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Integrating a function

§ Convert the integral to a discrete sum

§ Higher order integrators:
§ Trapezoidal rule:

§ Simpson rule:
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High dimensional integrals

§ Simpson rule with M points per dimension
§ one dimension the error is O(M-4 )

§ d dimensions we need N = Md points

the error is order O(M-4 ) = O(N-4/d )

§ An order - n  scheme in 1 dimension
is order - n/d d in d dimensions!

§ In a statistical mechanics model with N particles we have 6N-
dimensional integrals (3N positions and 3N momenta).

§ Integration becomes extremely inefficient!
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§ What is the probability to win in Solitaire?
§ Ulam’s answer: play it 100 times, count the number of wins and you have a 

pretty good estimate

Ulam: the Monte Carlo Method
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Throwing stones into a pond

§ How can we calculate π by throwing stones?
§ Take a square surrounding the area we want to measure:

§ Choose M pairs of random numbers ( x, y ) and count how 
many points ( x, y ) lie in the interesting area

π/4
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Monte Carlo integration

§ Consider an integral

§ Instead of evaluating it at equally spaced points 
evaluate it at M points xi chosen randomly in Ω:

§ The error is statistical:

§ In d>8 dimensions Monte Carlo is better than Simpson!
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Sharply peaked functions

§ In many cases a function is large only in a tiny region
§ Lots of time wasted in regions where the function is small
§ The sampling error is large since the variance is large

8

Saturday, January 21, 12



January 29, 2009 Matthias Troyer

DPHYS
Department of Physics

Institute for Theoretical Physics

Sharply peaked functions

§ In many cases a function is large only in a tiny region
§ Lots of time wasted in regions where the function is small
§ The sampling error is large since the variance is large

wasted effort
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Importance sampling

§ Choose points not uniformly but with probability p(x):

§ The error is now determined by Var f/p
§ Find p similar to f and such that p-distributed random numbers are 

easily available 
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2. Generating Random Numbers
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Random numbers

§ Real random numbers are hard to obtain
§ classical chaos (atmospheric noise)
§ quantum mechanics

§ Commercial products: quantum random number generators
§ based on photons and semi-transparent mirror
§ 4 Mbit/s from a USB device, too slow for most MC simulations

http://www.idquantique.com/
11
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Pseudo Random numbers
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Pseudo Random numbers

§ Are generated by an algorithm

§ Not random at all, but completely deterministic

§ Look nearly random however when algorithm is not known 
and may be good enough for our purposes
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Pseudo Random numbers

§ Are generated by an algorithm

§ Not random at all, but completely deterministic

§ Look nearly random however when algorithm is not known 
and may be good enough for our purposes

§ Never trust pseudo random numbers however!
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Linear congruential generators

§ are of the simple form xn+1=f(xn)
§ A reasonably good choice is the GGL generator

with a = 16807, c = 0, m = 231-1
§ quality depends sensitively on a,c,m

§ Periodicity is a problem with such 32-bit generators
§ The sequence repeats identically after 231-1 iterations
§ With 500 million numbers per second that is just 4 seconds!
§ Should not be used anymore!

xn +1 = (axn + c)modm
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Lagged Fibonacci generators

§ Good choices are 
§ (2281,1252,+)
§ (9689,5502,+)
§ (44497,23463,+)

§ Seed blocks usually generated by linear congruential
§ Has very long periods since large block of seeds
§ A very fast generator: vectorizes and pipelines very well

xn = xn− p ⊗ xn− qmodm
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More advanced generators

§ As well-established generators fail new tests, better and 
better generators get developed
§ Mersenne twister (Matsumoto & Nishimura, 1997)
§ Well generator (Panneton and L'Ecuyer , 2004)

§ Number theory enters the generator design:
predicting the next number is equivalent to solving a very 
hard mathematical problem
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Are these numbers really random?
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Are these numbers really random?

§ No!

16

Saturday, January 21, 12



January 29, 2009 Matthias Troyer

DPHYS
Department of Physics

Institute for Theoretical Physics

Are these numbers really random?

§ No!

§ Are they random enough?
§ Maybe?
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§ Maybe?

§ Statistical tests for distribution and correlations
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Are these numbers really random?

§ No!

§ Are they random enough?
§ Maybe?

§ Statistical tests for distribution and correlations

§ Are these tests enough?
§ No! Your calculation could depend in a subtle way on hidden correlations!
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Are these numbers really random?

§ No!

§ Are they random enough?
§ Maybe?

§ Statistical tests for distribution and correlations

§ Are these tests enough?
§ No! Your calculation could depend in a subtle way on hidden correlations!

§ What is the ultimate test?
§ Run your simulation with various random number generators and compare 

the results
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Marsaglia’s diehard tests

§ Birthday spacings: Choose random points on a large interval. The spacings 
between the points should be asymptotically Poisson distributed. The name is 
based on the birthday paradox. 

§ Overlapping permutations: Analyze sequences of five consecutive random 
numbers. The 120 possible orderings should occur with statistically equal 
probability.

§ Ranks of matrices: Select some number of bits from some number of random 
numbers to form a matrix over {0,1}, then determine the rank of the matrix. 
Count the ranks.

§ Monkey tests: Treat sequences of some number of bits as "words". Count the 
overlapping words in a stream. The number of "words" that don't appear should 
follow a known distribution. The name is based on the infinite monkey theorem.

§ Count the 1s: Count the 1 bits in each of either successive or chosen bytes. 
Convert the counts to "letters", and count the occurrences of five-letter "words".

§ Parking lot test: Randomly place unit circles in a 100 x 100 square. If the 
circle overlaps an existing one, try again. After 12,000 tries, the number of 
successfully "parked" circles should follow a certain normal distribution.
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Marsaglia’s diehard tests (cont.)

§ Minimum distance test: Randomly place 8,000 points in a 10,000 x 10,000 
square, then find the minimum distance between the pairs. The square of this 
distance should be exponentially distributed with a certain mean.

§ Random spheres test: Randomly choose 4,000 points in a cube of edge 
1,000. Center a sphere on each point, whose radius is the minimum distance to 
another point. The smallest sphere's volume should be exponentially distributed 
with a certain mean.

§ The squeeze test: Multiply 231 by random floats on [0,1) until you reach 1. 
Repeat this 100,000 times. The number of floats needed to reach 1 should 
follow a certain distribution.

§ Overlapping sums test: Generate a long sequence of random floats on [0,1). 
Add sequences of 100 consecutive floats. The sums should be normally 
distributed with characteristic mean and sigma.

§ Runs test: Generate a long sequence of random floats on [0,1). Count 
ascending and descending runs. The counts should follow a certain distribution.

§ The craps test: Play 200,000 games of craps, counting the wins and the 
number of throws per game. Each count should follow a certain distribution.
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Non-uniform random numbers

§ we found ways to generate pseudo random numbers u in the 
interval [0,1[

§ How do we get other uniform distributions?
§ uniform x in [a,b[:     x = a+(b-a) u

§ Other distributions:
§ Inversion of integrated distribution 
§ Rejection method

19
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Non-uniform distributions

§ How can we get a random number x distributed with f(x) in the 
interval [a,b[ from a uniform random number u?

§ Look at probabilities:

§ This method is feasible if the integral can be inverted easily
§ exponential distribution f(x)=λ exp(-λx)
§ can be obtained from uniform by x=-1/λ ln(1-u)

P[x < y] = f (t)dt =: F(y) ≡
a

y

∫ P[u < F(y)]

⇒ x = F−1(u)
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Normally distributed numbers

§ The normal distribution

§ cannot easily be integrated in one dimension but can be easily 
integrated in 2 dimensions!

§ We can obtain  two normally distributed numbers from two 
uniform ones (Box-Muller method)

f (x) = 1
2π
exp −x 2( )

n1 = −2 ln(1 − u1) sinu2
n2 = −2 ln(1 − u1) cosu2
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Rejection method (von Neumann)

§ Look for a simple distribution h that bounds f: f(x) < λh(x)
§ Choose an h-distributed number x
§ Choose a uniform random number number 0 ≤ u < 1
§ Accept x if u < f(x)/ λh(x), 

otherwise reject x and get a new pair (x,u)

§ Needs a good guess h to be efficient, numerical inversion of integral 
might be faster if no suitable h can be found

f / h

reject

accept
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Rejection method (von Neumann)

§ Look for a simple distribution h that bounds f: f(x) < λh(x)
§ Choose an h-distributed number x
§ Choose a uniform random number number 0 ≤ u < 1
§ Accept x if u < f(x)/ λh(x), 

otherwise reject x and get a new pair (x,u)

§ Needs a good guess h to be efficient, numerical inversion of integral 
might be faster if no suitable h can be found

f / h

reject

accept
x
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Rejection method (von Neumann)

§ Look for a simple distribution h that bounds f: f(x) < λh(x)
§ Choose an h-distributed number x
§ Choose a uniform random number number 0 ≤ u < 1
§ Accept x if u < f(x)/ λh(x), 

otherwise reject x and get a new pair (x,u)

§ Needs a good guess h to be efficient, numerical inversion of integral 
might be faster if no suitable h can be found

f / h

reject

accept
x

u
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3. The Metropolis Algorithm
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§ Evaluate phase space integral by importance sampling

§ Pick configurations with the correct Boltzmann weight

§ But how do we create configurations with that distribution?
The key problem in statistical mechanics!

Monte Carlo for classical systems

hAi ⇡ A =
1
M

MX

i=1

Aci

r

� 

A =
A(c)p(c)dc

Ω
∫

p(c)dc
Ω
∫

� 

P[c] =
p(c)
Z

=
exp(−βE(c))

Z
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• Krylov Subspace Iteration Methods
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• Fast Fourier Transform
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The Metropolis Algorithm (1953)
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The Metropolis Algorithm (1953)
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§ Instead of drawing independent samples ci we build a Markov chain

§ Transition probabilities Wx,y for transition x → y need to satisfy:

§ Normalization: 

§ Ergodicity: any configuration reachable from any other

§ Balance: the distribution should be stationary

§ Detailed balance is sufficient but not necessary for balance

Markov chain Monte Carlo

� 

c1 → c2 → ...→ ci → ci+1 → ...

