
density-functional perturbation theory

Stefano Baroni

 response functions, phonons, plasmons, magnons, and all that 
LOGO Quantum Espresso Foundation

QUANTUM ESPRESSO 
FOUNDATION

QUANTUM ESPRESSO 
FOUNDATION

Scuola Internazionale Superiore di Studi Avanzati & CNR Istituto dell’Officina dei Materiali  
Trieste - Italy

lecture given at the Joint ICTP MARVEL College: Materials simulations in the age of AI, 
the Abdus Salam International Centre for Theoretical Physics, Trieste, June 1-12, 2026



disclaimer



AI for theory and methodological development



AI for theory and methodological development

AI may be an excellent sparring partner to develop your own ideas. Pros: 
it takes you seriously and it may be easier to admit your ignorance to it 
than to a colleague/supervisor; Cons: it tends to be sycophantic (by 
design, I suspect). Beware of its responses, and keep challenging them.



AI for theory and methodological development

AI may be an excellent sparring partner to develop your own ideas. Pros: 
it takes you seriously and it may be easier to admit your ignorance to it 
than to a colleague/supervisor; Cons: it tends to be sycophantic (by 
design, I suspect). Beware of its responses, and keep challenging them.

It knows the literature better than anybody on Earth. It points you to 
the right problem and the right method (if you are vigilant enough). No 
more excuses for irrelevant work—or for doing badly what others have 
already done better.



AI for theory and methodological development

AI may be an excellent sparring partner to develop your own ideas. Pros: 
it takes you seriously and it may be easier to admit your ignorance to it 
than to a colleague/supervisor; Cons: it tends to be sycophantic (by 
design, I suspect). Beware of its responses, and keep challenging them.

It knows the literature better than anybody on Earth. It points you to 
the right problem and the right method (if you are vigilant enough). No 
more excuses for irrelevant work—or for doing badly what others have 
already done better.

It codes better than most and faster than all. 



response functions

property =
∂(variable)
∂(strength)



response functions

☛  polarizability, dielectric constant
∂Pi

∂Ej

☛  piezoelectric constants
∂Pi

∂εkl

☛  elastic constants
∂σij

∂εkl

☛  interatomic force constants
∂fs

i

∂ut
j

☛  Born effective charges
∂ds

i

∂us
j

☛  ⋯ ⋯

property =
∂(variable)
∂(strength)
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Ĥω!ω = Eω!ω



<latexit sha1_base64="C/kR3brhGCh4LMZy5+CPVgltm7A="></latexit>
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Ĥω = Ĥ0 + ωĤ
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food for thoughts
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Dalgarno & Stewart (1956); generalization to DFT: Gonze & Vigneron (1989)
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Ĥα = Ĥ◦ + αÂ
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χBA =
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energy derivatives

E[λ] = E0 −
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fiλi +
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∑

ij
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☛ (static) response functions 
elastic constants 
dielectric tensor 
piezoelectric tensor 
... 

☛ vibrational modes in the adiabatic approximation 
interatomic force constants 
Born effective charges 
...

H = H0 +
∑

i

λivi

☛ structural optimization & molecular dynamics
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Ĥ
↑2). Variation with respect to !↑ and ”↑ gives



simulating atomic vibrations ...



lattice dynamics

0.R*$)42'.+&*1

V (r) = V0(r)

+
�

R

u(R) · ∂v(r−R)
∂R

E = E0

+
1
2

�

R,R�

u(R) · ∂2E

∂u(R)∂u(R�)
· u(R�)

+ · · ·

R’

R
u(R)

u(R’)

5

V (r) = V0(r) +
�

R

u(R) · ∂v(r−R)
∂R

+ · · ·



lattice dynamics

0.R*$)42'.+&*1

V (r) = V0(r)

+
�

R

u(R) · ∂v(r−R)
∂R

E = E0

+
1
2

�

R,R�

u(R) · ∂2E

∂u(R)∂u(R�)
· u(R�)

