↵[C]

= Q↵(n1x , n1y , n1z , · · · nNz)
<latexit sha1_base64="QkLMz7QslepjFmzvU+Q7ofnTNPw="></latexit>

atomic oxidation states

Q↵[C1 � C2] = Q↵[C1] +Q↵[C2]

Q↵(n1x , n1y , n1z , · · · nNz) =
X

i�

qi↵�ni�
<latexit sha1_base64="/SC7LHsxh9Lcjg67oButFH6Ej5M="></latexit>

• All loops can be shrunk to a point without 
closing the gap (strong adiabaticity); 

• Any two like atoms can be swapped 
without closing the gap

atomic oxidation state
qi�� = qS(i)���
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currents from atomic oxidation numbers
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Electronically insulating liquids can carry an electric current in 
response to an applied electric field, as their atomic or molec-
ular constituents may carry a charge. Common examples are 

ionic solutions, molten salts and ionic liquids. Within the Green–
Kubo (GK) theory of linear response1–4, the electrical conductivity 
of a classical fluid is given by the celebrated GK formula:

∫σ Ω= ⟨ ⋅ ⟩
∞

k T
t tJ J

3
( ) (0) d (1)

B 0

where Ω and T are the system volume and temperature, kB is the 
Boltzmann constant, 〈⋅〉 indicates an equilibrium ensemble aver-
age and = ∑Ωt q tJ v( ) ( )i i i

1  is the electric charge flux, with vi and qi 
being the velocity and classical charge of the ith atom, and the sum 
extends over the N atoms of the system.

The situation is not nearly as clear when a quantum mechanical 
picture of the interatomic forces is adopted, because atomic charges 
are ill-defined in this case. It seems, therefore, that the adoption 
of any of the many available and inevitably arbitrary definitions of 
atomic charge would lead to a different expression for the electric 
charge flux and value for the conductivity. This ambiguity is lifted 
by considering that the charge flux is the time derivative of the  
macroscopic polarization, = ̇P J P: . In the adiabatic approximation, 
P depends on time only through the nuclear coordinates, so that its 
time derivative reads:

∑Ω= ⋅t t tJ Z v( ) 1 ( ) ( ) (2)*
i

i i

where the Born effective charge, Z*i , is a tensor whose components 
are derivatives of the system’s dipole, μ = ΩP, with respect to atomic  
displacements: =αβ

μ∂
∂

α
β

Z *i ri , with ri being the position of the ith atom.  
The implementation of the Kubo formula, equation (1), from first 
principles thus requires the numerical evaluation of the Born effec-
tive charges along a molecular trajectory, using either a linear-
response5 or a Berry-phase6,7 approach.

This procedure was implemented, for example, in ref. 8 in the 
case of partially ionic H2O, a state of water occurring at the high-
pressure and -temperature conditions to be found in the icy giants’ 

interior. In that paper, an outstanding conundrum was identified, in 
that “interestingly, the use of predefined constant charges can yield 
the same conductivity as is found with the fully time-dependent 
charge tensors”. Even more interestingly, those predefined constant 
charges coincide with what chemical intuition would suggest for the 
oxidation numbers of O (qO = −2) and H (qH = +1). We note that a 
similar poser occurs in the electrical properties of atomically neu-
tral fluids: how is it that a vanishing conductivity can result through 
the GK formula (equation (1)) from the time series of a non- 
vanishing charge flux (equation (2))? The question, then, naturally 
arises: are these numerical coincidences, or the consequence of a 
deep, hitherto unrecognized, invariance principle? In the latter case, 
does this principle stem from a fundamental theory or from just 
an approximation of some sort? Nearly at the same time, another 
paper9 appeared where, based on the modern theory of polariza-
tion6,7, it was shown that oxidation states can be rigorously associ-
ated with individual atoms in insulating crystals, such that the total 
charge transported by the displacement of an atomic sublattice by a 
lattice vector is an integer. While this finding certainly bears some 
relevance to the solution of our conundrum, the extent to which it 
can be generalized to liquids and the impact it can have on transport 
properties are not evident at all.