� 

∀x,y ∃n :  W n( )x,y
≠ 0

� 

Wx,y
y
∑ = 1

� 

0 =
d
dt
p(x) = p(y)Wy,x

y
∑ − p(x)Wx,y

y
∑ ⇒ p(x) = p(y)Wy,x

y
∑

� 

Wx,y

Wy,x
=
p(y)
p(x)
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§ Teller’s proposal was to use rejection sampling:

§ Propose a change with an a-priori proposal rate Ax,y

§ Accept the proposal with a probability Px,y

§ The total transition rate is Wx,y =Ax,y Px,y

§ The choice

satisfies detailed balance and was proposed by Metropolis et al

The Metropolis algorithm

� 

Px,y= min 1,
Ay,x p(y)
Ax,y p(x)

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 
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1. Pick a random spin and propose to flip it

2. Accept the flip with probability

3. Perform a measurement independent of whether the proposed 
flip was accepted or rejected!

Metropolis algorithm for the Ising model

P =min 1,e−(Enew −Eold )/T⎡⎣ ⎤⎦

29
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Equilibration

§ Starting from a random initial configuration it takes a while to 
reach the equilibrium distribution

§ The desired equilibrium distribution is a left eigenvector with 
eigenvalue 1 (this is just the balance condition)

§ Convergence is controlled by the s largest eigenvalue

§ We need to run the simulation for a while to equilibrate and only 
then start measuring

� 

p(x) = p(y)Wy,x
y
∑

30

p(x,t) = p(x)+O(λ2
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4. Monte Carlo Error Analysis
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Dogs and fleas: direct sampling
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Dogs and fleas: naïve errors
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Dogs and fleas: uncorrelated samples
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Monte Carlo error analysis

§ The simple formula 

is valid only for independent samples

§ The Metropolis algorithm gives us correlated samples!
The number of independent samples is reduced

§ The autocorrelation time is defined by

� 

ΔA =
Var A
M

� 

ΔA =
Var A
M

1+ 2τA( )

� 

τA =
Ai+ t Ai − A 2( )

t=1

∞

∑
Var A
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Binning analysis
§ Take averages of consecutive measurements: averages become 

less correlated and naive error estimates converge to real error

A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 A11 A12 A13 A14 A15 A16

� 

Ai
(l ) = 1

2
A2i−1
( l−1) + A2i

l( )
A1
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(1)

A1
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(2)

A1
(3) A2

(3)

� 

Δ(l ) = Var A( l ) M (l ) l→∞⎯ → ⎯ ⎯ Δ = (1+ 2τA )Var A M

τA = lim
l→∞

1
2
2lVar A(l )

Var A(0)
−1

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

0

0.0005

0.001

0.0015
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0.0025
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Δ(l)
 

binning level l

a smart implementation needs only 
O(log(N)) memory for N measurements

converged

not converged
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Seeing convergence in ALPS

§ Look at the ALPS output in the first hands-on session

§ 48 x 48 Ising model at the critical point
§ local updates:

§ cluster updates:

37

Saturday, January 21, 12



Matthias Troyer

DPHYS
Department of Physics

Institute for Theoretical Physics

Dogs and fleas: binning analysis

0

0.02

0.04

0.06

0.08

0.1

0.12

10 15 20 25 30 35 40

exact

Monte Carlo

P
[n
]

n
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Correlated quantities

§ How do we calculate the errors of functions of correlated 
measurements?

§ specific heat

§ Binder cumulant ratio

§ The naïve way of assuming uncorrelated errors is wrong!
§ It is not even enough to calculate all crosscorrelations due to 

nonlinearities except if the errors are tiny!

� 

cV =
E 2 − E 2

T 2

� 

U =
m4

m2 2

39

Saturday, January 21, 12



January 29, 2009 Matthias Troyer

DPHYS
Department of Physics

Institute for Theoretical Physics

Splitting the time series
Simplest idea: split the time series and evaluate for each segment

X

Y

40
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Simplest idea: split the time series and evaluate for each segment

X

Y

X1 X2 X3 ... XM

Y1 Y2 Y3 ... YM
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Splitting the time series
Simplest idea: split the time series and evaluate for each segment

X

Y

X1 X2 X3 ... XM

Y1 Y2 Y3 ... YM

U=f(X,Y)

U1 U2 U3 ... UM
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Splitting the time series
Simplest idea: split the time series and evaluate for each segment

X

Y

X1 X2 X3 ... XM

Y1 Y2 Y3 ... YM

U=f(X,Y)

U1 U2 U3 ... UM

� 

U ≈U =
1
M

Ui
i=1

M

∑

� 

ΔU ≈
1

M(M −1)
Ui −U ( )2

i−1

M

∑

40
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Splitting the time series
Simplest idea: split the time series and evaluate for each segment

X

Y

X1 X2 X3 ... XM

Y1 Y2 Y3 ... YM

U=f(X,Y)

U1 U2 U3 ... UM

Problem: can be unstable and noisy for nonlinear functions such as X/Y
� 

U ≈U =
1
M

Ui
i=1

M

∑

� 

ΔU ≈
1

M(M −1)
Ui −U ( )2

i−1

M

∑

40
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Jackknife-analysis

Evaluate the function on all and all but one segment

...

...

U0 = f 1
M

Xi
i=1

M

∑ , 1
M

Yi
i=1

M

∑⎛
⎝⎜

⎞
⎠⎟

U1 = f 1
M −1

Xi
i=2

M

∑ , 1
M −1

Yi
i=2

M

∑⎛
⎝⎜

⎞
⎠⎟

Uj = f 1
M −1

Xi
i=1
i≠ j

M

∑ , 1
M −1

Yi
i=1
i≠ j

M

∑
⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
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Jackknife-analysis

Evaluate the function on all and all but one segment

...

...

� 

ΔU ≈
M −1

M
Ui −U ( )2

i−1

M

∑
� 

U ≈U0 − (M −1)(U −U0)

� 

U =
1
M

Ui
i=1

M

∑

U0 = f 1
M

Xi
i=1

M

∑ , 1
M

Yi
i=1

M

∑⎛
⎝⎜

⎞
⎠⎟

U1 = f 1
M −1

Xi
i=2

M

∑ , 1
M −1

Yi
i=2

M

∑⎛
⎝⎜

⎞
⎠⎟

Uj = f 1
M −1

Xi
i=1
i≠ j

M

∑ , 1
M −1

Yi
i=1
i≠ j

M

∑
⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟
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ALPS Alea library in C++

§ The ALPS class library implements reliable error analysis
§ Adding a measurement:

alps::RealObservable mag;
…
mag << new_value;

§ Evaluating measurements

std::cout << mag.mean() << “ +/- “ << mag.error();
std::cout “Autocorrelation time: “ << mag.tau();

§ Correlated quantities?
§ Such as in Binder cumulant ratios

§ ALPS library uses jackknife analysis to get correct errors

alps::RealObsEvaluator binder = mag4/(mag2*mag2);
std::cout << binder.mean() << “ +/- “ << binder.error();� 

m4 m2 2

42
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ALPS Alea library in Python

§ The ALPS class library implements reliable error analysis
§ Adding a measurement:

mag = pyalps.pyalea.RealObservable(‘Magnetization’);
…
mag << new_value;

§ Evaluating measurements

print mag.mean, “ +/- “, mag.error;
print “Autocorrelation time: “, mag.tau;

§ Correlated quantities?
§ Such as in Binder cumulant ratios

§ ALPS library uses jackknife analysis to get correct errors of functions of data, 
after reading data from file

print mag4/(mag2*mag2) � 

m4 m2 2
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5. Cluster updates:
The Swendsen-Wang algorithm

44
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Autocorrelation effects

§ The Metropolis algorithm creates a Markov chain

§ successive configurations are correlated, leading to an 
increased statistical error

§ Critical slowing down at second order phase transition

§ Exponential tunneling problem at first order phase transition

c1 → c2 → ...→ ci → ci+1 → ...

ΔA = A − A( )2 = Var A
M

(1+ 2τA )

τ ∝L2

τ ∝exp(Ld−1)
45
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§ Energy of configurations in Ising model
§ – J if parallel: 
§ + J if anti-parallel:

§ Probability for flip
§ Anti-parallel: flipping lowers energy, always accepted 

§ Parallel:

no change with probability                 !!!

January 29, 2009 Matthias Troyer

DPHYS
Department of Physics

Institute for Theoretical Physics
From local to cluster updates

� 

ΔE = −2J⇒ P =min 1,e−2ΔE /T( ) =1

� 

ΔE = +2J⇒ P =min 1,e−2ΔE /T( ) = exp(−2βJ)

� 

1− exp(−2βJ)

46
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§ – J if parallel: 
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§ Probability for flip
§ Anti-parallel: flipping lowers energy, always accepted 

§ Parallel:
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From local to cluster updates

� 

ΔE = −2J⇒ P =min 1,e−2ΔE /T( ) =1

� 

ΔE = +2J⇒ P =min 1,e−2ΔE /T( ) = exp(−2βJ)

� 

1− exp(−2βJ)
Alternative: flip both! 

� 

P = exp(−2J /T)
P =1− exp(−2J /T)

46
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§ No critical slowing down (Swendsen and Wang, 1987) !!! 
§ Ask for each spin: “do we want to flip it against its neighbor?”

§ antiparallel: yes
§ parallel: costs energy

§ Accept with             
§ Otherwise: also flip neighbor!
§ Repeat for all flipped spins => cluster updates

Swendsen-Wang Cluster-Updates

� 

P = exp(−2βJ)

� 

P =1− exp(−2βJ)

47
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?

??

√

§ No critical slowing down (Swendsen and Wang, 1987) !!! 
§ Ask for each spin: “do we want to flip it against its neighbor?”

§ antiparallel: yes
§ parallel: costs energy

§ Accept with             
§ Otherwise: also flip neighbor!
§ Repeat for all flipped spins => cluster updates

Swendsen-Wang Cluster-Updates

� 

P = exp(−2βJ)

� 

P =1− exp(−2βJ)

Shall we flip neighbor?
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§ No critical slowing down (Swendsen and Wang, 1987) !!! 
§ Ask for each spin: “do we want to flip it against its neighbor?”