+ · · ·

R’

R
u(R)

u(R’)

5

V (r) = V0(r) +
�

R

u(R) · ∂v(r−R)
∂R

+ · · ·

E = E0 +
1
2

�

R,R�

u(R) · ∂2E

∂u(R)∂u(R�)
· u(R�)

+ · · ·



lattice dynamics

0.R*$)42'.+&*1

V (r) = V0(r)

+
�

R

u(R) · ∂v(r−R)
∂R

E = E0

+
1
2

�

R,R�

u(R) · ∂2E

∂u(R)∂u(R�)
· u(R�)

+ · · ·

R’

R
u(R)

u(R’)

5

V (r) = V0(r) +
�

R

u(R) · ∂v(r−R)
∂R

+ · · ·

E = E0 +
1
2

�

R,R�

u(R) · ∂2E

∂u(R)∂u(R�)
· u(R�)

+ · · ·

− ∂F(R)
∂u(R�)



lattice dynamics

0.R*$)42'.+&*1

V (r) = V0(r)

+
�

R

u(R) · ∂v(r−R)
∂R

E = E0

+
1
2

�

R,R�

u(R) · ∂2E

∂u(R)∂u(R�)
· u(R�)

+ · · ·

R’

R
u(R)

u(R’)

5

DFT DPFT

V (r) = V0(r) +
�

R

u(R) · ∂v(r−R)
∂R

+ · · ·

E = E0 +
1
2

�

R,R�

u(R) · ∂2E

∂u(R)∂u(R�)
· u(R�)

+ · · ·

− ∂F(R)
∂u(R�)



lattice dynamics

0.R*$)42'.+&*1

V (r) = V0(r)

+
�

R

u(R) · ∂v(r−R)
∂R

E = E0

+
1
2

�

R,R�

u(R) · ∂2E

∂u(R)∂u(R�)
· u(R�)

+ · · ·

R’

R
u(R)

u(R’)

5

det
�

∂2E

∂u(R)∂u(R�)
− ω2M(R)δR,R�

�
= 0

DFT DPFT

V (r) = V0(r) +
�

R

u(R) · ∂v(r−R)
∂R

+ · · ·

E = E0 +
1
2

�

R,R�

u(R) · ∂2E

∂u(R)∂u(R�)
· u(R�)

+ · · ·

− ∂F(R)
∂u(R�)



�
H0 − �kv

�
φ�k+q
v (r) = −PcV

�q
SCFφ

k
v (r)

monochromatic perturbations

x

2π
q

V ′q(x)

DFPT rhs:



�
H0 − �kv

�
φ�k+q
v (r) = −PcV

�q
SCFφ

k
v (r)

monochromatic perturbations

x

2π
q

V ′q(x)



�
H0 − �kv

�
φ�k+q
v (r) = −PcV

�q
SCFφ

k
v (r)

monochromatic perturbations

x

2π
q

V ′q(x)

ei(k+q)·ru�k+q
v (r) eik·ru◦k

v (r)



n�q(r) = eiq·r
�

v,k

u◦k∗
v (r)u�k+q

v (r)

�
H0 − �kv

�
φ�k+q
v (r) = −PcV

�q
SCFφ

k
v (r)

monochromatic perturbations

x

2π
q

V ′q(x)

ei(k+q)·ru�k+q
v (r) eik·ru◦k

v (r)



n�q(r) = eiq·r
�

v,k

u◦k∗
v (r)u�k+q

v (r)

�
H0 − �kv

�
φ�k+q
v (r) = −PcV

�q
SCFφ

k
v (r)

monochromatic perturbations

V ′q(r) = V ′q
ext(r) +

∫ (
e2

|r− r′| + κxc(r, r′)
)

n′q(r′)dr′

x

2π
q

V ′q(x)

ei(k+q)·ru�k+q
v (r) eik·ru◦k

v (r)



macroscopic electric fields

-

-

-

-

-

-

-

+

+

+

+

+

+

+

E = const

V �(r) = E · r



macroscopic electric fields

-

-

-

-

-

-

-

+

+

+

+

+

+

+

φ0
v(r) = eik·ruv,k(r)

V ′(r)φ0
v(r) = ??

