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�0(R)Ĥ�0(R)dR

⇡ 1

T

Z T

0
W

�
R(t)

�
dt,



<latexit sha1_base64="Fn8bFHh/wyy/2d4Fhe1lQgJ6Xfk="></latexit>

hdW 2
t i = 2dt

F(R) = �@U(R)

@R
U(R) = � log

�
�0(R)2

�

F(R) = 2
1

�0

@�0

@X

<latexit sha1_base64="viZn24gdwrVF7KPsmkaxqdH0T90="></latexit>

�E2
T ⇡ 1

T 2

*"Z T

0

�
W

�
R(t)

�
� hWi

⌘
dt

#2+

⇠ 2

T

Z 1

0

⌦
�W(t)�W(0)

↵
dt

.
=

2⌧W
T

�W2

<latexit sha1_base64="4f8+rqeUZuFk3EuhUSAhmmRhKkg="></latexit>

dR = F(R)dt+ dWt

W(R) = � 1

�0(R)

@2�0(R)

@R2
+ V (R)

<latexit sha1_base64="xVQPaS4J4JiJjiREyp/F5ltzk98="></latexit>

dR = F(R)dt+ dWt

W(R) = � 1

�0(R)

@2�0(R)

@R2
+ V (X)

variational  Quantum Monte Carlo

the Langevin way: where:

estimating the statistical error:
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�0(R)Ĥ�0(R)dR

⇡ 1

T

Z T

0
W

�
R(t)

�
dt,

<latexit sha1_base64="Fw3LjcjFGQb506/upOcSgChZ0Zs="></latexit>
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�0|Ĥ|�0

↵

=

Z
�0(R)Ĥ�0(R)dR

⇡ 1

T

Z T

0
W

�
R(t)

�
dt,



<latexit sha1_base64="Fn8bFHh/wyy/2d4Fhe1lQgJ6Xfk="></latexit>

hdW 2
t i = 2dt

F(R) = �@U(R)

@R
U(R) = � log

�
�0(R)2

�

F(R) = 2
1

�0

@�0

@X

<latexit sha1_base64="viZn24gdwrVF7KPsmkaxqdH0T90="></latexit>

�E2
T ⇡ 1

T 2

*"Z T

0

�
W

�
R(t)

�
� hWi

⌘
dt

#2+

⇠ 2

T

Z 1

0

⌦
�W(t)�W(0)

↵
dt

.
=

2⌧W
T

�W2

<latexit sha1_base64="4f8+rqeUZuFk3EuhUSAhmmRhKkg="></latexit>

dR = F(R)dt+ dWt

W(R) = � 1

�0(R)

@2�0(R)

@R2
+ V (R)

<latexit sha1_base64="mTMaHR8mXfBwd39aZm4bH5TyfeY="></latexit>

�E2 ⇡ 1

T 2

*"Z T

0

�
W

�
R(t)

�
� hWi

⌘
dt

#2+

⇠ 2

T

Z 1

0

⌦
�W(t)�W(0)

↵
dt

.
=

2⌧W
T

�W2

<latexit sha1_base64="xVQPaS4J4JiJjiREyp/F5ltzk98="></latexit>

dR = F(R)dt+ dWt

W(R) = � 1

�0(R)

@2�0(R)

@R2
+ V (X)

variational  Quantum Monte Carlo

the Langevin way: where:

estimating the statistical error:

<latexit sha1_base64="TMXYMvMBnbC20ctgO28y/roBOeM="></latexit>

E .
⌦
�0|Ĥ|�0
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W (R, t|R0, 0) = �0(R)G(R, t;R0, 0)/�0(R
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computing the local-energy correlation time
summary:
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W (R, t|R0, 0) = �0(R)G(R, t;R0, 0)/�0(R
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computing the local-energy correlation time
summary:
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Ĥ = �
@2

@R2
+ V(R)

<latexit sha1_base64="sgu3JYDI5w6nzzpolxwQ/y3HmGg="></latexit>

h�W(t)�W(0)i =
Z

�W(R)�W(R0)P (R, t;R0, 0)dRdR0

=

Z
�W(R)�W(R0)W (R, t|R0, 0)P0(R)dRdR0

= h�0|�cW bG(t)�cW|�0i
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@�(R, t)

@t
= �Ĥ�(R, t)

<latexit sha1_base64="XIeG46FiK3P7Ik4m7fGNOBl76Yo="></latexit>

Ĥ = �
@2

@R2
+ V(R)

<latexit sha1_base64="sgu3JYDI5w6nzzpolxwQ/y3HmGg="></latexit>

h�W(t)�W(0)i =
Z

�W(R)�W(R0)P (R, t;R0, 0)dRdR0

=

Z
�W(R)�W(R0)W (R, t|R0, 0)P0(R)dRdR0

= h�0|�cW bG(t)�cW|�0i

<latexit sha1_base64="sgu3JYDI5w6nzzpolxwQ/y3HmGg="></latexit>

h�W(t)�W(0)i =
Z

�W(R)�W(R0)P (R, t;R0, 0)dRdR0

=

Z
�W(R)�W(R0)W (R, t|R0, 0)P0(R)dRdR0

= h�0|�cW bG(t)�cW|�0i

<latexit sha1_base64="sgu3JYDI5w6nzzpolxwQ/y3HmGg="></latexit>

h�W(t)�W(0)i =
Z

�W(R)�W(R0)P (R, t;R0, 0)dRdR0

=

Z
�W(R)�W(R0)W (R, t|R0, 0)P0(R)dRdR0

= h�0|�cW bG(t)�cW|�0i

<latexit sha1_base64="b+W7E5PL56VD1kcDI9sSuF4SrXw=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0WpCCVRUTdC0U2XVewDmlAmk2k7dDIJMxOlhH6IG3/FjQtF3LgQ/BsnbRStHhg495x7mXuPFzEqlWV9GLmZ2bn5hfxiYWl5ZXXNXN9oyDAWmNRxyELR8pAkjHJSV1Qx0ooEQYHHSNMbXKR+84YISUN+rYYRcQPU47RLMVJa6piHzi31SR8pWIVw9wx+lYkTINXHiMHqCO7D76pZutrrmEWrbI0B/xI7I0WQodYx3xw/xHFAuMIMSdm2rUi5CRKKYkZGBSeWJEJ4gHqkrSlHAZFuMj5uBHe04sNuKPTjCo7VnxMJCqQcBp7uTJeU014q/ue1Y9U9dRPKo1gRjicfdWMGVQjTpKBPBcGKDTVBWFC9K8R9JBBWOs+CDsGePvkvaRyU7eOydXlUrJxnceTBFtgGJWCDE1ABVVADdYDBHXgAT+DZuDcejRfjddKaM7KZTfALxvsnZOafrg==</latexit>

bH = bH+W(R)



<latexit sha1_base64="nWe/weiXW9F0OuNONZV2Bebe4GY="></latexit>

W (R, t|R0, 0) = �0(R)G(R, t;R0, 0)/�0(R
0)

computing the local-energy correlation time
summary:

<latexit sha1_base64="Ef8esOrLfkWYmCI0nwkI/0Lki68=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotSEUoiot0IBUFc1mIf0IYwmUzaoZNJmJkIJXTlxl9x40IRt36DO//GSZuFVg9cOJxzL/fe48WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd32jJKBCYtHLFIdD0kCaOctBRVjHRjQVDoMdLxRleZ37knQtKI36lxTJwQDTgNKEZKS6657zfh0SXsh0gNMWLwutI8hlo7gX7HVa5ZtqrWFPAvsXNSBjkarvnZ9yOchIQrzJCUPduKlZMioShmZFLqJ5LECI/QgPQ05Sgk0kmnb0zgoVZ8GERCF1dwqv6cSFEo5Tj0dGd2rpz3MvE/r5eooOaklMeJIhzPFgUJgyqCWSbQp4JgxcaaICyovhXiIRIIK51cSYdgz7/8l7RPq/Z51bo9K9dreRxFsAcOQAXY4ALUwQ1ogBbA4AE8gRfwajwaz8ab8T5rLRj5zC74BePjG+bzli8=</latexit>

dR = F(R)dR+ dWt

<latexit sha1_base64="tVr6jDsklxlQgza7tbafzlHSxFw="></latexit>

@P (R, t)

@t
=

@2P (R, t)

@R2
� @

@R

�
F(R)P (R, t)

�
<latexit sha1_base64="9IdNyKcZzjWJQTGdTBGbTccf5+w=">AAACJHicbVDLTgIxFO3gC/E16tJNI1EgIWTGGGVjQuLGJRIBE5iQTqcDDZ1H2o4JGfkEf8MfcKt/4M64cOPS77AzzELAkzQ9Pefe3Ntjh4wKaRhfWm5ldW19I79Z2Nre2d3T9w86Iog4Jm0csIDf20gQRn3SllQych9ygjybka49vk787gPhggb+nZyExPLQ0KcuxUgqaaCXmuVWVVbg6RXsU1/CbvJ8bJWqRgUqK72dVgkO9KJRM1LAZWJmpAgyNAf6T98JcOQRX2KGhOiZRiitGHFJMSPTQj8SJER4jIakp6iPPCKsOP3QFJ4oxYFuwNVRS6Xq344YeUJMPFtVekiOxKKXiP95vUi6dSumfhhJ4uPZIDdiUAYwSQc6lBMs2UQRhDlVu0I8QhxhqTKcn2IrlYipCsZcjGGZdM5q5kXNuD0vNupZRHlwBI5BGZjgEjTADWiCNsDgCbyAV/CmPWvv2of2OSvNaVnPIZiD9v0LcmGgfQ==</latexit>

P (R, t) =

Z
W (R, t|R0, 0)P (R0, 0)dR0

<latexit sha1_base64="rLXFTql6LAKGa2ZzI9mRmY+DQKs=">AAACLnicbVDLSgNBEJyNrxhfUY9eBoMQQcOuiOYiBETIMYp5QDaE2clsMmT2wUyvEJb9Ii/+ih4EFfHqZzibBKKJBQ1FVTfdXU4ouALTfDMyS8srq2vZ9dzG5tb2Tn53r6GCSFJWp4EIZMshignuszpwEKwVSkY8R7CmM7xO/eYDk4oH/j2MQtbxSN/nLqcEtNTN39iuJDS2QyKBE4Ht2oAX707gOJlpkOArjE/tAYHY9ggMqBaryawXd/MFs2SOgReJNSUFNEWtm3+xewGNPOYDFUSptmWG0InThVSwJGdHioWEDkmftTX1icdUJx6/m+AjrfSwG0hdPuCx+nsiJp5SI8/Rnem1at5Lxf+8dgRuuRNzP4yA+XSyyI10AAFOs8M9LhkFMdKEUMn1rZgOiM4PdMI5HYI1//IiaZyVrIuSeXteqJSncWTRATpERWShS1RBVVRDdUTRI3pG7+jDeDJejU/ja9KaMaYz++gPjO8fHYOnPw==</latexit>

