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Green-Kubo Integral

partially dissociated water
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a conundrum in transport theory

Dynamical Screening and Ionic Conductivity in Water from Ab Initio Simulations
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We present a method to calculate ionic conductivities of complex fluids from ab initio simulations. This

is achieved by combining density functional theory molecular dynamics simulations with polarization

theory. Conductivities are then obtained via a Green-Kubo formula using time-dependent effective

charges of electronically screened ions. The method is applied to two different phases of warm dense

water. We observe large fluctuations in the effective charges; protons can transport effective charges

greater than þe for ultrashort time scales. Furthermore, we compare our results with a simpler model of

ionic conductivity in water that is based on diffusion coefficients. Our approach can be directly applied to

study ionic conductivities of electronically insulating materials of arbitrary composition, e.g., complex

molecular mixtures under such extreme conditions that occur deep inside giant planets.

DOI: 10.1103/PhysRevLett.107.185901 PACS numbers: 66.10.Ed, 61.20.Ja

The process of electrical charge transport in water has
attracted much attention since von Grotthuss [1] proposed
his mechanism of correlated hydrogen jumps. Especially,
ab initio simulations have offered new insight into the
microscopic dynamical processes of proton transport and
into the interaction of the several involved molecular and
ionic species [2–4]. As pressure and temperature increase,
the dissociation of water molecules allows more protons to
contribute to the charge transport which results in a rising
conductivity [5–8]. Although theoretical approaches
[9–11] to calculate the electrical conductivity of water
under extreme conditions can reproduce most of the ex-
perimental data well, those models require at least an
assumption about the effective charge that is transported
by the protons. The unscreened charge of þe is a well
motivated [9,10,12] but not the only possible choice
here [11,13].

In this work, we present an approach to obtain the
electrical conductivity directly from ab initio simulations
without making assumptions about any involved chemical
species that carry defined electrical charges. To accomplish
this, we combine density functional theory molecular dy-
namics simulations (DFT-MD) [14] with state-of-the-art
polarization theory [15,16], two well-established ab initio
calculation techniques. The calculation of the conductivity
then involves the evaluation of the Green-Kubo formula
for the classical ions that carry time-dependent effective
electric charges. Microscopic analyses show that large
fluctuations in the effective charge of the protons occur
on a femtosecond time scale that play a crucial role in the
charge transport in water. Most important, the real power
of the method presented here is its direct applicability to
more complex systems than water, such as strongly react-
ing chemicals [17] and molecular mixtures in the deep
interior of giant planets [13,18].

Based on the Born-Oppenheimer approximation, our
system is described by classical hydrogen (NH ¼ 108)
and oxygen ions (NO ¼ 54) that are propagated with forces
from the quantum-statistical treatment of the electron sys-
tem with DFT. We use the exchange correlation functional
of Perdew, Burke, and Ernzerhof [19] and the VASP 4.6.28

program package to perform the MD simulations [20–23].
The standard projector augmented wave (PAW) [24,25]
potentials (the 1s core electrons of oxygen are frozen)
are used for the electron ion interaction with a plane-
wave cutoff of 900 eV and the electronic wave functions
are calculated at the ! point. These simulation parameters
have proven to yield well-converged equation of state data
and diffusion coefficients [9,10,26]. The ion temperature is
controlled with a Nosé thermostat [27], which we found
not to influence the time correlation functions in test
simulations.
From basic linear response theory [28] it follows that the

electrical conductivity ! is given by a time integral over a
current-current autocorrelation function,

