
12 Supersymmetric gauge dynamics: extended supersym-

metry

In this lecture we will focus on asymptotically free gauge theories with extended

supersymmetry and try to understand their quantum dynamics, in analogy with

what we did for N = 1 supersymmetric theories in chapter 10.

Asymptotically free gauge theories can enjoy di↵erent phases at low energy. In

the case of N = 1 supersymmetry, thanks to powerful non-renormalization theorems

and more generally holomorphy, we were able to understand a great deal about the

possible phases such field theories can enjoy. This can obviously be done also for

theories with extended supersymmetry. In fact, the beauty of theories with extended

supersymmetry is that, quite often, one cannot only determine the phase in which

the theory is, but also derive the exact expression of the low energy e↵ective action.

The main purpose of this lecture is to show when and how this is possible.

12.1 Low energy e↵ective actions: classical and quantum

Let us start making some general comments, independent from supersymmetry.

Suppose to start from some matter coupled, asymptotically free gauge theory. At

low energy, its dynamics will be described by some (non-renormalizable) e↵ective

action whose degrees of freedom will be in general very di↵erent from UV ones.

What is the structure one would expect for such an action?

Let us assume that in the vacuum we want to expand the theory about, the po-

tential vanishes, V = 0. This is not a restriction, since the minimum of the potential

can always be chosen to vanish via a constant shift in the Lagrangian. Moreover, in

the context of supersymmetric theories, which is what we are eventually interested

in, this is not even a choice but a necessary condition, as far as supersymmetric

vacua.

The leading dynamics around these vacua is governed by light fields, eventually

only massless ones, as we take the cuto↵ energy characterizing the low energy e↵ec-

tive action to be lower than any scale in the theory. In this limit, the physics is, by

definition, scale invariant. However, the nature of the corresponding IR fixed point

is not unique. If no massless fields are present (like in the case of strict confinement)

there are no propagating degrees of freedom in the limit E ! 0, so the IR theory is

empty and the IR fixed point a trivial one. The theory is gapped. If massless fields
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are present, instead, the theory can be in a free or an interacting phase.

A necessary condition for having an interacting conformal field theory at low

energy is that massless non-abelian gauge fields are present in the e↵ective action

(at least if one assumes that a local Lagrangian description can exist). Indeed, by the

Coleman-Gross theorem, in four space-time dimensions any theory of scalars, spinors

and abelian gauge fields flows in the IR to a free (or trivial, if everything get a mass)

theory. In presence of massless non-abelian gauge fields, one can either end up with,

say, confinement, hence a trivial IR fixed point, or, indeed, an interacting conformal

field theory (an example being N = 1 SQCD with 3/2N < F < 3N). There are no

general tools to describe strongly coupled, interacting conformal field theories, for

which, regardless of supersymmetry, typically one cannot easily derive an e↵ective

Lagrangian (recall we are assuming that the UV theory is asymptotically free so we

are excluding the case in which there are enough massless charged matter fields to

make the � function being IR-free to start with, as e.g. N = 1 SQCD with F � 3N).

Sometime duality can help, like for N = 1 SQCD with N + 1 < F < 3/2N , whose

dynamics can be described by a dual, IR-free, magnetic theory. But this is clearly

non generic.

Since our aim is to discuss low energy e↵ective actions, in what follows we will

focus on e↵ective theories where scalars, spinors and abelian gauge fields enter,

only. Remarkably, as far as what we want to discuss in this chapter, this is not

such a restriction. Indeed, as we will discuss momentarily, for both N = 2 and

N = 4 supersymmetric theories, a large fraction of the moduli space happens to

enjoy precisely such an abelian, IR-free phase.

A few more comments are in order.

In absence of supersymmetry, one expects the minima of the potential to be

isolated, and hence the space of vacua to be a set of isolated points in the space of

scalar field VEVs (there might exist a classical pseudo-moduli space which, however,

is typically lifted once quantum corrections are taken into account). If this is the

case, while scalar fields VEVs do parametrize the space of vacua, no scalar fields can

be actually massless. Hence, having truly massless scalar fields in the low energy

spectrum, implies the existence of a moduli space of vacua on which the potential

vanishes identically, V = 0 (this includes also the case of spontaneously broken

global symmetries, a scenario which can occur also in non-supersymmetric setups,

albeit in this case the moduli space, parametrized by goldstone bosons, is compact).

Supersymmetric theories typically admit moduli space of supersymmetric vacua.
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Hence, in the following, we will assume we are in such a situation, and hence we

allow massless scalar fields to be present in the low energy e↵ective action. These

scalar fields, or better their VEVs, parametrize the moduli space.

In writing down the most general form of a IR-free e↵ective action, an important

simplification occurs. Suppose a charged massless field is present in the theory. Due

to one-loop running, the abelian gauge coupling ⌧ under which the massless field is

charged vanishes in the far IR, that is Im⌧ ! 1. Hence, the abelian gauge field

associated to it is decoupled and does not partecipate to the low energy e↵ective

dynamics. Notice, further, that a charged massless scalar field cannot parametrize

the moduli space. Indeed, a non vanishing VEV would Higgs the U(1) and thereby

give the field a mass, as the gauge field itself. They would both disappear from the

low energy e↵ective action. If, on the contrary, all charged fields are massive, they

do not appear in the low energy e↵ective action to start with. Therefore, in the

limit E ! 0 the low energy e↵ective action just contains massless neutral fields and

abelian gauge fields (plus fermions).

To sum up, the low energy e↵ective action would be something like

L = gij(�)@µ�
i@µ�j +

1

2
Im[⌧IJ(�)F I

µ⌫
FJ µ⌫ ] + fermions , (12.1)

where i, j run on (neutral and massless) scalar fields, and I, J on (abelian) gauge

fields. The complexified gauge coupling matrix ⌧IJ and field strength are defined,

respectively, as

⌧IJ =
✓IJ
2⇡

+
4⇡i

g2
IJ

, F I

µ⌫
= F I

µ⌫
+

i

2
✏µ⌫⇢�F

I⇢� . (12.2)

The �-model metric gij = gij(�) is the metric on the moduli space M, whose

coordinates are the massless scalar fields VEVs. Solving the theory boils down to

compute the exact expression of the metric gij and the gauge coupling matrix ⌧IJ
(and of the coe�cient functions of fermion kinetic terms which also depend on the

scalar fields �i).

So far, we have been rather qualitative. In what follows we will show, focusing on

theories with extended supersymmetry, that one can be quantitative and understand

a great deal about actions as (12.1) and their quantum dynamics.

12.1.1 N = 2 e↵ective actions

Let us focus on theories with N = 2 supersymmetry and suppose to start from some

asymptotically free N = 2 renormalizable action. Such an action is fully specified
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by the gauge group G and matter content, cf § 6.1.

If supersymmetry is preserved and a moduli space exists, the lightest excitations

are massless. Hence, for low enough energy, lower then any scale in the theory,

the dynamics on the moduli space is described by an e↵ective action including

these massless fields, only. This action should preserve N = 2 supersymmetry.

Hence, it should be nothing but a special instance of the N = 2 non-linear �-model

discussed in § 6.1.1. As such, it would be fully determined by knowing the exact

expression of the prepotential F(�), which gives both the special Kähler metric and

the generalized complexified gauge coupling, eqs. (6.9) and (6.10), and by knowing

the HyperKähler metric describing the hypermultiplets �-model.

Scalar fields parametrize a complex manifold which, as discussed in §6.1.1, has
locally the following product structure

M = MV ⇥ MH . (12.3)

MV is a special Kähler manifold, whose coordinates are the massless scalar �I

VEVs belonging to vector multiplets, the subspace of M where hyperscalar field

VEVs are held fixed. MH is a HyperKähler manifold, whose coordinates are the

massless scalar H i VEVs belonging to hypermultiplets, the subspace of M where

vector multiplet scalar field VEVs are held fixed (we refer collectively to H i

1 and H i

2

defined in §6.1 as H i in here).

Let us look at the structure of this (classical by now) moduli space more closely.

The first thing is that, in writing (12.3), we have assumed that the �-model

metric is diagonal, i.e. that there are no kinetic terms mixing �I and H i. That this

is the case comes from a N = 2 selection rule. If a cross term where there in the

Lagrangian, its supersymmetry variation should be canceled (up to total space-time

derivatives) by the supersymmetry variation of some other term. Looking at the

supersymmetry variations of vector- and hypermultiplet component fields, one can

easily see that such a term cannot be constructed. Hence, metric cross terms are

zero.

The subspace MV where only the complex scalars �I get a VEV is called

Coulomb branch. This is because the scalars belonging to N = 2 vector multi-

plets transform in the adjoint of the gauge group G and, as such, can at most

Higgs G down to U(1)n, where n = rankG. More precisely, the scalar potential is

V ⇠ Tr [�,�†] and its supersymmetric minima are described by the adjoint scalars
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VEVs being in the Cartan subalgebra of G

h�i =
nX

I=1

aI hI where hI 2 CSA of G . (12.4)

For generic aI the gauge group is broken as G ! U(1)n. To parametrize the moduli

space one should bare in mind that a set of aI fixes the gauge invariance only up

to the action of the Weyl group WG, the group of residual gauge transformations

which, while acting on �, do not take it out from the Cartan subalgebra. So,

locally, MV = Cn/WG, meaning that the coordinates of the moduli space should be

invariant under Weyl transformations.

Taking, for example, G = SU(N), the Weyl group is SN , the group of permu-

tations of N elements. A natural set of U(1)N�1 ⇥ SN invariant coordinates on the

(N � 1)-dimensional moduli space CN�1/SN can be shown to be

u2 =
X

i<j

aiaj , u3 =
X

i<j<k

aiajak , . . . , uN = a1a2 · · · aN , i, j, k = 1, . . . , N

(12.5)

where, in this case, eq. (12.4) is

h�i =

0

BBB@

a1

.