@�(R, t)

@t
= �Ĥ�(R, t)

<latexit sha1_base64="XIeG46FiK3P7Ik4m7fGNOBl76Yo="></latexit>

Ĥ = �
@2

@R2
+ V(R)

<latexit sha1_base64="sgu3JYDI5w6nzzpolxwQ/y3HmGg="></latexit>

h�W(t)�W(0)i =
Z

�W(R)�W(R0)P (R, t;R0, 0)dRdR0

=

Z
�W(R)�W(R0)W (R, t|R0, 0)P0(R)dRdR0

= h�0|�cW bG(t)�cW|�0i

<latexit sha1_base64="sgu3JYDI5w6nzzpolxwQ/y3HmGg="></latexit>

h�W(t)�W(0)i =
Z

�W(R)�W(R0)P (R, t;R0, 0)dRdR0

=

Z
�W(R)�W(R0)W (R, t|R0, 0)P0(R)dRdR0

= h�0|�cW bG(t)�cW|�0i

<latexit sha1_base64="sgu3JYDI5w6nzzpolxwQ/y3HmGg="></latexit>

h�W(t)�W(0)i =
Z

�W(R)�W(R0)P (R, t;R0, 0)dRdR0

=

Z
�W(R)�W(R0)W (R, t|R0, 0)P0(R)dRdR0

= h�0|�cW bG(t)�cW|�0i
<latexit sha1_base64="im1iuMnhB0jQIohc28DW+0coanQ="></latexit>
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0
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<latexit sha1_base64="b+W7E5PL56VD1kcDI9sSuF4SrXw=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0WpCCVRUTdC0U2XVewDmlAmk2k7dDIJMxOlhH6IG3/FjQtF3LgQ/BsnbRStHhg495x7mXuPFzEqlWV9GLmZ2bn5hfxiYWl5ZXXNXN9oyDAWmNRxyELR8pAkjHJSV1Qx0ooEQYHHSNMbXKR+84YISUN+rYYRcQPU47RLMVJa6piHzi31SR8pWIVw9wx+lYkTINXHiMHqCO7D76pZutrrmEWrbI0B/xI7I0WQodYx3xw/xHFAuMIMSdm2rUi5CRKKYkZGBSeWJEJ4gHqkrSlHAZFuMj5uBHe04sNuKPTjCo7VnxMJCqQcBp7uTJeU014q/ue1Y9U9dRPKo1gRjicfdWMGVQjTpKBPBcGKDTVBWFC9K8R9JBBWOs+CDsGePvkvaRyU7eOydXlUrJxnceTBFtgGJWCDE1ABVVADdYDBHXgAT+DZuDcejRfjddKaM7KZTfALxvsnZOafrg==</latexit>

bH = bH+W(R)

<latexit sha1_base64="im1iuMnhB0jQIohc28DW+0coanQ="></latexit>
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=
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0
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=
X

n>0
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En

<latexit sha1_base64="im1iuMnhB0jQIohc28DW+0coanQ="></latexit>
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=
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0
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=
X
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En



<latexit sha1_base64="nWe/weiXW9F0OuNONZV2Bebe4GY="></latexit>

W (R, t|R0, 0) = �0(R)G(R, t;R0, 0)/�0(R
0)

computing the local-energy correlation time
summary:

<latexit sha1_base64="Ef8esOrLfkWYmCI0nwkI/0Lki68=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotSEUoiot0IBUFc1mIf0IYwmUzaoZNJmJkIJXTlxl9x40IRt36DO//GSZuFVg9cOJxzL/fe48WMSmVZX0ZhYXFpeaW4Wlpb39jcMrd32jJKBCYtHLFIdD0kCaOctBRVjHRjQVDoMdLxRleZ37knQtKI36lxTJwQDTgNKEZKS6657zfh0SXsh0gNMWLwutI8hlo7gX7HVa5ZtqrWFPAvsXNSBjkarvnZ9yOchIQrzJCUPduKlZMioShmZFLqJ5LECI/QgPQ05Sgk0kmnb0zgoVZ8GERCF1dwqv6cSFEo5Tj0dGd2rpz3MvE/r5eooOaklMeJIhzPFgUJgyqCWSbQp4JgxcaaICyovhXiIRIIK51cSYdgz7/8l7RPq/Z51bo9K9dreRxFsAcOQAXY4ALUwQ1ogBbA4AE8gRfwajwaz8ab8T5rLRj5zC74BePjG+bzli8=</latexit>

dR = F(R)dR+ dWt

<latexit sha1_base64="tVr6jDsklxlQgza7tbafzlHSxFw="></latexit>

@P (R, t)

@t
=

@2P (R, t)

@R2
� @

@R

�
F(R)P (R, t)

�
<latexit sha1_base64="9IdNyKcZzjWJQTGdTBGbTccf5+w=">AAACJHicbVDLTgIxFO3gC/E16tJNI1EgIWTGGGVjQuLGJRIBE5iQTqcDDZ1H2o4JGfkEf8MfcKt/4M64cOPS77AzzELAkzQ9Pefe3Ntjh4wKaRhfWm5ldW19I79Z2Nre2d3T9w86Iog4Jm0csIDf20gQRn3SllQych9ygjybka49vk787gPhggb+nZyExPLQ0KcuxUgqaaCXmuVWVVbg6RXsU1/CbvJ8bJWqRgUqK72dVgkO9KJRM1LAZWJmpAgyNAf6T98JcOQRX2KGhOiZRiitGHFJMSPTQj8SJER4jIakp6iPPCKsOP3QFJ4oxYFuwNVRS6Xq344YeUJMPFtVekiOxKKXiP95vUi6dSumfhhJ4uPZIDdiUAYwSQc6lBMs2UQRhDlVu0I8QhxhqTKcn2IrlYipCsZcjGGZdM5q5kXNuD0vNupZRHlwBI5BGZjgEjTADWiCNsDgCbyAV/CmPWvv2of2OSvNaVnPIZiD9v0LcmGgfQ==</latexit>

P (R, t) =

Z
W (R, t|R0, 0)P (R0, 0)dR0

<latexit sha1_base64="rLXFTql6LAKGa2ZzI9mRmY+DQKs=">AAACLnicbVDLSgNBEJyNrxhfUY9eBoMQQcOuiOYiBETIMYp5QDaE2clsMmT2wUyvEJb9Ii/+ih4EFfHqZzibBKKJBQ1FVTfdXU4ouALTfDMyS8srq2vZ9dzG5tb2Tn53r6GCSFJWp4EIZMshignuszpwEKwVSkY8R7CmM7xO/eYDk4oH/j2MQtbxSN/nLqcEtNTN39iuJDS2QyKBE4Ht2oAX707gOJlpkOArjE/tAYHY9ggMqBaryawXd/MFs2SOgReJNSUFNEWtm3+xewGNPOYDFUSptmWG0InThVSwJGdHioWEDkmftTX1icdUJx6/m+AjrfSwG0hdPuCx+nsiJp5SI8/Rnem1at5Lxf+8dgRuuRNzP4yA+XSyyI10AAFOs8M9LhkFMdKEUMn1rZgOiM4PdMI5HYI1//IiaZyVrIuSeXteqJSncWTRATpERWShS1RBVVRDdUTRI3pG7+jDeDJejU/ja9KaMaYz++gPjO8fHYOnPw==</latexit>

@�(R, t)

@t
= �Ĥ�(R, t)

<latexit sha1_base64="XIeG46FiK3P7Ik4m7fGNOBl76Yo="></latexit>

Ĥ = �
@2

@R2
+ V(R)

<latexit sha1_base64="sgu3JYDI5w6nzzpolxwQ/y3HmGg="></latexit>

h�W(t)�W(0)i =
Z

�W(R)�W(R0)P (R, t;R0, 0)dRdR0

=

Z
�W(R)�W(R0)W (R, t|R0, 0)P0(R)dRdR0

= h�0|�cW bG(t)�cW|�0i

<latexit sha1_base64="sgu3JYDI5w6nzzpolxwQ/y3HmGg="></latexit>

h�W(t)�W(0)i =
Z

�W(R)�W(R0)P (R, t;R0, 0)dRdR0

=

Z
�W(R)�W(R0)W (R, t|R0, 0)P0(R)dRdR0

= h�0|�cW bG(t)�cW|�0i

<latexit sha1_base64="sgu3JYDI5w6nzzpolxwQ/y3HmGg="></latexit>

h�W(t)�W(0)i =
Z

�W(R)�W(R0)P (R, t;R0, 0)dRdR0

=

Z
�W(R)�W(R0)W (R, t|R0, 0)P0(R)dRdR0

= h�0|�cW bG(t)�cW|�0i
<latexit sha1_base64="im1iuMnhB0jQIohc28DW+0coanQ="></latexit>
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<latexit sha1_base64="1h61M7Z02pLZa2dIEujqE2VXYj8="></latexit>
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<latexit sha1_base64="b+W7E5PL56VD1kcDI9sSuF4SrXw=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0WpCCVRUTdC0U2XVewDmlAmk2k7dDIJMxOlhH6IG3/FjQtF3LgQ/BsnbRStHhg495x7mXuPFzEqlWV9GLmZ2bn5hfxiYWl5ZXXNXN9oyDAWmNRxyELR8pAkjHJSV1Qx0ooEQYHHSNMbXKR+84YISUN+rYYRcQPU47RLMVJa6piHzi31SR8pWIVw9wx+lYkTINXHiMHqCO7D76pZutrrmEWrbI0B/xI7I0WQodYx3xw/xHFAuMIMSdm2rUi5CRKKYkZGBSeWJEJ4gHqkrSlHAZFuMj5uBHe04sNuKPTjCo7VnxMJCqQcBp7uTJeU014q/ue1Y9U9dRPKo1gRjicfdWMGVQjTpKBPBcGKDTVBWFC9K8R9JBBWOs+CDsGePvkvaRyU7eOydXlUrJxnceTBFtgGJWCDE1ABVVADdYDBHXgAT+DZuDcejRfjddKaM7KZTfALxvsnZOafrg==</latexit>

bH = bH+W(R)