! ¼ 1

3VkBT

Z 1

0
dth ~JðtÞ % ~Jð0Þi; (1)

where V is the volume, kBT the thermal energy, and ~JðtÞ
is the total electric current of the system at time t.
Equation (1) is known as the Green-Kubo formula, and
it was successfully applied in, e.g., classical MD simula-
tions to derive conductivities of molten salts [29]. In our
system, the current ~JðtÞ must basically contain contribu-
tions from particles of all three different species, namely,
protons, oxygen nuclei, and electrons. Since the Born-
Oppenheimer approximation has decoupled the motion of
ions and electrons (which are treated statically at every
ionic MD step), a direct evaluation of the Green-Kubo
formula is not possible because the dynamical information
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We present a method to calculate ionic conductivities of complex fluids from ab initio simulations. This

is achieved by combining density functional theory molecular dynamics simulations with polarization

theory. Conductivities are then obtained via a Green-Kubo formula using time-dependent effective

charges of electronically screened ions. The method is applied to two different phases of warm dense

water. We observe large fluctuations in the effective charges; protons can transport effective charges

greater than þe for ultrashort time scales. Furthermore, we compare our results with a simpler model of

ionic conductivity in water that is based on diffusion coefficients. Our approach can be directly applied to

study ionic conductivities of electronically insulating materials of arbitrary composition, e.g., complex

molecular mixtures under such extreme conditions that occur deep inside giant planets.
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The process of electrical charge transport in water has
attracted much attention since von Grotthuss [1] proposed
his mechanism of correlated hydrogen jumps. Especially,
ab initio simulations have offered new insight into the
microscopic dynamical processes of proton transport and
into the interaction of the several involved molecular and
ionic species [2–4]. As pressure and temperature increase,
the dissociation of water molecules allows more protons to
contribute to the charge transport which results in a rising
conductivity [5–8]. Although theoretical approaches
[9–11] to calculate the electrical conductivity of water
under extreme conditions can reproduce most of the ex-
perimental data well, those models require at least an
assumption about the effective charge that is transported
by the protons. The unscreened charge of þe is a well
motivated [9,10,12] but not the only possible choice
here [11,13].

In this work, we present an approach to obtain the
electrical conductivity directly from ab initio simulations
without making assumptions about any involved chemical
species that carry defined electrical charges. To accomplish
this, we combine density functional theory molecular dy-
namics simulations (DFT-MD) [14] with state-of-the-art
polarization theory [15,16], two well-established ab initio
calculation techniques. The calculation of the conductivity
then involves the evaluation of the Green-Kubo formula
for the classical ions that carry time-dependent effective
electric charges. Microscopic analyses show that large
fluctuations in the effective charge of the protons occur
on a femtosecond time scale that play a crucial role in the
charge transport in water. Most important, the real power
of the method presented here is its direct applicability to
more complex systems than water, such as strongly react-
ing chemicals [17] and molecular mixtures in the deep
interior of giant planets [13,18].

Based on the Born-Oppenheimer approximation, our
system is described by classical hydrogen (NH ¼ 108)
and oxygen ions (NO ¼ 54) that are propagated with forces
from the quantum-statistical treatment of the electron sys-
tem with DFT. We use the exchange correlation functional
of Perdew, Burke, and Ernzerhof [19] and the VASP 4.6.28

program package to perform the MD simulations [20–23].
The standard projector augmented wave (PAW) [24,25]
potentials (the 1s core electrons of oxygen are frozen)
are used for the electron ion interaction with a plane-
wave cutoff of 900 eV and the electronic wave functions
are calculated at the ! point. These simulation parameters
have proven to yield well-converged equation of state data
and diffusion coefficients [9,10,26]. The ion temperature is
controlled with a Nosé thermostat [27], which we found
not to influence the time correlation functions in test
simulations.
From basic linear response theory [28] it follows that the

electrical conductivity ! is given by a time integral over a
current-current autocorrelation function,