§ antiparallel: yes
§ parallel: costs energy

§ Accept with             
§ Otherwise: also flip neighbor!
§ Repeat for all flipped spins => cluster updates

Swendsen-Wang Cluster-Updates

� 

P = exp(−2βJ)

� 

P =1− exp(−2βJ)
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√

√
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√ √

√√

§ No critical slowing down (Swendsen and Wang, 1987) !!! 
§ Ask for each spin: “do we want to flip it against its neighbor?”

§ antiparallel: yes
§ parallel: costs energy

§ Accept with             
§ Otherwise: also flip neighbor!
§ Repeat for all flipped spins => cluster updates

Swendsen-Wang Cluster-Updates

� 

P = exp(−2βJ)

� 

P =1− exp(−2βJ)

Shall we flip neighbor?
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§ No critical slowing down (Swendsen and Wang, 1987) !!! 
§ Ask for each spin: “do we want to flip it against its neighbor?”

§ antiparallel: yes
§ parallel: costs energy

§ Accept with             
§ Otherwise: also flip neighbor!
§ Repeat for all flipped spins => cluster updates

Swendsen-Wang Cluster-Updates

� 

P = exp(−2βJ)

� 

P =1− exp(−2βJ)
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§ No critical slowing down (Swendsen and Wang, 1987) !!! 
§ Ask for each spin: “do we want to flip it against its neighbor?”

§ antiparallel: yes
§ parallel: costs energy

§ Accept with             
§ Otherwise: also flip neighbor!
§ Repeat for all flipped spins => cluster updates

Swendsen-Wang Cluster-Updates

� 

P = exp(−2βJ)

� 

P =1− exp(−2βJ)
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§ No critical slowing down (Swendsen and Wang, 1987) !!! 
§ Ask for each spin: “do we want to flip it against its neighbor?”

§ antiparallel: yes
§ parallel: costs energy

§ Accept with             
§ Otherwise: also flip neighbor!
§ Repeat for all flipped spins => cluster updates

Swendsen-Wang Cluster-Updates
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P = exp(−2βJ)
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§ No critical slowing down (Swendsen and Wang, 1987) !!! 
§ Ask for each spin: “do we want to flip it against its neighbor?”

§ antiparallel: yes
§ parallel: costs energy

§ Accept with             
§ Otherwise: also flip neighbor!
§ Repeat for all flipped spins => cluster updates

Swendsen-Wang Cluster-Updates

� 

P = exp(−2βJ)

� 

P =1− exp(−2βJ)

√

√

√

√

√

√ √

√√

√

√

√

√ Done building cluster

Flip all spins in cluster
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6. Quantum Monte Carlo

48
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§ Not as easy as classical Monte Carlo

§ Calculating the eigenvalues Ec is equivalent to solving the problem

§ Need to find a mapping of the quantum partition function 
to a classical problem

§ “Negative sign” problem if some pc < 0

Quantum Monte Carlo

� 

Z = e−Ec / kBT
c
∑

� 

Z = Tre−βH ≡ pc
c
∑

49
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§ Feynman (1953) lays foundation for quantum Monte Carlo
§ Map quantum system to classical world lines

Quantum Monte Carlo

50
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§ Feynman (1953) lays foundation for quantum Monte Carlo
§ Map quantum system to classical world lines

Quantum Monte Carlo

space

classical

particles
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§ Feynman (1953) lays foundation for quantum Monte Carlo
§ Map quantum system to classical world lines

Quantum Monte Carlo

“im
ag
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e”

quantum mechanical

world lines
space

classical

particles

50

Saturday, January 21, 12



January 29, 2009 Matthias Troyer

DPHYS
Department of Physics

Institute for Theoretical Physics

§ Feynman (1953) lays foundation for quantum Monte Carlo
§ Map quantum system to classical world lines

Quantum Monte Carlo

“im
ag

in
ar

y t
im

e”

quantum mechanical

world lines
space

classical

particles

Use Metropolis algorithm to update world lines
50
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Diagrammatic QMC

§ Split the Hamiltonian into diagonal term H0 and perturbation V
§ Then perform time-dependent perturbation theory

§ Each term is represented by a diagram (world line configuration)
  

H = H0 + V, H0 = Jij
zSi

zS j
z − hSi

z ,
i
∑

<i , j>
∑ V = Jij

xy(Si
xSj

x

< i, j>
∑ + Si

ySj
y)

Z = Tr(e− βH) = Tr(e− βH0Te− dτV (τ )
0

β

∫ )

Z = Tr(e− βH0 (1 − dτV (τ )
0

β

∫ + dτ1 dτ2V (τ1)
τ 1

β

∫
0

β

∫ V (τ 2 ) + ...))

τ τ2

τ1
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§ based on high temperature expansion, developed by  Sandvik

§ Similar world line representation but without times assigned

� 

Z = Tr(e−βH ) = (−β)n
n= 0

∞

∑ Tr(Hn )

= β n

n!n= 0

∞

∑ α
b1 ,...,bn( )
∑

α
∑ (−Hbi

)
i=1

n

∏ α

with H = Hi
i
∑

Stochastic Series Expansion

Hb1 Hb1

Hb2
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§ Generic mapping of a quantum spin system to Ising model
§ basis of most discrete time QMC algorithms
§ not limited to special models 

§ Split Hamiltonian into two easily diagonalized pieces

§ Obtain the checkerboard decomposition

The Suzuki-Trotter Decomposition

� 

H = H1 + H2

� 

Z = Tr exp(−βH)[ ] = Tr e−β (H1 +H2 )[ ]
= Tr e−(β /M )H1e−(β /M )H2[ ]M + O(β 3 /M 2)

� 

e−εH = e−ε (H1 +H2 ) = e−εH1e−εH2 + O(ε2)

space direction
im

ag
in

ar
y 

tim
e

=

+

H

H1

H2
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§ Use Trotter-Suzuki or a a simple low-order formula

§ gives a mapping to a (d+1)-dimensional classical model

§ partition function of quantum system is sum over classical world lines

Path integral QMC

  

Z = Tre−βH = Tre−MΔτH = Tr e−ΔτH( )M = Tr 1−ΔτH( )M +O(βΔτ )

= i1 1−ΔτH i2 i2 1−ΔτH i3  iM 1−ΔτH i1
{( i1 ...iM )}
∑

space direction

im
ag

in
ar

y 
tim

e

|i1〉

|i2〉

|i3〉

|i4〉

|i5〉

|i6〉

|i7〉

|i8〉

|i1〉
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§ Use Trotter-Suzuki or a a simple low-order formula

§ gives a mapping to a (d+1)-dimensional classical model

§ partition function of quantum system is sum over classical world lines

Path integral QMC

  

Z = Tre−βH = Tre−MΔτH = Tr e−ΔτH( )M = Tr 1−ΔτH( )M +O(βΔτ )

= i1 1−ΔτH i2 i2 1−ΔτH i3  iM 1−ΔτH i1
{( i1 ...iM )}
∑

space direction

im
ag

in
ar

y 
tim

e

|i1〉

|i2〉

|i3〉

|i4〉

|i5〉

|i6〉

|i7〉

|i8〉

|i1〉

place particles (spins)
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§ Use Trotter-Suzuki or a a simple low-order formula

§ gives a mapping to a (d+1)-dimensional classical model

§ partition function of quantum system is sum over classical world lines

Path integral QMC

  

Z = Tre−βH = Tre−MΔτH = Tr e−ΔτH( )M = Tr 1−ΔτH( )M +O(βΔτ )

= i1 1−ΔτH i2 i2 1−ΔτH i3  iM 1−ΔτH i1
{( i1 ...iM )}
∑

space direction

im
ag

in
ar

y 
tim

e

|i1〉

|i2〉

|i3〉

|i4〉

|i5〉

|i6〉

|i7〉

|i8〉

|i1〉

place particles (spins)

for Hamiltonians conserving 
particle number (magnetization) 
we get world lines
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§ Examples: particles with nearest neighbor repulsion

Calculating configuration weights

  

Z = Tre−βH = Tre−MΔτH = Tr e−ΔτH( )M = Tr 1−ΔτH( )M +O(βΔτ )

= i1 1−ΔτH i2 i2 1−ΔτH i3  iM 1−ΔτH i1
{( i1 ...iM )}
∑

H = −t
∑

〈i,j〉

(a†
iaj + a

†
jai) + V

∑

〈i,j〉

ninj

55
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§ Examples: particles with nearest neighbor repulsion

Calculating configuration weights

  

Z = Tre−βH = Tre−MΔτH = Tr e−ΔτH( )M = Tr 1−ΔτH( )M +O(βΔτ )

= i1 1−ΔτH i2 i2 1−ΔτH i3  iM 1−ΔτH i1
{( i1 ...iM )}
∑

H = −t
∑

〈i,j〉

(a†
iaj + a

†
jai) + V

∑

〈i,j〉

ninj

1
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§ Examples: particles with nearest neighbor repulsion

Calculating configuration weights

  

Z = Tre−βH = Tre−MΔτH = Tr e−ΔτH( )M = Tr 1−ΔτH( )M +O(βΔτ )

= i1 1−ΔτH i2 i2 1−ΔτH i3  iM 1−ΔτH i1
{( i1 ...iM )}
∑

H = −t
∑

〈i,j〉

(a†
iaj + a

†
jai) + V

∑

〈i,j〉

ninj

1 (∆τ t)2
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§ Examples: particles with nearest neighbor repulsion

Calculating configuration weights

  

Z = Tre−βH = Tre−MΔτH = Tr e−ΔτH( )M = Tr 1−ΔτH( )M +O(βΔτ )

= i1 1−ΔτH i2 i2 1−ΔτH i3  iM 1−ΔτH i1
{( i1 ...iM )}
∑

H = −t
∑

〈i,j〉

(a†
iaj + a

†
jai) + V

∑

〈i,j〉

ninj

1 (∆τ t)2 (1 − ∆τV )3

55

Saturday, January 21, 12



January 29, 2009 Matthias Troyer

DPHYS
Department of Physics

Institute for Theoretical Physics

§ Examples: particles with nearest neighbor repulsion

Calculating configuration weights

  