<latexit sha1_base64="im1iuMnhB0jQIohc28DW+0coanQ="></latexit>
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=
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<latexit sha1_base64="im1iuMnhB0jQIohc28DW+0coanQ="></latexit>
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<latexit sha1_base64="XVeZQpGR00B3OSr2X1p7iH+aZGM="></latexit>
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second-order perturbation theory
<latexit sha1_base64="b+W7E5PL56VD1kcDI9sSuF4SrXw=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0WpCCVRUTdC0U2XVewDmlAmk2k7dDIJMxOlhH6IG3/FjQtF3LgQ/BsnbRStHhg495x7mXuPFzEqlWV9GLmZ2bn5hfxiYWl5ZXXNXN9oyDAWmNRxyELR8pAkjHJSV1Qx0ooEQYHHSNMbXKR+84YISUN+rYYRcQPU47RLMVJa6piHzi31SR8pWIVw9wx+lYkTINXHiMHqCO7D76pZutrrmEWrbI0B/xI7I0WQodYx3xw/xHFAuMIMSdm2rUi5CRKKYkZGBSeWJEJ4gHqkrSlHAZFuMj5uBHe04sNuKPTjCo7VnxMJCqQcBp7uTJeU014q/ue1Y9U9dRPKo1gRjicfdWMGVQjTpKBPBcGKDTVBWFC9K8R9JBBWOs+CDsGePvkvaRyU7eOydXlUrJxnceTBFtgGJWCDE1ABVVADdYDBHXgAT+DZuDcejRfjddKaM7KZTfALxvsnZOafrg==</latexit>

bH = bH+W(R)

<latexit sha1_base64="1h61M7Z02pLZa2dIEujqE2VXYj8="></latexit>
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<latexit sha1_base64="1wjy3nViWEZ6j4xwwTn8SIq8CyU="></latexit>
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<latexit sha1_base64="b+W7E5PL56VD1kcDI9sSuF4SrXw=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0WpCCVRUTdC0U2XVewDmlAmk2k7dDIJMxOlhH6IG3/FjQtF3LgQ/BsnbRStHhg495x7mXuPFzEqlWV9GLmZ2bn5hfxiYWl5ZXXNXN9oyDAWmNRxyELR8pAkjHJSV1Qx0ooEQYHHSNMbXKR+84YISUN+rYYRcQPU47RLMVJa6piHzi31SR8pWIVw9wx+lYkTINXHiMHqCO7D76pZutrrmEWrbI0B/xI7I0WQodYx3xw/xHFAuMIMSdm2rUi5CRKKYkZGBSeWJEJ4gHqkrSlHAZFuMj5uBHe04sNuKPTjCo7VnxMJCqQcBp7uTJeU014q/ue1Y9U9dRPKo1gRjicfdWMGVQjTpKBPBcGKDTVBWFC9K8R9JBBWOs+CDsGePvkvaRyU7eOydXlUrJxnceTBFtgGJWCDE1ABVVADdYDBHXgAT+DZuDcejRfjddKaM7KZTfALxvsnZOafrg==</latexit>

bH = bH+W(R)

<latexit sha1_base64="+2VC8U/H/EDCnbFQC6BDeaZ/U50="></latexit>

h�0|e�
bHT |�0i = c20e
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�E1T + · · ·
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bHT |�0i = �E0T + log

�
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��E1T + · · ·
�

higher-order perturbation theory

<latexit sha1_base64="1COXpm6ChHn2OMb8zFdfQlPtoEM=">AAACLXicbZDLSgMxFIYz9VbrrerSTbCIglBmRNSNUHTjsoK9QKcMmfS0Dc1lSDJCKX0En8WFW30MF4K4dekrmF4WtvVA4OP/z0lO/jjhzFjf//AyS8srq2vZ9dzG5tb2Tn53r2pUqilUqOJK12NigDMJFcssh3qigYiYQy3u3Y782iNow5R8sP0EmoJ0JGszSqyTovxxWO6yyMfXmEZ+WDYjPnUcjDlwHNKWsibKF/yiPy68CMEUCmha5Sj/E7YUTQVISzkxphH4iW0OiLaMchjmwtRAQmiPdKDhUBIBpjkYf2iIj5zSwm2l3ZEWj9W/EwMijOmL2HUKYrtm3huJ/3mN1LavmgMmk9SCpJOH2inHVuFROrjFNFDL+w4I1cztimmXaEKty3DmJkF6oJUSbmciKfChSyiYz2MRqmfF4KLo358XSjfTrLLoAB2iExSgS1RCd6iMKoiiJ/SCXtGb9+y9e5/e16Q1401n9tFMed+/REumtg==</latexit>
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e�ĤT = e�ĤT
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Figure 5. Maximum Entropy reconstruction of the dynamical structure factor. In the
inset the position of the maxima of the calculated S(q,ω) is compared with the experi-
mental excitation spectrum [25].

tained in Ref. [24]. The ME reconstruction of S(q,ω), shown in Fig. 5, is
too smooth and does not reproduce the sharp features exhibited by the
experimental structure factor. Furthermore, the relatively poor quality of
the available Monte Carlo data does not allow for a reliable estimate of the
statistical uncertainty on the results [23]. Nevertheless we do recover some
useful information on dynamical properties: the presence of a gap in the ex-
citation spectrum is unambiguously revealed, and the position of the peak
of the reconstructed dynamical response closely follows the experimental
dispersion of the elementary excitations (see the inset of figure 5).

We now outline the calculation of the superfluid density ρs. Although
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Abstract. We present an elementary and self-contained account of the
analogies existing between classical diffusion and the imaginary-time evo-
lution of quantum systems. These analogies are used to develop a new quan-
tum simulation method which allows to calculate the ground-state expecta-
tion values of local observables without any mixed estimates nor population-
control bias, as well as static and dynamic (in imaginary time) response
functions. This method, which we name Reptation Quantum Monte Carlo,
is demonstrated with a few case applications to 4He, including the calcu-
lation of total and potential energies, static and imaginary-time dependent
density response functions, and low-lying excitation energies. Finally, we
discuss the relations of our technique with other simulation schemes.

1. Introduction

The theory of stochastic processes plays an important role in modern devel-
opments of quantum mechanics both as a deep—and possibly not yet fully
exploited—conceptual method [1, 2] and as a powerful practical tool for the
computer simulation of interacting quantum systems [3]. Quantum Monte
Carlo simulations mainly rely on the static properties of one kind or the
other of random walk that is used to sample the ground-state wave-function
or finite-temperature density matrix of a system. Comparatively minor at-
tention has been paid so far to the dynamical properties of the random
walks used in quantum simulations. The main interest in these properties
stems from the study of excitation energies, a notoriously difficult and ill-
conditioned problem. These dynamical properties, also determine the mag-
nitude of autocorrelation times which are necessary to estimate statistical
errors.
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or finite-temperature density matrix of a system. Comparatively minor at-
tention has been paid so far to the dynamical properties of the random
walks used in quantum simulations. The main interest in these properties
stems from the study of excitation energies, a notoriously difficult and ill-
conditioned problem. These dynamical properties, also determine the mag-
nitude of autocorrelation times which are necessary to estimate statistical
errors.
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Solvation of molecules in He nanodroplets provides a
way to study their properties in an ultracold matrix and
offers the opportunity to probe the physics of quan-
tum fluids in confined geometries. Research in this field
has been recently reviewed in Ref. [1], with emphasis on
experiment and hydrodynamic modeling, and in Ref. [2],
with emphasis on computer simulations.

Carbonyl sulfide (OCS) is one of the most widely
studied dopants of He clusters (OCS@Hen) [2–5], both
because of its strong optical activity in the infrared
and microwave spectral regions, and also because the
OCS@He1 complex is spectroscopically well charac-
terized [6,7], thus providing a solid benchmark for the
atom-molecule interaction potential which is the key in-
gredient of any further theoretical investigation.

In the quest of fingerprints of superfluidity in the
spectra of small- and intermediate-size He clusters,
Tang et al. have recently determined the vibrational and
rotational spectra of OCS@Hen at high resolution for n !
2–8 [3]. The main results of that investigation are (i) the
rotational constant of the solvated molecule roughly
equals the nanodroplet (large-n) limit [8] at n ! 5, but
then undershoots this asymptotic value up to the maxi-
mum cluster size (n ! 8) attained in that work; (ii) the
centrifugal distortion constant has a minimum at n ! 5,
thus suggesting that the complex is more rigid at this size;
(iii) the fundamental vibrational frequency of OCS is not
a monotonic function of n, but it displays a maximum at
n ! 5, again indicating a stronger rigidity at this size.
Findings (ii) and (iii) suggest —and our study of the
rotational spectra confirms—that n ! 5 is a magic size
related to the structure of solvent atoms around the sol-
vated molecule. Finding (i) implies the existence of a (yet
to be determined) minimum in the rotational constant as
a function of the cluster size. The occurrence of this
minimum was interpreted as due to quantum exchanges
which would decrease the effective inertia of the first
solvation shell and would thus signal the onset of super-
fluidity in this finite system [3].

Quantum simulations are complementary to experi-
ments for understanding the properties of matter at the
atomic scale. In fact, while being limited by our incom-
plete knowledge of the interatomic interactions and by
the size of the systems one can examine, simulations
provide a wealth of detailed information which cannot
be obtained in the laboratory. In this paper we show how
quantum Monte Carlo simulations can be used to get an
unparalleled insight into the exotic properties of small He
clusters. Also, some of the dynamical properties thus
predicted are so sensitive to the details of the atom-
molecule interactions that they provide an accurate test
of the available model potentials.

