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size	vs.	accuracy

quantum many-body methods
☛ quantum Monte Carlo
☛ MP2, CCSD(T), CI
☛ GW, BSE

accuracy

si
ze

/d
u

ra
ti

o
n

classical empirical methods
☛ pair potentials
☛ force fields
☛ shell models

quantum empirical methods
☛ tight-binding
☛ embedded atom

quantum self-consistent methods 
☛ (TD) Density Functional (P) Theory
☛ Hartree-Fock



ab	ini0o	calcula:ons:	what,	why,	when,	how

what: simulate	the	proper:es	of	materials	using	Schrödinger	and	
Maxwell	equa:ons	and	chemical	composi:on	as	the	sole	input	
ingredients	

why: they	are	accurate	and	predic0ve	

when: if	currently	available	approxima:ons	make	the	calcula:ons	
feasible	and	the	results	meaningful	(and	no	meaningful	results	can	
be	obtained	with	cheaper	methods)	

how: using	digital	computers,	clever	algorithms,	efficient	codes,	
common	sense,	and	scien0fic	rigor
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M	≫ m:	the	Born-Oppenheimer	approxima:on	



density-func:onal	theoryMR̈ = �⇥E(R)
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ρ(r) = N
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Hohenberg-Kohn	DFT
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proper:es: • E[V ] is convex (requires some work to demonstrate)
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consequences:



Kohn-Sham	DFT

F [�] = T0[�] +
e2

2

�
�(r)�(r�)
|r� r�| drdr� + Exc[�]

�T0

�⇤(r)
+ e2

�
⇤(r�)

|r� r�|dr
� +

�Exc

�⇤(r)
+ V (r) = µ

�
� �2

2m
⇥2 + vKS [⇥](r)

⇥
⇤v(r) = �v⇤v(r)

�T0

�⇤(r)
+

vKS [⇤](r)
⇥ ⇧⌅ ⇤

e2

�
⇤(r�)

|r� r�|dr
� +

�Exc

�⇤(r)
+ V (r) = µ

⌅(r) =
�

v

|⇧v(r)|2⇥(�v � µ)



exchange-correlation functionals

! LDA (Kohn & Sham, 60’s)

Exc [ρ] =

∫
εxc

(
ρ(r)

)
ρ(r)dr

! GGA (Becke, Perdew, et al., 80’s)

Exc =

∫
ρ(r)εGGA (ρ(r), |∇ρ(r)|) dr

! DFT+U (Anisimov et al., 90’s)

EDFT+U [ρ] = EDFT + Un(n − 1)

! hybrids (Becke et al., 90’s)
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GGA + E c

! meta-GGA (Perdew, early 2K’s)
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! VdW (Langreth & Lundqvist, 2K’s)
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! · · ·

exchange-correla:on	energy	func:onals
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solving	the	Kohn-Sham	equa:ons
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requirements

‣ (effective) completeness of the basis set easily checked and 
systematically improved

‣ matrix elements easy to calculate and/or Hψ products easily 
calculated on the fly

‣ Hartree and XC potentials easy to represent and calculate

‣ orthogonality is a plus



plane-wave	basis	sets

infinite crystals      (⇥ = L)
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PWs:	pros	&	cons

! approach to completeness easily and systematically 
checked  (|k+G|2 < Ecut)

! basis set independent of nuclear positions (no Pulay 
forces)

! matrix elements and Hψ products easily calculated

! density, Hartree, and XC potentials easily calculated

! orthonormality

" basis set depends on volume shape/size (Pulay stresses)

" uniform spatial resolution (no core states!)                                                                                                                                                                                                                         
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 *�The systematic names and symbols 
� for elements greater than 110 will 
� be used until the approval of trivial 
� names by IUPAC.