! ¼ 1

3VkBT

Z 1

0
dth ~JðtÞ % ~Jð0Þi; (1)

where V is the volume, kBT the thermal energy, and ~JðtÞ
is the total electric current of the system at time t.
Equation (1) is known as the Green-Kubo formula, and
it was successfully applied in, e.g., classical MD simula-
tions to derive conductivities of molten salts [29]. In our
system, the current ~JðtÞ must basically contain contribu-
tions from particles of all three different species, namely,
protons, oxygen nuclei, and electrons. Since the Born-
Oppenheimer approximation has decoupled the motion of
ions and electrons (which are treated statically at every
ionic MD step), a direct evaluation of the Green-Kubo
formula is not possible because the dynamical information
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We present a method to calculate ionic conductivities of complex fluids from ab initio simulations. This

is achieved by combining density functional theory molecular dynamics simulations with polarization

theory. Conductivities are then obtained via a Green-Kubo formula using time-dependent effective

charges of electronically screened ions. The method is applied to two different phases of warm dense

water. We observe large fluctuations in the effective charges; protons can transport effective charges

greater than þe for ultrashort time scales. Furthermore, we compare our results with a simpler model of

ionic conductivity in water that is based on diffusion coefficients. Our approach can be directly applied to

study ionic conductivities of electronically insulating materials of arbitrary composition, e.g., complex

molecular mixtures under such extreme conditions that occur deep inside giant planets.
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The process of electrical charge transport in water has
attracted much attention since von Grotthuss [1] proposed
his mechanism of correlated hydrogen jumps. Especially,
ab initio simulations have offered new insight into the
microscopic dynamical processes of proton transport and
into the interaction of the several involved molecular and
ionic species [2–4]. As pressure and temperature increase,
the dissociation of water molecules allows more protons to
contribute to the charge transport which results in a rising
conductivity [5–8]. Although theoretical approaches
[9–11] to calculate the electrical conductivity of water
under extreme conditions can reproduce most of the ex-
perimental data well, those models require at least an
assumption about the effective charge that is transported
by the protons. The unscreened charge of þe is a well
motivated [9,10,12] but not the only possible choice
here [11,13].

In this work, we present an approach to obtain the
electrical conductivity directly from ab initio simulations
without making assumptions about any involved chemical
species that carry defined electrical charges. To accomplish
this, we combine density functional theory molecular dy-
namics simulations (DFT-MD) [14] with state-of-the-art
polarization theory [15,16], two well-established ab initio
calculation techniques. The calculation of the conductivity
then involves the evaluation of the Green-Kubo formula
for the classical ions that carry time-dependent effective
electric charges. Microscopic analyses show that large
fluctuations in the effective charge of the protons occur
on a femtosecond time scale that play a crucial role in the
charge transport in water. Most important, the real power
of the method presented here is its direct applicability to
more complex systems than water, such as strongly react-
ing chemicals [17] and molecular mixtures in the deep
interior of giant planets [13,18].

Based on the Born-Oppenheimer approximation, our
system is described by classical hydrogen (NH ¼ 108)
and oxygen ions (NO ¼ 54) that are propagated with forces
from the quantum-statistical treatment of the electron sys-
tem with DFT. We use the exchange correlation functional
of Perdew, Burke, and Ernzerhof [19] and the VASP 4.6.28

program package to perform the MD simulations [20–23].
The standard projector augmented wave (PAW) [24,25]
potentials (the 1s core electrons of oxygen are frozen)
are used for the electron ion interaction with a plane-
wave cutoff of 900 eV and the electronic wave functions
are calculated at the ! point. These simulation parameters
have proven to yield well-converged equation of state data
and diffusion coefficients [9,10,26]. The ion temperature is
controlled with a Nosé thermostat [27], which we found
not to influence the time correlation functions in test
simulations.
From basic linear response theory [28] it follows that the

electrical conductivity ! is given by a time integral over a
current-current autocorrelation function,