.

aN

1

CCCA
with

NX

i=1

ak = 0 , (12.6)

since Tr� = 0. At low energy, the e↵ective Lagrangian describes n = N �1 massless

N = 2 abelian vector superfields V I . The scalar fields �I belonging to these massless

abelian vector superfields are neutral and the gauge couplings ⌧IJ are frozen at the

value corresponding to the (lightest) massive particles (whose masses are in fact

proportional to aI). Hence the theory is in a IR-free abelian Coulomb phase. The

(qualitative) behavior of gauge coupling evolution is shown in figure 12.1, where we

refer to aI collectively as a.

The subspace MH , where only the scalars H i get a VEV is called Higgs branch.

This is because, for generic gauge group representations (hyper)scalar field VEVs

break the gauge group completely, now. So, on the Higgs branch, one does not

expect propagating massless gauge degrees of freedom. Here again, the scalars

parametrizing the moduli space MH are not only massless but also neutral (if this

were not the case, they would acquire a mass by Higgs mechanism and should be

integrated out for low enough energy, disappearing from the e↵ective action).
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Figure 12.1: Schematic behavior of gauge coupling running of N = 2 SYM with

gauge group SU(N), higgsed to N � 1 U(1)’s at scale a > ⇤ on the Coulomb

branch. The gauge coupling stops running at a scale µ ' a. The low energy

e↵ective theory is described by abelian vector superfields, containing photons and

neutral fields (scalars and fermions) and enjoys an IR-free Coulomb phase.

Branches where both �I and H i have non-vanishing VEVs are called mixed

branches.

So, all in all, we have to deal with a set of massless, neutral scalar fields and

n = rankG abelian gauge fields (plus fermionic superpartners). So, we are exactly

in a situation as the one advocated in the previous general discussion, cf eq. (12.1).

As we have already seen discussing N = 1 theories, the moduli space needs

not to be smooth. There can exist singularities where submanifolds of di↵erent

dimensions meet. For example, classically, at the origin of field space, where the

Coulomb and the Higgs branch meet, the theory is fully un-higgsed and the metric

of the moduli space is expected to be singular: extra massless degrees of freedom

appear and they should be included in the low energy e↵ective description. Fig. 12.2

provides a qualitative picture of the N = 2 classical moduli space.

All what we said above is the classical part of the story. How do quantum

corrections change it? Answering this question will be the basic goal of this chapter.

However, already at this stage, a few important facts can be anticipated.

First, the selection rule dictating a direct product for the moduli space M,

eq. (12.3), holds also at the quantum level, since it comes from the supersymmetry
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aI = hi = 0

Figure 12.2: N = 2 classical moduli space. The mixed branch intersects the Higgs

branch on a Higgs submanifold and the Coulomb branch along a Coulomb subman-

ifold. The more singular point is the origin where the maximal number of degrees

of freedom become massless.

algebra.

Second, N = 2 supersymmetry implies that the special Kähler metric on MV

and the (imaginary part of the) generalized complexified gauge coupling, ⌧IJ , are

related, cf §6.1.1. The former is a function of the scalar fields �I only, and so is

the gauge coupling matrix ⌧IJ . The latter undergoes renormalization, at one loop

and non-perturbatively in N = 2, its quantum corrected expression being some

(unknown for the time being) function of the strong coupling scale ⇤. Since ⇤

appears in ⌧IJ , it appears in the Lagrangian in the same way as a VEV of a scalar

belonging to a vector multiplet (one can think of ⇤ as a spurion). Since the metric on

MH does not depend on vector multiplet scalars, it does not depend on ⇤, either.

Taking the classical limit, ⇤ ! 0, one then concludes that the metric on MH is

classically exact! The upshot is that the metric on the Coulomb branch can receive

quantum corrections, while that on the Higgs branch is classically exact. Therefore,

the exact low energy e↵ective action will be described by a quantum corrected

Coulomb branch and a classically exact Higgs branch. Solving the quantum theory

boils down to determine the geometry on the Coulomb branch. Hence, in what

follows, we will mostly focus on Coulomb branches.

One more property which makes N = 2 special is that, unlike for N = 1 (an ex-
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ample being SQCD with F < N), in N = 2 theories a moduli space always survives

at quantum level. In other words, the classical moduli space can be modified, but

never completely lifted. As for MH , this is obvious. The HyperKähler manifold is

classically exact so, if it exists classically, it persists quantum mechanically. A way

to see that this holds also on the Coulomb branch is as follows. For large field VEVs,

aI >> ⇤, we can use classical intuition where, by ordinary Higgs mechanism, the

gauge theory is higgsed to U(1)n at weak coupling, see eq. (12.4). The corresponding

n flat directions can be lifted at the quantum level, if given a mass. However, this

cannot occur since in such semi-classical region this can happen only by higgsing,

and abelian vector multiplets are neutral and so are the scalar fields �I , which can-

not then Higgs the theory further. Therefore, we conclude that at large fields VEVs

the moduli space persists even at quantum level. But then, by analytic continuation,

a moduli space persists also in the strongly coupled region, where aI ⇠ ⇤ (complex

manifolds can become singular only on complex submanifolds, whose dimension is

then at least 2 real dimensions smaller, so there is no obstructions against analytic

continuation into a region of strong coupling where classical intuition would fail).

The classical moduli space has singularities of enhanced gauge symmetry and

one could wonder if such singularities survive at the quantum level. One of the

basic results we will show in the following is that the quantum moduli space does

admit singularities where massive particles become massless, but none of them are

gauge fields. So, there are no points of enhanced gauge symmetry, and the theory

is always in an abelian Coulomb phase. What can exist, instead, are other type of

singularities, known as Argyres-Douglas points, where mutually non-local particles,

as monopoles and dyons, become simultaneously massless. At these singularities the

low energy e↵ective dynamics is described by an interacting conformal field theory

(which, however, does not admit a Lagrangian description). We will have more to

say about this later.

To sum up, apart from special points/curves where a Lagrangian description is

not available, the structure of the N = 2 low energy e↵ective action is

L = K J

I
@µ�̄

I @µ�J +
1

2
Im[⌧IJ(�)F I

µ⌫
FJµ⌫ ]+Kj

i
(h, h̄) @µh

i @µh̄j + fermions , (12.7)

where K J

J
is the (special Kähler) metric on the Coulomb branch and Ki

j
the (Hy-

perKähler) metric on the Higgs branch. The complexified gauge coupling is related

to the prepotential as

⌧IJ =
@2F

@�I@�J
. (12.8)

8



We have slightly changed normalizations with respect to previous chapters. With

present normalizations, eq. (6.12), which relates the special Kähler metric to the

complexified gauge coupling matrix, reads K J

I
= Im ⌧IJ . Defining

�DJ ⌘ @F
@�J

, (12.9)

we can re-write (12.7) as

L = Im


⌧IJ

✓
@µ�̄

I @µ�J +
1

2
F I

µ⌫
FJµ⌫

◆�
+Kj

i
(h, h̄) @µh

i @µh̄j + fermions

= Im
�
@µ�̄

I @µ�DI

�
+

1

2
Im[⌧IJ(�)F I

µ⌫
FJµ⌫ ] +Kj

i
(h, h̄) @µh

i @µh̄j + fermions .

(12.10)

Solving the theory boils down to determine the quantum exact expression of the

prepotential F and, via eqs. (12.8), the Lagrangian (12.10).

A cartoon of the quantum corrected moduli space is depicted in fig. 12.3.

Coulomb Branch

Mixed 
Branch

Higgs 
Branch

⇠ �

Figure 12.3: N = 2 quantum corrected moduli space. The (local) product structure

remains the same as in the classical limit and the Higgs branch is also unmodified.

The same happens for the Higgs directions of the mixed branch, even though they

may be deformed in the Coulomb directions. The Coulomb branch is modified at the

quantum level, instead (but never completely lifted!). Generically, this may excise

(part or all) classical singular submanifolds.
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12.1.2 N = 4 e↵ective actions

Let us now consider N = 4 supersymmetry. The story here is much simpler. First,

there exist only one class of scalar fields, all transforming in the adjoint representa-

tion of the gauge group G. So, at a generic point of the moduli space, the low energy

dynamics is that of a free U(1)n N = 4 theory, with n = rankG, and the moduli

space M is parametrized by 6n neutral real scalars. Hence, at a generic point on

the moduli space, we are in an (IR-free) abelian Coulomb phase. Moreover, as we

already discussed in § 6.2, the gauge coupling does not run, neither perturbatively

nor non-perturbatively, and then M = R6n. This is, though, not boring at all. As

we will discuss later, N = 4 non-renormalization theorems, which are the strongest

possible, let one get very interesting exact results.

12.2 Monopoles, dyons and electromagnetic duality: a re-

cap

Before proceeding, we need to recall a few properties that some gauge theories enjoy

and discuss how these are realized in supersymmetric contexts.

Let us start from a U(1) gauge theory without matter, namely electro-magnetism.

Maxwell equations in the vacuum, which in di↵erential form notation can be written

as

d ⇤ F = 0 , dF = 0 (12.11)

are invariant under the transformation F ! ⇤F , ⇤ F ! �F , which corresponds

to the exchange of electric and magnetic fields. This transformation is called S-

duality transformation. In presence of electric sources Maxwell equations can still

be invariant under S duality if one postulates the existence of magnetic sources (aka

monopoles) and the associated current jm, with the following action of S

F ! ⇤F , ⇤ F ! �F and je ! jm , jm ! �je. (12.12)

where now Maxwell equations read

d ⇤ F = je , dF = �jm . (12.13)

The exchange of electric and magnetic currents implies, in particular, that under a

S duality transformation electric and magnetic charges are also exchanged.

