
11 Dynamical supersymmetry breaking

After this long detour on quantum properties of supersymmetric gauge theories,

we can now go back to supersymmetry breaking, and finally discuss models where

supersymmetry is broken by strong coupling e↵ects, aka dynamical supersymmetry

breaking (DSB). As we already emphasized, besides their intrinsic interest, these

models can in principle be used as consistent (and natural) hidden sectors within

gravity or gauge mediation scenarios (or any of their possible variants).

We will first focus on models where supersymmetry is broken dynamically in

stable vacua, that is at absolute minima of the potential. Later we will discuss

dynamical supersymmetry breaking into metastable vacua, instead.

The rough general picture for DSB models into stable vacua is as follows (with

well motivated exceptions, as we will see):

• The supersymmetric theory at hand is a (asymptotycally free) gauge theory.

This is because gauge degrees of freedom are the only ones having some chance

of generating non-perturbative contributions to the superpotential. As we

already discussed, in models of chiral superfields only, the superpotential is

tree-level exact.

• The tree level superpotential Wtree does not break supersymmetry but lifts

all flat directions. Since the superpotential is polynomial in the fields, this

typically gives a potential which vanishes at the origin and grows for large

field VEVs. Since the superpotential is classically exact in perturbation theory,

supersymmetry is preserved at all orders, perturbatively.

• Strong coupling e↵ects generate a non-perturbative superpotential which pro-

vides a contribution to the potential which is strong at the origin of field space

but decreases for large field VEVs (recall that the large field VEVs region

corresponds to the classical region, where quantum corrections are negligible).

An instance of such a potential is the e↵ective potential of F < N SQCD.

DSB arises because of the interplay between the classical contribution and the non-

perturbatively generated one, as shown in Figure 11.1. Generically, supersymmetry

will be broken and the exact potential will display a stable non-supersymmetric

minimum at finite distance in field space.
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Figure 11.1: A schematic view of dynamical supersymmetry breaking conspiracy.

The classical and non-perturbative contributions to the e↵ective potential sum-up

and give a stable supersymmetry-breaking minimum at h�i = h�⇤i.

11.1 Calculable and non-calculable models: generalities

Once a stable non-supersymmetric minimum is found, one would like to study quan-

tum fluctuations around it. The spectrum around such vacuum is not supersymmet-

ric and hence quantum corrections are not protected by supersymmetry. Moreover,

besides the superpotential, the knowledge of the Kähler potential is also important,

if one wants to make any sort of quantitative statement. A knowledge of the Kähler

potential is needed to know the exact point in field space where the supersymmetry

breaking vacuum sits, the values of the vacuum energy, i.e. of the supersymmetry

breaking scale Ms ⇠ (Vmin)
1/4, and the masses and interactions of light fields. In

other words, one should know the structure of the e↵ective Lagrangian. It is in gen-

eral a di�cult task to control the form of the Kähler potential, since K is corrected

at all orders in perturbation theory (and non-perturbatively). There is then a prob-

lem of calculability around a non-perturbatively generated supersymmetry breaking

vacuum, in general.

Looking at Figure 11.1, calling � the generic tree level coupling(s), it should be

clear that if we decrease � the tree-level potential becomes less and less steep, and

the supersymmetry breaking minimum is pushed more and more towards the large

VEVs region, where the theory is weakly coupled, see Figure 11.2.

There are three basic reasons why making the tree-level superpotential couplings
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Figure 11.2: Decreasing the perturbative coupling � the DSB minimum becomes

smaller and moves towards large field VEVs. For the red curve the minimum,

namely the supersymmetry breaking scale Ms, is smaller than the dynamical scale

⇤.

smaller, calculability is increased.

The smaller � the smaller Ms, too. Eventually, it might become even smaller

than ⇤ (see the red curve in Figure 11.2). This is useful since at energies lower than

⇤ gauge degrees of freedom can be safely integrated out giving rise to simpler models

(of O’R-like type, so to say). Hence, the analysis of the low energy e↵ective theory

around supersymmetry breaking vacua might be simpler, the potential having only

F-terms contributions
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Second, as we have discussed at length in the previous lecture, most progresses

in understanding supersymmetric theories at the non-perturbative level regard the

deep IR, E < ⇤ (structure of vacua, lowest lying state excitations around them,

etc...). Hence, having Ms < ⇤ is a welcome feature.

Finally, one more reason why having � small increases calculability has to do

with the very possibility of computing the Kähler potential. While the e↵ective su-

perpotential We↵ can often be determined exactly, the Kähler potential is in general

more di�cult to calculate, since it is not protected by holomorphy. Having super-

symmetry breaking vacua at large VEVs has the advantage that the theory is more

and more classical (i.e., weakly coupled) there. Therefore, one can in principle de-

termine the Kähler potential of the low energy e↵ective fields just by projecting the
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UV-fields canonical Kähler potential on such operators (which are typically some

gauge and flavor invariant combinations of UV fields), getting a correct result up to

corrections which, in such semi-classical region, are weak.

According to this general picture, DSB models can be roughly divided into three

classes, with increasing level of calculability.

• The worst case scenario is a situation where one cannot get any information

on the full potential due to the incapacity of computing both the e↵ective

superpotential and the Kähler potential. That supersymmetry is broken can

be concluded based on indirect arguments, as those we discussed in Lecture 7

(like R-symmetry and/or global symmetry arguments). In these cases one can

reasonably say that supersymmetry is broken and that Ms ⇠ ⇤, but nothing

can be said about the massless excitations around the supersymmetry breaking

vacua nor on the e↵ective Lagrangian describing their dynamics.

• A better situation occurs when one can compute the e↵ective superpotential

and explicitly see that the latter generates some non-vanishing F-terms which

were vanishing at tree-level. In these cases one can safely say that supersym-

metry is broken and possibly tell which are the low energy degrees of freedom

around the supersymmetry breaking vacua. Still, the Kähler potential cannot

be determined. Hence, one cannot calculate any property of the ground states

nor determine the dynamics around them. DSB models belonging to this class

are known as non-calculable models.

• Finally, there can exist models where the scenario summarized in Figure 11.2

can be fully realized. There exists a region in parameter space where the

minimum is in a weakly coupled region and therefore one can also compute

the Kähler potential, there. In these situations one can get also quantitative

information about the low energy e↵ective theory, like the precise value of the

supersymmetry breaking scale as well as the structure of the light spectrum

and of interactions. Possibly, at an arbitrary high level of accuracy, if super-

symmetry breaking vacua can be made parametrically far from the origin of

field space. Models of this kind are known as calculable models.

In what follows, we will present some concrete examples for each of above three

classes.
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11.2 The one GUT family SU(5) model

Let us consider a supersymmetric gauge theory with gauge group SU(5), a chiral

superfield T transforming in the 10 (i.e. the antisymmetric representation), and

another chiral superfield eQ transforming in the anti-fundamental representation, 5.

This theory is UV-free, the one-loop � function coe�cient being b1 = 13.

This theory does not have any classical flat direction since it is impossible to

construct holomorphic gauge invariant operators out of T and eQ. For the same

reason a superpotential cannot be added. Therefore, at the classical level there

exists one supersymmetric vacuum, sitting at the origin of field space. At such

point of field space, the gauge group is unbroken. Given that the theory is UV-free

and so expected to go to strong coupling in the IR and considering the not so large

matter content, one can reasonably argue that the theory confines and so that there

are no leftover gauge degrees of freedom in the IR.