E = const

V �(r) = E · r



macroscopic electric fields

-

-

-

-

-

-

-

+

+

+

+

+

+

+

φ0
v(r) = eik·ruv,k(r)

V ′(r)φ0
v(r) = ??

E = const

V �(r) = E · r



−PcV
�φ0

v = −E
�

c

φ0
c�φ0

c |x|φ0
v�

= −E
�

c

φ0
c
�φ0

c |[H0, x]|φ0
v�

�0c − �0v
≡ ψ�

v

macroscopic electric fields

-

-

-

-

-

-

-

+

+

+

+

+

+

+

φ0
v(r) = eik·ruv,k(r)

V ′(r)φ0
v(r) = ??

E = const

V �(r) = E · r



−PcV
�φ0

v = −E
�

c

φ0
c�φ0

c |x|φ0
v�

= −E
�

c

φ0
c
�φ0

c |[H0, x]|φ0
v�

�0c − �0v
≡ ψ�

v

macroscopic electric fields

-

-

-

-

-

-

-

+

+

+

+

+

+

+

φ0
v(r) = eik·ruv,k(r)

V ′(r)φ0
v(r) = ??

〈φ0
v|x|φ0

u〉 =
〈φ0

v|[H,x]|φ0
u〉

ε0v − ε0u
[H,x] = −!2

m

∂

∂x
+ [H,Vnl]

E = const

V �(r) = E · r



−PcV
�φ0

v = −E
�

c

φ0
c�φ0

c |x|φ0
v�

= −E
�

c

φ0
c
�φ0

c |[H0, x]|φ0
v�

�0c − �0v
≡ ψ�

v

macroscopic electric fields

-

-

-

-

-

-

-

+

+

+

+

+

+

+

φ0
v(r) = eik·ruv,k(r)

V ′(r)φ0
v(r) = ??

〈φ0
v|x|φ0

u〉 =
〈φ0

v|[H,x]|φ0
u〉

ε0v − ε0u
[H,x] = −!2

m

∂

∂x
+ [H,Vnl]

E = const

V �(r) = E · r



−PcV
�φ0

v = −E
�

c

φ0
c�φ0

c |x|φ0
v�

= −E
�

c

φ0
c
�φ0

c |[H0, x]|φ0
v�

�0c − �0v
≡ ψ�

v

macroscopic electric fields

-

-

-

-

-

-

-

+

+

+

+

+

+

+

φ0
v(r) = eik·ruv,k(r)

V ′(r)φ0
v(r) = ??

〈φ0
v|x|φ0

u〉 =
〈φ0

v|[H,x]|φ0
u〉

ε0v − ε0u
[H,x] = −!2

m

∂

∂x
+ [H,Vnl]

E = const

V �(r) = E · r  DFPT rhs(H0 − �0v)ψ
�
v = −EPc[H0, x]φ

0
v



phonons in polar materials

E(u,E) =
1
2
Mω2

0u2 − Ω
8π

ε∞E2 − eZ∗u · E



phonons in polar materials

E(u,E) =
1
2
Mω2

0u2 − Ω
8π

ε∞E2 − eZ∗u · E



phonons in polar materials

E(u,E) =
1
2
Mω2

0u2 − Ω
8π

ε∞E2 − eZ∗u · E

F ≡ −∂E

∂u
= −Mω2

0u + Z∗E

D ≡ −4π

Ω
∂E

∂E
=

4π

Ω
Z∗u + ε∞E



phonons in polar materials

E(u,E) =
1
2
Mω2

0u2 − Ω
8π

ε∞E2 − eZ∗u · E

F ≡ −∂E

∂u
= −Mω2

0u + Z∗E

D ≡ −4π

Ω
∂E

∂E
=

4π

Ω
Z∗u + ε∞E

rot E ∼ iq× E = 0



phonons in polar materials

E(u,E) =
1
2
Mω2

0u2 − Ω
8π

ε∞E2 − eZ∗u · E

F ≡ −∂E

∂u
= −Mω2

0u + Z∗E

D ≡ −4π

Ω
∂E

∂E
=

4π

Ω
Z∗u + ε∞E

rot E ∼ iq× E = 0 u ⊥ q⇒ E = 0 (T)