In this work we demonstrate that the above coincidences are by 
no means such, but they rather stem from the topological proper-
ties of the electronic structure of insulating materials. To this end, 
we first derive a rigorous definition of atomic oxidation numbers 
in liquid insulators, based on purely topological arguments, and 
discuss their general properties, such as quantization and additiv-
ity. We then show that these two concepts can be combined with 
a recently discovered gauge invariance of transport coefficients10–12 
in such a way that defining the charge flux (equation (2)) in terms 
of these integer, constant and scalar numbers, instead of real, time-
dependent and tensor Born effective charges, results in the same 
conductivity, as computed from equation (1), thus solving the 
conundrum highlighted in ref. 8. Our theoretical results are demon-
strated numerically on a model of molten potassium chloride (KCl). 
We computed the charge transported along a number of represen-
tative periodic paths involving the net displacement of one or two 
atoms, and compared the electric conductivities extracted from ab 
initio (AI) molecular dynamics (MD) and the GK formula, employ-
ing alternatively the Born effective charges and the newly defined 
atomic oxidation numbers.

Topological quantization and gauge invariance of 
charge transport in liquid insulators
Federico Grasselli1 and Stefano Baroni! !1,2*

According to the Green–Kubo theory of linear response, the conductivity of an electronically gapped liquid can be expressed 
in terms of the time correlations of the adiabatic charge flux, which is determined by the atomic velocities and Born effective 
charges. We show that topological quantization of adiabatic charge transport and gauge invariance of transport coefficients 
allow one to rigorously express the electrical conductivity of an insulating fluid in terms of integer-valued, scalar, and time-
independent atomic oxidation numbers, instead of real-valued, tensor and time-dependent Born charges.
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conclusions

conserved currents are intrinsically ill-defined at the atomic scale; 

conservation and extensiveness make transport coefficients independent of the 
specific microscopic representation of the conserved densities and currents; 

this gauge invariance of transport coefficients makes it possible to compute thermal 
transport coefficients from DFT using equilibrium AIMD and the Green-Kubo formalism; 

in the (quasi-) harmonic approximation, the theory smoothly interpolates between the 
BTE in crystals and the Allen-Feldman model of heat conduction in glasses; 

topological quantisation of charge transport allows one to give a rigorous definition of 
the atomic oxidation states; 

gauge invariance and topological quantisation of charge transport make the electric 
conductivity of stoichiometry ionic conductors depend on the formal oxidation 
numbers of the ionic species, via the Green-Kubo formula; 

in non-stoichiometric ionic conductors, the breach of the topological conditions that 
allow a univocal definition of the atomic oxidation numbers determine a regime where 
charge can flow without any associated mass drift.
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Electronically insulating liquids can carry an electric current in 
response to an applied electric field, as their atomic or molec-
ular constituents may carry a charge. Common examples are 

ionic solutions, molten salts and ionic liquids. Within the Green–
Kubo (GK) theory of linear response1–4, the electrical conductivity 
of a classical fluid is given by the celebrated GK formula:
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where Ω and T are the system volume and temperature, kB is the 
Boltzmann constant, 〈⋅〉 indicates an equilibrium ensemble aver-
age and = ∑Ωt q tJ v( ) ( )i i i

1  is the electric charge flux, with vi and qi 
being the velocity and classical charge of the ith atom, and the sum 
extends over the N atoms of the system.

The situation is not nearly as clear when a quantum mechanical 
picture of the interatomic forces is adopted, because atomic charges 
are ill-defined in this case. It seems, therefore, that the adoption 
of any of the many available and inevitably arbitrary definitions of 
atomic charge would lead to a different expression for the electric 
charge flux and value for the conductivity. This ambiguity is lifted 
by considering that the charge flux is the time derivative of the  
macroscopic polarization, = ̇P J P: . In the adiabatic approximation, 
P depends on time only through the nuclear coordinates, so that its 
time derivative reads:

∑Ω= ⋅t t tJ Z v( ) 1 ( ) ( ) (2)*
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where the Born effective charge, Z*i , is a tensor whose components 
are derivatives of the system’s dipole, μ = ΩP, with respect to atomic  
displacements: =αβ
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Z *i ri , with ri being the position of the ith atom.  
The implementation of the Kubo formula, equation (1), from first 
principles thus requires the numerical evaluation of the Born effec-
tive charges along a molecular trajectory, using either a linear-
response5 or a Berry-phase6,7 approach.