At the origin the theory is strongly coupled and it is di�cult to perform any

reliable computation. However, one can use indirect arguments to conclude that

non-perturbative corrections break supersymmetry. First, one can easily check that

there exist two non-anomalous global symmetries, U(1) and U(1)R, under which the

fields have charges T ' (�1, 1) and eQ ' (3,�9), where the charges are fixed by

anomaly cancellations. We now use ’t Hooft anomaly matching to argue that the

global symmetry groupGF = U(1)⇥U(1)R is spontaneously broken. We do not know

what the low energy SU(5) invariant degrees of freedom are, but if GF is unbroken,

they should reproduce ’t Hooft anomalies for U(1)3, U(1)2U(1)R, etc... of the original

theory. One can be as general as possible and allow for a set of putative low energy

fields Xi with charges ' (qi, ri) under U(1) ⇥ U(1)R. One gets four equations for

the qi’s and ri’s. Allowing charges not larger than ⇠ 50, one needs a least five fields

(with rather bizarre charges) to obtain a solution. This sounds quite unnatural (as a

comparison: a non-supersymmetric version of this model requires just one massless

fermion to match ’t Hooft anomalies!). It is therefore quite possible that the system

does not admit solutions. So, the global symmetry must be spontaneously broken.

But then, since the theory does not have classical flat directions, according to the

indirect criteria we have discussed at the beginning of §7.6.1, supersymmetry is

broken, too.

An independent way to see that supersymmetry most likely is broken is as follows.

Add one pair of chiral superfields in the 5 and 5̄ representations. There are now

classical flat directions and by adding a mass term for the fundamentals one can show
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that supersymmetry is broken, in fact. In the limit m ! 1 this theory reduces to

the original one, without extra matter. If there are no phase transitions in the limit

of large mass, then also the original theory breaks supersymmetry.

This is an instance of the first class of supersymmetry breaking models we dis-

cussed in previous section. We do not have direct access to the e↵ective super-

potential nor to the Kähler potential, so no quantitative statements can be made.

However, symmetry arguments indicate that supersymmetry is most likely broken

at the non-perturbative level.

There exist generalizations of this model which break supersymmetry in a similar

manner. They are based on a gauge group SU(N), with N odd, N � 4 chiral

superfields transforming in the antifundamental of SU(N), one chiral superfield

transforming in the antisymmetric representation of SU(N), and a superpotential

which lifts all otherwise present classical flat directions. One can show that at low

energy the dynamics of all these models essentially reduces to the one of the SU(5)

model described above, and, as the latter, they are therefore expected to break

supersymmetry.

11.3 The 3-2 model: instanton driven SUSY breaking

In what follows, we are going to describe an instance of a calculable model.

Let us consider a supersymmetric theory with gauge group G = SU(3)⇥ SU(2)

and matter as detailed in Table 1.

SU(3) SU(2) U(1)Y U(1)R
Q↵i 3 2 1/3 1
eU i 3̄ • �4/3 �8
eDi 3̄ • 2/3 4

L↵ • 2 �1 �3

Table 1: Matter fields and corresponding quantum numbers of the 3-2 model.

The index i is an index in the (anti)fundamental of SU(3), ↵ in the fundamental

of SU(2) and there exist two abelian anomaly-free global symmetries, U(1)Y and

U(1)R. The above global symmetry charge assignment comes from the computation

of triangle diagrams with global and gauge currents as detailed in Figure 11.3.
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anomaly:

Figure 11.3: One-loop diagrams contributing to anomalies of the abelian global

symmetries, U(1)Y and U(1)R, of the 3-2 model.

Anomaly-free global symmetries require (letters follow the one-loop diagrams in

Figure 11.3)

a : 3Y (Q) + Y (L) = 0

b : 2Y (Q) + Y (U) + Y ( eD) = 0

c :
1

2
[3(R(Q) � 1) +R(L) � 1] + 2 = 0

d :
1

2

h
2(R(Q) � 1) +R(eU) � 1 +R( eD) � 1

i
+ 3 = 0 .

Up to an overall (inessential) normalization, this system of equations admits the

solution

R(Q) = 1 , R(eU) = �8 , R( eD) = 4 , R(L) = �3

Y (Q) = 1/3 , Y (eU) = �4/3 , Y ( eD) = 2/3 , Y (L) = �1 ,

in agreement with Table 1. Finally, the theory has a tree-level superpotential

Wtree = �Q eDL , (11.2)

which, given the above charge assignment, respects both R and non-R symmetries.

Let us start analyzing this theory at the classical level. The space of D-flat di-

rections has (real) dimension six. This can be seen using the usual parameterization
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in terms of single trace gauge invariant operators. These read

XA = Q eQAL = Q↵i
eQi

A
L�✏

↵� , Y = det
⇣
Q eQ
⌘
= ✏↵�✏AB

⇣
Q↵i

eQi

A

⌘
Q�j

eQj

B
, (11.3)

where A = 1, 2, eQi

1
⌘ eU i, eQi

2
⌘ eDi and ✏↵� is the invariant tensor of SU(2). That

these are the correct degrees of freedom to describe the space of D-flat directions

can be seen as follows. One can start constructing SU(3) invariants. The only ones

are Q↵
eQA and L↵, which are both SU(2) doublets. Using them to make (single

trace) operators which are also SU(2) invariant, operators XA and Y follow.

We should now ask whether the superpotential (11.2) a↵ects this space of super-

symmetry preserving vacua, looking for the subspace of D-flat directions where all

F-terms also vanish. The F-equation for L↵ reads

@Wtree

@L↵

= �Q↵
eQ2 = 0 . (11.4)

Contracting with L↵ itself this implies that on the moduli space X2 = 0. Similarly,

multiplying by Q↵
eQ1 so to construct the Y invariant, one can show that also Y = 0

on the moduli space. Finally, the F-equation for eQ2 is

@Wtree

@ eQi

2

= �QiL = 0 . (11.5)

Contracting with eQi

1
one can show that also X1 = 0 on supersymmetric vacua.

The conclusion is that because of the presence of the superpotential (11.2) there

do not exist classical flat directions but rather one single supersymmetric vacuum

at the origin of field space. Let us note, in passing, that according to the su�cient

condition discussed in §7.6.1 this implies that if we can prove that some of the global

symmetries are spontaneously broken, then we know supersymmetry is broken, too.

Let us start asking whether a dynamical superpotential is generated. In principle,

we would expect contributions from SU(3) and/or SU(2) gauge dynamics. Let us

choose for now a regime where ⇤3 >> ⇤2 and � << 1. In this regime, at scales

lower than ⇤3 and bigger than ⇤2, the SU(2) gauge group is weakly coupled while

SU(3) confines. Hence, up to subleading corrections, we can consider the SU(3)

gauge group as dynamical and the SU(2) gauge group acting as a global symmetry

group. Looking at the matter content of the model, we see that from the SU(3)

gauge theory view point this is nothing but SQCD with F = N � 1, where N = 3.

Hence a non-perturbative superpotential is indeed generated and reads

Wnon�pert =
⇤7

3

Y
. (11.6)
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This is enough to conclude that supersymmetry is dynamically broken! Due to

(11.6) the minimum of the potential is certainly at some non-zero VEV for Y . Since

R(Y ) = �2 the R-symmetry is then spontaneously broken and since there are no

classical flat directions, supersymmetry is broken. Let us see if we can make more

quantitative statements.

Summing up the tree-level and non-perturbative superpotential contributions we

get for the full e↵ective superpotential

We↵ = �X2 +
⇤7

3

Y
. (11.7)

From the above expression one can easily see that supersymmetry is broken because,

in terms of such low energy fields, we have

@We↵

@X2

= � 6= 0 . (11.8)

In this derivation we have implicitly assumed that X1, X2 and Y are the correct low

energy degrees of freedom, and that no other massless fields show up at any point

of field space. If this were the case, one could have met singularities in the Kähler

metric at such points, invalidating our conclusions. In fact, for small enough �, we

are safe on this side. First notice that Wnon�pert brings the theory away from the

origin. For � << 1 the minimum of the potential is certainly in the large Q, eQ
region. Since Q and eQ are charged under both gauge groups, in the vacuum the

gauge symmetry is completely broken, and (heavy) gauge bosons can be integrated

out. This suggests that X1, X2 and Y are indeed the correct low energy degrees

of freedom and therefore we do not expect singularities (which would indicate the

presence of extra massless states) in the Kähler potential.