phonons in polar materials

E(u,E) =
1
2
Mω2

0u2 − Ω
8π

ε∞E2 − eZ∗u · E

F ≡ −∂E

∂u
= −Mω2

0u + Z∗E

D ≡ −4π

Ω
∂E

∂E
=

4π

Ω
Z∗u + ε∞E

rot E ∼ iq× E = 0 u ⊥ q⇒ E = 0 (T)

FT = −Mω2
0u



phonons in polar materials

E(u,E) =
1
2
Mω2

0u2 − Ω
8π

ε∞E2 − eZ∗u · E

F ≡ −∂E

∂u
= −Mω2

0u + Z∗E

D ≡ −4π

Ω
∂E

∂E
=

4π

Ω
Z∗u + ε∞E

rot E ∼ iq× E = 0

div D ∼ iq · D = 0

u ⊥ q⇒ E = 0 (T)

FT = −Mω2
0u



phonons in polar materials

E(u,E) =
1
2
Mω2

0u2 − Ω
8π

ε∞E2 − eZ∗u · E

F ≡ −∂E

∂u
= −Mω2

0u + Z∗E

D ≡ −4π

Ω
∂E

∂E
=

4π

Ω
Z∗u + ε∞E

rot E ∼ iq× E = 0

div D ∼ iq · D = 0

u ⊥ q⇒ E = 0 (T)

u ‖ q⇒ D = 0 (L)

FT = −Mω2
0u



phonons in polar materials

E(u,E) =
1
2
Mω2

0u2 − Ω
8π

ε∞E2 − eZ∗u · E

F ≡ −∂E

∂u
= −Mω2

0u + Z∗E

D ≡ −4π

Ω
∂E

∂E
=

4π

Ω
Z∗u + ε∞E

rot E ∼ iq× E = 0

div D ∼ iq · D = 0

u ⊥ q⇒ E = 0 (T)

u ‖ q⇒ D = 0 (L)

FT = −Mω2
0u FL = −M

(
ω2

0 +
4πZ∗

MΩε∞

)
u



interatomic force constants

�↵�
st (R�R0) = � @2E

@u↵
s (R)@u�

t (R0)

=
⌦

(2⇡)3

Z
eiq·(R�R0)D↵�

st (q)dq

D↵�
st (q) = D̄↵�

st (q) +
4⇡e2

⌦✏1
Z?

s Z?
t
q↵q�

q2



interatomic force constants

�↵�
st (R�R0) = � @2E

@u↵
s (R)@u�

t (R0)

=
⌦

(2⇡)3

Z
eiq·(R�R0)D↵�

st (q)dq

D↵�
st (q) = D̄↵�

st (q) +
4⇡e2

⌦✏1
Z?

s Z?
t
q↵q�

q2



interatomic force constants

�↵�
st (R�R0) = � @2E

@u↵
s (R)@u�

t (R0)

=
⌦

(2⇡)3

Z
eiq·(R�R0)D↵�

st (q)dq

D↵�
st (q) = D̄↵�

st (q) +
4⇡e2

⌦✏1
Z?

s Z?
t
q↵q�

q2

short ranged + 
dipole-dipole



remove singularities in D(q) → DSR(q) 

do FFT’s (# R’s = # q’s - the shorter the range, 
the coarser the grid) 

store information 

interpolate DSR(q) on any finer mesh (pad Φ with 
0’s and do FFT-1: # q’s = # R’s) 
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calculate phonon bands
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DFPT: the main features