One crucial consequence of the presence of magnetic monopoles is that the elec-

tric charge is quantized. More precisely, as shown by Dirac, it turns out that a theory
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with both electric and magnetic charges, q and p respectively, can be consistently

quantized only if the following condition holds

q p = 2⇡n with n 2 Z . (12.14)

This is the renown Dirac quantization condition, which implies that any electric

charge is an integer multiple of an elementary charge e ⌘ (2⇡/p)n0, for some integer

number n0. Another important consequence of eq. (12.14) is that regimes where the

electric charge is small correspond to regimes where the magnetic charge is large

and viceversa. Therefore, S duality is a strong-weak coupling duality.

Maxwell equations are not a↵ected if adding to the action a ✓-term

✓ e2

32⇡2
Fµ⌫

eF µ⌫ . (12.15)

However, in presence of magnetic monopoles, a ✓-term does have an interesting

physical e↵ect. As shown by Witten, in this case the magnetic charge of a particle

contributes to its electric charge, too. Specifically, a particle with magnetic charge

p = 4⇡
e
and U(1) electric charge nee has the following physical charges

p =
4⇡

e
, q = nee � ✓e2

8⇡2
p = nee � ✓e

2⇡
. (12.16)

In other words, if a ✓-term is present a magnetic monopole always carries an electric

charge (even if ne = 0) and such electric charge is not a multiple of some basic unit.

This is known as Witten e↵ect. In the following, with some abuse of language, we

will refer to the U(1) charge e as the electric charge.

Dirac quantization condition is generalized in presence of dyons, which are states

carrying both electric and magnetic charges, as

q1 p2 � q2 p1 = 2⇡n . (12.17)

This is known as Dirac-Schwinger-Zwanziger quantization condition. An aspect

regarding eq. (12.17) and that will play a relevant rôle later is that only if the right

hand side vanishes the corresponding states are local with respect to each other.

So, for instance, two electrically charged states are local with respect to each other

while an electrically charged state and a magnetic monopole (or a dyon) are not. As

such, they cannot be described within one and the same Lagrangian. Therefore, an

e↵ective low energy theory where such mutually non-local objects are both present,

is believed not to admit a Lagrangian description.
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Let us emphasize that the duality transformation (12.12) is not a symmetry of the

theory, since it acts on the couplings. Rather, it maps a description of the theory to

another description of the same theory. There exists another transformation, known

as T -duality transformation, which does not act on the electro-magnetic field but

shifts the ✓ angle by 2⇡ and, as such, is a symmetry of the theory. These two

transformations, S and T , generate a full group, SL(2,Z) ' Sp(2,Z), the duality

group of electro-magnetism.

As SL(2,Z) 2 ⇥ 2 matrices, S and T are

S =

 
0 �1

1 0

!
, T =

 
1 1

0 1

!
(12.18)

The way S and T act on ⌧ = ✓/2⇡+4⇡i/e2, ⌧ ! �1/⌧ and ⌧ ! ⌧ +1, respectively,

shows that the group they generate acts on the complexified gauge coupling ⌧ as a

fractional linear transformation

⌧ ! a⌧ + b

c⌧ + d
where

 
a b

c d

!
2 Sp(2,Z) . (12.19)

In Maxwell theory, magnetic monopoles (or dyons) are introduced by hand as

extra degrees of freedom, they are pointlike and carry infinite energy. However,

monopole (and dyon)-like sources arise as solitons, i.e. localized, finite energy, non-

singular solutions of the equations of motion, in the context of spontaneously broken

gauge theories. The first and most famous example is the Giorgi-Glashow model, a

SU(2) gauge theory coupled to a scalar � transforming in the adjoint of SU(2) and

quartic potential

V =
�

4

�
Tr�2 � a2

�2
, (12.20)

with a some real number. This theory undergoes a Higgs mechanism which breaks

SU(2) ! U(1), and admits soliton solutions carrying monopole and/or dyonic

charges under the low energy e↵ective U(1). For example, there exists a magneti-

cally charged soliton, the ’t Hooft-Polyakov soliton with charges ±(1, 0), as well as

a dyon, found by Julia and Zee, with charges ±(1,�1) (the plus and minus sign

solutions should both be there by anomaly cancellation of the low-energy e↵ective

U(1) theory). For generic values of the parameters (charge g, scalar field VEV a

and quartic coupling �) these solutions are not known analytically. However, there

exists a limit in which the equations of motion can be solved exactly. This is the

so-called BPS limit, which corresponds to take � ! 0 with g and a fixed while
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retaining the boundary conditions on the Higgs field, that should tend towards a at

spatial infinity. In this limit, the minimal energy configurations satisfy the following

relation

M =
p
2 |a

g
(q + ip)| (12.21)

where M is the mass of the soliton and q = neg and p = nm
4⇡
g

its electric and

magnetic charges (the reason for the 4⇡ in place of the 2⇡ for the magnetic charge p

is just because in this theory we could add fields in the fundamental representation

of SU(2), which would carry electric charge ±g/2 and, in terms of such minimal

charge, one would get the usual Dirac quantization condition). In fact, in the BPS

limit all particles in the spectrum, including fundamental degrees of freedom (gauge

bosons and Higgs field), satisfy the mass formula (12.21) and so belong to the BPS

spectrum.

In presence of a ✓-term, the analysis that lead to eq. (12.21) can be repeated

almost unchanged, the BPS mass formula becoming now

M =
p
2|a (ne + ⌧ nm)| where ⌧ =

✓

2⇡
+

4⇡i

g2
. (12.22)

Due to Witten e↵ect, acting with the transformation ✓ ! ✓+2⇡n on the monopole

and dyon solutions, one can get a full tower of solutions with charges ±(1,�n)

and ±(1,�n � 1), n 2 Z. Since this transformation is a symmetry of the theory,

these solutions are all physically equivalent. Note that the T -duality transformation

✓ ! ✓ + 2⇡ which acts on the charge vector (nm, ne) as

T : (nm, ne) ! (nm,�nm + ne) , (12.23)

acts on the complexified gauge coupling as ⌧ ! ⌧ + 1. Plugging this into the BPS

mass formula (12.22), we see that the BPS mass formula is left invariant. This is

consistent with the fact that since masses are physical observables, they should be

insensitive to symmetry transformations.

Looking at eq. (12.12), we see that a S transformation, which sends ⌧ ! �1/⌧ ,

should instead act on a charge vector as

S : (nm, ne) ! (�ne, nm) . (12.24)

If we demand eq. (12.22) to be invariant under S duality, this should then also be

accompanied by the shift a ! a⌧ .
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More generally, a matrix A 2 Sp(2,Z) transforming (a ⌧, a)T as A · (a ⌧, a)T ,
should correspond to a change of the vector of electric and magnetic charges as

(nm, ne) · A�1. We will re-derive this important result later.

All above analysis is (semi) classical. In particular, the derivation of the BPS

bound and the construction of the monopole and dyon solutions. One might wonder

to what extent this still holds at the full quantum level. This is something di�cult

to check in the Giorgi-Glashow model since an analytical handling of the quan-

tum/strong coupling regime is not possible in such a non-supersymmetric setup.

But, as usual, supersymmetry helps.

Let us consider N = 2 pure SYM with gauge group SU(2). Since we are going to

use slightly di↵erence normalizations with respect to previous lectures, let us write

down the on-shell Lagrangian explicitly

L =
1

g2
Tr
h

� 1

4
Fµ⌫F

µ⌫ +
✓

32⇡2
g2Fµ⌫

eF µ⌫ +Dµ�D
µ�� 1

2

⇥
�, �̄

⇤2

�i��µDµ�̄� i �µDµ ̄ + i
p
2[�̄, ]�+ i

p
2[�, �̄] ̄

i
, (12.25)

where, in present normalizations,Dµ = @µ�iAa

µ
Ta. This theory has the same bosonic

content of the Giorgi-Glashow model (including a scalar potential which Higgses the

theory down to U(1) in the vacuum) and shares with it its basic dynamics. As such,

it also admits magnetically charged solitons, as monopoles and dyons.

There are, however, some important di↵erences with respect to the Giorgi-

Glashow model.

First, in the Giorgi-Glashow model the BPS limit is a rather special limit, since

it consists in ignoring the quartic Higgs field potential, just retaining the boundary

conditions on the Higgs field at spatial infinity. This is automatically the set-up

we have in our N = 2 example, since the potential, V ⇠
⇥
�, �̄

⇤2
, is identically 0

on the moduli space (and it is so whenever � is in the Cartan subalgebra, that is

� = (0, 0, a), for any values of a). So here the BPS limit is built in, in a sense.

A more important di↵erence regards the BPS mass formula (12.22). This formula

is reminiscent of the bound that massive states in the N = 2 spectrum should satisfy

and which 1/2 supersymmetry preserving states (short representations) saturate.