All what we said so far shows that the 3-2 model belongs, at least, to the sec-

ond class of supersymmetry breaking models we discussed at the beginning of this

section, the so-called non-calculable models. In fact, we can do more.

In the regime we chose, � << 1, ⇤3 >> ⇤2, the ground states are in a weakly

coupled region, and then we are in a situation similar to the red curve of Figure

11.2. Therefore, the Kähler potential can be safely taken to be canonical in terms

of UV-fields

K = Q†Q+ eQ† eQ+ L†L . (11.9)

We can project this potential onto D-flat directions and get

K = 24
A+Bx

x2
(11.10)

9



where

A =
1

2

⇣
X†

1
X1 +X†

2
X2

⌘
, B =

1

3

p
Y †Y , x = 4

p
B cos

✓
1

3
arccos

A

B3/2

◆
.

(11.11)

We can now plug the above expression and that for the e↵ective superpotential,

eq. (11.7), into eq. (11.1) and, upon minimization with respect to all scalar fields,

find the minima, and hence the vacuum energy E ⇠ Ms.

The computation is doable but rather lengthy, so let us first try to get an estimate

of the di↵erent scales in the problem. The minima will be around a region of field

space where the classical and the non-perturbative contributions to the potential are

the same order (see Figure 11.1), which is the same as to ask the two contributions to

the e↵ective superpotential in eq. (11.7) being roughly comparable. In what follows,

we think in terms of fundamental UV fields (an acceptable thing to do, given we

are in a weakly coupled region). Calling v the generic VEV of (fundamental) scalar

fields at the non-supersymmetric minimum, we get that

�v3 ⇠ ⇤ 7

3

v4
that is v ⇠ ⇤3

�1/7
. (11.12)

This implies that W ⇠ ⇤ 3

3
�4/7 and hence @W/@� ⇠ ⇤ 2

3
�5/7. Therefore, since

the potential is proportional to the derivative of the superpotential squared (recall

that the Kähler potential is canonical in the UV fields around the supersymmetry

breaking vacua), we finally get

M4

s
⇠ ⇤ 4

3
�10/7 that is Ms ⇠ ⇤3�

5/14 . (11.13)

Note that this is a leading order estimate. The Kähler potential receives perturbative

and non-perturbative corrections in inverse powers of v. However, in the regime we

are considering these are very small, in the sense that v is much larger than any

other scale in the theory. Indeed

v ⇠ ��1/7⇤3 >>
�<<1

⇤3 >> ⇤2 . (11.14)

From eq.(11.13) we see that Ms << ⇤3, as well as Ms << ⇤2, if � is small enough.

This gives an a posteriori justification of our claim that X1, X2 and Y were the

correct low energy degrees of freedom. Supersymmetry breaking occurs at an energy

scale below the confining scale of both non-abelian gauge groups. Therefore, the low

energy e↵ective dynamics is certainly not including light gauge degrees of freedom.

The e↵ective Lagrangian should be (and actually is - recall our conclusions below
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eq (11.11)) of O’R-like type, with the only complication of a non-canonical Kähler

potential (in IR field variables). A supersymmetric �-model, in fact.

As already stressed, our rough estimates do not prevent to compute everything

analytically, by means of eq. (11.1). The answer one gets this way is that the min-

imum of the potential is at X1 = 0, which means that the U(1)Y symmetry is

unbroken (X2 and Y are uncharged under this symmetry). On the other hand we

know that R-symmetry is broken, since the vacua are at finite value of Y , which is

charged under the R-symmetry. This suggests, and confirmed by explicit computa-

tions, that the massless spectrum is composed by a goldstino, an R-axion, associated

to the breaking of the R-symmetry, and finally a fermionic field with hypercharge

Y = �1, whose existence can be proved using t’Hooft anomaly matching condition

for the unbroken U(1)Y symmetry. All other fields have masses of order ⇠ �v.

What changes in our analysis if choosing a di↵erent regime, namely ⇤2 >> ⇤3?

One can derive an e↵ective superpotential also in this case (which is that of SQCD

with F = N , now) and show that supersymmetry is still broken (though at a

di↵erent scale with respect to previous regime). However, generically the theory is

strongly coupled and hence the Kähler potential is unknown, regardless how small

the superpotential coupling � is. Basically, this is because for F = N the e↵ective

superpotential is not of runaway type and does not push the vacua towards large

field VEVs, where a semi-classical analysis could had been done. Therefore, in this

regime the model is non-calculable.

Finally, one can be as general as possible, and consider the two dynamical scales

being the same order, leading to a superpotential of the following form

We↵ = �X2 +
⇤7

3

Y
+ A

�
Z � ⇤ 4

2

�
(11.15)

where Z = ✏ijkQi↵Qj�✏↵�Qk�L�✏�� and A a Lagrange multiplier. The latter is noth-

ing but just the gauge invariant expression detM �B eB for the SU(2) theory, which

classically is zero, Z = 0. This shows why in the regime where the SU(2) gauge

group is classical, the superpotential reduces to the expression (11.7) we used before.

Notice that since Z is classically zero, the Z†Z term in the Kahler potential is sup-

pressed by some function of ⇤2/v. Restoring canonical normalization for Z kinetic

term implies that the mass of Z is enhanced by the inverse of this function. There-

fore at low energy, in the regime where the SU(2) group is nearly classical, one can

safely integrate Z out and use just XA and Y as low energy fields, as we did before.

Obviously, the analysis in the regime where both SU(3) and SU(2) have a quantum
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behavior is more complicated but one can again conclude that supersymmetry is

broken.

The 3-2 model is the prototype of calculable DSB models, and many interesting

generalizations are available, like the so-called SU(N)⇥SU(2) and SU(N)⇥SU(N�
1) models, plus several others. These are discussed in the references at the end of

this Chapter.

Let us end with an important remark. The 3-2 model is a beautiful instance

of a DSB model and provides a natural way to generate a (small) supersymmetry

breaking scale dynamically, without the need of having dimension-full parameters

put by hand in the theory, as it was the case for the supersymmetry breaking

models we discussed in Chapter 7. This holds at any point in the parameter space.

Calculability, though, does not. As we have seen, the model is fully calculable in

the region of the parameter space where the tree-level dimensionless coupling is

parametrically small, something not at all generic, from a naturalness point of view.

11.4 The 4-1 model: gaugino condensation driven SUSY

breaking

Let us now consider a model which is similar to the previous one, but di↵ers in

that at low energy the theory is not fully higgsed but reduces to a non-abelian SYM

theory. In this case supersymmetry breaking will be driven by gaugino condensation,

and not by instanton e↵ects as for the 3-2 model. Let us consider a supersymmetric

theory with gauge group G = SU(4)⇥U(1) and matter content as detailed in Table

2.

SU(4) U(1) U(1)Y U(1)R
Qi 4 �3 1 1
eQi 4̄ �1 1 1

Aij 6 2 �1 �3

S • 4 �2 0

Table 2: Matter fields with corresponding quantum numbers of the 4-1 model.

The indexes i, j are in the (anti)fundamental of SU(4), while U(1)Y and U(1)R
are two abelian non-anomalous global symmetries. The model also enjoys the fol-
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lowing tree-level superpotential

Wtree = �S eQQ , (11.16)

which respects all symmetries.

As usual, let us start analyzing this theory at the classical level. We first consider

the SU(4) dynamics, only, and ignore the U(1) dynamics as well as the superpoten-

tial (11.16). The SU(4) D-flat directions can be described by the following gauge

invariant operators

M = eQQ , PfA = ✏ijklAijAkl/8 , S . (11.17)

For later purposes let us notice that M has U(1) charge equal to -4, while PfA and

S have U(1) charge equal to 4.