☛ response functions calculated in terms of response orbitals,  

☛ solve the linear system:                   ; do not calculate empty (conduction) states 

☛ calculate the response to the perturbation you want, only 

☛ non-local perturbations: OK  

☛ non-periodic perturbations: OK 

☛ macroscopic electric fields: OK

{φ′
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φv !→ HKSφv
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phonons from DFPT

P. Giannozzi, S. de Gironcoli, P. Pavone, and SB, Phys. Rev. B 43, 7231 (1991)



DFPT phonons in metals

Stefano de Gironcoli,  
Phys. Rev. B 51, 6773 
(1995)



applications done so far

Dielectric properties 

Piezoelectric properties 

Elastic properties 

Phonon in crystals and alloys 

Phonon at surfaces, interfaces, super-
lattices, and nano-structures 

Raman and infrared activities 

Anharmonic couplings and vibrational 
line widths 

Mode softening and structural 
transitions 

Electron-phonon interaction and 
superconductivity 

Thermal expansion 

Isotopic effects on structural and 
dynamical properties 

Thermo-elasticity and other thermal 
properties of minerals 

…

SB, A. Dal Corso, S. de Gironcoli, and P. Giannozzi, Phonons and related crystal properties  
from density-functional perturbation theory, Rev. Mod. Phys. 73, 515 (2001)



DFPT goes time-dependent
simulating materials spectroscopy with TDDFT



state, where the fitting has been done with a single species of
atoms of the average mass, interactions up to the third neigh-
bors have turned out to be necessary. The transversal force
constants Tn are found to be an order of magnitude smaller
than the longitudinal ones, Ln , in both the ordered and dis-
ordered states. The very weak softening observed in the dis-
persion curves of the two temperatures in the ordered phase
is reflected in the small variations in the force constants with
temperature !Table I".

2. FePd

Figures 8–11 show measured phonon frequencies and dis-
persion curves determined by fitting for L10 ordered states
!Figs. 8 and 9 at 300 K, Fig. 10 at 860 K" and for a disor-
dered state !Fig. 11 at 1020 K". As the elementary tetragonal

cell of the L10 structure involves two atoms per cell !thick
line in inset of Fig. 2", six phonon branches, three acoustical
and three optical, exist at each q. Longitudinal and transver-
sal branches are displayed as thick solid and dashed curves in
the same way as for CoPt3. In crystals of the tetragonal
structure, however, some of the branches are mixed in char-
acter, and those branches are plotted as thin solid curves. In
some high-symmetry directions such as #100$, #001$, and
#110$, all branches are purely either longitudinal or transver-
sal, and in #001$ the transversal branches are doubly degen-
erated, similar to the case of cubic crystals. No such compli-
cations arise in the data at 1020 K !Fig. 11", where the
structure is disordered face-centered cubic.
A general trend found from the phonon spectra at the

three temperatures is an overall lowering of the frequencies
between 300 and 860 K, the effect being much stronger than

FIG. 9. Phonon dispersion for #100$ and #101$ directions in L10
ordered FePd at 300 K. The meanings of the symbols are the same
as before.

FIG. 10. Phonon dispersion for #001$ , #110$ , and #111$ direc-
tions in L10 ordered FePd at 860 K. The meanings of the symbols
are the same as in Fig. 8.

FIG. 11. Phonon dispersion in disordered
FePd at 1020 K. The meanings of the symbols are
the same as in Fig. 5.