The structure and the rotational dynamics of
OCS@Hen clusters are studied here in the small-to-
intermediate size regime (n ! 3–20), using reptation
quantum Monte Carlo (RQMC) [9], a technique by
which ground-state properties (such as the density dis-
tribution and various static and dynamic correlations)
can be determined with high accuracy. In particular, the
analysis of the dynamical dipole correlation function
allows us to resolve several rotational components
of the spectrum of this interacting quantum system.
RQMC combines the best features of the path-
integral (PIMC) and diffusion quantum Monte Carlo
(DQMC) techniques, yet avoiding some of their draw-
backs: RQMC is not affected by the systematic errors
which plague the estimate of ground-state expecta-
tion values in DQMC (the so-called mixed-estimate
and population-control biases) and gives easy access to
time correlations, from which dynamical properties can
be extracted [9]; at the same time, the RQMC technique is
specially tailored to the zero-temperature (ground-state)
regime, where PIMC becomes inefficient.

The He-He and the He-OCS interactions used here are
derived from quantum-chemical calculations [10,11]. The
OCS molecule is assumed to be rigid. The trial wave
function is chosen to be of the Jastrow form: !T !
exp"#Pn

i!1 U1$ri; !i% #
Pn

i<jU2$rij%&, where rij is the
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solvated molecule, thus contributing to the molecu-
lar effective moment of inertia.

In Fig. 3 we display !!r" and "!r", as calculated for
cluster sizes n # 5, 8, 10, and 15. The He density reaches
its maximum where the He-OCS interaction potential is
minimum, i.e., in a doughnut surrounding the mole-
cule perpendicular to the OC bond. This doughnut can
accommodate up to five He atoms which rotate rather
rigidly with the OCS molecule, as demonstrated by the
large value of the angular correlation function. Each
atom within the doughnut gives the same contribution
to the cluster moment of inertia, resulting in a constant
slope of B vs n for n $ 5. Secondary minima of the
He-OCS potential exist near the two poles, the one near-
est to the S atom being deeper. For n > 5 He atoms spill
out of the main minimum and spread towards other
regions of space, preferentially near the molecular poles.

An analysis of the He density plots for n # 6, 7, and 8
shows that — due to quantum tunneling to and from the
doughnut —both polar regions start to be populated as
soon as the doughnut occupation is completed (i.e., for
n > 5). The number of He atoms near the S pole is 0.2,
0.3, and 0.7, for n # 6, 7, and 8, and 0.5, 0.8, and 1.1 near
the O pole. The He density is larger near the O pole
because both a smaller energy barrier and a smaller
distance favor quantum tunneling.

Tunneling is the key for understanding the onset of
superfluidity, as well as the sensitivity of rotational spec-
tra to the details of the He-OCS interaction. For n # 6, 7,
and 8, a sizable He density is found not only near the
molecular poles, but also in the angular region between
the doughnut and the O pole, where the energy barrier is
small. Non-negligible angular correlations indicate that
atoms in this region (and not only near the poles) con-
tribute to the effective moment of inertia. For n > 8 He
atoms start to fill the region between the doughnut and
the S pole (see the n # 10 panel of Fig. 3). The closure of
He rings in the sagittal planes makes atomic exchanges
along these rings possible, thus triggering the same
mechanism responsible for superfluidity in infinite sys-
tems [14]. The onset of superfluidity is responsible
not only for negligible angular correlations in this region,
but also for the decrease of these correlations in the
doughnut where the largest contributions to the cluster
inertia come from. This is demonstrated in the bottom-
right panel of Fig. 3, which shows that the maximum
of the angular correlation in the doughnut region starts
decreasing for n > 8.

It is interesting to examine the dependence upon clus-
ter size of the spectral weights, A#

J . The A#
J’s are positive

and they sum to 1: a value of A1
J close to 1 indicates that

few rotational states are available to couple with the
lowest-lying excitation of the molecule (in the case of a
rigid top, there is only one state per angular momentum,
and A1

J # 1). For J # 1 A1
J displays a maximum at

n # 4–5—where the cluster is stiffest —and a minimum
at n # 8; for n # 20 the value of A1

1 roughly equals the
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FIG. 2. Rotational constants (upper panel) and rotational
distortion constant (lower panel, see text) of OCS@Hen, as
functions of the cluster size, n. Triangles indicate the results of
the present simulation (error bars are smaller than the triangles,
when they are not visible), whereas circles are experimental
data from Ref. [3].
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Figure 5. Maximum Entropy reconstruction of the dynamical structure factor. In the
inset the position of the maxima of the calculated S(q,ω) is compared with the experi-
mental excitation spectrum [25].

tained in Ref. [24]. The ME reconstruction of S(q,ω), shown in Fig. 5, is
too smooth and does not reproduce the sharp features exhibited by the
experimental structure factor. Furthermore, the relatively poor quality of
the available Monte Carlo data does not allow for a reliable estimate of the
statistical uncertainty on the results [23]. Nevertheless we do recover some
useful information on dynamical properties: the presence of a gap in the ex-
citation spectrum is unambiguously revealed, and the position of the peak
of the reconstructed dynamical response closely follows the experimental
dispersion of the elementary excitations (see the inset of figure 5).

We now outline the calculation of the superfluid density ρs. Although
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Abstract. We present an elementary and self-contained account of the
analogies existing between classical diffusion and the imaginary-time evo-
lution of quantum systems. These analogies are used to develop a new quan-
tum simulation method which allows to calculate the ground-state expecta-
tion values of local observables without any mixed estimates nor population-
control bias, as well as static and dynamic (in imaginary time) response
functions. This method, which we name Reptation Quantum Monte Carlo,
is demonstrated with a few case applications to 4He, including the calcu-
lation of total and potential energies, static and imaginary-time dependent
density response functions, and low-lying excitation energies. Finally, we
discuss the relations of our technique with other simulation schemes.

1. Introduction

The theory of stochastic processes plays an important role in modern devel-
opments of quantum mechanics both as a deep—and possibly not yet fully
exploited—conceptual method [1, 2] and as a powerful practical tool for the
computer simulation of interacting quantum systems [3]. Quantum Monte
Carlo simulations mainly rely on the static properties of one kind or the
other of random walk that is used to sample the ground-state wave-function
or finite-temperature density matrix of a system. Comparatively minor at-
tention has been paid so far to the dynamical properties of the random
walks used in quantum simulations. The main interest in these properties
stems from the study of excitation energies, a notoriously difficult and ill-
conditioned problem. These dynamical properties, also determine the mag-
nitude of autocorrelation times which are necessary to estimate statistical
errors.
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Solvation of molecules in He nanodroplets provides a
way to study their properties in an ultracold matrix and
offers the opportunity to probe the physics of quan-
tum fluids in confined geometries. Research in this field
has been recently reviewed in Ref. [1], with emphasis on
experiment and hydrodynamic modeling, and in Ref. [2],
with emphasis on computer simulations.

Carbonyl sulfide (OCS) is one of the most widely
studied dopants of He clusters (OCS@Hen) [2–5], both
because of its strong optical activity in the infrared
and microwave spectral regions, and also because the
OCS@He1 complex is spectroscopically well charac-
terized [6,7], thus providing a solid benchmark for the
atom-molecule interaction potential which is the key in-
gredient of any further theoretical investigation.

In the quest of fingerprints of superfluidity in the
spectra of small- and intermediate-size He clusters,
Tang et al. have recently determined the vibrational and
rotational spectra of OCS@Hen at high resolution for n !
2–8 [3]. The main results of that investigation are (i) the
rotational constant of the solvated molecule roughly
equals the nanodroplet (large-n) limit [8] at n ! 5, but
then undershoots this asymptotic value up to the maxi-
mum cluster size (n ! 8) attained in that work; (ii) the
centrifugal distortion constant has a minimum at n ! 5,
thus suggesting that the complex is more rigid at this size;
(iii) the fundamental vibrational frequency of OCS is not
a monotonic function of n, but it displays a maximum at
n ! 5, again indicating a stronger rigidity at this size.
Findings (ii) and (iii) suggest —and our study of the
rotational spectra confirms—that n ! 5 is a magic size
related to the structure of solvent atoms around the sol-
vated molecule. Finding (i) implies the existence of a (yet
to be determined) minimum in the rotational constant as
a function of the cluster size. The occurrence of this
minimum was interpreted as due to quantum exchanges
which would decrease the effective inertia of the first
solvation shell and would thus signal the onset of super-
fluidity in this finite system [3].

Quantum simulations are complementary to experi-
ments for understanding the properties of matter at the
atomic scale. In fact, while being limited by our incom-
plete knowledge of the interatomic interactions and by
the size of the systems one can examine, simulations
provide a wealth of detailed information which cannot
be obtained in the laboratory. In this paper we show how
quantum Monte Carlo simulations can be used to get an
unparalleled insight into the exotic properties of small He
clusters. Also, some of the dynamical properties thus
predicted are so sensitive to the details of the atom-
molecule interactions that they provide an accurate test
of the available model potentials.

The structure and the rotational dynamics of
OCS@Hen clusters are studied here in the small-to-
intermediate size regime (n ! 3–20), using reptation
quantum Monte Carlo (RQMC) [9], a technique by
which ground-state properties (such as the density dis-
tribution and various static and dynamic correlations)
can be determined with high accuracy. In particular, the
analysis of the dynamical dipole correlation function
allows us to resolve several rotational components
of the spectrum of this interacting quantum system.
RQMC combines the best features of the path-
integral (PIMC) and diffusion quantum Monte Carlo
(DQMC) techniques, yet avoiding some of their draw-
backs: RQMC is not affected by the systematic errors
which plague the estimate of ground-state expecta-
tion values in DQMC (the so-called mixed-estimate
and population-control biases) and gives easy access to
time correlations, from which dynamical properties can
be extracted [9]; at the same time, the RQMC technique is
specially tailored to the zero-temperature (ground-state)
regime, where PIMC becomes inefficient.

The He-He and the He-OCS interactions used here are
derived from quantum-chemical calculations [10,11]. The
OCS molecule is assumed to be rigid. The trial wave
function is chosen to be of the Jastrow form: !T !
exp"#Pn

i!1 U1$ri; !i% #
Pn

i<jU2$rij%&, where rij is the
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solvated molecule, thus contributing to the molecu-
lar effective moment of inertia.