This procedure was implemented, for example, in ref. 8 in the 
case of partially ionic H2O, a state of water occurring at the high-
pressure and -temperature conditions to be found in the icy giants’ 

interior. In that paper, an outstanding conundrum was identified, in 
that “interestingly, the use of predefined constant charges can yield 
the same conductivity as is found with the fully time-dependent 
charge tensors”. Even more interestingly, those predefined constant 
charges coincide with what chemical intuition would suggest for the 
oxidation numbers of O (qO = −2) and H (qH = +1). We note that a 
similar poser occurs in the electrical properties of atomically neu-
tral fluids: how is it that a vanishing conductivity can result through 
the GK formula (equation (1)) from the time series of a non- 
vanishing charge flux (equation (2))? The question, then, naturally 
arises: are these numerical coincidences, or the consequence of a 
deep, hitherto unrecognized, invariance principle? In the latter case, 
does this principle stem from a fundamental theory or from just 
an approximation of some sort? Nearly at the same time, another 
paper9 appeared where, based on the modern theory of polariza-
tion6,7, it was shown that oxidation states can be rigorously associ-
ated with individual atoms in insulating crystals, such that the total 
charge transported by the displacement of an atomic sublattice by a 
lattice vector is an integer. While this finding certainly bears some 
relevance to the solution of our conundrum, the extent to which it 
can be generalized to liquids and the impact it can have on transport 
properties are not evident at all.

In this work we demonstrate that the above coincidences are by 
no means such, but they rather stem from the topological proper-
ties of the electronic structure of insulating materials. To this end, 
we first derive a rigorous definition of atomic oxidation numbers 
in liquid insulators, based on purely topological arguments, and 
discuss their general properties, such as quantization and additiv-
ity. We then show that these two concepts can be combined with 
a recently discovered gauge invariance of transport coefficients10–12 
in such a way that defining the charge flux (equation (2)) in terms 
of these integer, constant and scalar numbers, instead of real, time-
dependent and tensor Born effective charges, results in the same 
conductivity, as computed from equation (1), thus solving the 
conundrum highlighted in ref. 8. Our theoretical results are demon-
strated numerically on a model of molten potassium chloride (KCl). 
We computed the charge transported along a number of represen-
tative periodic paths involving the net displacement of one or two 
atoms, and compared the electric conductivities extracted from ab 
initio (AI) molecular dynamics (MD) and the GK formula, employ-
ing alternatively the Born effective charges and the newly defined 
atomic oxidation numbers.

Topological quantization and gauge invariance of 
charge transport in liquid insulators
Federico Grasselli1 and Stefano Baroni! !1,2*

According to the Green–Kubo theory of linear response, the conductivity of an electronically gapped liquid can be expressed 
in terms of the time correlations of the adiabatic charge flux, which is determined by the atomic velocities and Born effective 
charges. We show that topological quantization of adiabatic charge transport and gauge invariance of transport coefficients 
allow one to rigorously express the electrical conductivity of an insulating fluid in terms of integer-valued, scalar, and time-
independent atomic oxidation numbers, instead of real-valued, tensor and time-dependent Born charges.
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Microscopic theory and quantum simulation of
atomic heat transport
Aris Marcolongo1, Paolo Umari2 and Stefano Baroni1*

Quantum simulation methods based on electronic-structure theory are deemed unfit to cope with atomic heat transport within
theGreen–Kubo formalism, because quantum-mechanical energy densities and currents are inherently ill-defined at the atomic
scale. We show that, although this di�culty would also a�ect classical simulations, thermal conductivity is indeed insensitive
to such ill-definedness by virtue of a kind of gauge invariance resulting from energy extensivity and conservation. On the basis
of these findings, we derive an expression for the adiabatic energy flux from density-functional theory, which allows heat
transport to be simulated using ab initio equilibrium molecular dynamics. Our methodology is demonstrated by comparing
its predictions to those of classical equilibrium and ab initio non-equilibrium (Müller–Plathe) simulations for a liquid-argon
model, and by applying it to heavy water at ambient conditions.