This suggests that, in presence of charged solitons in the spectrum, the central

charge may be related to their electric and magnetic charges. Witten and Olive

showed that this is indeed the case. Let us see how this comes about. In present

14



normalizations the N = 2 algebra and the corresponding bound read

{Q1
↵
, Q2

�
} = 2

p
2✏↵�Z , M �

p
2 |Z| . (12.26)

Starting from the Lagrangian of pure N = 2 SYM one can compute the correspond-

ing supercurrents S1
↵µ

and S2
↵µ

by Nöether theorem. Recalling that QI

↵
=
R
d3xSI

↵ 0

one finds (after dropping contributions which trivially vanish at spatial infinity) that

{Q1
↵
, Q2

�
} =

2
p
2

g2
✏↵�

Z
d3x @i

h⇣
F a0i � i eF a0i

⌘
�̄a

i
⌘ 2

p
2✏↵�Z

{Q̄1
↵̇
, Q̄2

�̇
} =

2
p
2

g2
✏
↵̇�̇

Z
d3x @i

h⇣
�Fa0i + i eFa0i

⌘
�a

i
⌘ 2

p
2✏

↵̇�̇
Z⇤ . (12.27)

Since the electric and magnetic charges of the U(1) low energy e↵ective theory are

q = � 1

ag

Z
d3x @i

�
F 0i
a
�a
�
= gne , p = � 1

ag

Z
d3x @i

⇣
eF a0i�̄a

⌘
=

4⇡

g
nm (12.28)

one finally finds (after taking into account the e↵ect of a non-trivial ✓-term) that

ReZ = ane , ImZ = a⌧nm (12.29)

and hence eq. (12.22). So we learn that in presence of monopoles (and dyons) the

supersymmetry algebra must be modified with the addition of a non-trivial central

charge (which measures the electric and magnetic charges of soliton solutions). From

a geometric viewpoint this should not come as a surprise. Indeed, supersymmetry

charges are space integrals. In calculating their anticommutators one has to deal

with surface terms, which one usually neglects. However, as shown in eqs. (12.28),

in presence of electric and magnetic charges these surface terms are non-zero and

give rise to a non-vanishing Z.

Note that, unlike the Giorgi-Glashow model, here the relation between masses

and charges of BPS states, eq. (12.22), does not come from a (semi) classical analysis

but is dictated by the supersymmetry algebra. Hence, it cannot be spoiled quantum

mechanically and should remain valid even when perturbative and non-perturbative

corrections are taken into account. Indeed, BPS states are in short representations

and quantum corrections cannot generate the extra degrees of freedom needed to

convert a short multiplet in a long one. So, BPS saturated states remain so also at

the quantum level.

That eq. (12.22) persists quantum mechanically, does not mean that the quanti-

ties therein do not undergo renormalization. For one thing, in N = 2 we know that
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the gauge coupling ⌧ runs (at one loop and non perturbatively). Therefore, upon

taking into account renormalization e↵ects, while by its very definition the central

charge Z is still a linear combination of conserved (electric and magnetic) abelian

charges, the coe�cients multiplying nm and ne will be replaced by some (holomor-

phic) functions, which we dub a and aD , of the strong coupling scale ⇤ and field

VEVs

Z = a ne + aD nm . (12.30)

In the classical limit a is the VEV of the scalar field � and aD = a⌧ . But one expects

this not to be true at the full quantum level. In particular, the expression of aD
in terms of a could be di↵erent. Seiberg and Witten proposed the following exact

relation between a and aD

aD ⌘ @F
@a

that is ⌧ =
daD
da

, (12.31)

with F the prepotential. We will provide evidence for the proposal (12.31) later.

Here, just notice that this way, in the semi-classical limit, where Fcl = 1
2⌧a

2,

eq. (12.30) correctly reduces to (12.29). But, unlike (12.29), it is by construction

renormalization group invariant.

One of our main goals in the following will be to check the proposal (12.31) and

compute the exact expression of a and aD in terms of the scalar field VEVs and

⇤. Given this information, the masses of all BPS states (fundamental fields as well

as magnetic monopoles and dyons) will be known exactly in terms of the moduli

parameters. More importantly, finding the exact expressions of a and aD amounts

to find the exact expression for ⌧ and hence, by (12.10), the full e↵ective action!

This discussion can be repeated for N = 4 SYM, which is also expected to

admit charged solitons in its spectrum. There, however, the relation aD = ⌧a is not

renormalized, since in this case ⌧ is classically exact, as so is the moduli space. This

has important consequences which we will come back to, when discussing quantum

properties of N = 4 SYM.

So far, we have been considering pure N = 2 SU(2) SYM. One may want to

add matter fields, i.e. hypermultiplets. This amounts to add to the Lagrangian the

superpotential term

FX

i=1

⇣p
2H i

1�H
i

2 +miH
i

1H
i

2

⌘
+ h.c. . (12.32)

For equal masses, the theory has a SU(F ) flavor symmetry, which is broken to

U(1)F for generic values of mi. One can repeat previous computations, calculate
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the contribution of H1 and H2 to the supercurrent and, in turn, to the central charge

mass formula (12.30). The end result is

Z = a ne + aD nm +
FX

i=1

1p
2
miSi , (12.33)

where Si are global conserved U(1) charges under which H i

1 and H i

2 have charges

+1 and �1, respectively.

There exist generalizations of this story. The Giorgi-Glashow model can be gen-

eralized to a gauge theory with gauge group G spontaneously broken to a subgroup

H by some Higgs-like field transforming in the adjoint representation of G. Thanks

to the topological nature of soliton solutions, it turns out that an analysis on their

existence can be carried out in the context of homotopy theory. In particular, in-

equivalent solutions are classified by the homotopy group ⇧2(G/H). This is isomor-

phic to ⇧1(H)G, the subgroup of closed paths in ⇧1(H) which can be contracted to

a point when H is embedded in G. If G is simply connected, ⇧1(H)G is isomorphic

to ⇧1(H) and non-trivial soliton solutions are hence classified by ⇧1(H). For exam-

ple, in the original Giorgi-Glashow model we have ⇧2(G/H) = ⇧2(SU(2)/U(1)) =

⇧1(U(1)) = Z, and one family of magnetic monopoles with integer charge is indeed

present. The same happens in GUT theories. Taking, e.g., GGUT = SU(5) one has

⇧2(G/H) = ⇧2(SU(5)/SU(3) ⇥ SU(2) ⇥ U(1)) = ⇧1(SU(3) ⇥ SU(2) ⇥ U(1)) =

⇧1(U(1)) = Z, so again magnetic monopoles are expected to exist. This is not the

case in the Standard Model, where the gauge group is not simple, G = SU(2)⇥U(1)Y
and, more importantly, ⇧1(H)G = 0. Indeed, the generator of the unbroken elec-

tromagnetic U(1) gets contribution both from the generator of U(1)Y and of the

Cartan of SU(2). This implies that any closed path in U(1) may be deformed to

lie completely in U(1)Y , which, unless this path is trivial, cannot be deformed to

a point in G. This means that ⇧1(H)G = 0 and hence magnetic monopoles do

not exist. Interestingly - recall the discussion around eq. (12.14) - that the electric

charge happens to be quantized can be seen as an evidence in favor of the existence

of monopoles and, in turn, of GUT theories.

Exactly as for the original Giorgi-Glashow model, this more general story finds

a natural embedding in supersymmetric contexts. One such situation is nothing

but the low energy e↵ective theories describing the N = 2 (and N = 4) Coulomb

branch we are actually interested in. There, we have a gauge theory with gauge

group G broken to its Cartan subalgebra H = U(1)n, where n = rankG. From

previous general analysis, it follows that magnetically charged solitons are present
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in the spectrum, in general. Most of what we said above holds unchanged. In par-

ticular, the IR-free e↵ective theory is form-invariant under electro-magnetic duality

transformations which are the natural generalization to n > 1 of eq. (12.19), and

act on the couplings as

⌧IJ !
�
AL

I
⌧LM +BIM

� �
CJN⌧NM +DJ

M

��1
(12.34)

where now M ⌘
⇣

A B

C D

⌘
2 Sp(2n,Z). The vector of electric and magnetic charges

is now a 2n-component row vector (nI

m
, neJ). The corresponding BPS mass formula

which generalizes (12.30) is

Z = aI neI + aD,I n
I

m
= a · ne + aD · nm , (12.35)

where, in the second step, matrix multiplication is understood and (12.31) is now

aDI ⌘ @F/@aI . Finally, the addition of (massive) flavors changes the central charge

formula in a way similar to eq. (12.33).

Let us conclude this section with a comment which will be relevant later. As

already noticed, electro-magnetic duality transformations are not symmetries of the

theory. They just express the equivalence of abelian theories coupled to massive

sources under a Sp(2n,Z) redefinitions of electric and magnetic charges. It is a

redundancy of the e↵ective Lagrangian description. The point, though, is that this

redundancy can capture important features of the theory, when a moduli space is

present (which is the case we will actually be concerned with). That this is the case,

can be seen as follows.

Suppose there is a moduli space of vacua and that the e↵ective dynamics on

this moduli space is described by n abelian gauge fields and a bunch of massless,

neutral scalars, collectively dubbed �, which parametrize M. Upon traversing a

closed loop in M the physics must be the same at the beginning and at the end

of the loop. However, the Lagrangian does not need to: it can just be invariant

modulo a electro-magnetic duality transformation. Geometrically, this corresponds

to say that the matrix of couplings ⌧IJ is a section of a Sp(2n,Z) bundle. In matrix

notation, this means that upon making a circle in the � moduli space, the matrix ⌧

should transform as

⌧(e2⇡i�) = (A · ⌧(�) + B) (C · ⌧(�) +D)�1 . (12.36)

The element M =
⇣

A B

C D

⌘
2 Sp(2n,Z) is called monodromy around the loop. If the

closed loop does not encircle any singularity, the monodromy is the identity element

of Sp(2n,Z). If it does, the monodromy is a non-trivial element of Sp(2n,Z), instead.
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As we discussed at length, singularities on the moduli space are associated to

massive particles becoming massless, there. The monodromy matrix tells about the

nature of such particle. Since masses are physical observables, the BPS mass formula

(12.35) should be invariant under monodromies. Hence, as already emphasized for

the case n = 1, a A 2 Sp(2n,Z) transforming (aD, a)T as A · (aD, a)T , should

correspond to a change of the vector of electric and magnetic charges as (nm, ne)·A�1.

This means that, in general, the action of the monodromy changes the quantum

numbers of charged states.