In Fig. 3 we display !!r" and "!r", as calculated for
cluster sizes n # 5, 8, 10, and 15. The He density reaches
its maximum where the He-OCS interaction potential is
minimum, i.e., in a doughnut surrounding the mole-
cule perpendicular to the OC bond. This doughnut can
accommodate up to five He atoms which rotate rather
rigidly with the OCS molecule, as demonstrated by the
large value of the angular correlation function. Each
atom within the doughnut gives the same contribution
to the cluster moment of inertia, resulting in a constant
slope of B vs n for n $ 5. Secondary minima of the
He-OCS potential exist near the two poles, the one near-
est to the S atom being deeper. For n > 5 He atoms spill
out of the main minimum and spread towards other
regions of space, preferentially near the molecular poles.

An analysis of the He density plots for n # 6, 7, and 8
shows that — due to quantum tunneling to and from the
doughnut —both polar regions start to be populated as
soon as the doughnut occupation is completed (i.e., for
n > 5). The number of He atoms near the S pole is 0.2,
0.3, and 0.7, for n # 6, 7, and 8, and 0.5, 0.8, and 1.1 near
the O pole. The He density is larger near the O pole
because both a smaller energy barrier and a smaller
distance favor quantum tunneling.

Tunneling is the key for understanding the onset of
superfluidity, as well as the sensitivity of rotational spec-
tra to the details of the He-OCS interaction. For n # 6, 7,
and 8, a sizable He density is found not only near the
molecular poles, but also in the angular region between
the doughnut and the O pole, where the energy barrier is
small. Non-negligible angular correlations indicate that
atoms in this region (and not only near the poles) con-
tribute to the effective moment of inertia. For n > 8 He
atoms start to fill the region between the doughnut and
the S pole (see the n # 10 panel of Fig. 3). The closure of
He rings in the sagittal planes makes atomic exchanges
along these rings possible, thus triggering the same
mechanism responsible for superfluidity in infinite sys-
tems [14]. The onset of superfluidity is responsible
not only for negligible angular correlations in this region,
but also for the decrease of these correlations in the
doughnut where the largest contributions to the cluster
inertia come from. This is demonstrated in the bottom-
right panel of Fig. 3, which shows that the maximum
of the angular correlation in the doughnut region starts
decreasing for n > 8.

It is interesting to examine the dependence upon clus-
ter size of the spectral weights, A#

J . The A#
J’s are positive

and they sum to 1: a value of A1
J close to 1 indicates that

few rotational states are available to couple with the
lowest-lying excitation of the molecule (in the case of a
rigid top, there is only one state per angular momentum,
and A1

J # 1). For J # 1 A1
J displays a maximum at

n # 4–5—where the cluster is stiffest —and a minimum
at n # 8; for n # 20 the value of A1

1 roughly equals the
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FIG. 2. Rotational constants (upper panel) and rotational
distortion constant (lower panel, see text) of OCS@Hen, as
functions of the cluster size, n. Triangles indicate the results of
the present simulation (error bars are smaller than the triangles,
when they are not visible), whereas circles are experimental
data from Ref. [3].
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Figure 5. Maximum Entropy reconstruction of the dynamical structure factor. In the
inset the position of the maxima of the calculated S(q,ω) is compared with the experi-
mental excitation spectrum [25].

tained in Ref. [24]. The ME reconstruction of S(q,ω), shown in Fig. 5, is
too smooth and does not reproduce the sharp features exhibited by the
experimental structure factor. Furthermore, the relatively poor quality of
the available Monte Carlo data does not allow for a reliable estimate of the
statistical uncertainty on the results [23]. Nevertheless we do recover some
useful information on dynamical properties: the presence of a gap in the ex-
citation spectrum is unambiguously revealed, and the position of the peak
of the reconstructed dynamical response closely follows the experimental
dispersion of the elementary excitations (see the inset of figure 5).

We now outline the calculation of the superfluid density ρs. Although
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I. INTRODUCTION

The path-integral formulation of quantum mechanics is
the foundation of many numerical methods that allow one to
study with great accuracy the rich physics of interacting
quantum systems. At finite temperature, a path-integral
Monte Carlo !PIMC" technique for continuous systems has
been developed and applied by Ceperley and Pollock.#1,2$
Recently, this approach has been renovated in a new class of
methods known as worm algorithms. #3,4$ The zero-
temperature counterparts of the PIMC algorithm are the rep-
tation quantum Monte Carlo !RQMC" #5$ and the path-
integral ground-state methods, #6$ which have been
demonstrated useful to simulate coupled electron-ion sys-
tems, #7$ as well as to infer spectral properties from
imaginary-time dynamics. #8$ A number of important physi-
cal problems—particularly in the fields of strongly correlated
fermions and cold atoms—can be fruitfully modeled by lat-
tice Hamiltonians. A first application of path-integral tech-
niques to !boson" lattice models was proposed by Krauth et
al. in 1991 #9$. Few other attempts to apply PIMC to lattice
models have been made ever since, with a recent application
of the RQMC idea to the quantum dimer model Hamiltonian
#10$. In this paper, we propose a method that generalizes and
improves the approach in Ref. #10$ in several ways. Our
method is based on continuous-time random walks and is
therefore unaffected by time-step errors. Inspired by the
work of Syljuasen and Sandvik #11$ and Rousseau #12$, we
adopt a generalization of the bounce algorithm of Pierleoni
and Ceperley #7$ called directed updates, which helps reduc-
ing the correlation time in path sampling. We also introduce
a worm algorithm based method to calculate pure expecta-
tion values of arbitrary off-diagonal observables, which are
generally out of the scope of existing lattice ground-state
methods.

The resulting algorithm naturally applies to fermions us-
ing the fixed-node !FN" approximation. A technique to im-
prove systematically upon this approximation is proposed,
based on the calculation of a few moments of the Hamil-
tonian. Our methodology is demonstrated by a few case stud-

ies on the one-dimensional Heisenberg and the two-
dimensional fermion Hubbard models.

This paper is organized as follows. In Sec. II we present
the general formalism of ground-state PIMC for lattice mod-
els; in Sec. III our implementation of the RQMC algorithm
on a lattice is presented. In particular, we give a detailed
account of the above mentioned directed-update technique
!Sec. III A" and of the continuous-time propagator !Sec.
III B"; in Sec. III C, we introduce an extension of the algo-
rithm to cope with off-diagonal observables, while in Sec.
III D a further extension to systems affected by sign prob-
lems is presented, including a strategy to improve systemati-
cally upon the fixed-node approximation. Section IV con-
tains a few case applications, including the simulation of the
spectral properties and spin correlations of the one-
dimensional Heisenberg model and the calculation of the
ground-state energies of the fermionic Hubbard model with a
significantly better accuracy than that achieved by the fixed-
node approximation. In Sec. V we finally draw our conclu-
sions.

II. GENERAL FORMALISM

Let us consider a generic lattice Hamiltonian Ĥ and a
complete and orthogonal basis set, whose states are denoted
by %x&. Given the generic wave function %!&, its amplitude on
the configuration %x& will be denoted by !!x", namely,
!!x"= 'x %!&. The exact ground-state wave function %!0& can
be obtained by the imaginary-time evolution of a given
variational state %!V&,

%!0& " lim
#→$

%!#& , !1"

where %!#&(e−#Ĥ%!V&, provided that the variational state is
nonorthogonal to %!0&, i.e., '!V %!0&!0. Then, the ground-
state expectation value of a quantum operator Ô can be ob-
tained by

'Ô& = lim
#→$

'!#%Ô%!#&
'!#%!#&

. !2"

PHYSICAL REVIEW E 82, 046710 !2010"

1539-3755/2010/82!4"/046710!10" ©2010 The American Physical Society046710-1

S!q,!" =# dt$Ŝq
z!t"Ŝ−q

z !0"%ei!t, !39"

where Ŝq
z!t"=1 /&L' jŜj

z!t"eiqj is the Fourier transform of
time-evolved spin projection on the z axis. By introducing a
complete set of eigenstates of the Hamiltonian ("n% with
eigenvalues En, we have

S!q,!" = '
n!0

($"0(Ŝq
z ("n%(2#!! − !n" , !40"

where !n= !En−E0". In the thermodynamic limit, the spin-1
states form a branch, which is very similar to spin waves in
standard ordered systems, although no long-range order is
found in one dimension.

Imaginary-time-correlation functions of arbitrary !diago-
nal" operators can be efficiently evaluated via Eq. !8". This
fact allows us to have a direct access to S!q ,T "
= $Ŝq

z!T "Ŝ−q
z !0"%. This imaginary-time-correlation function

can be then analytically continued, by using the maximum-
entropy method )20*, in order to have a reasonable numerical
estimate for the dynamical structure factor of Eq. !40".

Before presenting the results, let us mention that we con-
sider the following Jastrow state as a variational wave func-
tion )21,22*:

("V% = exp+'
i,j

vijŜi
zŜj

z,(FM% , !41"

where (FM% is the ferromagnetic state along the x direction
for which $x (FM% does not depend on the spin configuration
and the variational parameters vij are optimized by using the
method in Ref. )23*.

In Fig. 3, we show the results for a small L=20 system,
where exact diagonalizations are possible by using the Lanc-
zos method. We report the energy excitations $E!q"=Eq
−E0 for the lowest state with S=1 and fixed momentum q. In
this case a perfect agreement between our RQMC results and
the exact ones is found. Moreover, also on larger systems a

very good accuracy is possible !see Fig. 4", demonstrating
the performances of our numerical algorithm.

In order to exemplify the potentialities of the scheme out-
lined in Sec. III C, we conclude this part of the results de-
voted to the Heisenberg model showing the ground-state ex-
pectation value of the spin-spin correlation at distance d,

C!d" =
1
L'

i
Ŝi · Ŝi+d. !42"

The desired observable is used as a worm operator and the
value of the correlation function at various distances is com-
puted by means of the estimator of Eq. !33". In Fig. 5, we
show the expectation value of C!d" for a 80-site one-
dimensional lattice. In this case we are able to achieve very
good statistics for the off-diagonal observable, with a rela-
tively negligible computational effort when compared to the
evaluation of the ground-state expectation value of other di-
agonal observables.

B. Ground-state properties of the fermionic Hubbard model

As an example of the application of the RQMC to sign
problem affected Hamiltonians, we present some results for
the fermionic Hubbard model on a square lattice, defined by

0

0.3

0.6

0.9

1.2

1.5

1.8

0 π
4

π
2

3π
4 π

∆
E

(q
)

q

RQMC
Lanczos

FIG. 3. !Color online" Lowest-energy excitations as a function
of the wave vector q for an L=20 Heisenberg chain. The energies
are extracted from the dynamical structure factor S!q ,!" and are
compared to exact results by the Lanczos method.