Understanding heat transport is key in many fields of
science and technology, such as materials and planetary
sciences, energy saving, heat dissipation and shielding, or

thermoelectric conversion, to name but a few. Heat transport in
insulators is determined by the dynamics of atoms, the electrons
following adiabatically in their ground state. Simulating atomic heat
transport usually relies on Boltzmann’s kinetic approach1, or on
molecular dynamics (MD), both in its equilibrium (Green–Kubo,
GK; refs 2–5) and non-equilibrium4–6 flavours. The Boltzmann
equation applies only to crystalline solids well below melting,
whereas classical MD (CMD) bears on those materials and
conditions that can be modelled by interatomic potentials.
Equilibrium ab initio (AI) MD (refs 7,8) is set to overcome these
limitations, but it is still surprisingly thought to be unfit to cope
with thermal transport ‘because in first-principles calculations it is
impossible to uniquely decompose the total energy into individual
contributions from each atom’ (excerpted from ref. 9). Such a
unique decomposition is not possible in classical mechanics either,
because the potential energy of a system of interacting atoms
can be partitioned into local contributions in an infinite number
of equivalent ways. The quantum-mechanical energy density is
also a�ected by a similar indeterminacy. Notwithstanding, the
expression for the heat conductivity derived from any sensible
energy partitioning or density should obviously be well defined, as
any measurable quantity must.

In this work we first demonstrate that the thermal conductivity
resulting from the GK relation is una�ected by the indeterminacy
of the microscopic energy density; we then introduce a form of
energy density, and a corresponding adiabatic energy flux, from
which heat-transport coe�cients can be computed within the
GK formalism, using density-functional theory10,11 (DFT). Our
approach is validated by comparing the results of equilibriumAIMD
to those of non-equilibrium (Müller–Plathe, MP; ref. 6) AIMD and
equilibrium CMD simulations for a liquid-argon model, for which
accurate interatomic potentials are derived by matching the forces
generated by them with quantum-mechanical forces computed
along the AIMD trajectories. The case of molecular fluids is finally
addressed, and illustrated in the case of water at ambient conditions.

Theory
According to the GK theory2,3, the atomic thermal conductivity of
an isotropic system is given by:

 =
1

3VkBT 2

Z
1

0
hJq(t) · Jq(0)idt (1)

where brackets h·i indicate canonical averages, kB is the Boltzmann
constant, V and T are the system volume and temperature, Jq(t)=R

(je(r, t)+(p+ hei)v(r, t))dr is themacroscopic heat flux, with je, v,
p, and hei being the energy-current density, local velocity field, and
equilibrium values of pressure and energy density, respectively12,13.
For further reference, we define as di�usive a flux that results in
a non-vanishing GK conductivity, according to equation (1). The
integral of the velocity field is non-di�usive in solids and can be
assumed to vanish in one-component fluids, because of momentum
conservation. In these cases, as well as inmolecular fluids, as we will
see, we can therefore assume that heat and energy fluxes coincide.

Energy is extensive: it can thus be expressed as the integral of
a density, which is defined up to the divergence of a bounded
vector field: two densities that di�er by such a divergence, e(r) and
e0(r)=e(r)+@ ·p(r), are indeed equivalent, in that their integrals
over any finite domain di�er by a boundary term, which is irrelevant
in the thermodynamic limit, and can thus be thought of as di�erent
gauges of the same scalar field. Energy is also conserved: therefore,
for any given gauge of its density, e, a corresponding current density,
je, can be defined so as to satisfy the continuity equation:

ė(r, t)+@ · je(r, t)=0 (2)

According to equation (2) the macroscopic fluxes in two di�erent
energy gauges di�er by a total time derivative, which is non-
di�usive: J0e(t)= Je(t)+ Ṗ(t), where P(t)=

R
p(r, t)dr. The equality

of the corresponding heat conductivities results from the following
Lemma. Let J1 and J2 be two macroscopic fluxes defined
for the same system, and J12 = J1 + J2 be their sum. The
corresponding GK conductivities, 1, 2 and 12 satisfy the relation:
|12 �1 �2|2p12.
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Modeling heat transport in crystals and glasses
from a unified lattice-dynamical approach
Leyla Isaeva1, Giuseppe Barbalinardo2, Davide Donadio2 & Stefano Baroni 1,3

We introduce a novel approach to model heat transport in solids, based on the Green-Kubo

theory of linear response. It naturally bridges the Boltzmann kinetic approach in crystals and

the Allen-Feldman model in glasses, leveraging interatomic force constants and normal-mode

linewidths computed at mechanical equilibrium. At variance with molecular dynamics, our

approach naturally and easily accounts for quantum mechanical effects in energy transport.

Our methodology is carefully validated against results for crystalline and amorphous silicon

from equilibrium molecular dynamics and, in the former case, from the Boltzmann transport

equation.
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