One can check that along a generic flat direction a SU(2) ⇢ SU(4) gauge in-

variance survives under which no matter is charged. At scales below the dynamical

scale ⇤2 of the e↵ective SU(2) SYM, the theory confines and glueballs and their

superpartners can be integrated out: one is only left with M , PfA and S as low en-

ergy degrees of freedom. Gaugino condensation of pure SYM leads to the following

non-perturbative generated superpotential

Wnon�pert ⇠ ⇤ 3

2
=

⇤ 5

4p
MPfA

(11.18)

where the second equality comes from the usual scale-matching condition.

If we now consider the U(1) gauge interactions, we have to project the SU(4) D-

flat space onto the subspace which is also U(1) D-flat. The latter is parameterized by

two moduli, MPfA and SM , which hence parametrize the classical D-flat directions.

Note that the tree-level superpotential (11.16), exactly as in the 3-2 model, lifts them

all and leaves only the origin of field space as a supersymmetric vacuum (this can

be seen from the F-term equation for S which sets to zero M and hence both MPfA

and SM).

Both the U(1) gauge coupling and the superpotential coupling are IR-free, so they

would not a↵ect the above analysis, which lead to (11.18). Therefore, we can now

consider the full superpotential simply adding up the tree-level and non-perturbative

contributions and get

We↵ =
⇤ 5

4p
MPfA

+ �SM . (11.19)
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This superpotential is essentially the same as that of the 3-2 model, eq. (11.7).

Therefore, from this point on the analysis is the same as the one we performed

previously. Supersymmetry is broken because of the interplay between the dynami-

cally generated runaway superpotential term (11.18) and the tree-level contribution

(11.16). Di↵erently from the 3-2 model, though, the fact that for small enough �

SM and MPfA are the correct low energy degrees of freedom, does not follow from

complete Higgsing of the gauge group, since on the moduli space there is a surviving

SU(2) SYM theory. Still, at energies below ⇤2 the gauge group confines and glue-

balls and their superpartners can be integrated out. Hence, at low enough energy,

the e↵ective theory is indeed given in terms of SM and MPfA only.

Similarly to the 3-2 model, one can argue that for small values of the coupling

� the model is calculable. This might look strange, given the left-over non-abelian

SU(2) gauge dynamics which is strongly coupled. How can that be? One expects

non-perturbative strong coupling dynamics associated to SU(2) to give rise to cor-

rections to the Kähler potential in terms of some function of ⇠ ⇤2/v, with v the

typical scale of a fundamental field VEV. Balancing the two terms in eq. (11.19)

and recalling the expression (11.18) one finds

v ⇠ ⇤2

�1/3
which implies

⇤2

v
<< 1 for � << 1 . (11.20)

Hence, quantum corrections to the Kähler potential are suppressed in this regime

and the model is calculable.

Let us stress again how di↵erent the dynamics is with respect to the 3-2 model.

There, the smallness of � ensures that both gauge groups are fully broken at very

high energy, and therefore quantum corrections due to gauge dynamics suppressed.

Here, instead, a fully unbroken gauge groups survives at low energy.

The computation of low energy spectrum and interactions goes along similar

lines as the 3-2 model, and we do not repeat it here (for instance, also for this

model the tree-level superpotential has a R-symmetry which is spontaneously broken

in the vacua; hence we expect, as for the 3-2 model, a R-axion in the massless

spectrum). Let us summarize, instead, the physical picture one should bare in

mind. The theory in the UV is a SU(4) ⇥ U(1) gauge theory. At a scale v this

is broken down to SU(2). This left-over non abelian gauge theory confines at a

scale ⇤2 << v, below which we have a low energy e↵ective theory with chiral

superfields, only. Gaugino condensation gives rise to a superpotential contribution

which induces supersymmetry breaking at a scale Ms. Note that in the limit � << 1

14



the supersymmetry breaking scale is parametrically smaller than ⇤2 (using the same

rationale we used for the 3-2 model, one easily sees that Ms ⇠ ⇤2�1/6 which is well

below ⇤2, if � is small). Hence, at the supersymmetry breaking scale all gauge

degrees of freedom are heavy and do not contribute to the e↵ective action, which

justifies the description in terms of SM and MPfA, only.

The 4-1 model has several generalizations. The most straightforward ones are

theories with gauge group SU(2l) ⇥ U(1) and matter consisting of a chiral su-

perfield transforming in the anti-symmetric representation of SU(2l), 2l � 3 anti-

fundamentals eQ, one fundamental Q, and 2l� 3 singlets Si. Supersymmetry break-

ing is again driven by gaugino condensation of a IR left-over SU(2) gauge group,

provided a suitable tree-level superpotential is added which lifts all classical flat di-

rections. The 4-1 model corresponds to l = 2. More details on these generalizations

can be found in the references at the end of the Chapter.

11.5 ITIY model: SUSY breaking with classical flat direc-

tions

Let us now consider an instance of a non-calculable model. Its interest lies in the

fact that supersymmetry is broken even though the theory is non-chiral and admits

classical flat directions (the latter get lifted by non-perturbative e↵ects not leading

to runaway behavior).

Let us consider a gauge theory with group G = SU(2), four fundamental fields

Qi (which correspond to two flavors, since for SU(2) the fundamental and anti-

fundamental representations are equivalent) plus six singlets Sij and a superpotential

Wtree = �SijQ
iQj (11.21)

(notice that the productQiQj is antisymmetric since what it really means isQi

↵
Qj

�
✏↵�

where ↵, � are SU(2) gauge indexes). This theory admits a SU(4) flavor symme-

try group (this enhancement of the global non R-symmetry group from SU(F )L ⇥
SU(F )R ⇥ U(1)B to SU(2F ) is always there whenever the gauge group is SU(2)),

under which the Qi’s transform in the fundamental and the singlets in the anti-

symmetric representations, respectively. Hence, the tree-level superpotential (11.21)

respects the flavor symmetry. As usual, let us start studying the classical behavior

of the theory. The SU(2) D-flat directions can be parameterized by six meson-like

operators M ij ⇠ QiQj, which transform in the 6 of SU(4) and satisfy the classical
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constraint of SQCD with N = F = 2, that is

PfM = ✏ijklM
ijMkl = 0 . (11.22)

The indexes i, j should be seen as SO(4) indexes (recall that SO(4) ' SU(2)⇥SU(2)

and notice that for any nonzero value of M the SU(4) global symmetry is broken

to SU(2) ⇥ SU(2)). The F-flatness condition for Sij sets all Qi’s to zero hence all

flat directions are lifted but the singlets.

At the quantum level the classical constraint (11.22) is modified and the full

e↵ective superpotential reads

We↵ = �SijM
ij + A

�
✏ijklM

ijMkl � ⇤4
�
. (11.23)

The F-equation for Sij still gives M ij = 0 but now this is in conflict with the

quantum constraint, i.e. the F-equation for the Lagrange multiplier A. Therefore,

supersymmetry is broken. More precisely, working out the potential from the ex-

pression (11.23) one can show that, up to symmetry transformations, the minimum

is at Mij = ⇤2

2
, S13 = S14 = S23 = S24 = 0 and S12 = S34 ⌘ S. Therefore, there is a

pseudoflat direction parametrized by S.

This model is instructive in many respects, which we consider in turn.

Having a flat direction, parametrized by S, one could be worried about where,

in field space, the supersymmetry breaking vacua lie, once quantum corrections in

the coupling � are taken into account. In principle, there can also be a runaway.

A careful analysis, which we refrain to do here, shows that this is not the case: for

small enough � and large �hSi the Kähler potential for S can be shown to grow

logarithmically for large S, hence ensuring that the actual minimum is stabilized at

a finite distance in field space.

Notice also that this model is non-chiral. Therefore, one could add a mass

term for all fields, lifting all classical flat directions. At low energy one could then

integrate all chiral fields out and end-up with pure SU(2) SYM, which does not

break supersymmetry (it has two vacua and Witten index equal to 2)! How that

can be? The answer comes from a careful analysis of the massless limit.