! ¼ 1

3VkBT

Z 1

0
dth ~JðtÞ % ~Jð0Þi; (1)

where V is the volume, kBT the thermal energy, and ~JðtÞ
is the total electric current of the system at time t.
Equation (1) is known as the Green-Kubo formula, and
it was successfully applied in, e.g., classical MD simula-
tions to derive conductivities of molten salts [29]. In our
system, the current ~JðtÞ must basically contain contribu-
tions from particles of all three different species, namely,
protons, oxygen nuclei, and electrons. Since the Born-
Oppenheimer approximation has decoupled the motion of
ions and electrons (which are treated statically at every
ionic MD step), a direct evaluation of the Green-Kubo
formula is not possible because the dynamical information
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Qx = =-0.000(6);   Qy = 0.000(2);   Qz = 1.00(18)
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a numerical experiment on molten KCl

the charges transported by K and Cl  
around z cancel exactly

Qz[Cl]=-1
Qz[K] = 1
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<latexit sha1_base64="pH/XK1cOJ/Cxn9K7m64vnT6bE2w=">AAACUXicfZHLSsNAGIUn8VZTL1FxJehg8QalJFXQjVJ102UFe4GmlMl0mg6dXJiZCCXkAXwcn8WVT+HanZOaTVv1Xx3+881hzowbMSqkZX1o+tLyyupaYd0obmxubZs7uy0RxhyTJg5ZyDsuEoTRgDQllYx0Ik6Q7zLSdsePmd9+IVzQMHiWk4j0fOQFdEgxkmrVN1+dEZKwfg4TZxrW5Z7bS6yyXbZS+JBewFMnIDCHZhhFZMy9YhzH+I84y2Ju8xD4V0rfLFkVazpwUdi5KIF8Gn3zzRmEOPZJIDFDQiSIS4oZSQ0nFiRCeIw8kmDf5dQbydkt8oWY+G4KT3wkR2Ley5a/ed1YDm96CQ2iWJIAK0R5w5hBGcLsdeGAcoIlmyiBMKfqPhCPEEdYqj8wDNXRnm+0KFrVin1ZqT5dlWp3edsCOADH4BzY4BrUQB00QBNg8Knta4fakfaufelA139QXcvP7IGZ0YvfnjqqYQ==</latexit>



=

<latexit sha1_base64="7gFMtdvpezxhJhJxT5k6xN0GOFo="></latexit>

� / lim
t!1

1

2t
var

⇥
µAB(t)

⇤

µAB(t) =

Z t

0
J(t 0)dt 0

= µAA0 + µA0B

gauge invariance of charge transport

A

B
A’
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Ĥ(A0) = Ĥ(A)
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conclusions
Topological quantization of adiabatic charge transport provides a rigorous 
definition of atomic oxidation states.;

Gauge invariance and the quantization of charge transport imply that the 
electric conductivity of stoichiometric electrolytes depends on the formal 
oxidation numbers of the ionic species, as expressed through the Green-
Kubo relation;

In non-stoichiometric electrolytes, a breakdown of strong adiabaticity gives 
rise to an anomalous transport regime—intermediate between metallic and 
ionic—where charge can be transferred without accompanying mass 
displacement;

the degree of electron localization in the ionic broth is strongly influenced 
by self-interaction effects, which are treated differently by various 
exchange-correlation functionals; the resulting electride contribution to the 
conductivity varies accordingly.
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Electronically insulating liquids can carry an electric current in 
response to an applied electric field, as their atomic or molec-
ular constituents may carry a charge. Common examples are 

ionic solutions, molten salts and ionic liquids. Within the Green–
Kubo (GK) theory of linear response1–4, the electrical conductivity 
of a classical fluid is given by the celebrated GK formula:

∫σ Ω= ⟨ ⋅ ⟩
∞

k T
t tJ J

3
( ) (0) d (1)

B 0

where Ω and T are the system volume and temperature, kB is the 
Boltzmann constant, 〈⋅〉 indicates an equilibrium ensemble aver-
age and = ∑Ωt q tJ v( ) ( )i i i

1  is the electric charge flux, with vi and qi 
being the velocity and classical charge of the ith atom, and the sum 
extends over the N atoms of the system.