Z = Tre−βH = Tre−MΔτH = Tr e−ΔτH( )M = Tr 1−ΔτH( )M +O(βΔτ )

= i1 1−ΔτH i2 i2 1−ΔτH i3  iM 1−ΔτH i1
{( i1 ...iM )}
∑

H = −t
∑

〈i,j〉

(a†
iaj + a

†
jai) + V

∑

〈i,j〉

ninj

1 (∆τ t)2 (1 − ∆τV )3 (∆τ t)2
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§ just move the world lines locally
§ probabilities given by matrix element of Hamiltonian
§ example: tight binding model

Monte Carlo updates

� 

H = −t ci
†ci+1 + ci+1

† ci( )
i, j
∑
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Monte Carlo updates
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∑
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§ just move the world lines locally
§ probabilities given by matrix element of Hamiltonian
§ example: tight binding model

Monte Carlo updates

introduce or remove two kinks: shift a kink:

� 

H = −t ci
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† ci( )
i, j
∑
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§ just move the world lines locally
§ probabilities given by matrix element of Hamiltonian
§ example: tight binding model

Monte Carlo updates

introduce or remove two kinks: shift a kink:

� 

H = −t ci
†ci+1 + ci+1

† ci( )
i, j
∑

P = Δτt( )2P =1 P = Δτt
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§ just move the world lines locally
§ probabilities given by matrix element of Hamiltonian
§ example: tight binding model

Monte Carlo updates

introduce or remove two kinks: shift a kink:

� 

H = −t ci
†ci+1 + ci+1

† ci( )
i, j
∑

P = Δτt( )2P =1 P = Δτt

P→ =min 1,(Δτt)2[ ]
P← =min 1,1/(Δτt)2[ ]

P→ = P← =1
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§ the limit Δτ→0 can be taken in the algorithm         
[Prokof'ev et al., Pis'ma v Zh.Eks. Teor. Fiz. 64, 853 (1996)]

§ discrete time: store configuration at all time steps
§ continuous time: store times at which configuration changes

The continuous time limit

space direction

im
ag

in
ar

y 
tim

e

|i1〉

|i2〉

|i3〉

|i4〉

|i5〉

|i6〉

|i7〉

|i8〉

|i1〉

space direction
im

ag
in

ar
y 

tim
e

τ1

τ2

τ3

τ4
τ5

τ6
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§ Continuous time algorithms just sample time-dependent 
perturbation expansion

§ Examples: particles with nearest neighbor repulsion

Calculating configuration weights

H0 = V
∑

〈i,j〉

ninj V = −t

∑

〈i,j〉

(a†
iaj + a

†
jai)

Z = Tr

(

e
−βH0T e

−

∫

β

0
dτV(τ)

)
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§ Continuous time algorithms just sample time-dependent 
perturbation expansion

§ Examples: particles with nearest neighbor repulsion

Calculating configuration weights

1

H0 = V
∑

〈i,j〉

ninj V = −t

∑

〈i,j〉

(a†
iaj + a

†
jai)

Z = Tr

(

e
−βH0T e

−

∫

β

0
dτV(τ)

)
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§ Continuous time algorithms just sample time-dependent 
perturbation expansion

§ Examples: particles with nearest neighbor repulsion

Calculating configuration weights

1

0
τ1
τ2
β

t
2
dτ1dτ2

H0 = V
∑

〈i,j〉

ninj V = −t

∑

〈i,j〉

(a†
iaj + a

†
jai)

Z = Tr

(

e
−βH0T e

−

∫

β

0
dτV(τ)

)
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Calculating configuration weights

1

0
τ1
τ2
β

t
2
dτ1dτ2 e

−βV

H0 = V
∑

〈i,j〉

ninj V = −t

∑

〈i,j〉

(a†
iaj + a

†
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Z = Tr

(

e
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∫

β
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§ Continuous time algorithms just sample time-dependent 
perturbation expansion

§ Examples: particles with nearest neighbor repulsion

Calculating configuration weights

1

0
τ1
τ2
β

t
2
dτ1dτ2 e

−βV

H0 = V
∑

〈i,j〉

ninj V = −t

∑

〈i,j〉

(a†
iaj + a

†
jai)

Z = Tr

(

e
−βH0T e

−

∫

β

0
dτV(τ)

)

e
−τ1V

e
−(β−τ2)V t

2
dτ1dτ2

0
τ1
τ2
β
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§ Shift a kink to any new position:

§ Insert a pair of kinks:

Updates in continuous time

59
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§ Shift a kink to any new position:

§ Insert a pair of kinks:

Updates in continuous time

P =1 P = Δτt( )2 → 0
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§ Shift a kink to any new position:

§ Insert a pair of kinks:

Updates in continuous time

P =1 P = Δτt( )2 → 0

P→ =min 1,(Δτt)2[ ]→ 0
vanishing

acceptance rate
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§ Shift a kink to any new position:

§ Insert a pair of kinks:

Updates in continuous time

P =1 P = Δτt( )2 → 0

P→ =min 1,(Δτt)2[ ]→ 0
vanishing

acceptance rate

P = t 2dτ 2
τ1

Λ

∫
0

Λ

∫ dτ1 =
Λ2t 2

2
≠ 0

P→ =min 1,Λ2t 2 /2[ ] ≠ 0

0
τ1

τ2

Λ solution:

integrate over a$ possible

insertions in an interval
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Advantages of continuous time

§ No need to extrapolate in time step
§ a single simulation is sufficient
§ no additional errors from extrapolation

§ Less memory and CPU time required
§ Instead of a time step Δτ << t we only have to store changes in the 

configuration happening at mean distances ≈ t
§ Speedup of 1 / Δτ ≈ 10

§ Conceptual advantage
§ we directly sample a diagrammatic perturbation expansion
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7. The loop algorithm
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Problems with local updates
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§ Local updates cannot change global topological properties
§ number of world lines (particles, magnetization) conserved
§ winding conserved
§ braiding conserved
§ cannot sample grand-canonical ensemble

Problems with local updates

62
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§ Local updates cannot change global topological properties
§ number of world lines (particles, magnetization) conserved
§ winding conserved
§ braiding conserved
§ cannot sample grand-canonical ensemble

§ Critical slowing down at second order phase transitions
§ solved by cluster updates

Problems with local updates
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§ Local updates cannot change global topological properties
§ number of world lines (particles, magnetization) conserved
§ winding conserved
§ braiding conserved
§ cannot sample grand-canonical ensemble

§ Critical slowing down at second order phase transitions
§ solved by cluster updates

§ Tunneling problem at first order phase transitions

Problems with local updates
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§ Extend the phase space to configurations + graphs (C,G)

§ Choose graph weights independent of configuration

§ Perform updates

§ Detailed balance is satisfied� 

Ci   →    (Ci,G)   →    G   →    (Ci+1,G)   →    Ci+1

Cluster algorithms: the formal explanation

� 

Z = W (C) = W (C,G)
G
∑

C
∑

C
∑  with W (C) = W (C,G)

G
∑

� 

W (C,G) = Δ(C,G)V (G) where Δ(C,G) =
1 graph G allowed for C
0 otherwise

⎧ 
⎨ 
⎩ 

63
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§ Extend the phase space to configurations + graphs (C,G)

§ Choose graph weights independent of configuration

§ Perform updates

§ Detailed balance is satisfied� 

Ci   →    (Ci,G)   →    G   →    (Ci+1,G)   →    Ci+1

2. Discard configuration

3. Pick any allowed new configuration

4. Discard graph

1. Pick a graph G

� 

P[G] = V (G)
W (C)

Cluster algorithms: the formal explanation

� 

Z = W (C) = W (C,G)
G
∑

C
∑

C
∑  with W (C) = W (C,G)

G
∑

� 

W (C,G) = Δ(C,G)V (G) where Δ(C,G) =
1 graph G allowed for C
0 otherwise

⎧ 
⎨ 
⎩ 

� 

P[(Ci,G)→ (Ci+1,G)]
P[(Ci+1,G)→ (Ci,G)]

= 1/NC

1/NC

=1= Δ(Ci+1,G)V (G)
Δ(Ci,G)V (G)

= P[(Ci+1,G)]
P[(Ci,G)]
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§ We need to find Δ(C,G) and V(G) to fulfill

§ This means for:
§ Parallel spins: pick connected graph o-o with          o-o
§ Antiparallel spins: always pick open graph   o  o

§  And for:
§ Configuration must be allowed ⇒ connected spins must be parallel ⇒ connected 

spins flipped as one cluster
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� 

P(         ) = e+βJ + e−βJ

e+βJ = 1− e−2βJ

Cluster algorithms: Ising model

Δ(C,G) o-o o  o W(C)

↑↑, ↓↓ 1 1 e+βJ

↑↓, ↓↑ 0 1 e–βJ

W(G) e+βJ -e–βJ e–βJ

� 

W (C) = W (C,G)
G
∑ = Δ(C,G)V (G)

G
∑

� 

 G   →    (Ci+1,G)   →    Ci+1
� 

Ci   →    (Ci,G)   →    G  
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§ Swendsen-Wang cluster algorithm for the Ising model
§ two choices on each bond: connected (flip both spins) or disconnected

§ all connected spins are flipped together

§ Loop algorithm is a generalization to quantum systems
§ world lines may not be broken

§ always 2 or 4 spins must be flipped together

§ four different connection types

The loop algorithm (Evertz et al)

66
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Hamiltonian of spin-1/2 models

§ Consider a 2-site quantum spin-1/2 model

§ Heisenberg model if Jxy = Jz = J

§ Hamiltonian matrix in 2-site basis

� 

HXXZ = Jxz(S1
xS2

x + S1
yS2

y ) + JzS1
zS2

z − h S1
z + S2

z( )
= Jxz
2
(S1

+S2
− + S1

−S2
+) + JzS1

zS2
z − h S1

z + S2
z( )

  

� 

H = J
 
S 1
 
S 2 − h S1

z + S2
z( )

� 

HXXZ =

Jz
4

+ h 0 0 0

0 − Jz
4

Jxy
2

0

0
Jxy
2

− Jz
4

0

0 0 0 Jz
4
− h

⎛ 

⎝ 

⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜ 
⎜ 

⎞ 

⎠ 

⎟ 
⎟ 
⎟ 
⎟ 
⎟ 
⎟ 
⎟ 
⎟ 

� 

  ↑↑ ,   ↑↓ ,   ↓↑ ,   ↓↓   { }
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Cluster building rules: XY-like antiferromagnet

§ Connected spins form a cluster and have to be flipped together

Δ(C,G) W(C)

1 1 – 1+ (Jz/4) dτ

1 – 0 1-(Jz/4) dτ

– 1 1 (Jxy/2) dτ

V(G) 1−(Jz/4) dτ (Jz/2) dτ (Jxy- Jz)/2 dτ

� 

W (C) = W (C,G)
G
∑ = Δ(C,G)V (G)

G
∑

� 

HXXZ = Jxz
2

(Si
+S j

− + Si
−S j

+ )
i, j
∑ + Jz Si

zS j
z

i, j
∑

with 0 ≤ Jz ≤ Jxy
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§ How do we deal with the vanishing dτ terms in continuous time?