Let us add a mass perturbation to the superpotential (11.23)

We↵ = �SijM
ij +mijM

ij +
1

2
m̃PfS + A

�
✏ijklM

ijMkl � ⇤4
�
. (11.24)
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The F-equations for M ij and Sij set

hM iji ⇠ ✏ijklmkl

✓
⇤4

Pfm

◆1/2

hSiji ⇠ mij

m̃

✓
⇤4

Pfm

◆1/2

,

where the square roots get two values, corresponding to the two vacua of pure SU(2)

SYM. Take now the limit m̃,mij ! 0 with their ratio fixed. This way, hM iji has

a finite limit, but hSiji is pushed all the way to infinity. This implies that the

supersymmetry preserving vacua are also pushed to infinity and disappear from the

spectrum, recovering our previous result.

This is an instance of discontinuos change of the Witten index, which moves

from 2 to 0 in the limit of vanishing masses. The reason for that is that the mass

terms change the behavior of the Hamiltonian in the large field region. As the limit

m̃ ! 0 is taken, the asymptotic behavior of the potential changes since now there

are classical flat directions (and the Witten index can - and does - change, recall

our discussion in §7.6.2).

The ITIY model (after Intriligator,Thomas, Izawa and Yanagida), admits many

generalizations. An interesting class is based on SQCD with gauge group USp(2N)

and F = N + 1 flavors. This theory has a SU(2F ) = SU(2N + 2) flavor symmetry,

and enjoys a quantum deformed moduli space, very much like SU(N) SQCD with

F = N flavors. Coupling the quark superfields to a set of gauge singlets transforming

in the antisymmetric representation of the flavor symmetry group via a superpoten-

tial like (11.21), one can show supersymmetry is broken in a way identical to that

of the original ITIY model (in fact, recalling that SU(2) ' USp(2), one sees that

the ITIY model corresponds to the case N = 1 of the above class).

11.6 DSB into metastable vacua. A case study: massive

SQCD

As a final project, we want to discuss the possibility that supersymmetry is broken

dynamically into metastable vacua.

A model of DSB into metastable vacua share some basic properties with or-

dinary DSB models. The theory should be a gauge theory and should not break

supersymmetry at tree level. Only non-perturbative corrections should. The di↵er-

ence is that the non-perturbative dynamics does not lift classical supersymmetric
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vacua but just ensure that local minima of the potential whose nature is intrinsically

non-perturbative, arise.

On general ground, as we observed in towards the end of Chapter 7, due to

Witten index arguments, R-symmetry arguments, etc... the landscape of theories

admitting metastable supersymmetry breaking vacua is expected to be much larger

than those admitting stable ones. This has been known since long, but only more

recently it was possible to come-up with the first explicit such construction, when

in 2006 Intriligator, Seiberg and Shih (ISS) proved the existence of dynamically

generated metastable vacua in the most innocent-looking supersymmetric gauge

theory one can imagine: massive SQCD. Note that this is a non-chiral theory, with

supersymmetric vacua (a full moduli space, in fact, in the massless limit), non-

vanishing Witten index and no R-symmetry (quarks mass terms explicitly break the

non-anomalous R-symmetry of massless SQCD). Even more strikingly, the model is

calculable, in the sense that around these metastable vacua one can compute both

the superpotential and the Kähler potential, and hence the e↵ective Lagrangian

describing the dynamics of light fields.

These results have been extended into several directions, and many interesting

applications have been found since then. In what follows, we will just review the

basic model, which represents the core of all these developments.

11.6.1 Summary of basic results

Since the derivation is rather lengthy, let us anticipate the upshot of the analysis

we are going to perform. This is as follows: SU(N) SQCD with (light) massive

flavors in the free magnetic phase (that is for N + 1  F  3

2
N) admits metastable

supersymmetry breaking vacua which, for m << ⇤, where m is the scale of quark

masses and ⇤ the dynamical scale of the theory, can be made parametrically long

lived. More precisely, the theory admits

• N supersymmetric vacua along the mesonic branch, at

hMiSUSY =
�
mF�N⇤3N�F

�1/N
, hBi1i2...iF�N i = 0 , h eBi1i2...iF�N i = 0 . (11.25)

• A compact space of metastable supersymmetry breaking vacua along the bary-

onic branch

hBi1i2...iF�N i, h eBi1i2...iF�N i 6= 0 , hMimeta = 0 , (11.26)

with vacuum energy Vmeta ⇠ N |m⇤|2.
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One can also compute the life-time of the metastable vacua and find that

⌧ ⇠ eSB where SB ⇠ ✏�4(3N�2F )/N and ✏ =

r
m

⇤
, (11.27)

with SB the Coleman bounce action. This implies, as anticipated, that for small

masses, i.e. ✏ << 1, the metastable vacua can be made arbitrarily long-lived,

and hence potentially viable, phenomenologically. A qualitative picture of what

summarized above is depicted in Figure 11.4.
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Figure 11.4: The scalar potential of massive SQCD in the free magnetic phase. On

the mesonic branch there are supersymmetric vacua. On the baryonic branch there

are supersymmetry breaking vacua, which are parametrically long-lived if m << ⇤.

11.6.2 Massive SQCD in the free magnetic phase: electric description

Consider SQCD with gauge group SU(N) in the free magnetic phase, namely for

N + 1  F  3

2
N . As we have discussed in detail in Chapter 10, this theory has

many supersymmetric vacua, actually a full moduli space. Let us add a mass term

for all matter fields

Wm = TrmQ eQ ⌘ TrmM . (11.28)

where the trace is taken on gauge and flavor indexes. Notice that (11.28) breaks

the SQCD R-symmetry explicitly, while the flavor symmetry group is broken to a

subgroup H, whose structure depends on the specific form of the mass matrix m

(more later).
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This theory has two mass scales, the quarks mass, which with a slight abuse of

language we call again m, and ⇤, the dynamical scale of the theory. Let us consider

the two obvious possible regimes in turn.

a. m > ⇤

The theory at low energy flows to pure SYM with gauge group SU(N) and has

N (isolated) supersymmetric vacua. By scale matching, we obtain

⇤3N

L
= detm⇤3N�F (11.29)

which implies

We↵ = N⇤3

L
= N

�
detm ⇤3N�F

� 1

N , (11.30)

an e↵ective superpotential displaying, correctly, the N vacua of pure SU(N) SYM.

What’s this, really? The mass matrix m and the meson matrix M are Legendre

dual variables. The e↵ective superpotential above is nothing but the e↵ective super-

potential once the mesons have been integrated out. Hence, using formula (10.78),

we get the matrix equation

hMiSUSY =
�
detm ⇤3N�F

� 1

N
1

m
(11.31)

which tells where in the moduli space the N supersymmetric vacua sit: they corre-

spond to the N roots of the above equation.

b. m < ⇤

In this case, which is actually the one we will be interested in, eventually, it is

not completely correct to proceed as before since strong coupling dynamics, driven

by ⇤, enters before being allowed to integrate the massive quarks out. The more

correct thing to do, in this case, is to notice that m and M are Legendre dual

variables, and integrate M in starting from eq. (11.30). In practice, one should take

the determinant of eq. (11.31), solve for detm and follow the procedure outlined in

§10.4.3, getting finally

We↵ = (N � F )

✓
⇤3N�F

detM

◆ 1

N�F

+ TrmM . (11.32)

Then we can find eq. (11.31) simply solving the F-equations for M . Recall, however,

that strictly speaking detM = 0 for F � N + 1, so one has to go a bit o↵-shell, so

to say, in performing the computation. The final result, eq. (11.31), is of course a

perfectly meaningful on-shell result.
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The upshot is that, no matter the value of m/⇤, there exist N supersymmetric

vacua on the mesonic branch. That baryon VEVs are vanishing can be easily argued

as follows. In the same way as m and M can be thought as Legendre dual variables,

one can think of b and b̃ as sources for the baryons B and eB, respectively, deforming

the theory by �W = bB + b̃ eB (flavor indexes are suppressed, for the ease of

notation). At low energy the theory reduces to pure SYM with gauge group SU(N)

and e↵ective superpotential (11.30). Using now eq. (10.78) applied to the Legendre

dual variables b and B (respectively b̃ and eB) one concludes that hBi = h eBi = 0.