T. MEHADDENE et al. PHYSICAL REVIEW B 69, 024304 !2004"
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excited states from TDDFpT

i ρ̇(t) = [HKS(t), ρ(t)]

excitation energies  
and oscillator strenghts
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free oscillations
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EELS & IXS spectra in Silicon from TDDFpT

ELECTRON ENERGY LOSS AND INELASTIC X-RAY . . . PHYSICAL REVIEW B 88, 064301 (2013)

FIG. 2. (Color online) Bulk Si: Comparison of the loss function calculated for two different values of the transferred momentum Q using
the Liouville-Lanczos (LL) approach, with experiment46 and with previous calculations.46 (a) Q = 0.53 a.u. along [100] and (b) Q = 1.45 a.u.
along [111]. LL data have been obtained using 400 Lanczos iterations plus extrapolations. A 10 ∗ 10 ∗ 10 (6 ∗ 6 ∗ 6) MP k-point mesh and
a Lorentzian broadening χ of 0.035 (0.080) Ry have been used for the case in (a) [in (b)].

(GGA) approximations (see, e.g., Refs. 42 and 46 for Si and
Refs. 47 and 26 for Al).

All the calculations have been performed within the LDA
approximation using the Perdew-Zunger parametrization of
the electron-gas data,73 norm-conserving pseudopotentials
from the QUANTUM ESPRESSO database,74 and plane-wave
basis sets up to a kinetic-energy cutoff of 16 Ry. The first
Brillouin zone has been sampled with a Monkhorst-Pack
(MP) k-point mesh, supplemented, in the case of Al, by the
Methfessel-Paxton smearing technique75 with a broadening
parameter ϵ = 0.02 Ry. The frequency argument of the
susceptibility has been assumed to have a small imaginary part
χ, thus resulting in a Lorentzian smearing of the spectra (see
Sec. II B1). For both Si and Al we have used the experimental
lattice parameters [10.26 a.u. (Ref. 76) and 7.60 a.u. (Ref. 77),
respectively], which are very close to the theoretical one
and result in no appreciable difference in the computed
spectra.

A. Bulk silicon

Figure 1(a) shows the convergence of the loss spectrum
of Si, as calculated for a transferred momentum Q = 0.53
a.u. along the [100] direction, as a function of the number

of Lanczos iterations. After 400 iterations the spectrum
displays spurious wiggles, which disappear by increasing
the number of iterations up to 1500. Also displayed are
results obtained by the extrapolation procedure outlined at
the end of Sec. II B2, performed with M0 = 400 Lanczos
iterations and extrapolating the results up to a linear system
of dimension M = 5000. We see that the numerical workload
can be considerably reduced without any appreciable loss of
accuracy. In Fig. 1(b) we show the convergence of the loss
function with respect to the k-point sampling of the Brillouin
zone. The 4 ∗ 4 ∗ 4 MP k-point mesh is not dense enough
to obtain a well-converged spectrum due to the presence of
spurious wiggles, which disappear by increasing the size of
the MP mesh up to 10 ∗ 10 ∗ 10.

In Fig. 2 we compare our present results with those obtained
from the conventional approach based on the Dyson-like
equation for the susceptibility46,49 and with experiment.46 The
agreement is excellent in both cases. All the salient features
observed in the experiments at small transferred momentum
[Fig. 2(a)] are correctly predicted: the main plasmon peak
around 20 eV, a shoulder around 15 eV, and a weak peak
around 6.5 eV. We attribute the slight differences between the
two theoretical spectra to the slightly different technical details
used in the two works. In particular, the authors of Ref. 46

FIG. 3. (Color online) Bulk Al: Loss function calculated for Q = 0.513 a.u. along [100]. (a) Convergence with respect to the number of
Lanczos iterations using a 10 ∗ 10 ∗ 10 MP k-point mesh and effect of the extrapolation technique. (b) Convergence with respect to the size
of the k-point mesh using 600 Lanczos iterations. Both plots have been obtained with a Lorentzian broadening χ = 0.056 Ry. Curves have
been shifted vertically for clarity.
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I. Timrov, N. Vast, R. Gebauer & SB, Phys. Rev. B 88, 64301 (2013)
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spin-fluctuation (magnon) dispersions in CrI3

T. Gorni, O. Baseggio, P. Delugas, I. Timrov & SB, PRB 107, L220410 (2023)
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