0

0.3

0.6

0.9

1.2

1.5

1.8

0 π
4

π
2

3π
4 π

∆
E

(q
)

q

RQMC
Bethe ansatz

FIG. 4. !Color online" The same as in Fig. 3 for L=80. Exact
results are given by the Bethe ansatz solution.

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

0 5 10 15 20 25 30 35 40

C(
d)

d

FIG. 5. !Color online" Ground-state expectation value of the
spin-spin correlation function C!d" for the Heisenberg model on an
80-site chain.

REPTATION QUANTUM MONTE CARLO ALGORITHM FOR… PHYSICAL REVIEW E 82, 046710 !2010"

046710-7

ar
X

iv
:c

on
d-

m
at

/9
80

82
13

v1
  1

9 
A

ug
 1

99
8

REPTATION QUANTUM MONTE CARLO

a round-trip tour from classical diffusion to quantum mechanics
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Abstract. We present an elementary and self-contained account of the
analogies existing between classical diffusion and the imaginary-time evo-
lution of quantum systems. These analogies are used to develop a new quan-
tum simulation method which allows to calculate the ground-state expecta-
tion values of local observables without any mixed estimates nor population-
control bias, as well as static and dynamic (in imaginary time) response
functions. This method, which we name Reptation Quantum Monte Carlo,
is demonstrated with a few case applications to 4He, including the calcu-
lation of total and potential energies, static and imaginary-time dependent
density response functions, and low-lying excitation energies. Finally, we
discuss the relations of our technique with other simulation schemes.

1. Introduction

The theory of stochastic processes plays an important role in modern devel-
opments of quantum mechanics both as a deep—and possibly not yet fully
exploited—conceptual method [1, 2] and as a powerful practical tool for the
computer simulation of interacting quantum systems [3]. Quantum Monte
Carlo simulations mainly rely on the static properties of one kind or the
other of random walk that is used to sample the ground-state wave-function
or finite-temperature density matrix of a system. Comparatively minor at-
tention has been paid so far to the dynamical properties of the random
walks used in quantum simulations. The main interest in these properties
stems from the study of excitation energies, a notoriously difficult and ill-
conditioned problem. These dynamical properties, also determine the mag-
nitude of autocorrelation times which are necessary to estimate statistical
errors.

ar
X

iv
:c

on
d-

m
at

/9
80

82
13

v1
  1

9 
A

ug
 1

99
8

REPTATION QUANTUM MONTE CARLO

a round-trip tour from classical diffusion to quantum mechanics

STEFANO BARONI∗ AND SAVERIO MORONI†

SISSA – Scuola Internazionale Superiore di Studi Avanzati,
INFM – Istituto Nazionale per la Fisica della Materia,
via Beirut 2-4, 34014 Trieste Grignano, Italy

Abstract. We present an elementary and self-contained account of the
analogies existing between classical diffusion and the imaginary-time evo-
lution of quantum systems. These analogies are used to develop a new quan-
tum simulation method which allows to calculate the ground-state expecta-
tion values of local observables without any mixed estimates nor population-
control bias, as well as static and dynamic (in imaginary time) response
functions. This method, which we name Reptation Quantum Monte Carlo,
is demonstrated with a few case applications to 4He, including the calcu-
lation of total and potential energies, static and imaginary-time dependent
density response functions, and low-lying excitation energies. Finally, we
discuss the relations of our technique with other simulation schemes.

1. Introduction

The theory of stochastic processes plays an important role in modern devel-
opments of quantum mechanics both as a deep—and possibly not yet fully
exploited—conceptual method [1, 2] and as a powerful practical tool for the
computer simulation of interacting quantum systems [3]. Quantum Monte
Carlo simulations mainly rely on the static properties of one kind or the
other of random walk that is used to sample the ground-state wave-function
or finite-temperature density matrix of a system. Comparatively minor at-
tention has been paid so far to the dynamical properties of the random
walks used in quantum simulations. The main interest in these properties
stems from the study of excitation energies, a notoriously difficult and ill-
conditioned problem. These dynamical properties, also determine the mag-
nitude of autocorrelation times which are necessary to estimate statistical
errors.

ar
X

iv
:c

on
d-

m
at

/9
80

82
13

v1
  1

9 
A

ug
 1

99
8

REPTATION QUANTUM MONTE CARLO

a round-trip tour from classical diffusion to quantum mechanics

STEFANO BARONI∗ AND SAVERIO MORONI†

SISSA – Scuola Internazionale Superiore di Studi Avanzati,
INFM – Istituto Nazionale per la Fisica della Materia,
via Beirut 2-4, 34014 Trieste Grignano, Italy

Abstract. We present an elementary and self-contained account of the
analogies existing between classical diffusion and the imaginary-time evo-
lution of quantum systems. These analogies are used to develop a new quan-
tum simulation method which allows to calculate the ground-state expecta-
tion values of local observables without any mixed estimates nor population-
control bias, as well as static and dynamic (in imaginary time) response
functions. This method, which we name Reptation Quantum Monte Carlo,
is demonstrated with a few case applications to 4He, including the calcu-
lation of total and potential energies, static and imaginary-time dependent
density response functions, and low-lying excitation energies. Finally, we
discuss the relations of our technique with other simulation schemes.

1. Introduction

The theory of stochastic processes plays an important role in modern devel-
opments of quantum mechanics both as a deep—and possibly not yet fully
exploited—conceptual method [1, 2] and as a powerful practical tool for the
computer simulation of interacting quantum systems [3]. Quantum Monte
Carlo simulations mainly rely on the static properties of one kind or the
other of random walk that is used to sample the ground-state wave-function
or finite-temperature density matrix of a system. Comparatively minor at-
tention has been paid so far to the dynamical properties of the random
walks used in quantum simulations. The main interest in these properties
stems from the study of excitation energies, a notoriously difficult and ill-
conditioned problem. These dynamical properties, also determine the mag-
nitude of autocorrelation times which are necessary to estimate statistical
errors.



a few highlights

Proceedings of the NATO ASI Quantum Monte Carlo Methods in Physics 
and Chemistry, Cornell University, July, 12-25, 1998

Structure, Rotational Dynamics, and Superfluidity of Small OCS-Doped He Clusters

Saverio Moroni,1 Antonio Sarsa,2,* Stefano Fantoni,2 Kevin E. Schmidt,2,† and Stefano Baroni2,3,‡

1SMC INFM–Istituto Nazionale per la Fisica della Materia and Dipartimento di Fisica, Università di Roma La Sapienza,
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The structural and dynamical properties of carbonyl sulfide (OCS) molecules solvated in helium
clusters are studied using reptation quantum Monte Carlo, for cluster sizes n ! 3–20 He atoms.
Computer simulations allow us to establish a relation between the rotational spectrum of the solvated
molecule and the structure of the He solvent, and of both with the onset of superfluidity. Our results
agree with a recent spectroscopic study of this system and provide a more complex and detailed
microscopic picture of this system than inferred from experiments.
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Solvation of molecules in He nanodroplets provides a
way to study their properties in an ultracold matrix and
offers the opportunity to probe the physics of quan-
tum fluids in confined geometries. Research in this field
has been recently reviewed in Ref. [1], with emphasis on
experiment and hydrodynamic modeling, and in Ref. [2],
with emphasis on computer simulations.

Carbonyl sulfide (OCS) is one of the most widely
studied dopants of He clusters (OCS@Hen) [2–5], both
because of its strong optical activity in the infrared
and microwave spectral regions, and also because the
OCS@He1 complex is spectroscopically well charac-
terized [6,7], thus providing a solid benchmark for the
atom-molecule interaction potential which is the key in-
gredient of any further theoretical investigation.

In the quest of fingerprints of superfluidity in the
spectra of small- and intermediate-size He clusters,
Tang et al. have recently determined the vibrational and
rotational spectra of OCS@Hen at high resolution for n !
2–8 [3]. The main results of that investigation are (i) the
rotational constant of the solvated molecule roughly
equals the nanodroplet (large-n) limit [8] at n ! 5, but
then undershoots this asymptotic value up to the maxi-
mum cluster size (n ! 8) attained in that work; (ii) the
centrifugal distortion constant has a minimum at n ! 5,
thus suggesting that the complex is more rigid at this size;
(iii) the fundamental vibrational frequency of OCS is not
a monotonic function of n, but it displays a maximum at
n ! 5, again indicating a stronger rigidity at this size.
Findings (ii) and (iii) suggest —and our study of the
rotational spectra confirms—that n ! 5 is a magic size
related to the structure of solvent atoms around the sol-
vated molecule. Finding (i) implies the existence of a (yet
to be determined) minimum in the rotational constant as
a function of the cluster size. The occurrence of this
minimum was interpreted as due to quantum exchanges
which would decrease the effective inertia of the first
solvation shell and would thus signal the onset of super-
fluidity in this finite system [3].

Quantum simulations are complementary to experi-
ments for understanding the properties of matter at the
atomic scale. In fact, while being limited by our incom-
plete knowledge of the interatomic interactions and by
the size of the systems one can examine, simulations
provide a wealth of detailed information which cannot
be obtained in the laboratory. In this paper we show how
quantum Monte Carlo simulations can be used to get an
unparalleled insight into the exotic properties of small He
clusters. Also, some of the dynamical properties thus
predicted are so sensitive to the details of the atom-
molecule interactions that they provide an accurate test
of the available model potentials.

The structure and the rotational dynamics of
OCS@Hen clusters are studied here in the small-to-
intermediate size regime (n ! 3–20), using reptation
quantum Monte Carlo (RQMC) [9], a technique by
which ground-state properties (such as the density dis-
tribution and various static and dynamic correlations)
can be determined with high accuracy. In particular, the
analysis of the dynamical dipole correlation function
allows us to resolve several rotational components
of the spectrum of this interacting quantum system.
RQMC combines the best features of the path-
integral (PIMC) and diffusion quantum Monte Carlo
(DQMC) techniques, yet avoiding some of their draw-
backs: RQMC is not affected by the systematic errors
which plague the estimate of ground-state expecta-
tion values in DQMC (the so-called mixed-estimate
and population-control biases) and gives easy access to
time correlations, from which dynamical properties can
be extracted [9]; at the same time, the RQMC technique is
specially tailored to the zero-temperature (ground-state)
regime, where PIMC becomes inefficient.