Hence the supersymmetric vacua (11.31) have indeed zero baryon number.

In general, m is a matrix transforming under the anti-fundamental of SU(F )L
and the fundamental of SU(F )R. This matrix can always be diagonalized via a

bi-unitary transformation and, from here on, we choose for simplicity all entries to

be equal, mi = m. The superpotential term hence reads

Wm = mTrM , (11.33)

where now m is just a number. With this choice, the SU(F )L ⇥ SU(F )R flavor

symmetry group is broken to SU(F )D. Similarly, eq. (11.31) now reads

hMiSUSY =
�
mF ⇤3N�F

� 1

N
1

m
=
�
mF�N⇤3N�F

� 1

N = ✏2
F�N
N ⇤2 , (11.34)

where ✏ ⌘
p
m/⇤.

11.6.3 Massive SQCD in the free magnetic phase: magnetic description

So far, we have derived the first part of ISS statement, the easy one. We have ob-

tained, via holomorphic decoupling, the N supersymmetric vacua of massive SQCD,

and found they lie along the mesonic branch. In order to find something more inter-

esting, we have to turn to the Seiberg dual description of the theory, i.e. mSQCD.

Since we are in the magnetic-free phase we choose, in what follows, ⇤el = ⇤m =

µ ⌘ ⇤. The magnetic dual superpotential, including the mass deformation (11.33)

reads

Wm = hTr q�q̃ � m⇤hTr� , (11.35)

where

� =
1

h⇤
M . (11.36)

Let us start by recovering, using magnetic variables, the N supersymmetric vacua

we have found before. To this aim, let us suppose we give some non-vanishing VEV
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to the gauge singlet �. This provides a mass to dual quarks, q and q̃, which can then

be integrated out. The theory reduces to pure SU(F � N) SYM and the e↵ective

superpotential one obtains, upon holomorphic decoupling, reads

We↵ = �m⇤hTr�+ (F � N)⇤3

L
. (11.37)

By matching at dual quarks mass scale we find the relation

⇤3(F�N)

L
= hFdet�⇤3(F�N)�F that is ⇤3

L
=
�
hFdet�⇤2F�3N

� 1

F�N . (11.38)

We can substitute the above relation into the superpotential (11.37) and get

We↵ = �m⇤hTr�+ (F � N)
�
hFdet�⇤2F�3N

� 1

F�N . (11.39)

The F-equation for � gives

hh�iSUSY =
p
m⇤ ✏�

3N�2F
N >>

p
m⇤

= ⇤ ✏2
F�N
N << ⇤ , (11.40)

where the inequalities hold if ✏ is small. The expression in the first line says that

the supersymmetric vacua are at a parametrically large distance from the origin of

field space in units of
p
m⇤. This means that they are located in a very quantum

region from mSQCD point of view, since in this regime of parameters mSQCD is

a IR-free theory. On the other hand, the expression in the second line shows that

they are still well below mSQCD Landau pole, meaning that the above analysis is

a meaningful one to do within mSQCD. Notice that, consistently, using the map

(11.36) one can easily see that (11.40) is the same as (11.34).

Even using magnetic variables one can easily conclude that in the supersymmetric

vacua baryon VEVs are vanishing. As already observed, on such vacua the dual

quarks are massive and can be integrated out, hence their VEVs vanish. The VEVs

of the magnetic baryons can be easily computed from that of dual quarks. Indeed,

the magnetic theory is IR free and in the supersymmetric vacua the VEV of the

product of qs is the same as the product of the VEVs of each q. Therefore

hbj1j2...jN i = 0 (11.41)

and similarly for b̃j1j2...jN . From the map (10.120) it then follows that hBi1i2...iF�N i =
h eBi1i2...iF�N i = 0, as anticipated.

Notice that while the ✏ parameter defined here and in the electric description is

one and the same, the ✏ ! 0 limit should be understood di↵erently. In the electric
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description ⇤ is a dynamical RG-invariant scale and the limit of small ✏ is obtained

sending m ! 0 keeping ⇤ fixed. In the magnetic description, ⇤ is a cut-o↵ scale,

above which the theory is not defined. The limit should now be understood as

⇤ ! 1 keeping
p
m⇤, the mass scale entering the superpotential (11.35), fixed

(notice that ✏ =
p

m/⇤ =
p
m⇤/⇤). This apparently pedantic observation will be

relevant later.

Let us now come back to the expression (11.35) and analyze the properties of

deformed mSQCD more closely. We will do this in steps. Let us forget, for now, that

the magnetic group SU(F � N) is gauged. If gauge degrees of freedom are frozen,

the vacua of the theory are obtained solving F-equations only. From eq. (11.35)

these read 8
><

>:

F
�

j
i
= q̃i

a
qa
j

� m⇤�i
j

F qi = h�i

j
q̃j

F q̃j = hqi�i

j

(11.42)

where a are SU(F � N) indexes. We see that the first set of equations cannot be

solved. The rank of q̃i
a
qa
j
is at most F �N while that of �i

j
is clearly F . Hence we can

set to zero at most (F �N) terms of F�-equations: we are left with F �(F �N) = N

non-vanishing F-terms. On the other hand, the F-equations for q and q̃’s are easily

satisfied. We conclude that supersymmetry is broken, and is so by a rank condition.

The potential energy gets contribution from the N F-equations that cannot be set

to zero and hence reads

Vmeta ⇠ N |m⇤|2 . (11.43)

The supersymmetry breaking vacua are at

h�i =
 
0 0

0 �0

!
, hqi =

 
q0
0

!
, hq̃T i =

 
q̃0
0

!
(11.44)

where q0q̃0 = m⇤ 1F�N , with q0 and q̃0 being F � N ⇥ F � N matrices, and �0 an

arbitrary N⇥N matrix. Therefore, we find a pseudomoduli space of supersymmetry

breaking vacua parameterized by �0, q0 and q̃0. If this analysis were correct, the

picture we would obtain is what is summarized, schematically, in Figure 11.5.

The question we should now try to answer is to what extent the above results

are solid in the full quantum theory. So far, our analysis was classical, both because

we have been ignoring the SU(F � N) gauge dynamics, and because, even within

the ungauged model, we have not taken into account quantum corrections coming

from the coupling h. Let us start considering quantum e↵ects due to h. Later, we

will consider the role of gauge degrees of freedom and interactions.
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Figure 11.5: Linearly deformed mSQCD classical potential.

Let us first notice that the supersymmetry breaking vacua lie relatively near to

the origin, which is the more classical region for mSQCD, which is a IR-free theory.

Indeed, as already observed, the scale
p
m⇤ is set to be the mass scale entering

the mSQCD Lagrangian by the superpotential (11.35), the natural mass unit to

measure dimensionfull quantities in the magnetic theory. Looking at eqs. (11.43)

and (11.44), we see that the energy density of the supersymmetry breaking minima

is order one in units of
p
m⇤, and so are the values of q0 and q̃0 on such minima

(the �0 flat direction does not play any role here since, as we will see momentarily,

quantum corrections lift this degeneracy and set �0 = 0). On the contrary, looking

at eq. (11.40) we see instead that h�iSUSY is parametrically large in units of
p
m⇤.