§ First example: the exchange process

§ Possible graph connections:

§ Graph weights:

§ Probability to pick graph:
(divide weight by sum)

§ The infinitesimal dτ terms cancel out
§ Randomly pick one of the graphs (with appropriate probabilities)

How to deal with infinitesimals ?

� 

Jxy − Jz
2

dτ

� 

Jz
2
dτ

� 

Jxy − Jz
Jxy

� 

Jz
Jxy
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§ How do we deal with the vanishing dτ terms in continuous time?

§ Second example: the “decay” process

§ Possible graph connections:

§ Graph weights:

§ Probability to pick graph:
(divide weight by sum)

§ The infinitesimal dτ terms remain
§ Infinitesimal acceptance rate at infinitely many time steps?

How to deal with infinitesimals ?

� 

1− Jz
4
dτ

� 

Jz
2
dτ

� 

1− Jz
2
dτ

� 

Jz
2
dτ
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§ We have to tackle the problem of vanishing probabilities
§ Example: Heisenberg antiferromagnet

§ Interpret the      connection as a “decay process” where the loop 
jumps

How to deal with infinitesimals ?

P= =
J
2
Δτ → 0P|| =1−

J
2
Δτ →1

71
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§ We have to tackle the problem of vanishing probabilities
§ Example: Heisenberg antiferromagnet

§ Interpret the      connection as a “decay process” where the loop 
jumps

How to deal with infinitesimals ?

P= =
J
2
Δτ → 0P|| =1−

J
2
Δτ →1

P= =
J
2
dτ

decay constant λ = J
2

mean distance  d = 2
J

71
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Loop-cluster updates
1. Connect spins according to loop-custer building rules

72
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Loop-cluster updates
1. Connect spins according to loop-custer building rules
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2. Build and flip loop-cluster

Loop-cluster updates
1. Connect spins according to loop-custer building rules
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Heisenberg antiferromagnet

§ Connected spins form a cluster and have to be flipped together
§ Very simple and deterministic for Heisenberg model

Δ(C,G) W(C)

1 1 1+ (J/4) dτ

1 0 1-(J/4) dτ

0 1 (J/2) dτ

V(G) 1−(J/4) dτ (J/2) dτ

� 

W (C) = W (C,G)
G
∑ = Δ(C,G)V (G)

G
∑

  

� 

HHeisenberg = J
 
S i
 
S j

i, j
∑
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Ising-like ferromagnet

§ Now 4-spin freezing graph is needed: connects (freezes) loops

Δ(C,G) W(C)

1 0 0 1- (Jz/4) dτ

1 1 1 1+ (Jz/4) dτ

0 1 0 (Jxy/2) dτ

V(G) 1−(Jz/4) dτ (Jxy/2) dτ (Jz-Jxy)/2 dτ

� 

W (C) = W (C,G)
G
∑ = Δ(C,G)V (G)

G
∑

� 

HXXZ = − Jxz
2

(Si
+S j

− + Si
−S j

+ )
i, j
∑ − Jz Si

zS j
z

i, j
∑

with 0 ≤ Jxy ≤ Jz
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Ising ferromagnet

§ Two spins are frozen if there is any freezing graph along the world line

§ We recover the Swendsen Wang algorithm: probability for no freezing

Δ(C,G) W(C)

1 0 1- (J/4) dτ

1 1 1+ (J/4) dτ

0 0 0

V(G) 1−(J/4) dτ (J/2) dτ

� 

W (C) = W (C,G)
G
∑ = Δ(C,G)V (G)

G
∑

� 

Pno freezing = lim
M →∞

(1− (β /M)J /2)M = exp(−βJ /2) = exp(−2βJclassical )

� 

HIsing = −J Si
zS j

z

i, j
∑ = − J

4
σ iσ j

i, j
∑
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8. The worm algorithm
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Loop algorithm in  a magnetic field
§   Loop cluster algorithm requires spin inversion symmetry

§ Magnetic field implemented by a-posteriori acceptance rate

§   Example: spin dimer at J = h =1   H = J
 
S 1
 
S 2 − h S1

z + S2
z( )
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Triplet

E = -J/4

p = exp(−βJ /2)
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Triplet

E = -J/4

p = exp(−βJ /2)

Loop algorithm in  a magnetic field
§   Loop cluster algorithm requires spin inversion symmetry

§ Magnetic field implemented by a-posteriori acceptance rate

§   Example: spin dimer at J = h =1

Exponential slowdown due to high energy intermediate state

  H = J
 
S 1
 
S 2 − h S1

z + S2
z( )

Triplet

E = J/4 - h = -3/4

Singlet

E = -3J/4 = 
-3/4
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High-T expansion of the Ising model

Z =
⌃

s1...sN

⌥

�ij⇥

eKsisj =
⌃

s1...sN

⌥

�ij⇥

⇤
cosh(K)

�
1 + tanh(K)sisj

⇥⌅

i.e.

Z = cosh(K)2N
⌃

s1...sN

⌥

bonds

1⌃

nb=0

⇤
tanh(K)]nbsnb

i snb
j

⌅
⇥

⌃

{nb}

tanh(K)
P

nb
⌃

s1...sN

⌥

bonds

snb
i snb

j

nb = 0, 1: power associated to bond ⇤ij⌅
⌃

s1...sN

⌥

�ij⇥

sn
i sn

j �
⌥

i

⌃

si

spi
i , pi total power associated to site i

For a spin-1/2 system one has
⇧

s sp = 2 if p is even, zero otherwise

Hence, Z = 2N
⌃

{nb}

⇤
tanh(K)

⌅P
nb

(closed loops)
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Closed loops

§ Nonzero weight only if total even number 
of bond powers, thus all labeled bonds 
form closed loops

§ Open-ended loops require one additional 
spin operator for each end: give 
correlation function measurements

NO

YES
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Correlator sector          

 Partition function sector

No critical slowing down

faster than cluster updates

Correlator   =  distribution function for the ends
Normal state:      small loops, short distance between ends
Ordered state:   macroscopic entangled loops

Classical worm algorithm Prokof’ev and Svistunov, PRL (2001)
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The complete algorithm

§ If I=M, select a new site for both at random
§ Otherwise move I or M in a random direction, with acceptance rates

§ min [1,tanh(J/T)] for n=0 -> n=1
§ min [1,1/tanh(J/T)] for n=0 -> n=1

§ Easier to implement than local updates but faster than cluster updates
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§ Break a world line by inserting a pair of creation/annihilation operators

§ move these operators (“Ira” and “Masha”) using local moves
§ until Ira and Masha meet

Worm updates

H← H +η ci
† + ci( )

i
∑ H← H +η Si

+ + Si
−( )

i
∑
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§ move these operators (“Ira” and “Masha”) using local moves
§ until Ira and Masha meet

Worm updates

H← H +η ci
† + ci( )

i
∑ H← H +η Si

+ + Si
−( )

i
∑

insert worm

shift

move worm

insert jump

remove jump
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§ Break a world line by inserting a pair of creation/annihilation operators

§ move these operators (“Ira” and “Masha”) using local moves
§ until Ira and Masha meet

Worm updates

H← H +η ci
† + ci( )

i
∑ H← H +η Si

+ + Si
−( )

i
∑

insert worm

shift

move worm

insert jump

remove jump

continue until head and tail meet 
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Worm algorithm in  a magnetic field

§   Worm algorithm performs a random walk
§ Change of configuration done in small steps

§   Example: spin dimer at J = h =1

Triplet
E = J/4 - h = -3/4

Singlet
E = -3J/4 = -3/4
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§   Worm algorithm performs a random walk
§ Change of configuration done in small steps

§   Example: spin dimer at J = h =1

Triplet
E = J/4 - h = -3/4

Singlet
E = -3J/4 = -3/4No high energy intermediate state

Efficient update in presence of a magnetic field
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§ Prokof’ev et al ‘98
§ detailed balance at each step of 

random walk
§ Cullen and Landau ‘83

§ unbiased random walk
§ less efficient since the physics 

does not enter worm construction

An earlier attempt

84
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9. Overview of modern 
QMC algorithms

85
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§ Which system sizes can be studied?

temperature local updates modern algorithms

3D Tc 16’000 spins 16’000’000 spins

0.1 J 200 spins 1’000’000 spins

0.005 J ––– 50’000 spins

3D Tc 32 bosons 1’000’000 bosons

0.1 t 32 bosons 10’000 bosons

86
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When to use which algorithm?

§ Stochastic Series Expansion (SSE) is simpler to implement
§ Continuous-time path integrals needs lower orders
§ Use SSE for local actions with not too large diagonal terms

SSE Path Integrals

Loop algorithm Spin models Spin models 
with dissipation

Worm algorithm/
Directed loops

Spin models 
in magnetic field Bose-Hubbard models

87
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10. Simulating optical lattice experiments

88

a

b

c

O
D

2hkE
xp

er
im

en
t

Q
M

C

-1 0 1

QMC
Exp.