The situation is not nearly as clear when a quantum mechanical 
picture of the interatomic forces is adopted, because atomic charges 
are ill-defined in this case. It seems, therefore, that the adoption 
of any of the many available and inevitably arbitrary definitions of 
atomic charge would lead to a different expression for the electric 
charge flux and value for the conductivity. This ambiguity is lifted 
by considering that the charge flux is the time derivative of the  
macroscopic polarization, = ̇P J P: . In the adiabatic approximation, 
P depends on time only through the nuclear coordinates, so that its 
time derivative reads:

∑Ω= ⋅t t tJ Z v( ) 1 ( ) ( ) (2)*
i

i i

where the Born effective charge, Z*i , is a tensor whose components 
are derivatives of the system’s dipole, μ = ΩP, with respect to atomic  
displacements: =αβ

μ∂
∂

α
β

Z *i ri , with ri being the position of the ith atom.  
The implementation of the Kubo formula, equation (1), from first 
principles thus requires the numerical evaluation of the Born effec-
tive charges along a molecular trajectory, using either a linear-
response5 or a Berry-phase6,7 approach.

This procedure was implemented, for example, in ref. 8 in the 
case of partially ionic H2O, a state of water occurring at the high-
pressure and -temperature conditions to be found in the icy giants’ 

interior. In that paper, an outstanding conundrum was identified, in 
that “interestingly, the use of predefined constant charges can yield 
the same conductivity as is found with the fully time-dependent 
charge tensors”. Even more interestingly, those predefined constant 
charges coincide with what chemical intuition would suggest for the 
oxidation numbers of O (qO = −2) and H (qH = +1). We note that a 
similar poser occurs in the electrical properties of atomically neu-
tral fluids: how is it that a vanishing conductivity can result through 
the GK formula (equation (1)) from the time series of a non- 
vanishing charge flux (equation (2))? The question, then, naturally 
arises: are these numerical coincidences, or the consequence of a 
deep, hitherto unrecognized, invariance principle? In the latter case, 
does this principle stem from a fundamental theory or from just 
an approximation of some sort? Nearly at the same time, another 
paper9 appeared where, based on the modern theory of polariza-
tion6,7, it was shown that oxidation states can be rigorously associ-
ated with individual atoms in insulating crystals, such that the total 
charge transported by the displacement of an atomic sublattice by a 
lattice vector is an integer. While this finding certainly bears some 
relevance to the solution of our conundrum, the extent to which it 
can be generalized to liquids and the impact it can have on transport 
properties are not evident at all.

In this work we demonstrate that the above coincidences are by 
no means such, but they rather stem from the topological proper-
ties of the electronic structure of insulating materials. To this end, 
we first derive a rigorous definition of atomic oxidation numbers 
in liquid insulators, based on purely topological arguments, and 
discuss their general properties, such as quantization and additiv-
ity. We then show that these two concepts can be combined with 
a recently discovered gauge invariance of transport coefficients10–12 
in such a way that defining the charge flux (equation (2)) in terms 
of these integer, constant and scalar numbers, instead of real, time-
dependent and tensor Born effective charges, results in the same 
conductivity, as computed from equation (1), thus solving the 
conundrum highlighted in ref. 8. Our theoretical results are demon-
strated numerically on a model of molten potassium chloride (KCl). 
We computed the charge transported along a number of represen-
tative periodic paths involving the net displacement of one or two 
atoms, and compared the electric conductivities extracted from ab 
initio (AI) molecular dynamics (MD) and the GK formula, employ-
ing alternatively the Born effective charges and the newly defined 
atomic oxidation numbers.

Topological quantization and gauge invariance of 
charge transport in liquid insulators
Federico Grasselli1 and Stefano Baroni! !1,2*

According to the Green–Kubo theory of linear response, the conductivity of an electronically gapped liquid can be expressed 
in terms of the time correlations of the adiabatic charge flux, which is determined by the atomic velocities and Born effective 
charges. We show that topological quantization of adiabatic charge transport and gauge invariance of transport coefficients 
allow one to rigorously express the electrical conductivity of an insulating fluid in terms of integer-valued, scalar, and time-
independent atomic oxidation numbers, instead of real-valued, tensor and time-dependent Born charges.
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