Since mSQCD is IR-free, we can then safely take the Kähler potential to be canonical

in the region where the supersymmetry breaking vacua sit, that is

K = Tr
�
�†�+ q†q + q̃†q̃

�
. (11.45)

A second comment regards global symmetries. In the limit where the magnetic

gauge group SU(F � N) is taken to be ungauged, mSQCD has a global symmetry

group SU(F � N) ⇥ SU(F )L ⇥ SU(F )R ⇥ U(1)B ⇥ U(1)R0
which is broken by the

second term in (11.35) to G = SU(F � N) ⇥ SU(F )D ⇥ U(1)B ⇥ U(1)R0
, where

under the non-anomalous R-symmetry U(1)R0
the dual quarks are chargeless and �

has R-charge R0 = 2, as dictated by the tree-level superpotential (11.35).

On the supersymmetry breaking vacua (11.44) the group G is spontaneously

broken. The vacua with maximal unbroken global symmetry sit at (up to unbroken
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flavor rotations)

�0 = 0 , q0 = q̃0 =
p
m⇤ 1F�N , (11.46)

and preserve H = SU(F � N)D ⇥ SU(N) ⇥ U(1)B0 ⇥ U(1)R0
(notice in particular

that the R-symmetry is not broken). The preserved baryonic symmetry U(1)B0 is the

combination of the original baryonic symmetry U(1)B and of the U(1) ⇢ SU(F )D
not contained in SU(F � N)D ⇥ SU(N), under which the lowest part of the dual

quark matrices q and q̃ are charged while the upper part is not.

In order to study quantum corrections around the supersymmetry breaking

vacua, we can proceed as we did for the O’Raifeartaigh model, and compute the

masses of the fluctuations of �, q and q̃ as functions of the pseudomoduli �0, q0 and

q̃0. It is reasonable to expect that the actual vacuum will sit at a point of maxi-

mal symmetry, so as a working hypothesis let us expand around (11.46). We can

parametrize the fluctuations as (for ease of comparison we use the same notation of

ISS)

� =

 
�Y �Z†

� eZ ��̂

!
, q =

 p
m⇤+ 1

p
2
(��+ + ���)

1
p
2
(�⇢+ + �⇢�)

!
, q̃T =

 p
m⇤+ 1

p
2
(��+ � ���)

1
p
2
(�⇢+ � �⇢�)

!

(11.47)

What one finds is that the model looks as N copies of a O’Raifeartaigh-like model.

After computing the one-loop e↵ective potential the mass spectrum looks as follows:

• There are no tachyonic modes, giving an a posteriori justification for our work-

ing hypothesis (11.46).

• Some fields have (tree-level) mass ⇠ |h
p
m⇤| from the classical superpotential

(11.35).

• Pseudomoduli are all lifted and get non-tachyonic masses at one-loop ⇠ |h2
p
m⇤|

from their coupling to massive fields (this shows in retrospective that our ed-

ucated guess was right, after all).

• Some fields remain exactly massless. These are: the Goldstone bosons associ-

ated to the coset G/H, a goldstino, as well as several fermionic partners of �0

pseudomoduli.

So, after taking into account quantum corrections in the tree-level coupling h we are

left with a compact moduli space of stable non-supersymmetric vacua. This moduli

space is robust against quantum corrections, because it is protected by symmetries.

25



What does it change of the above analysis if we now switch-on gauge interactions,

namely once we let SU(F�N) group being gauged? Interestingly, not much happens

around the supersymmetry breaking vacua (11.46).

First, besides F-equations (11.42) we have now to impose D-equations on the

supersymmetry breaking vacua (11.46). These are trivially satisfied, as one can

verify plugging VEVs (11.46) into
X

A

Tr
�
q†TAq � q̃TAq̃

†
�
= 0 . (11.48)

Hence, the compact space parameterized by (11.46) remains a minimum of the

potential (D-terms identically vanish and therefore do not contribute to the vacuum

energy).

Second, the SU(F �N) gauge group is completely higgsed in the vacua (11.46),

since hqoi = hq̃0i 6= 0. Gauge bosons acquire a mass ⇠ g
p
m⇤, eating some of the

previously massless Goldstone bosons of the ungauged model. The only change,

then, is that the compact moduli space is smaller since global symmetries in the

gauged model are less, to start with. In particular we have now that G = SU(F )D⇥
U(1)B and H = SU(F �N)⇥SU(N)⇥U(1)B0 . Notice that the R-symmetry of the

ungauged model U(1)R0
is now anomalous, while the non-anomalous R-symmetry

which mSQCD shares with SQCD is explicitly broken by the mass term in the

superpotential (i.e. the linear term in �, in mSQCD language).

Finally, the gauging does not a↵ect the computation of the one-loop e↵ective

potential, either, since the tree level spectrum of massive SU(F � N) fields is su-

persymmetric and gives no contribution to StrM2. This happens because D-terms

vanish on the vacua (11.46), and the non-zero expectation values of q and q̃ which

provide masses to SU(F�N) gauge fields do not couple directly to any non-vanishing

F-term.

So we conclude that, up to a restriction of the compact moduli space, the super-

symmetry breaking vacua we found classically in mSQCD survive quantum correc-

tions and are hence supersymmetry breaking vacua of our original theory!

Gauging the SU(F �N) group does have (drastic) consequences on other regions

of field space, though. We already know, and we have proved it using both electric

and magnetic variables, that the theory has supersymmetric vacua on the mesonic

branch. Besides other things, this makes the supersymmetry breaking vacua (11.46)

being not absolute minima of the potential. Using magnetic language the e↵ect of

gauging is the generation of a non-perturbative superpotential contribution of the

26



form

Wnp ⇠ (det�)
1

F�N ⇠ �
F

F�N . (11.49)

This contribution is irrelevant near the origin, where supersymmetry breaking vacua

sit, and becomes more and more important the farer we move along the mesonic

branch. This operator plays the same role that a mass term for the chiral superfield

�2 played in the modified O’Raifeartaigh model discussed in §7.3: it brings in super-

symmetry preserving vacua. The di↵erence is that everything happens dynamically,

here. So we conclude that mSQCD has metastable supersymmetry breaking vacua

semiclassically, and non-perturbative restoration of supersymmetry by a a dynam-

ical generated superpotential. On the other hand, in terms of the original SQCD

theory, the supersymmetry breaking vacua are highly quantum mechanical, since

they sit in a region which is highly quantum, from SQCD view point.

The final picture we obtain confirms what was anticipated in Figure 11.4 or,

using magnetic dual language, in Figure 11.6 .
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Figure 11.6: The ISS potential in magnetic dual variables.

A final comment regards the R-symmetry breaking pattern. Nicely, what we get

is consistent with what we learned previously. The SQCD original R-symmetry is

explicitly broken by the mass term (11.28). Hence, the theory does not satisfy the

necessary condition for supersymmetry breaking, and indeed it has N supersym-

metric vacua, and non-vanishing Witten index. On the other hand, the anomalous

U(1)R0
R-symmetry is restored, approximately, near the origin. This is more trans-

parent using magnetic variables. The superpotential contribution (11.49) breaks R0
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explicitly, but this operator is irrelevant near the origin and this is why this symme-

try arises as an approximate R-symmetry around the vacua (11.46). Therefore, by

the (extended version of the) Nelson-Seiberg criterium, one would expect metastable

vacua to arise there. And this is exactly what happens.

Finally, it is amusing to notice that in the ISS vacuum is plenty of massless fields,

so there is no mass gap: a theory with tree-level masses for all matter fields and

strict confinement, admits vacua without a mass gap!

In all our discussion there is one point that we have overlooked. The magnetic

theory has a UV cut-o↵, ⇤. Do our results depend on the physics at scale ⇤? Luckily,

not in the limit we are interested in, namely

✏ =

r
m

⇤
<< 1 �!