-1 0 1-1 0 1

 

-1 0 1
0

1

2

 

-1 0 1
xTOF (2hk)

13.6 nK 18.8 nK 26.5 nK 30.7 nK 43.6 nK

11.9 nK 19.1 nK 26.5 nK 31.8 nK 47.7 nK

O
D

2hkE
xp

er
im

en
t

Q
M

C

3.75 nK 4.95 nK 5.44 nK 6.80 nK 7.65 nK

4.02 nK 5.02 nK 5.29 nK 6.7 nK 10.0 nK

-1 0 1
0

0.5

1

-1 0 1 -1 0 1 -1 0 1

QMC
Exp.

d

e

f

xTOF (2hk)
-1 0 1

V0 = 11.75Er ,  U/J = 27.5 ,  Tc = 5.31nK

V0 = 8Er ,  U/J = 8.11 ,  Tc = 26.5nK

Saturday, January 21, 12



Matthias Troyer

DPHYS
Department of Physics

Institute for Theoretical Physics

Feynman’s quantum simulator

89

§ We are able to control single quantum systems

§ New challenges: 
control, engineer and understand complex quantum system 

Single Atoms and 
Ions

Photons Quantum Dots

R. P. Feynman‘s Vision
A Quantum Simulator to study the  

quantum dynamics 
of another system.

R.P. Feyman, Int. J. Theo. Phys. (1982)
R.P. Feynman, Found. Phys (1986)
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90

Quantum simulators

Strongly correlated materials:
strong correlation effects in many-electron systems

Condensed matter models:   
Simple models which capture the relevant mechanism

10
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90

Quantum simulators

Strongly correlated materials:
strong correlation effects in many-electron systems

Condensed matter models:   
Simple models which capture the relevant mechanism

no exact solutions 

approximations,

impurities, 

...
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90

Quantum simulators

Strongly correlated materials:
strong correlation effects in many-electron systems

Condensed matter models:   
Simple models which capture the relevant mechanism

Quantum simulators:  
Controlled, “simple” systems testing models and verifying concepts

10
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Ultracold atomic gases 
as quantum simulators

91
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   Steven Chu,Claude Cohen-Tannoudji and William D.Phillips
 share 1997 Nobel Prize for the development of methods to cool and trap 

atoms with laser right.

1997 Nobel Prize in Physics

92
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2001 Nobel Prize in Physics
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   Carl Wieman , Eric Cornell and Wolfgang Ketterle 

share 2001 Nobel Prize for the achievement of BEC in dilute gases of 
alkali atoms and for the early fundamental studies of the properties of the 

condensates .

93

Saturday, January 21, 12



January 29, 2009 Matthias Troyer

DPHYS
Department of Physics

Institute for Theoretical Physics

Our Starting Point – Ultracold Quantum Gases

Parameters: 
Densities: 1015 cm-3

Temperatures: Nano Kelvin
Atom Numbers 106

Bose-Einstein 
Condensates e.g. 87Rb

Degenerate Fermi Gases
e.g. 40K

Ground States at T=0

94
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atom

source

magneto-optical trap

(cooling)

optical trap 

and lattice
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And a lot of optics and electronics !
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How do we detect these quantum gases ?
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How do we detect these quantum gases ?
release the atoms
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How do we detect these quantum gases ?

faster atoms fly farther
release the atoms
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How do we detect these quantum gases ?

faster atoms fly farther
the image reflects the momentum distribution

release the atoms
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§ At close to zero temperatures, a macroscopic fraction of all atoms in a 
Bose gas occupy the same quantum state

§ A diverging occupation of the zero momentum state
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Bose-Einstein condensation in cold atomic gases

99

Momentum distribution function
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§ formed by standing waves  from three pairs of laser beams

§ realize quantum lattice models of fermions or bosons
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Optical lattices

100
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Optical lattices and the Hubbard model
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Optical lattices and the Hubbard model

§ Lasers couple to the dipole moment of the atoms 
§ atoms prefer to sit at the amplitude maxima (AC Stark effect)
§ a periodic potential with periodicity half of the wave length
§ obtain a Hubbard model for the lowest band
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Optical lattices and the Hubbard model

§ Lasers couple to the dipole moment of the atoms 
§ atoms prefer to sit at the amplitude maxima (AC Stark effect)
§ a periodic potential with periodicity half of the wave length
§ obtain a Hubbard model for the lowest band

§ Tunable and controlled
§ Laser amplitude determines U and t
§ Spatially  varying couplings using optical superlattices

§ Flexible
§ fermionic or bosonic atoms or mixtures are possible

102
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Validating a quantum simulator:
does it really work?
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The ab-initio microscopic model

H =

∫

d3rψ†("r)

(

−

h̄2

2m
∆ + Vopt("r)

)

ψ("r) +
g

2

∫

d3rψ†("r)ψ†("r)ψ("r)ψ("r)

g =
4πh̄2as

mVopt(r, z) = −V0e
−2r

2
/w

2
(z) sin2(kz)
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express the bosonic field 
operator in terms of 
Wannier functions
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Limitations of the Hubbard model

105

§ Only valid in deep lattices where one band is enough

§ Shallow lattices require alternative approaches

§ Corrections to naïve calculations of U are hard
§ H. P. Büchler Phys. Rev. Lett. 104, 090402 (2010)

§ Equilibration is an open issue in the experiments
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Bose-Hubbard model

§ Use bosonic atoms for validation

106

H = −t
∑

〈i,j〉

(
b
†
i bj + b

†
jbi

)
+ U

∑

i

ni(ni − 1)/2 − µ
∑

i

ni

26

Fisher et al, PRB 1989

Phase diagram
               (V=0)

Ut /

1=n

2=n

0=n

U/µ

Saturday, January 21, 12



January 29, 2009 Matthias Troyer

DPHYS
Department of Physics

Institute for Theoretical Physics

Bose-Hubbard model

§ Use bosonic atoms for validation

106

H = −t
∑

〈i,j〉

(
b
†
i bj + b

†
jbi

)
+ U

∑

i

ni(ni − 1)/2 − µ
∑

i

ni

26

Fisher et al, PRB 1989

Phase diagram
               (V=0)

Ut /

1=n

2=n

0=n

U/µ
Large U: incompressible Mott-

insulator at Integer filling

Saturday, January 21, 12



January 29, 2009 Matthias Troyer

DPHYS
Department of Physics

Institute for Theoretical Physics

Bose-Hubbard model

§ Use bosonic atoms for validation

106

Large t: superfluid BEC

H = −t
∑

〈i,j〉

(
b
†
i bj + b

†
jbi

)
+ U

∑

i

ni(ni − 1)/2 − µ
∑

i

ni

26

Fisher et al, PRB 1989

Phase diagram
               (V=0)

Ut /

1=n

2=n

0=n

U/µ
Large U: incompressible Mott-

insulator at Integer filling

Saturday, January 21, 12



January 29, 2009 Matthias Troyer

DPHYS
Department of Physics

Institute for Theoretical Physics

Bose-Hubbard model

§ Use bosonic atoms for validation
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Large t: superfluid BEC
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Large U: incompressible Mott-

insulator at Integer filling

Quantum phase transition 
varying U/t
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The first optical lattice experiments 

§ Quantum phase transition as lattice depth is increased
§ Greiner et al, Nature (2002)
§ measuring the momentum distribution function in time-of-flight images

2 !k
x y

z

a b

1

0

c d

e f g h

107
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small U/t: condensate
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§ Quantum phase transition as lattice depth is increased
§ Greiner et al, Nature (2002)
§ measuring the momentum distribution function in time-of-flight images
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Can this be made more quantitative?
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§ Approximation-free QMC simulations
§ worm algorithm, Prokof’ev, Svistunov and Tupitsyn, (1998) 
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§ a single simulation takes only 10 hours on one CPU core
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Validation by Quantum Monte Carlo simulations

§ Approximation-free QMC simulations
§ worm algorithm, Prokof’ev, Svistunov and Tupitsyn, (1998) 
§ up to 500,000 atoms, 220 x 220 x 200 ≈ 10 million sites
§ a single simulation takes only 10 hours on one CPU core

§ We can model all important details of the experiment
§ accurate microscopic model
§ same system size, particle numbers
§ temperature and entropy matched to experiment
§ measure quantities as observed in experiment
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Image after expansion – momentum distribution
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§ Bosons in a 3D optical lattice at filling n = 1
§ Measure suppression of Tc close to the Mott insulator
§ Particle number required to achieve n = 1 obtained from QMC
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Quantitative validation: the phase diagram
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§  Experiments work (ideally) at constant entropy!
§ Measure the momentum distribution before loading the gas into the lattice 
§ Get its temperature and entropy fitting to a dilute Bose gas
§ Use QMC simulations to find the temperature for that entropy once loaded into 

an optical lattice (non-trivial simulations!)
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Use QMC simulations for thermometry
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CCD camera

TOF duration = 15 ms

faster atoms fly farther

records the momentum distribution 

113

Saturday, January 21, 12



Matthias Troyer

DPHYS
Department of Physics

Institute for Theoretical Physics

Accurately model time of flight (TOF) images

pixel size :  4.4 micron
further broadening 
by optical elements 

CCD camera

TOF duration = 15 ms

faster atoms fly farther

records the momentum distribution 
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Time-of-flight images: momentum distribution?