The He-He and the He-OCS interactions used here are
derived from quantum-chemical calculations [10,11]. The
OCS molecule is assumed to be rigid. The trial wave
function is chosen to be of the Jastrow form: !T !
exp"#Pn

i!1 U1$ri; !i% #
Pn

i<jU2$rij%&, where rij is the
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solvated molecule, thus contributing to the molecu-
lar effective moment of inertia.

In Fig. 3 we display !!r" and "!r", as calculated for
cluster sizes n # 5, 8, 10, and 15. The He density reaches
its maximum where the He-OCS interaction potential is
minimum, i.e., in a doughnut surrounding the mole-
cule perpendicular to the OC bond. This doughnut can
accommodate up to five He atoms which rotate rather
rigidly with the OCS molecule, as demonstrated by the
large value of the angular correlation function. Each
atom within the doughnut gives the same contribution
to the cluster moment of inertia, resulting in a constant
slope of B vs n for n $ 5. Secondary minima of the
He-OCS potential exist near the two poles, the one near-
est to the S atom being deeper. For n > 5 He atoms spill
out of the main minimum and spread towards other
regions of space, preferentially near the molecular poles.

An analysis of the He density plots for n # 6, 7, and 8
shows that — due to quantum tunneling to and from the
doughnut —both polar regions start to be populated as
soon as the doughnut occupation is completed (i.e., for
n > 5). The number of He atoms near the S pole is 0.2,
0.3, and 0.7, for n # 6, 7, and 8, and 0.5, 0.8, and 1.1 near
the O pole. The He density is larger near the O pole
because both a smaller energy barrier and a smaller
distance favor quantum tunneling.

Tunneling is the key for understanding the onset of
superfluidity, as well as the sensitivity of rotational spec-
tra to the details of the He-OCS interaction. For n # 6, 7,
and 8, a sizable He density is found not only near the
molecular poles, but also in the angular region between
the doughnut and the O pole, where the energy barrier is
small. Non-negligible angular correlations indicate that
atoms in this region (and not only near the poles) con-
tribute to the effective moment of inertia. For n > 8 He
atoms start to fill the region between the doughnut and
the S pole (see the n # 10 panel of Fig. 3). The closure of
He rings in the sagittal planes makes atomic exchanges
along these rings possible, thus triggering the same
mechanism responsible for superfluidity in infinite sys-
tems [14]. The onset of superfluidity is responsible
not only for negligible angular correlations in this region,
but also for the decrease of these correlations in the
doughnut where the largest contributions to the cluster
inertia come from. This is demonstrated in the bottom-
right panel of Fig. 3, which shows that the maximum
of the angular correlation in the doughnut region starts
decreasing for n > 8.

It is interesting to examine the dependence upon clus-
ter size of the spectral weights, A#

J . The A#
J’s are positive

and they sum to 1: a value of A1
J close to 1 indicates that

few rotational states are available to couple with the
lowest-lying excitation of the molecule (in the case of a
rigid top, there is only one state per angular momentum,
and A1

J # 1). For J # 1 A1
J displays a maximum at

n # 4–5—where the cluster is stiffest —and a minimum
at n # 8; for n # 20 the value of A1

1 roughly equals the
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Figure 5. Maximum Entropy reconstruction of the dynamical structure factor. In the
inset the position of the maxima of the calculated S(q,ω) is compared with the experi-
mental excitation spectrum [25].

tained in Ref. [24]. The ME reconstruction of S(q,ω), shown in Fig. 5, is
too smooth and does not reproduce the sharp features exhibited by the
experimental structure factor. Furthermore, the relatively poor quality of
the available Monte Carlo data does not allow for a reliable estimate of the
statistical uncertainty on the results [23]. Nevertheless we do recover some
useful information on dynamical properties: the presence of a gap in the ex-
citation spectrum is unambiguously revealed, and the position of the peak
of the reconstructed dynamical response closely follows the experimental
dispersion of the elementary excitations (see the inset of figure 5).

We now outline the calculation of the superfluid density ρs. Although
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I. INTRODUCTION

The path-integral formulation of quantum mechanics is
the foundation of many numerical methods that allow one to
study with great accuracy the rich physics of interacting
quantum systems. At finite temperature, a path-integral
Monte Carlo !PIMC" technique for continuous systems has
been developed and applied by Ceperley and Pollock.#1,2$
Recently, this approach has been renovated in a new class of
methods known as worm algorithms. #3,4$ The zero-
temperature counterparts of the PIMC algorithm are the rep-
tation quantum Monte Carlo !RQMC" #5$ and the path-
integral ground-state methods, #6$ which have been
demonstrated useful to simulate coupled electron-ion sys-
tems, #7$ as well as to infer spectral properties from
imaginary-time dynamics. #8$ A number of important physi-
cal problems—particularly in the fields of strongly correlated
fermions and cold atoms—can be fruitfully modeled by lat-
tice Hamiltonians. A first application of path-integral tech-
niques to !boson" lattice models was proposed by Krauth et
al. in 1991 #9$. Few other attempts to apply PIMC to lattice
models have been made ever since, with a recent application
of the RQMC idea to the quantum dimer model Hamiltonian
#10$. In this paper, we propose a method that generalizes and
improves the approach in Ref. #10$ in several ways. Our
method is based on continuous-time random walks and is
therefore unaffected by time-step errors. Inspired by the
work of Syljuasen and Sandvik #11$ and Rousseau #12$, we
adopt a generalization of the bounce algorithm of Pierleoni
and Ceperley #7$ called directed updates, which helps reduc-
ing the correlation time in path sampling. We also introduce
a worm algorithm based method to calculate pure expecta-
tion values of arbitrary off-diagonal observables, which are
generally out of the scope of existing lattice ground-state
methods.

The resulting algorithm naturally applies to fermions us-
ing the fixed-node !FN" approximation. A technique to im-
prove systematically upon this approximation is proposed,
based on the calculation of a few moments of the Hamil-
tonian. Our methodology is demonstrated by a few case stud-

ies on the one-dimensional Heisenberg and the two-
dimensional fermion Hubbard models.

This paper is organized as follows. In Sec. II we present
the general formalism of ground-state PIMC for lattice mod-
els; in Sec. III our implementation of the RQMC algorithm
on a lattice is presented. In particular, we give a detailed
account of the above mentioned directed-update technique
!Sec. III A" and of the continuous-time propagator !Sec.
III B"; in Sec. III C, we introduce an extension of the algo-
rithm to cope with off-diagonal observables, while in Sec.
III D a further extension to systems affected by sign prob-
lems is presented, including a strategy to improve systemati-
cally upon the fixed-node approximation. Section IV con-
tains a few case applications, including the simulation of the
spectral properties and spin correlations of the one-
dimensional Heisenberg model and the calculation of the
ground-state energies of the fermionic Hubbard model with a
significantly better accuracy than that achieved by the fixed-
node approximation. In Sec. V we finally draw our conclu-
sions.

II. GENERAL FORMALISM

Let us consider a generic lattice Hamiltonian Ĥ and a
complete and orthogonal basis set, whose states are denoted
by %x&. Given the generic wave function %!&, its amplitude on
the configuration %x& will be denoted by !!x", namely,
!!x"= 'x %!&. The exact ground-state wave function %!0& can
be obtained by the imaginary-time evolution of a given
variational state %!V&,

%!0& " lim
#→$

%!#& , !1"

where %!#&(e−#Ĥ%!V&, provided that the variational state is
nonorthogonal to %!0&, i.e., '!V %!0&!0. Then, the ground-
state expectation value of a quantum operator Ô can be ob-
tained by

'Ô& = lim
#→$

'!#%Ô%!#&
'!#%!#&

. !2"
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S!q,!" =# dt$Ŝq
z!t"Ŝ−q

z !0"%ei!t, !39"

where Ŝq
z!t"=1 /&L' jŜj

z!t"eiqj is the Fourier transform of
time-evolved spin projection on the z axis. By introducing a
complete set of eigenstates of the Hamiltonian ("n% with
eigenvalues En, we have

S!q,!" = '
n!0

($"0(Ŝq
z ("n%(2#!! − !n" , !40"

where !n= !En−E0". In the thermodynamic limit, the spin-1
states form a branch, which is very similar to spin waves in
standard ordered systems, although no long-range order is
found in one dimension.

Imaginary-time-correlation functions of arbitrary !diago-
nal" operators can be efficiently evaluated via Eq. !8". This
fact allows us to have a direct access to S!q ,T "
= $Ŝq

z!T "Ŝ−q
z !0"%. This imaginary-time-correlation function

can be then analytically continued, by using the maximum-
entropy method )20*, in order to have a reasonable numerical
estimate for the dynamical structure factor of Eq. !40".

Before presenting the results, let us mention that we con-
sider the following Jastrow state as a variational wave func-
tion )21,22*:

("V% = exp+'
i,j

vijŜi
zŜj

z,(FM% , !41"

where (FM% is the ferromagnetic state along the x direction
for which $x (FM% does not depend on the spin configuration
and the variational parameters vij are optimized by using the
method in Ref. )23*.

In Fig. 3, we show the results for a small L=20 system,
where exact diagonalizations are possible by using the Lanc-
zos method. We report the energy excitations $E!q"=Eq
−E0 for the lowest state with S=1 and fixed momentum q. In
this case a perfect agreement between our RQMC results and
the exact ones is found. Moreover, also on larger systems a

very good accuracy is possible !see Fig. 4", demonstrating
the performances of our numerical algorithm.

In order to exemplify the potentialities of the scheme out-
lined in Sec. III C, we conclude this part of the results de-
voted to the Heisenberg model showing the ground-state ex-
pectation value of the spin-spin correlation at distance d,

C!d" =
1
L'

i
Ŝi · Ŝi+d. !42"

The desired observable is used as a worm operator and the
value of the correlation function at various distances is com-
puted by means of the estimator of Eq. !33". In Fig. 5, we
show the expectation value of C!d" for a 80-site one-
dimensional lattice. In this case we are able to achieve very
good statistics for the off-diagonal observable, with a rela-
tively negligible computational effort when compared to the
evaluation of the ground-state expectation value of other di-
agonal observables.