A team at Lawrence Berkeley National Laboratories reported the discovery of elements 116 and 118 in June 1999.
The same team retracted the discovery in July 2001. The discovery of elements 113, 114, and 115 has been reported but not confirmed.
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The atomic masses listed in this table reflect the precision of current measurements. (Values listed in 
parentheses are the mass numbers of those radioactive elements’ most stable or most common isotopes.)
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trashing	core	states:	pseudopoten:als

pseudo-atoms do not have core states: valence states of any 
given angular symmetry are the lowest-lying states of that 
symmetry:

�ps
val is nodeless and smooth

�ps
val(r) = �ae

val(r) for r > rc

the chemical properties of the pseudo-atom are the same as 
those of the true atom:

✏ps
val = ✏ae

val
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response	func:ons

☛		polarizability,	dielectric	constant
�Pi

�Ej

☛		piezoelectric	constants
⇥Pi

⇥�kl

☛		elas:c	constants
⇤⇥ij

⇤�kl

☛		interatomic	force	constants
�fs

i

�ut
j

☛		Born	effec:ve	charges
�ds

i

�us
j

☛		⋯ …

property =
�(variable)
�(strength)



suscep:bili:es	as	energy	deriva:ves

Ĥ� = Ĥ� + �Â

⇥BA =
⇤�B̂⇥�

⇤�

Ĥ�⇥ = Ĥ� + �Â + ⇥B̂

Ĥ� = Ĥ� + �B̂

�B̂⇥ =
⇥E�

⇥� (Hellmann	&	Feynman)

⇤BA =
⌅2E�⇥

⌅�⌅⇥



E[�] = E0 �
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☛ (sta:c)	response	func:ons	
elas:c	constants	
dielectric	tensor	
piezoelectric	tensor	
...	

☛ vibra:onal	modes	in	the	adiaba:c	approxima:on	
interatomic	force	constants	
Born	effec:ve	charges	
...

H = H0 +
�

i

�ivi

☛ structural	op:miza:on	&	molecular	dynamics

energy	deriva:ves



V�(r) = V0(r) +
X

i

�ivi(r)

density-func:onal	perturba:on	theory

⇥E(�)

⇥�i
=

Z
n�(r)vi(r)dr HF

E(�) = min
n

✓
F [n] +

Z
V�(r)n(r)

◆ Z
n(r)dr = N DFT

DFPT
⇥2E(�)

⇥�i⇥�j
=

Z
⇥n�(r)

⇥�j
vi(r)dr



(H� � ��v)⇥0
v = �PcV

0⇥�
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⇥0
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X

c

⇥�
c
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c |V 0|⇥�
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n0(r) = 2Re
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= 2Re
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calcula:ng	the	response

n(r) =
X

v

|�v(r)|2

n0(r) = 2Re
X

v

��⇤
v (r)�0

v(r)



calcula:ng	the	response

n0(r) = 2Re
X

v

��⇤
v (r)�0

v(r)

(H� � ��v)⇥0
v = �PcV

0⇥�
v



V0(r) � n(r)

DFPT:	the	equa:ons

V �(r) � n�(r)

DFPT

V �
SCF (r) = V �(r) +

�
n�(r�)

|r� r�|dr
� + µ�

xc(r)

n⇥(r) = 2 Re
�

�v<EF

��
v(r)�⇥

v(r)

�
�� + VSCF (r)

⇥
⇥v(r) = �v⇥v(r)

n(r) =
�

�v<EF

|�v(r)|2

VSCF (r) = V0(r) +
�

n(r�)
|r� r�|dr

� + µxc(r)

DFT

�
�� + VSCF (r)� �v

⇥
⇥�

v(r) = PcV
�
SCF (r)⇥v(r)

SB,	P.	Giannozzi,	and	A.	Testa,		Phys.	Rev.	LeV.	58,	1861	(1987)



simula:ng	atomic	vibra:ons	...



la\ce	dynamics

0.R*$)42'.+&*1

V (r) = V0(r)

+
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u(R) · �v(r�R)
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+
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�
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u(R) · �2E
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· u(R�)

+ · · ·
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R
u(R)

u(R’)
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⇤2E

⇤u(R)⇤u(R0)
� ⇥2M(R)�R,R0

�
= 0

DFT DPFT

V (r) = V0(r) +
X

R

u(R) · �v(r�R)
�R

+ · · ·

E = E0 +
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2

X

R,R0

u(R) · �2E

�u(R)�u(R0)
· u(R0)

+ · · ·

� @F(R)
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phonons	from	DFPT

P.	Giannozzi,	S.	de	Gironcoli,	P.	Pavone,	and	SB,	Phys.	Rev.	B	43,	7231	(1991)



you	have	(kind	of)	learnt	how	to	
simulate	la\ce	fluctua:ons	

this	week	you’ll	learn	now	how	to	
simulate	electronic	charge	

fluctua:ons:	ENJOY!
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