�̂(r, t) =
�

�

w�(r, t)â�
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Time of flight (TOF) images
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Finite time of flight broadens the peaks

finite time of flight 
cuts off spatial 
correlations

broadens peaks

F. Gerbier et al, accepted in PRL 116

Infinite 100 ms
15.5 ms 3 ms

F. Gerbier et al, PRL (2008)
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§ Same trap, interactions, particle number, total entropy
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Validating the quantum simulator

§ We model all important details of the experiment
§ Same trap, interactions, particle number, total entropy
§ Calculate what the experiment should see

§ The experiment should better reproduce what we get!
§ and it does: Trotzky, Pollet et al, Nature Phys. 6, 998 (2010).
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Validation of experiment by QMC: small U/t
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Validation of experiment by QMC:  large U/t
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Non-adiabaticity: heating from lattice laser

100 200 300 400 500 600
0.0

0.5

1.0

1.5

2.0
  8Er
  9Er
  10Er
  11Er

 

En
tro

py
 p

er
 P

ar
tic

le
 (k

BN
)

HoldTime (ms)

8 9 10 11
0

1

2

3

 

 

dS
/d

t (
k B

Ns
-1

)

Lattice depth (Er)

Entropy determined by comparing TOF images to QMC simulations 
Severe limitation on accessible temperatures in experiments

Theoretically discussed by H. Pichler, A. J. Daley, P. Zoller, PRA (2011)

120

Saturday, January 21, 12



Matthias Troyer

DPHYS
Department of Physics

Institute for Theoretical Physics

Phase diagram obtained by the quantum simulation

121

Mott; U/t = 29.34(2)
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Thirteen years ago, when researchers sequenced just a few snippets 
of mitochondrial DNA from a Neandertal, the breakthrough made 
headlines worldwide. This year, researchers published a draft of the 
Neandertal nuclear genome—and their fi rst analysis of what these 
3 billion bases of DNA reveal about the evolution of these extinct 
humans and us.

Using new methods to sequence degraded fragments of ancient 
DNA (see “Insights of the Decade,” p. 1616), researchers spliced 
together a composite sequence from three female Neandertals who 
lived in Croatia 38,000 to 44,000 years ago, to reconstruct about 
two-thirds of the entire Neandertal genome. For the fi rst time, sci-
entists could compare in detail the genomes of Neandertals and of 
modern humans.

Reading this sequence, the researchers concluded that modern 
Europeans and Asians—but not Africans—have inherited between 
1% and 4% of their genes from Neandertals. Apparently, Neandertals 
interbred with modern humans after they left Africa at least 80,000 
years ago but before they spread into Europe and Asia. If correct, 
this stunning discovery challenges a model that says that as modern 
humans swept out of Africa, they completely replaced archaic humans 
such as Neandertals without interbreeding.

The Neandertal genome also gives researchers a powerful new 
tool to fi sh for genes that have evolved recently in humans, since they 
split from Neandertals. The catalog includes 78 differences in genes 
that encode proteins that are important for wound healing, the beat-
ing of sperm fl agella, and gene transcription. Several encode proteins 
expressed in the skin, sweat glands, and inner sheaths of hair roots, 
as well as skin pigmentation—all differences that refl ect adaptations 
to new climates and environments as modern humans spread around 
the globe.

The researchers have also identifi ed 15 regions of interest that differ 
between humans and Neandertals, including genes that are important 
in cognitive and skeletal development. When mutated in humans, some 
of these genes contribute to diseases such as schizophrenia, Down syn-
drome, and autism, or to skeletal abnormalities such as misshapen 
clavicles and a bell-shaped rib cage.

As researchers close in on the few genes that separate us from 
Neandertals, they are also trying to decipher how differences in genetic 
code alter proteins produced in the lab. This year, scientists inserted 11 
pairs of single peptides into eukaryote cells to test for differences in 
gene expression. With luck, they may pinpoint some of the genes that 
equipped us to survive while Neandertals went extinct.

In the DNA. Some living humans 

may have Neandertal ancestors.

Reading the 
Neandertal Genome

A technical tour de force grabbed headlines around the world for 
synthetic biology this year. In what was hailed as a defi ning moment 
for biology and for biotechnology, researchers at the J. Craig Venter 
Institute (JCVI) in Rockville, Maryland, and San Diego, California, 
built a synthetic genome and inserted it into a bacterium in place of 
the organism’s original DNA. The new genome caused the bacte-
rium to produce a new set of proteins.

The synthetic genome was an almost identical copy of a natural 
genome, but ultimately, researchers envision synthetic genomes cus-
tom-designed to produce biofuels, pharmaceuticals, or other useful 
chemicals. Also this year, researchers at Harvard University improved 
their high-throughput method of modifying existing genomes for 
such purposes, and other synthetic biologists showed that RNA-
based “switches” can get cells to behave differently in response to 
certain signals.

J. Craig Venter and 
his team built its $40 
million genome from 
smaller pieces of store-
bought DNA. First they 
stitched the synthetic 
DNA together in stages 
in yeast; then they trans-
planted it into a bacte-
rium, where it replaced 
the native genome.

Although not truly 
“artifi cial life,” as some 
media declared, this 
success prompted a con-
gressional hearing and a 
review by a presidential 
commission on the eth-
ics of synthetic biology.

It’s far from the 
only synthetic biology 
game in town, however. 
In 2009, Harvard’s George Church introduced a technique called 
multiplex genome engineering, which adds multiple strands of 
DNA to bacteria every couple of hours, rapidly generating geneti-
cally engineered organisms with extensively revamped genomes. 
This year, his team came up with a cheaper way to produce the 
DNA strands used to modify the genome, in hopes of making this 
approach cost-effective for industrial use.

Teams led by Caltech’s Niles Pierce, Stanford University’s 
Christina Smolke, and Boston University’s James Collins have 
come up with ways to change a cell’s behavior by modifying its reg-
ulatory pathways. In some cases, they add specially designed RNA 
molecules that can sense molecules in the cell associated with, say, 
cancer or infl ammation. Once that happens, they cause the cell to 
produce a protein that may sensitize the cell to drugs or cause it to 
undergo programmed cell death. Another team made a riboswitch 
that caused bacteria to seek out and destroy the herbicide atrazine. 
Such devices are much closer than synthetic and modifi ed genomes 
to having practical applications.

Build Your Own Genome

THE RUNNERS-UP >>  

Life recreated. Scanning electron microscope 

image of bacteria with synthetic genomes.

Published by AAAS
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Thirteen years ago, when researchers sequenced just a few snippets 
of mitochondrial DNA from a Neandertal, the breakthrough made 
headlines worldwide. This year, researchers published a draft of the 
Neandertal nuclear genome—and their fi rst analysis of what these 
3 billion bases of DNA reveal about the evolution of these extinct 
humans and us.

Using new methods to sequence degraded fragments of ancient 
DNA (see “Insights of the Decade,” p. 1616), researchers spliced 
together a composite sequence from three female Neandertals who 
lived in Croatia 38,000 to 44,000 years ago, to reconstruct about 
two-thirds of the entire Neandertal genome. For the fi rst time, sci-
entists could compare in detail the genomes of Neandertals and of 
modern humans.

Reading this sequence, the researchers concluded that modern 
Europeans and Asians—but not Africans—have inherited between 
1% and 4% of their genes from Neandertals. Apparently, Neandertals 
interbred with modern humans after they left Africa at least 80,000 
years ago but before they spread into Europe and Asia. If correct, 
this stunning discovery challenges a model that says that as modern 
humans swept out of Africa, they completely replaced archaic humans 
such as Neandertals without interbreeding.

The Neandertal genome also gives researchers a powerful new 
tool to fi sh for genes that have evolved recently in humans, since they 
split from Neandertals. The catalog includes 78 differences in genes 
that encode proteins that are important for wound healing, the beat-
ing of sperm fl agella, and gene transcription. Several encode proteins 
expressed in the skin, sweat glands, and inner sheaths of hair roots, 
as well as skin pigmentation—all differences that refl ect adaptations 
to new climates and environments as modern humans spread around 
the globe.

The researchers have also identifi ed 15 regions of interest that differ 
between humans and Neandertals, including genes that are important 
in cognitive and skeletal development. When mutated in humans, some 
of these genes contribute to diseases such as schizophrenia, Down syn-
drome, and autism, or to skeletal abnormalities such as misshapen 
clavicles and a bell-shaped rib cage.

As researchers close in on the few genes that separate us from 
Neandertals, they are also trying to decipher how differences in genetic 
code alter proteins produced in the lab. This year, scientists inserted 11 
pairs of single peptides into eukaryote cells to test for differences in 
gene expression. With luck, they may pinpoint some of the genes that 
equipped us to survive while Neandertals went extinct.

In the DNA. Some living humans 

may have Neandertal ancestors.

Reading the 
Neandertal Genome

A technical tour de force grabbed headlines around the world for 
synthetic biology this year. In what was hailed as a defi ning moment 
for biology and for biotechnology, researchers at the J. Craig Venter 
Institute (JCVI) in Rockville, Maryland, and San Diego, California, 
built a synthetic genome and inserted it into a bacterium in place of 
the organism’s original DNA. The new genome caused the bacte-
rium to produce a new set of proteins.

The synthetic genome was an almost identical copy of a natural 
genome, but ultimately, researchers envision synthetic genomes cus-
tom-designed to produce biofuels, pharmaceuticals, or other useful 
chemicals. Also this year, researchers at Harvard University improved 
their high-throughput method of modifying existing genomes for 
such purposes, and other synthetic biologists showed that RNA-
based “switches” can get cells to behave differently in response to 
certain signals.

J. Craig Venter and 
his team built its $40 
million genome from 
smaller pieces of store-
bought DNA. First they 
stitched the synthetic 
DNA together in stages 
in yeast; then they trans-
planted it into a bacte-
rium, where it replaced 
the native genome.

Although not truly 
“artifi cial life,” as some 
media declared, this 
success prompted a con-
gressional hearing and a 
review by a presidential 
commission on the eth-
ics of synthetic biology.

It’s far from the 
only synthetic biology 
game in town, however. 
In 2009, Harvard’s George Church introduced a technique called 
multiplex genome engineering, which adds multiple strands of 
DNA to bacteria every couple of hours, rapidly generating geneti-
cally engineered organisms with extensively revamped genomes. 
This year, his team came up with a cheaper way to produce the 
DNA strands used to modify the genome, in hopes of making this 
approach cost-effective for industrial use.