(
SQCD : m ! 0 , ⇤ fixed

mSQCD : ⇤ ! 1 ,
p
m⇤ fixed

(11.50)

First, the analysis within the macroscopic theory (i.e., ungauged mSQCD) is valid,

since this was done at scales of order
p
m⇤ = ✏⇤, which are well below the UV

cut-o↵ ⇤, if ✏ is small. Second, also the supersymmetry preserving vacua can be

seen in the magnetic theory: as we have already observed, for small ✏ they are well

below the scale ⇤

h�iSUSY = ⇤ ✏2
F�N
N << ⇤ , (11.51)

and hence are very weakly a↵ected by any ⇤-physics e↵ects. Finally, the one-loop ef-

fective potential gives pseudomoduli mass squares of order |m⇤|, that is
p
m⇤

p
m⇤,

which is not a holomorphic expression. On the other hand, corrections from ⇤-

physics are holomorphic in m⇤ and provide mass contributions of the form

m⇤

⇤
· m⇤

⇤
= |m⇤|2/|⇤|2 = |m⇤|✏2 << |m⇤| , (11.52)

which are then subleading for ✏ << 1. A direct way to see this is to note that

corrections in ⇤ would make the Kähler potential (11.45) not being canonical. In

particular, to leading order, we would get a contribution as �K = c/|⇤|2(��†)2,

with c a number of order one. This is reminiscent of the Polonyi model with quartic

Kähler potential we discussed in§7.3. A similar computation as the one there gives

a contribution to the pseudomoduli mass as in eq. (11.52), �m2 ⇠ |m⇤|2/|⇤|2.
The last important check we have to do regards the life-time of the supersym-

metry breaking vacua. The life-time can be computed using the Coleman bounce

action SB. Intuitively, the more the two vacua are far in field space in units of the

28



energy di↵erence between them, the more one might expect the life-time to be long.

This expectation is confirmed by an explicit computation. It turns out that in the

present case we are in a situation in which the so-called thin-wall approximation is

valid. In such a situation, up to inessential numerical factors, the bounce action is

proportional to the ratio between the fourth power of the distance, in field space,

between the supersymmetry breaking and the supersymmetry preserving vacua, and

the value of the energy di↵erence between them. Using previous formulas SB hence

reads

SB ⇠ (��)4

Vmeta

⇠ ✏�4
3N�2F

N , (11.53)

which is indeed large for ✏ << 1. This ensures that the ISS vacua are parametrically

long lived, since ⌧ ⇠ eSB . Notice that the largeness of the bounce action is due to

di↵erent e↵ects depending whether one is working in electric or magnetic variables.

From mSQCD view point it is large since�� is parametrically large in units of
p
m⇤.

From SQCD view point, the bounce action is large because V 1/4

meta is parametrically

small in units of ⇤

mSQCD

(
�� ⇠

p
m⇤✏�

3N�2F
N

V 1/4

meta ⇠
p
m⇤

SQCD

(
�� ⇠ ⇤✏2

F�N
N ⌘ ⇤0

V 1/4

meta ⇠ ✏⇤ =
⇣
⇤✏2

F�N
N

⌘
✏
3N�2F

NB = ⇤0✏
3N�2F

NB

(11.54)

where in the electric theory we have defined a rescaled strong coupling scale ⇤0.

11.6.4 Summary of the physical picture

Let us summarize the physical picture which emerges from our analysis of massive

SQCD in the free magnetic phase.

Since the theory is UV-free, at high energies, larger than the dynamical scale,

E > ⇤, the theory is weakly coupled, it can be described in terms of electric variables

and the gauge coupling gel increases along the flow. The scale ⇤ is an IR cut-o↵

for SQCD and a UV cut-o↵ for the IR-free dual magnetic theory. Hence, at scales

E ⇠ ⇤, in order to describe the dynamics of the theory one should better use

magnetic language. Below ⇤ but above h�i the theory renormalizes as for an IR-

free theory, in the sense that the magnetic gauge copling gm decreases along the

flow. This goes on until one meets the scale h�i. What happens next depends on

the value of such scale. If h�i 6= 0 at E ⇠ h�i the dual quarks get massive and
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the theory reduces to pure SYM and leads to N supersymmetric vacua. If instead

h�i = 0 the magnetic theory becomes completely free, gauge degrees of freedom get

frozen and one is driven to the supersymmetry breaking vacua at E ⇠
p
m⇤.

This is what happens for (massive) SQCD in the free magnetic phase, namely

in the range N + 1  F  3

2
N . A natural question to ask is whether there exist

metastable vacua in massive SQCD for di↵erent values of F . The short answer is

that the existence of such vacua can be rigorously proven only in the free magnetic

phase. For F � 3N SQCD the dynamics is trivial and there do not exist ISS-like

metastable vacua whatsoever. In the conformal window, 3

2
N < F < 3N , the analy-

sis is not easy since mSQCD is not IR-free. Moreover, one can show that h�iSUSY is

very near to the origin of field space, hence making metastability di�cult to achieve

anyway. Finally, the non-perturbative generated superpotential (11.49) is now rele-

vant in the IR, indicating the di�culty in treating separately classical and quantum

e↵ects. For F < N the runaway is too strong and there are simply no tools to

say whether local minima develop along the moduli space. Finally, for F = N the

existence of ISS vacua cannot actually be proven using the magnetic dual theory,

which does not exists for F = N , but can only be inferred using holomorphic de-

coupling starting from F = N + 1. Even though there are convincing arguments in

favor of ISS vacua also in this case, given that the state we are speaking about is not

supersymmetric, the procedure requires some assumptions which are not fully under

control; hence, the case F = N is not completely understood, in fact. A natural

question is therefore whether is it possible to find ISS-like vacua in theories with a

quantum deformed moduli space, as SU(N) SQCD with F = N is. The answer is

for the a�rmative. It has been shown that suitable deformations of the USp(2N)

ITIY model we discussed in §11.5 allow for dynamically generated metastable vacua,

in a theory with a quantum deformed moduli space, as the ITIY model and any of

its generalizations actually are. Basically, giving supersymmetric masses to some

of the singlets Sij one can show that supersymmetric vacua come in from infinity

(because, integrating out massive singlet(s), mesonic flat directions develop) but dy-

namically generated non-supersymmetric local vacua survive. Moreover, such vacua

can be made parametrically long lived in a region of the parameter space which,

interestingly enough, coincides with the region where Kähler potential corrections

are fully under control.

The ISS model admits many generalizations (including those above). In particu-

lar, at the price of some complications and subtleties which we cannot discuss here,
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one can generalize the model in order to let the emergent IR R-symmetry to be

spontaneously broken in the supersymmetry breaking vacua. This is a feature that

the original ISS model does not have, since, as we have seen, quantum corrections

stabilize U(1)R0
charged moduli at the origin, �0 = 0. These generalizations are

interesting per sé but as well as from a more phenomenological point if view: if

one thinks of the ISS model as a hidden sector in gravity or gauge mediation sce-

narios, having broken R-symmetry is a necessary condition to let gauginos getting

(Majorana) mass.

11.7 Exercises

1. Consider the SU(5) model discussed in §11.2 and add to it two chiral su-

perfields, H and eH, transforming in the 5 and 5̄ representations of SU(5),

respectively. In this extended model there exist flat directions, which can be

parametrized by the gauge invariant operators T eQ eH, TTH, eHH, eQH.

• Show that along these flat directions the theory reduces to pure SU(2)

SYM (plus 4 singlet chiral superfields) and compute the e↵ective super-

potential by scale matching.

• Add now the following tree-level superpotential

Wtree = hTTH + f T eQ eH +mH̃H

and show that for m = 0 there exists a moduli space of supersymmetric

vacua. Show that in the massive case, instead, the F-term equations

cannot be solved and hence supersymmetry is dynamically broken.

Note that in the limit m ! 1 the fields H, eH decouple and one is back with

the original SU(5) model. Under the assumption that there are no phase

transitions as we send m to infinity, one can conclude that the original SU(5)

model breaks supersymmetry, too.

2. Show, imposing cancellation of ABJ anomalies, that the global symmetry

charge assignment in Table 2 for the chiral superfields Qi, eQi, Aij and S is

as given.
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