Now, the state of vanishing mass at a given singularity on the moduli space,

should be invariant under the action of the monodromy associated to the singularity

itself (it is the properties of such massless state which determine the monodromy

matrix). That is to say, it should be a left eigenvector of the matrix A with unit

eigenvalue. It is easy to see that the Sp(2n,Z) matrix for which the vector (nm, ne)

is an eigenvector with unit eigenvalue is

A(nm, ne) =

 
1 + 2nmne 2n2

e

�2n2
m

1 � 2nmne

!
. (12.37)

This means that at a singularity with monodromy matrix of the form above, a state

with charges ±(nm, ne) becomes massless.

Actually, any state with charges l(nm, ne) with l 2 Z is left invariant by the

action of (12.37). However, stable dyons require lnm and lne to be relatively prime,

which is the case only for l = ±1. One way to see it is the following. Suppose

to start from a BPS saturated state with charges (Nm, Ne) and mass M =
p
2|Z|.

Such state can decay into states whose sum of masses should be less or equal M .

For each of these states we have Zi = a · ni

e
+ aD · ni

m
and Mi �

p
2|Zi|. Since

charge conservation implies that Z =
P

Zi, it follows from triangle inequality that

|Z| 
P

i
|Zi| which in turn implies that

M 
X

i

Mi . (12.38)

In order for the decay to occur the above bound should be saturated, which implies

|Z| =
P

i
|Zi| (so also the states with charges (ni

m
, ni

e
) should be BPS). This can

happen if and only if the vectors (Nm, Ne) and (ni

m
, ni

e
) are proportional, that is if

Nm and Ne are not relatively prime, (Nm, Ne) = l(nm, ne). If they are, instead, the

decay cannot occur.
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12.3 Seiberg-Witten theory

Let us now come back to our original problem. We would like to look at asymp-

totically free N = 2 gauge theories and try to see what can we say about their low

energy e↵ective dynamics. As advertised, we will focus on the Coulomb branch,

which is the only part of the moduli space which is modified at the quantum level.

What this boils down to is to determine the exact expression of the prepotential

F , more specifically of the generalized complexified gauge coupling matrix, whose

imaginary part is the metric on the Coulomb branch.

Our starting point is some UV-free N = 2 matter-coupled Lagrangian. This

means that if, say, the gauge group is SU(N) and matter multiplets transform in

the (anti)fundamental representation of SU(N), we must require that F < 2N , since

the one-loop coe�cient (which captures the full perturbative expression for the �

function) is proportional to 2N � F , in this case.

One thing which will play an important role later is the R-symmetry breaking

pattern. Let us first focus on pure SYM. Besides a compact component, SU(2)R,

under which all bosons in the N = 2 vector multiplet are singlets and the two

gaugini transform as a doublet, there is also a U(1)R symmetry, under which (both)

gaugini have R(�, ) = 1. This symmetry is anomalous and, following the same

discussion we had for N = 1 SYM, one can see that it gets broken as

U(1)R �! Z4T (Adj) , (12.39)

since now he anomaly coe�cient is now A = 2T (Adj).

The fact that R( ) = 1 implies that the adjoint scalars � have R(�) = 2,

meaning that on the Coulomb branch the residual symmetry gets further broken.

For example, we will see later that for G = SU(2) Coulomb branch vacua preserve

a Z4 subgroup of the full Z8 and, therefore, each point on the Coulomb branch is

paired with its mirror under the residual Z2, which acts non-trivially on M. For

G = SU(3) a Z2 subgroup survives, only, while for higher ranks the U(1)R is fully

broken.

Interestingly, unlike N = 1, the addition of matter does not restore an anomaly-

free U(1)R symmetry, in general. Indeed, given that R(�) = 2, from the cubic

superpotential term ⇠ H1�H2 one sees that the hyperscalars are neutral. Hence,

their fermionic partners  1 and  2 have R( 1, 2) = �1. So, if the hypermultiplets

transform in the representation r of the gauge group G, the U(1)R is broken at the
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quantum level as

U(1)R �! Z4T (Adj)�4T (r) , (12.40)

if adding one hypermultiplet. For example, taking G = SU(N) and F hypers in the

fundamental representation, one gets U(1)R ! Z4N�2F . Note that for F = 2N the

R-symmetry is not anomalous, in agreement with the vanishing of the � function

and the supposedly conserved R-charge in superconformal field theories.

Let us start considering pure SYM and take, for definiteness, the gauge group to

be G = SU(N). Following our general discussion in section § 12.1.1 the low energy

Coulomb branch e↵ective (bosonic) Lagrangian looks like

L = Im(@µ�̄
I @µ�DI) +

1

2
Im[⌧IJ(�)F I

µ⌫
FJµ⌫ ] (12.41)

where I = 1, 2, . . . , N � 1. Solving the theory amounts to find the exact expression

for the prepotential F or, which is the same, for the e↵ective abelian gauge coupling

matrix ⌧IJ , as a function of ⇤ and of (gauge-invariant combination of) scalar field

VEVs. Recall that ⌧IJ gets one-loop and non-perturbative corrections, only, and

reads (we refer collectively to a as the common VEV of all scalar fields �I)

⌧IJ(a,⇤) =
2N

2⇡i
CIJ log

⇤

a
+

1X

n=1

dIJ,n

✓
⇤

a

◆b1n

, (12.42)

where 2N is the one-loop �-function coe�cient, CIJ is the Cartan matrix of G and

dIJ,n’s weight n-instanton corrections. Since the model is Higgsed at a scale a, which

can be taken arbitrarily large, these instanton e↵ects can be made arbitrarily small

and are calculable. So, in principle, one could compute ⌧IJ , and hence solve the

low energy e↵ective theory exactly, by evaluating all instanton contributions. In

practice, this is hard. Seiberg and Witten came-up with a more physical approach

to determine ⌧IJ , which is the one we will follow. We start analyzing the simplest

case, N = 2 SYM with gauge group SU(2).

12.3.1 N = 2 SU(2) pure SYM

N = 2 SYM with G = SU(2) admits a one-dimensional moduli space in which the

gauge group is broken to U(1). The gauge invariant coordinate on the (classical)

moduli space can be chosen to be

u =
1

2
htr�2i = a2 , (12.43)
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where h�i = a�3 is the (adjoint) scalar field VEV. The u here corresponds to what

we called u2 in eq. (12.5).

The above formula is valid classically. Quantum corrections may change the

relation between u and a. In what follows, we will keep on calling u the coordinate

on the quantum moduli space but the above equation will be modified as

u =
1

2
htr�2i = a2 + quantum corrections . (12.44)

While classically a =
p
u, quantum mechanically one could expect a more general

relation, a = a(u), which only in the classical limit reduces to a =
p
u.

The abelian low energy e↵ective Lagrangian is

L = Im


⌧(�)

✓
1

2
Fµ⌫Fµ⌫ + @µ�̄ @

µ�

◆�
, (12.45)

and it is univocally determined knowing the exact expression of ⌧ and so of the

prepotential F , since ⌧ = @2F/@�@�. Our goal, in the following, will then be to

find the exact expression for F and hence of the analogous of (12.42) which in this

case becomes

⌧(a,⇤) =
1

2⇡i
log

✓
⇤4

a4

◆
+

1X

n=1

dn

✓
⇤4

a4

◆n

. (12.46)

The first thing one should readily notice is that F cannot be a holomorphic function

of a all along M; it should be multivalued. Indeed, if this were not the case,

Im ⌧(a) = Im @2F(a)/@�@� would be a harmonic function. As such, it could not

be positive definite everywhere (unless it were a constant). Hence, there would

necessary be regions in the moduli space where Im ⌧(a) would be negative, making

the e↵ective gauge coupling squared g2 being negative, too. This would correspond

to propagation of negative norm states, that cannot be. We need Im ⌧ > 0. The way

out is to allow for di↵erent local descriptions which requires F(a) to be defined only

locally, say in a neighborhood of the classical region u ! 1. In regions where ⌧(a)

approaches zero, we need a di↵erent (but equivalent) description of the theory. Note

that this corresponds to regions where the gauge coupling is very large, eventually

infinite, so strongly coupled regimes. Geometrically, the moduli space should admit

singularities and in the vicinity of such singularities we expect a di↵erent coordinate

patch with respect to a (in other words, a is not a ”good coordinate” on the whole

moduli space M).

In order to understand how di↵erent local descriptions can emerge, we have

to understand how electric-magnetic duality is realized in the low energy e↵ective
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theory. The action (12.45) can be re-written as

L =
1

2
Im [⌧(�)Fµ⌫Fµ⌫ ]+

1

2
@µ

 
�D

�

!†

J @µ
 
�D

�

!
where J =

 
0 i

�i 0

!
, (12.47)

where �D ⌘ @F/@�. The scalar kinetic term is invariant under Sp(2,R) transfor-

mations acting on �D and � as
 
�D

�

!
! M

 
�D

�

!
where M †JM = J . (12.48)

This is the continuum version of the duality group of electro-magnetism previously

defined and it is generated by

S =

 
0 �1

1 0

!
, Tb =

 
1 b

0 1

!
where b 2 R . (12.49)

To see how the duality group acts on the Maxwell term we should first write the

Lagrangian introducing a Lagrange multiplier field ADµ, so to have both the equation

of motion and the Bianchi identity emerging as field equations (this is needed, since

S duality is a non-local transformation in the electromagnetic fields). Recalling that

Fµ⌫ = Fµ⌫ + i eFµ⌫ , we can write the Maxwell term action as

S =

Z
Im


1

2
⌧(�)

⇣
Fµ⌫ + i eFµ⌫

⌘2�
+

Z
ADµ@⌫ eF µ⌫ . (12.50)

where ADµ should be treated as an independent field, with field strength FDµ⌫ =

@µAD⌫ � @⌫ADµ.