Teams led by Caltech’s Niles Pierce, Stanford University’s 
Christina Smolke, and Boston University’s James Collins have 
come up with ways to change a cell’s behavior by modifying its reg-
ulatory pathways. In some cases, they add specially designed RNA 
molecules that can sense molecules in the cell associated with, say, 
cancer or infl ammation. Once that happens, they cause the cell to 
produce a protein that may sensitize the cell to drugs or cause it to 
undergo programmed cell death. Another team made a riboswitch 
that caused bacteria to seek out and destroy the herbicide atrazine. 
Such devices are much closer than synthetic and modifi ed genomes 
to having practical applications.

Build Your Own Genome

THE RUNNERS-UP >>  

Life recreated. Scanning electron microscope 

image of bacteria with synthetic genomes.
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Thirteen years ago, when researchers sequenced just a few snippets 
of mitochondrial DNA from a Neandertal, the breakthrough made 
headlines worldwide. This year, researchers published a draft of the 
Neandertal nuclear genome—and their fi rst analysis of what these 
3 billion bases of DNA reveal about the evolution of these extinct 
humans and us.

Using new methods to sequence degraded fragments of ancient 
DNA (see “Insights of the Decade,” p. 1616), researchers spliced 
together a composite sequence from three female Neandertals who 
lived in Croatia 38,000 to 44,000 years ago, to reconstruct about 
two-thirds of the entire Neandertal genome. For the fi rst time, sci-
entists could compare in detail the genomes of Neandertals and of 
modern humans.

Reading this sequence, the researchers concluded that modern 
Europeans and Asians—but not Africans—have inherited between 
1% and 4% of their genes from Neandertals. Apparently, Neandertals 
interbred with modern humans after they left Africa at least 80,000 
years ago but before they spread into Europe and Asia. If correct, 
this stunning discovery challenges a model that says that as modern 
humans swept out of Africa, they completely replaced archaic humans 
such as Neandertals without interbreeding.

The Neandertal genome also gives researchers a powerful new 
tool to fi sh for genes that have evolved recently in humans, since they 
split from Neandertals. The catalog includes 78 differences in genes 
that encode proteins that are important for wound healing, the beat-
ing of sperm fl agella, and gene transcription. Several encode proteins 
expressed in the skin, sweat glands, and inner sheaths of hair roots, 
as well as skin pigmentation—all differences that refl ect adaptations 
to new climates and environments as modern humans spread around 
the globe.

The researchers have also identifi ed 15 regions of interest that differ 
between humans and Neandertals, including genes that are important 
in cognitive and skeletal development. When mutated in humans, some 
of these genes contribute to diseases such as schizophrenia, Down syn-
drome, and autism, or to skeletal abnormalities such as misshapen 
clavicles and a bell-shaped rib cage.

As researchers close in on the few genes that separate us from 
Neandertals, they are also trying to decipher how differences in genetic 
code alter proteins produced in the lab. This year, scientists inserted 11 
pairs of single peptides into eukaryote cells to test for differences in 
gene expression. With luck, they may pinpoint some of the genes that 
equipped us to survive while Neandertals went extinct.

In the DNA. Some living humans 

may have Neandertal ancestors.

Reading the 
Neandertal Genome

A technical tour de force grabbed headlines around the world for 
synthetic biology this year. In what was hailed as a defi ning moment 
for biology and for biotechnology, researchers at the J. Craig Venter 
Institute (JCVI) in Rockville, Maryland, and San Diego, California, 
built a synthetic genome and inserted it into a bacterium in place of 
the organism’s original DNA. The new genome caused the bacte-
rium to produce a new set of proteins.

The synthetic genome was an almost identical copy of a natural 
genome, but ultimately, researchers envision synthetic genomes cus-
tom-designed to produce biofuels, pharmaceuticals, or other useful 
chemicals. Also this year, researchers at Harvard University improved 
their high-throughput method of modifying existing genomes for 
such purposes, and other synthetic biologists showed that RNA-
based “switches” can get cells to behave differently in response to 
certain signals.

J. Craig Venter and 
his team built its $40 
million genome from 
smaller pieces of store-
bought DNA. First they 
stitched the synthetic 
DNA together in stages 
in yeast; then they trans-
planted it into a bacte-
rium, where it replaced 
the native genome.

Although not truly 
“artifi cial life,” as some 
media declared, this 
success prompted a con-
gressional hearing and a 
review by a presidential 
commission on the eth-
ics of synthetic biology.

It’s far from the 
only synthetic biology 
game in town, however. 
In 2009, Harvard’s George Church introduced a technique called 
multiplex genome engineering, which adds multiple strands of 
DNA to bacteria every couple of hours, rapidly generating geneti-
cally engineered organisms with extensively revamped genomes. 
This year, his team came up with a cheaper way to produce the 
DNA strands used to modify the genome, in hopes of making this 
approach cost-effective for industrial use.

Teams led by Caltech’s Niles Pierce, Stanford University’s 
Christina Smolke, and Boston University’s James Collins have 
come up with ways to change a cell’s behavior by modifying its reg-
ulatory pathways. In some cases, they add specially designed RNA 
molecules that can sense molecules in the cell associated with, say, 
cancer or infl ammation. Once that happens, they cause the cell to 
produce a protein that may sensitize the cell to drugs or cause it to 
undergo programmed cell death. Another team made a riboswitch 
that caused bacteria to seek out and destroy the herbicide atrazine. 
Such devices are much closer than synthetic and modifi ed genomes 
to having practical applications.
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image of bacteria with synthetic genomes.
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Scientists who study rare genetic disorders 
hit on a powerful strategy for fi nding the cul-
prit DNA this year. Using cheap sequencing 
techniques and a shortcut—sequencing just 
the 1% of the genome that tells cells how to 
build proteins—they cracked several dis-
eases that had eluded researchers until now.

The old way to track down the cause of 
Mendelian disorders, or diseases caused by 
a mutation in a single gene, was to study 
DNA inheritance patterns in families. That 
approach doesn’t work when few relatives 
with the disease can be found or when a 

mutation isn’t inherited but instead crops up 
spontaneously.

In late 2009, geneticists began sequenc-
ing just the exons, or protein-coding DNA, 
of patients with Mendelian disorders. (A 
few teams sequenced the patients’ entire 
genome.) This “exome” sequencing yielded 
a long list of mutations that the scientists then 
winnowed, for example, by ignoring those 
that don’t change protein structure or that 
many people carry. The end result: the faulty 
DNA underlying at least a dozen mystery 
diseases—including genes that lead to severe 
brain malformations, very low cholesterol 
levels, and facial deformities that look like a 
made-up Japanese Kabuki performer.

Finding the gene behind a rare disease 
can lead to better diagnosis and treatments 
and to new insights into human biology. 
Scientists hope to use exome sequencing 
to tick off the causes of more than half of 
some 7000 known or suspected Mende-
lian diseases that still don’t have a genetic 
explanation.

Genomics researchers savored the fruits 
of massively parallel sequencing in 2010. 
Cheaper, faster “next generation” machines 
have taken hold over the past 5 years; this 
year they yielded important results from 
several large projects.

One ambitious effort, the 1000 Genomes 
Project, seeks to f ind all single-base 
differences—or single-nucleotide polymor-
phisms (SNPs)—present in at least 1% of 
humans. It completed three pilot studies this 
year, which together identifi ed 15 million 
SNPs—including 8.5 million novel ones. 
The information will help scientists track 
down mutations that cause diseases.

Researchers also fi nished cataloging all 
the functional elements in the genomes of 
the fruit fl y Drosophila melanogaster and 
the nematode Caenorhabditis elegans; the 
results are expected to be published by year’s 
end. In human DNA, the complete genome 
sequences of two Africans from hunter-
gatherer tribes, the oldest known lineages 
of modern humans, confirmed the exten-
sive genetic diversity within those groups. 
Researchers also produced a draft of the 
Neandertal genome (see p. 1605) and deci-
phered the genome from 4000-year-old hair 
preserved in Greenland’s permafrost.

The cornucopia of results also included 
surveys of all the transcribed DNA—the 
so-called transcriptome—and of protein-
DNA interactions, as well as assessments 
of gene expression and the identifi cation of 
rare disease genes.

Next-Generation 

Genomics

Homing In on 

Errant Genes

Changing a cell’s fate by adding extra cop-
ies of a few genes has become routine in 
labs around the world. The technique, 
known as cellular reprogramming, allows 
scientists to turn back a cell’s develop-
mental clock, making adult cells behave 
like embryonic stem cells (see “Insights 
of the Decade,” p. 1612). The resulting 
induced pluripotent stem cells (iPSCs) 
are helping scientists to study a variety of 
diseases and may someday help to treat 
patients by supplying them with genetically 
matched replacement cells. 

This year, scientists found a way to make 
reprogramming even easier using syn-

thetic RNA molecules. The synthetic RNAs 
are designed to elude the cell’s antiviral 
defenses, which usually attack foreign RNA. 
The technique is twice as fast and 100 times 
as efficient as standard techniques. And 
because the RNA quickly breaks down, the 
reprogrammed cells are genetically identical 
to the source cells, making them potentially 
safer for use in therapies.

Early evidence suggests that the RNA 
approach reprograms the cell more thor-
oughly than other methods do, yielding a 
closer match to embryonic stem cells. The 
method can also prompt cells to become 
nonembryonic cell types. By inserting syn-
thetic RNA into a cell that codes for a key 
gene in muscle tissue, for example, the 
researchers could turn both fi broblasts and 
iPSCs into muscle cells. 

Souped-Up Cellular 

Reprogramming

Like a student who sneaks a calculator into 
a test, physicists have found a quick way to 
solve tough mathematical problems. This 
year, they showed that quantum simulators—
typically, simulated crystals in which spots of 
laser light play the role of the crystal’s ions and 
atoms trapped in the spots of light play the role 
of electrons—can quickly solve problems in 
condensed-matter physics.

Physicists usually invent theoretical mod-

els to explain experi-
ments. They might 
approximate a mag-
netic crystal as a 
three-dimensional 
array of points with 
electrons on the 
points interacting through their magnetic 
fi elds. Theorists can jot down a mathematical 
function called a Hamiltonian encoding such 
an idealization. But “solving” a Hamiltonian 
to reveal how a system behaves—for example, 
under what conditions the electrons align to 
magnetize the crystal—can be daunting.

Quantum Simulators 

Pass First Key Test
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