B. Ground-state properties of the fermionic Hubbard model

As an example of the application of the RQMC to sign
problem affected Hamiltonians, we present some results for
the fermionic Hubbard model on a square lattice, defined by
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Abstract. We present an elementary and self-contained account of the
analogies existing between classical diffusion and the imaginary-time evo-
lution of quantum systems. These analogies are used to develop a new quan-
tum simulation method which allows to calculate the ground-state expecta-
tion values of local observables without any mixed estimates nor population-
control bias, as well as static and dynamic (in imaginary time) response
functions. This method, which we name Reptation Quantum Monte Carlo,
is demonstrated with a few case applications to 4He, including the calcu-
lation of total and potential energies, static and imaginary-time dependent
density response functions, and low-lying excitation energies. Finally, we
discuss the relations of our technique with other simulation schemes.

1. Introduction

The theory of stochastic processes plays an important role in modern devel-
opments of quantum mechanics both as a deep—and possibly not yet fully
exploited—conceptual method [1, 2] and as a powerful practical tool for the
computer simulation of interacting quantum systems [3]. Quantum Monte
Carlo simulations mainly rely on the static properties of one kind or the
other of random walk that is used to sample the ground-state wave-function
or finite-temperature density matrix of a system. Comparatively minor at-
tention has been paid so far to the dynamical properties of the random
walks used in quantum simulations. The main interest in these properties
stems from the study of excitation energies, a notoriously difficult and ill-
conditioned problem. These dynamical properties, also determine the mag-
nitude of autocorrelation times which are necessary to estimate statistical
errors.
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Using a quantum Monte Carlo technique, we provide strong evidence for the stability of a saturated
ferromagnetic phase in the high-density regime of the two-dimensional infinite-U Hubbard model. By decreasing
the electron density, we observe a discontinuous transition to a paramagnetic phase, accompanied by a
divergence of the susceptibility on the paramagnetic side. This behavior, resulting from a high degeneracy
among different spin sectors, is consistent with an infinite-order phase transition. The remarkable stability of
itinerant ferromagnetism renews the hope of describing this phenomenon within a purely kinetic mechanism and
will facilitate the validation of experimental quantum simulators with cold atoms loaded in optical lattices.

DOI: 10.1103/PhysRevB.83.060411 PACS number(s): 75.10.−b, 02.70.Ss, 71.10.Fd

Ever since classical antiquity, ferromagnetism has attracted
the attention of natural philosophers.1 A proper understanding
of this phenomenon was only made possible by the advent
of quantum mechanics, from the early interpretations2,3 to
its modern realizations in quantum simulators engineered
by means of cold atomic gases.4 In some solids, such as
transition metals, the spin-independent nature of interactions
has led to the conjecture that long-range magnetic order
is due to an itinerant mechanism in which the Coulomb
interaction and the Pauli exclusion principle play fundamental
roles. The single-band Hubbard model, possibly the simplest
and most studied lattice model of correlated electrons, was
first thought to encompass a minimal description of itinerant
ferromagnetism.5 Recent experiments on ultracold atoms
hinted at the formation of ferromagnetic domains in a gas
of repulsively interacting fermions.4 This important result
and subsequent numerical calculations in the continuum6

suggested that this phenomenon has some general features
independent of the details of the repulsive interaction, thus
renewing the interest in the understanding of a minimal
model for itinerant ferromagnetism. In spite of its simplicity,
exact solutions of the Hubbard model are not available in
more than one spatial dimension, leaving the question of
the stability of a ferromagnetic phase unsolved. One of the
very few exact results that is known is due to Nagaoka,7 who
proved a theorem stating that, in the infinite-U limit, a single
hole stabilizes a fully polarized ground state. Following this
pioneering work, much effort has been devoted to studying
the fully polarized state for finite hole densities.8–14 However,
the possible stability of ferromagnetic phases and the nature
of the involved quantum phase transitions are still matters of
debate.15

In this Rapid Communication we present results for
the infinite-U Hubbard model, based on accurate fermionic
quantum Monte Carlo (QMC) simulations, which indicate that
at high electron density the Nagaoka state is stable not only
with respect to the paramagnetic phase, but also with respect
to other previously proposed partially polarized states.12 A
nontrivial transition to a paramagnetic phase is observed upon
decreasing the electron density. Near the transition this phase
is characterized by highly degenerate states with different
values of the total spin, thus indicating a divergence of the

magnetic susceptibility, consistent with an infinite-order phase
transition.16

The QMC simulation of systems of interacting electrons, at
variance with that of bosons, is beset by the antisymmetry of
the ground-state wave function which cannot be treated as the
stationary distribution of a diffusion process. The main attempt
to cope with the ensuing difficulties is the fixed-node (FN)
approximation, which, for lattice models, amounts to defining
an effective Hamiltonian whose ground-state energy is a
variational upper bound to the exact energy.17 If complemented
by an accurate variational ansatz for the wave function, the FN
method provides a method to study the properties of large
fermionic systems, making it possible reliable extrapolations
to the thermodynamic limit. Unfortunately, the nature of the
approximation does not allow for an estimate of the residual
error, which not rarely can lead to biased results. However,
the infinite-U Hubbard model belongs to an interesting class
of Hamiltonians whose eigenstates of fermionic symmetry are
sufficiently close in energy to the bosonic ground state to allow
them to be treated on an equal footing; for this class of Hamil-
tonians we propose a strategy to overcome the sign problem via
the dissection of the excitation spectrum of the corresponding
bosonic auxiliary problem, providing an essentially unbiased
scheme for medium-size fermionic systems.

Fermionic-correlation method. The spectrum of a Hamil-
tonian of identical particles, H, can be classified according
to the irreducible representations of the symmetric (permu-
tation) group. The Pauli principle asserts that only totally
antisymmetric states are physically allowed for fermions, but
mathematical states of any symmetry can also be considered.
In particular, the (unphysical) state of lowest energy is in
general totally symmetric, so that the fermionic ground state
can be formally considered as an excited state of a bosonic
system. As such, it can be studied via excited-state techniques,
provided the Bose-Fermi gap is not too large with respect
to the physical gap in the fermionic sector of the spectrum.
Let |!0

b 〉 be the bosonic ground state of the system and A
an arbitrary observable. A recent extension of the reptation
QMC method18 to lattice models19 allows for an efficient
and unbiased evaluation of imaginary-time τ = it correlation
functions CA(τ ) = 〈!0

b |A†(τ )A|!0
b 〉/〈!0

b |!0
b 〉, whereA(τ ) =

eHτAe−Hτ is the Heisenberg representation of A.

060411-11098-0121/2011/83(6)/060411(4) ©2011 American Physical Society
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FIG. 1. (Color online) Energy E0
f (τ ) = E0

b − ∂τ log CA(τ ) as a
function of the imaginary time τ for L = 50 and N = 42 electrons
and different magnetizations. The dashed horizontal lines are FN
energies, while the solid lines are the energies as obtained by fitting
the imaginary-time correlations.

approach. The possibility of obtaining numerically exact
results on rather large systems allows us to assess the accuracy
of the FN method, which can be extended to much larger sizes
(i.e., L ! 1000), without any numerical instability. Thanks
to backflow correlations, we get a considerable improvement
upon the standard plane waves that were used in Ref. 12. There
is a small difference between the FN results and the energies
obtained by the imaginary-time correlations, indicating a very
small residual FN error, namely, #E/t ! 0.01.

In Fig. 2, we report the overall phase diagram obtained by
considering large-scale FN calculations. A saturated ferromag-
netic phase is stable for n " 0.75, while for smaller densities a
paramagnetic ground state is found. The narrow shaded region
denotes the incertitude due to the residual numerical error,
which can be estimated by comparing the FN energies with
the exact ones (obtained from the fermionic correlations) on
smaller clusters (see Fig. 1). This direct comparison puts us on
secure grounds as concerns the robustness of the dependence
of the ground-state magnetization on the electron density.

In Fig. 3 we display the dependence of the ground-state
energy upon magnetization, for different values of the electron
density. The remarkable feature emerging from this figure
is the strong flattening of the energy as a function of the
magnetization (i.e., the spin) close to the transition between
the fully polarized ferromagnet and the paramagnetic state.
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FIG. 2. Ground-state magnetization of the infinite-U Hubbard
model on the square lattice. The shaded area represents a small region
of uncertain attribution due to the effect of the residual Monte Carlo
error.
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FIG. 3. (Color online) Difference between the energy per site of
different magnetizations and that of the saturated ferromagnet as a
function of the density n. The cases with L = 200 (squares) and 400
(circles) are reported; lines connecting points are a guide for the eye.

Indeed, at low and high densities the energy has a monotonic
behavior as a function of the magnetization m. At low density
a clear minimum exists at m = 0, typical of a paramagnetic
phase, where the curvature of the energy-versus-magnetization
curve indicates a finite spin susceptibility. On the other
hand, in the high-density ferromagnetic phase, E(m) displays
a well-defined minimum for m = 1. On approaching the
transition, E(m) becomes flatter and flatter, suggesting that
the susceptibility may diverge at the critical point. Although
we cannot exclude a tiny region with a finite but nonsat-
urated magnetization, these results would suggest that the
paramagnetic-to-ferromagnetic transition is not due to a simple
level crossing, namely, to the creation of a local minimum in
E(m) at m = 1 that eventually prevails over the paramagnetic
one, but rather to the progressive flattening of the whole E(m)
curve.

Our scenario is compatible with an infinite-order phase
transition, which, in general, is described by E(m) = (g −
gc)m2 + bm2r , where r → ∞; a phase transition is obtained by
varying the order parameter g (in our case the electron density)
across its critical value gc. The critical exponent of the order
parameter is β = 1/(2r − 2), generating a jump from zero to
the saturation value for r → ∞. Moreover, the susceptibility
χ ∼ A±/|g − gc|γ has an exponent γ = 1 independent of r ,
with an amplitude ratio A−/A+ that vanishes for r → ∞.16

Even though the order parameter shows a finite jump, as in
ordinary first-order phase transitions, there is no hysteresis.
We have indeed verified that the ground-state energy is a
convex function of the electron density, implying a finite
compressibility in the neighborhood of the ferromagnetic-
paramagnetic transition. This picture implies that spin-flip
excitations over the fully polarized state are noninteracting
at the transition point. In fact, we find that, at small distances,
the minority spins repel each other, whereas at large distances
they do not interact. In the variational wave function, this fact
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