In doing the path integral one should now integrate over F and AD. Path

integrating over AD we get the equation @⌫ eF µ⌫ = 0, namely dF = 0, which implies

F = dA and we are left with the original path integral. But one can path integrate

over F , first. Integrating by parts the second term in eq. (12.50) becomes 2FDµ⌫
eF µ⌫

and completing the square one gets

S =

Z
Im

"
1

2
⌧(�)

⇢⇣
Fµ⌫ + i eFµ⌫

⌘
+

1

⌧(�)

⇣
FDµ⌫ + i eFDµ⌫

⌘�2

� 1

⌧(�)

1

2

⇣
FDµ⌫ + i eFDµ⌫

⌘2
#
,

(12.51)

where we used the identity
⇣
Fµ⌫ + i eFµ⌫

⌘⇣
F µ⌫

D
+ i eF µ⌫

D

⌘
= 2i FDµ⌫

eF µ⌫ , which holds

because Fµ⌫FDµ⌫ = eFµ⌫
eFDµ⌫ . Performing the Gaussian path integral over F one
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gets back the original action (up to an overall normalization) but in terms of the

dual gauge field ADµ as

S =

Z
Im


� 1

⌧(�)

1

2

⇣
FDµ⌫ + i eFDµ⌫

⌘2�
. (12.52)

So we see that, as expected, the e↵ect of a S-duality transformation which transforms

the gauge coupling as ⌧ ! ⌧D = �1/⌧ , is to replace a gauge field, to which electric

sources couple locally, by a dual gauge field, to which magnetic sources couple

locally. The other generator of Sp(2,R), Tb, does not act on the gauge field but on

the coupling, only, shifting the ✓ angle. In order for it not to change the physics,

one should take b 2 Z, hence obtaining the actual electromagnetic duality group,

which is Sp(2,Z). We will henceforth call T the generator T1, to be consistent with

conventions in § 12.2.

In our previous discussion, we argued that whenever Im ⌧(a) approaches 0, a dif-

ferent description of the (same) physics should hold. The above discussion suggests

what that can be: an S-dual description in terms of a magnetic dual gauge field

ADµ, with ⌧ ! ⌧D = �1/⌧ and � and �D exchanged, see eq. (12.48).

Note, in passing, that the way the duality group acts on (�D,�), and in turn

on (aD, a), eq. (12.48), provides further evidence for the BPS mass formula (12.30)

and the proposed relation (12.31). To see this, let us couple the low energy e↵ective

theory to a charged hypermultiplet with charge ne. Its coupling to the adjoint chiral

superfield � is fixed by N = 2 supersymmetry to be

p
2neH1�H2 . (12.53)

On the moduli space this induces a mass for the (BPS!) hypermultiplet whose cor-

responding central charge would then be Z = nea. By a S-duality transforma-

tion, which acts on the adjoint scalar as eq. (12.48), it is clear that for a magnetic

monopole with magnetic charge nm we would have Z = nmaD (with aD = @F/@a)

and, for dyons, the more general formula (12.30).

Singularities and monodromies

We now have all ingredients to understand the singularity structure of the moduli

space and the physical meaning of such singularities.

Let us start looking at the (semi)classical region, namely u ! 1. There one

can safely use the classical relation u = a2 and the one-loop expression for the
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prepotential

F1�loop =
i

2⇡
a2 log

a2

⇤2
. (12.54)

From this expression we can compute aD which is

aD =
@F
@a

=
i

⇡
a

✓
log

a2

⇤2
+ 1

◆
. (12.55)

Let us take a counterclockwise contour in the u plane, say u ! e2⇡iu, with very large

|u|. Since in such semiclassical region u = a2 we see that a transforms as a ! �a.

For aD, instead, using (12.55), we get

aD ! i

⇡
(�a)

✓
log

e2⇡ia2

⇤2
+ 1

◆
= �aD + 2a . (12.56)

So, there is a non-trivial monodromy, which acts on the vector (aD, a) as
 
aD
a

!
! M1

 
aD
a

!
where M1 =

 
�1 2

0 �1

!
(12.57)

Note that, consistently with previous general discussion, M1 2 Sp(2,Z). More

specifically, M1 = �T�2, with T the generator previously defined.

The log term in aD and the non-trivial monodromy show that a and aD are

multivalued functions: there is a branch cut extending from infinity, due to the

log term in the one-loop running. Given the singularity at u = 1, there must be

singularities also somewhere else on the u plane, with their associated monodromies

Mi.

Since, as shown in Figure 12.4, a contour circling around infinity can be deformed

(it is topologically equivalent) to a contour circling around all other singularities,

say we have k of them, the following consistency relation should hold, in general

M1 = M1 M2 ...Mk . (12.58)

Now, how many singularities, besides that at u = 1, do we have on the u plane?

The R-symmetry breaking pattern helps, here. As already discussed, the U(1) R-

symmetry of the original theory is anomalous and broken to Z8 at the quantum

level. Since � has R-charge 2, on the moduli space, parametrized by u ⇠ hTr�2i,
this is further broken to Z4. The residual Z2 symmetry acting on the moduli space

changes u as u ! �u. Therefore, singularities should come in pairs on the moduli

space, but at the fixed points of the Z2 action u = 1, 0. We conclude that if we

had one only more singularity beside the one at infinity, this should be at u = 0.
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P
u 1

Figure 12.4: The equivalence of a countour around infinity and one circling all

singularities on the u-plane. P is a base point for loops �1 and �i, i = 1, 2, . . . , k.

But this cannot be. If there were just one singularity at u = 0, because of

(12.58) we would have M0 = M1. But then, since a2 is left invariant by M1,

u = a2 would be a good global coordinate on the full moduli space, not just in the

classical region. Then, F(a) would be a holomorphic function of a and so Im ⌧(a)

a harmonic function. But then, the latter could not be positive definite (unless it

were a constant, which we know it is not).

So, we conclude that there must be at least two singularities besides that at

infinity, located at, say u = ±u0. If this is this case, u = 0, which is a singular

point on the classical moduli space, will not be a singular point anymore in the

quantum theory. In order to have a singularity at u = 0 one should have at least

three singularities on M. As we will see, this cannot be either. Having two (and

only two) singularities on M, located at u = ±u0, seems to be the only consistent

possibility.

A natural question to ask is what the nature of the particles becoming massless

at u = ±u0 is. Interestingly, unlike to what happens classically, singularities in the

quantum moduli space are not associated to extended gauge symmetry, namely to

extra massless gauge bosons. This can be understood as follows. If an interacting

non-abelian Coulomb phase were there in the IR, a conserved R-symmetry should be

present (the superconformal R-symmetry). As we have already discussed, singulari-

ties on M occur at u 6= 0. Hence, if conformal invariance should be preserved, then

the dimension of u at the singularity should be zero. In a SCFT the dimension of an

operator is proportional to its R-charge, which for the operator u is R(u) = 4 since

R(�) = 2. Therefore, at the singularity the operator u would have non-vanishing
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scaling dimension and a VEV would break conformal invariance. This suggests that

a non-abelian Coulomb phase cannot emerge in the IR. The extra massless degrees

of freedom cannot be gauge bosons.

The analysis of the previous section, suggests what the other possibility could be.

The only other states in the spectrum (at least that we know ) are monopoles and

dyons. For example, magnetic monopoles are very heavy at weak coupling, because

of the BPS mass formula (12.30) and tend to become light at strong coupling. So it

might very well be that these are the states becoming massless at the strong coupling

singularities. Note that if this is the case, by the reasoning in the previous paragraph,

we conclude that they cannot sit in vector multiplets (which would include spin 1

particles). So they should correspond to hypermultiplets. Indeed, in the N = 2

version of the Giorgi-Glashow model, this was explicitly shown to be the case!

As a corollary, one would expect that the singularity at a = 0 of the classi-

cal moduli space, where extra massless gauge bosons did become massless, should

disappear at quantum level. From the exact expression we will eventually get for

a = a(u), we will see that this is indeed the case: the point a = 0 does not belong

to the moduli space, at quantum level (similarly to what happens for N = 1 SQCD

with F = N).

Let us then focus on the strong coupling singularities at u = ±u0. Note that

u0 should be proportional to ⇤2, since in the classical limit, ⇤ ! 0, one should

recover the (only one) singularity at u = 0. Hence, from now on, without loss of

generality, we will take u0 = ⇤2. The structure of the moduli space, with punctures

and associated monodromies, is depicted in figure 12.5.

To find the structure of the monodromy matricesM⇤2 and M�⇤2 notice that they

should have a form like (12.37) in terms of the (integer) electric and magnetic charges

(nm, ne), (n0

m
, n0

e
) of the corresponding massless states. Imposing the consistency

relation M1 = M⇤2M�⇤2 and using (12.57) one finds that the unique solution

(modulo physically equivalent solutions, cf the comment after eq. (12.22)) is

(nm, ne) = ±(1, 0) , (n0

m
, n0

e
) = ±(1,�1) (12.59)

corresponding to monodromy matrices

M⇤2 =

 
1 0

�2 1

!
, M�⇤2 =

 
�1 2

�2 3

!
. (12.60)

So, we finally see what the nature of the singularities is: at u = ⇤2 a monopole with

charge ±(1, 0) becomes massless and at u = �⇤2 a dyon with charge ±(1,�1) does.
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Figure 12.5: The u plane with the three singularities at 1,⇤2,�⇤2. The mon-

odromies associated to the three cycles �i must satisfy the consistency relation

M1 = M⇤2M�⇤2 .

Note, in passing, that M⇤2 = ST 2S�1 and M�⇤2 = TST 2S�1T�1 = TM⇤2T�1,

which nicely agrees with the fact that the residual Z2 symmetry connecting u = ⇤2

and u = �⇤2 shift the ✓ angle by 2⇡.

One might wonder if there can be more than two singularities on M. For this

to be the case, one should be able to solve an equation like (12.58) with k > 2,

with M1 given by (12.57) and the Mk’s having a structure as (12.37) with integers

(ni

m
, ni

e
). While a general proof is not available, one can explicitly show, for not too

large values of k, that there are no solutions for k > 2. Further evidence suggesting

that k = 2 is the correct answer will be provided shortly.

Seiberg-Witten curve

Given the knowledge of the singularity structure of the moduli space and its mon-

odromies, we want now to construct holomorphic functions a = a(u) and aD = aD(u)

satisfying the monodromies (12.57) and (12.60), and from them obtain the exact

expression for the complexified gauge coupling ⌧(u). A holomorphic function is uni-

vocally determined by its singularities. Therefore, if we are able to find a function

with the correct monodromies around u = 1,⇤2,�⇤2, we can be sure we get the

correct answer. In principle, this can be done, following the so-called di↵erential

equation approach, but we will follow a di↵erent, more geometric pattern. This

was the approach originally pursued by Seiberg and Witten and also the one which

makes it easier and more natural to understand generalizations to richer theories
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(more general gauge groups and matter content).

The crucial observation comes from the property that we have learned ⌧ should

have: a complex quantity with positive definite imaginary part and on which the

group Sp(2,Z) acts as a fractional linear transformation, eq. (12.19). Such quantities

are fundamental in the theory of Riemann surfaces, where they describe their moduli,

the positivity condition ensuring regularity of the surface. In the case at hand,

the relevant Riemann surface is just a torus, or equivalently, using the language of

algebraic geometry, an elliptic curve. This curve can be written as a complex surface

y2 = (x � ⇤2)(x+ ⇤2)(x � u) , (12.61)

where u parametrizes the modulus ⌧ of the torus and x and y are complex coordi-

nates. Varying u we vary ⌧ and hence eq. (12.61) describes a family of tori. If we

associate to any point on the Coulomb branch parametrized by the complex quan-

tity u a holomorphic varying torus, its modulus will have the same properties we

expect for the complexified gauge coupling ⌧ : a holomorphic section of a Sp(2,Z)
bundle with positive imaginary part, Im ⌧ > 0.

A way to understand that (12.61) describes a torus is as follows. From eq. (12.61)

we see that y is the square root of a polynomial in x so we can look at the x-plane

consisting into two sheets with branch points at ⇤2, �⇤2, u and 1, gluing along

the branch cuts (the two sheets corresponding to the ±y branches). One can take

one branch cut between �⇤2 and ⇤2 and the second one between u and 1. The

two sheets can be thought as spheres and the branch cuts as tubes connecting them.

Topologically, this is a torus, see figure 12.6.

On a torus the are two independent, non-trivial homology one-cycles, the A and

the B cycles, which we can take as in the figure. Degenerate tori (that is tori where

some cycles shrink to zero size) occur when any two zero’s of eq. (12.61) coincide.

In other words, when one of the branch cuts disappears. In particular, for u = ⇤2

the B cycle shrinks to zero size, for u = 1 the A cycle shrinks to zero size and for

u = �⇤2 a linear combination of the two, A+B, does.

The basis of one-cycles is not unique, but defined up to Sp(2,Z) transformations

which act as  
B

A

!
! M

 
B

A

!
where M 2 Sp(2,Z) . (12.62)

The modulus of the torus, ⌧(u), corresponds to the ratio of the periods ! and !D

⌧(u) =
!D

!
, (12.63)
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A � cycle

Figure 12.6: On the left the elleptic curve in the (two sheeted) x plane. A and B

are the two one-cycles of the torus. On the right the corresponding torus.

the integrals over the A and B cycles of the unique holomorphic (closed) one-form

on the torus, ⌦ = dx/y

! =

I

A

dx

y
, !D =

I

B

dx

y
with

dx

y
=

dxp
(x � ⇤2)(x+ ⇤2)(x � u)

. (12.64)

Note that the periods ! and !D inherit from the A and B cycles the transformation

properties under Sp(2,Z) and so also the same monodromies at the three singular

points u = 1,±⇤2, where two branch points collide.

The identification between the SU(2) gauge theory and the above family of

tori parametrized by u holds via identifying the modulus of the torus with the

complexified gauge coupling, and the periods with the u derivative of a and aD,

that is

⌧ =
!D

!
⌘ ⌧(a) =

@aD
@a

=
@aD/@u

@a/@u
, (12.65)

with the identification

@a

@u
= ! =

I

A

dx

y
,
@aD
@u

= !D =

I

B

dx

y
, (12.66)

and an overall normalization that we will fix momentarily. Note, in passing, that

since u is globally defined, a and aD have the same monodromies of the periods !

and !D.

Integrating in u on both sides one obtains

a =

I

A

d� , aD =

I

B

d� , (12.67)
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where the one-form di↵erential d� (aka Seiberg-Witten di↵erential) can be easily

computed

@d�

@u
=

dx

y
=

dxp
(x2 � ⇤4)(x � u)

�! d� =
(x � u)dx

y
, (12.68)

up to exact forms. Using the above definition of A and B cycles, and deforming

them so to lie entirely along the cuts between �⇤2 and ⇤2 and between ⇤2 and u,

respectively, one can express the integrals (12.67) as

a(u) =

p
2

⇡

Z ⇤2

�⇤2

dx

p
x � up
x2 � ⇤4

(12.69)

aD(u) =

p
2

⇡

Z
u

⇤2

dx

p
x � up
x2 � ⇤4

, (12.70)

where the overall normalization has been fixed by requiring that for u ! 1 one

recovers the (semi)classical result (12.55). Using the identity

F (↵, �, �; z) =
�(�)

�(�)�(� � �)

Z 1

0

dx x��1(1 � x)����1(1 � zx)�↵ , (12.71)

one can finally recast (12.69) and (12.70) in terms of hypergeometric functions

a(u) =
p
2(⇤2 + u)1/2 F (�1

2
,
1

2
, 1;

2

1 + u/⇤2
) (12.72)

aD(u) = i
⇤ � u/⇤

2
F (

1

2
,
1

2
, 2;

1 � u/⇤2

2
) . (12.73)

One can invert (12.72) to obtain u(a) and insert the result into (12.73) to obtain

aD(a). Integrating with respect to a yields F(a). Equivalently, deriving with respect

to a yields ⌧(a) and, hence, the exact expression of the low energy e↵ective action

(12.45)!

Let us emphasize again that the expression one gets for F(a) is not globally

defined on the moduli space, and di↵erent analytic continuations should be used in

di↵erent patches. For example, near u = ⇤2, better to use S-dual coordinates, where

the role of what is electric and what is magnetic is inverted. This is represented in

figure 12.7.

As a check that the result we got describes the coupling ⌧ entering the e↵ective

Lagrangian (12.45), one can expand (12.73) and (12.72) around u = 0,⇤2 and �⇤2

and show agreement with the expected (singular) behavior for aD and a, including

the monodromies (12.57) and (12.60).
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Figure 12.7: The quantum moduli space Mq of pure SYM with G = SU(2) rep-

resented as a sphere, obtained by adding the point at infinity to the complex u

plane. The space is covered by three distinct regions where a local, weakly coupled

Lagrangian can be written using appropriate coordinates, i.e. the appropriate du-

ality frame. No local Lagrangian exists which would be globally defined on Mq.

What are classical and strongly coupled regions is not an invariant concept, since it

depends on the coordinate frame.

• For u ! 1 we have a ⇠
p
u and aD ⇠ i

⇡

p
u log u

⇤2 ⇠ i

⇡
a log a

⇤ .

This reproduces the (semi)classical result (12.55) and so also the correct mon-

odromy (12.57). Note that there is no choice of (nm, ne) giving a vanishing

mass, in agreement with the fact that at u ! 1 there are no extra massless

particles in the spectrum.

• For u ! ⇤2 we have a ⇠ i

⇡
aD log aD

⇤ and aD ⇠ (u � ⇤2).

So we see that a is singular at u ⇠ ⇤2 while aD vanishes. This is the correct

behavior for a magnetic monopole with charge nm becoming massless at u =

⇤2, in agreement with what we previously found. Again, the monodromy M⇤2

in eq. (12.60) is correctly reproduced.

• For u ! �⇤2 we have a � aD ⇠ (u+ ⇤2) and a ⇠ i

⇡
(aD � a) log aD�a

⇤ .

This shows that at u = �⇤2 we have a singularity where a = aD, which gives

a massless dyon with opposite electric and magnetic charges, ne = �nm, again

in agreement with previous results, including the monodromy M�⇤2 .

There are other non-trivial checks one can make. For example, one can expand

⌧(u), eq. (12.65), in (inverse) powers of u, at large u, and compare with (12.46),
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using u = a2. This gives perfect agreement with the instanton coe�cients d1 and

d2, which have been independently calculated.

As anticipated, an inspection of the exact solution (12.72) shows that for no

values of u the scalar field VEV a becomes 0. So, the point a = 0 is not part of the

quantum exact moduli space, as anticipated. This is consistent with the claim that

nowhere on the moduli space extra massless gauge bosons arise.

To sum-up, at a generic point of the moduli space the e↵ective theory is a N = 2

abelian free theory. At two special points, u = ⇤2,�⇤2 the e↵ective theory is N = 2

SQED with one massless flavor. Just, to have a local description one should use a

dual frame, since monopoles couple locally to an e↵ective Lagrangian written in

terms of the dual gauge field AD and dyons with charge (1,�1) couple locally to an

e↵ective Lagrangian written in terms of the gauge field AD � A. In this sense the

word ”monopole” or ”dyon” is just conventional and adapted to the large u region,

where the theory is semiclassical and local in terms of the gauge field A, in which

monopoles and dyons appear as non-perturbative states (for instance, in the AD

frame it is an electron which looks as a non-perturbative state).

12.3.2 Intermezzo: confinement by monopole condensation

Before discussing generalizations of this model, there is one (very nice) consistency

check one can do.

Let us start from N = 2 SU(2) SYM and add a mass m to the chiral superfield �

belonging to the N = 2 vector multiplet, that isW = mTr�2. This breaks explicitly

N = 2 to N = 1. For m >> ⇤ we can use the UV Lagrangian, integrate � out

and end-up with pure N = 1 SU(2) SYM at low energy, which admits two isolated

supersymmetric vacua with charge confinement and mass gap. As we discussed in

chapter 10, by supersymmetry this same scenario should hold even if m << ⇤. In

this regime, the low-energy N = 2 e↵ective description we discussed before should be

approximately valid and we should use it, adding to it the small mass perturbation.

But how the moduli space can be lifted giving back just two isolate (gapped) vacua?

How can the otherwise massless photon get a mass, since, cf our discussion in § 12.1,

there are no light charged fields? As we are going to show below, the results we got

in the previous section contain the answer.

The addition of a mass term with m << ⇤ makes the e↵ective theory becoming

an N = 1 abelian gauge theory with a massive (neutral!) chiral multiplet �. Let us
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dub U = Tr�2 the chiral superfield whose lowest component VEV u parametrizes

the (original) N = 2 moduli space. At a generic value of u, there are no massless

(or nearly massless) chiral superfields other than U so we easily see that the F-term

equation we have to impose on the space of D-flat directions

@W

@U
= 0 (12.74)

cannot be satisfied for m 6= 0. Therefore, there are no (N = 1) supersymmetric

vacua, in contradiction with what expected. In fact, we have learnt that at special

points of the complex u-plane (two points, actually), there are extra massless degrees

of freedom. One such points is u = ⇤2 where a massless magnetically charged

hypermultiplet is present and should hence be included in the e↵ective theory. Let

us describe our theory near u = ⇤2. There, better to use S-dual variables, for which

the superpotential reads

W =
p
2H1�DH2 +mU , (12.75)

where �D is the S-dual of � and U should be thought of as a function of �D, now.

The D-term equations from the coupling to the (magnetic dual) U(1) gauge field

imply that |H1| = |H2| (recall that H1 and H2 have conjugate internal quantum

numbers and hence are oppositely charged under the U(1) gauge symmetry), while

the F-term equations read

p
2H1H2 +m

du

daD
= 0 , aDH1 = aDH2 = 0 . (12.76)

Since du/daD 6= 0 (u is a good global coordinate on u!) we get the following answer

m = 0 : H1 = H2 = 0 , aD = any

m 6= 0 : H1 = H2 =

✓
� mp

2

du

daD

���
aD=0

◆1/2

, aD = 0 . (12.77)

For m = 0 we recover (tautologically) the N = 2 moduli space. For m 6= 0, since

H1 and H2 are (magnetically) charged, their VEVs break U(1) and give a mass to

the abelian gauge field (to all the N = 1 gauge multiplet, in fact). So, we end up

with a supersymmetric vacuum with a mass gap. This same reasoning holds also at

u = �⇤2, where the role of the massless magnetic monopole is played by a massless

dyon. So, the N = 2 moduli space is fully lifted but at two points, where there are

supersymmetric vacua with mass gap. Exactly what we expect. The exact answer
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we got for the original N = 2 model is just right to give what should hold for the

N = 1 massive theory under study!

This is nice, but, superficially, there is still a point of concern. The two N = 1

supersymmetric vacua are confining ones. Here, instead, the dynamics is more of

a Higgs-like mechanism, where a scalar monopole or a dyon field condenses. The

point is that the Higgs mechanism taking place is not the usual condensation of an

electrically charged field, but of a magnetically (or dyonically) charged one.

To understand what that means let us recall some basics of the usual Higgs

mechanism, where electrically charged fields condense.

The condensation of the electric charge has the e↵ect that any background elec-

tromagnetic field gets screened. This implies that electric sources in the theory are

(almost) free, since their electric fields can be absorbed by the vacuum condensate

and their interaction energy drops o↵ exponentially. Magnetic charges behave very

di↵erently. The magnetic field lines have no condensate where to, say, end on. The

result is that magnetic field lines tend to be expelled from the vacuum (this is the

well-known Meissner e↵ect taking place in superconductors). The minimum energy

configuration is for the magnetic field to be confined to a thin flux tube connecting

opposite magnetic charges. Therefore, in the Higgs mechanism, electric charges are

screened and magnetic charges are confined (note: this is strict confinement).

In the model above what condenses (let us focus, momentarily, on the vacuum

at u = ⇤2) is not an electric charged state, but a magnetically charged one. By

electromagnetic duality it follows that here magnetic charges are screened, while

electric charges are confined. So, eventually, we do have a confining vacuum (due to

a magnetic dual of the Meissner e↵ect)! This is a concrete realization of an old idea,

due to ’t Hooft and others, that confinement in non-Abelian gauge theories maybe

due to monopole condensation. The point u = �⇤2, where a dyonic field condense,

is just related to the latter by a di↵erent electro-magnetic duality rotation. There,

both electric and magnetic charges are confined but dyonic charges proportional to

(1,�1) won’t, they will just be screened. This is known as oblique confinement, also

proposed by ’t Hooft long ago.

The result we got is beautiful from several point of views. First, it shows that

the presence of magnetically charged solitons becoming massless somewhere on the

moduli space is necessary to match N = 2 dynamics with N = 1 via holomorphic

decoupling, one of our guiding principles all along this course. Second, it gives an

a posteriori consistency check about the claim that two and only two singularities
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should be there on M. Finally, it shows (at least in this softly broken N = 2 model)

that confinement is due to monopole condensation, providing a concrete realization

of the old idea that this could in fact be the way electric charge gets confined.

12.4 Seiberg-Witten theory: generalizations

Till now we have been focusing on pure N = 2 SYM with gauge group SU(2). The

story can be generalized to gauge groups with higher rank and/or coupled to matter

fields.

We are not going to discuss these generalizations in detail and refer the interested

reader to the references at the end of this lecture. Still, we want to make a few

remarks and discuss in some detail one (instructive) example.

For G = SU(2) and no matter we have learnt that the moduli space, whose

complex dimension is one, is the complex plane u with two singularities at u =

±u0 (beside the singularity at infinity), exchanged by the residual Z2 R-symmetry.

At these two singularities magnetically charged objects, a monopole and a dyon,

respectively, become massless. The metric on the moduli space can be described via

an auxiliary elleptic curve, a Riemann surface �(u) of genus n = 1 (a torus), whose

modulus ⌧ can be explicitly computed and corresponds (in fact, its imaginary part

does) to the metric itself, the only unknown in the low energy e↵ective action.

Gauge groups with higher ranks mean moduli spaces M with complex dimen-

sion n, locally Cn/WG, where WG is the Weyl group of the gauge group G, n the

gauge group rank and uI , I = 1, . . . , n, gauge invariant coordinates on M, see e.g.

eqs. (12.5). As already discussed, these theories are generalizations of the (N = 2

supersymmetric version of the) Giorgi-Glashow model. As such, they admit several

types of charged soliton-like solutions which, in the BPS limit, satisfy the BPS mass

formula (12.35). The low energy e↵ective action is form-invariant under electro-

magnetic duality rotations, which are generated by Sp(2n,Z). Again, one finds

that on the quantum exact moduli space there are singularities where magnetically

charged states become massless. The prepotential is not globally defined and dif-

ferent charts (duality frames) should be used. In order to extract the metric on the

moduli space, one can again make use of auxiliary elliptic curves �(uI), generaliza-

tions of the curve (12.61), which are genus n Riemann surfaces, now, and can be

described as a double-sheeted x plane with n+ 1 branch cuts. The period matrix ⌧

of these genus n two-dimensional surfaces, which is defined in analogy to the mod-
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ulus of a torus and whose imaginary part is in fact positive, gets identified with the

gauge coupling matrix ⌧ and hence determines the metric on the moduli space and,

in turn, the exact low energy e↵ective action (12.41).

A genus n Riemann surface, figure 12.8, can be characterized in terms of n pairs

of homology cycles AI and BI and, correspondingly, period integrals defined as

!IL =

I

AI

⌦L , !D
J

L
=

I

BJ

⌦L I, J, L = 1, . . . , n , (12.78)

where ⌦L are n independent holomorphic one-forms, generalizations of the unique

holomorphic di↵erential ⌦ defined on genus 1 surfaces, eqs. (12.64). The period

matrix is given by

⌧ = !D · !�1 (12.79)

(to be understood as a matrix equation), which ensures that Im ⌧ > 0. The identi-

fication goes as before. In particular, the period matrix (12.79) gets identified with

the gauge coupling matrix and the periods with the u derivative of aI and a J

D
, that

is

!IL =
@aI
@uL

=

I

AI

@d�

@uL

, !D
J

L
=
@a J

D

@uL

=

I

BI

@d�

@uL

(12.80)

and

aI =

I

AI

d� , a J

D
=

I

BJ

d� , (12.81)

where d� is again the Seiberg-Witten di↵erential.

…..

A1
A2 An�1 An

BnBn�1B1 B2

> > >>

>>> >

Figure 12.8: A genus n Reimann surface with the basis of homology cycles AI , BJ .

What about adding matter? The presence of matter fields opens-up the possi-

bility for Higgs branches. However, in what follows we will focus on the Coulomb

branch only, since, as already emphasized, that is the only component of the moduli

space which gets modified at the quantum level. Note, also, that since we want

to keep the theory UV-free, matter is constrained, there cannot be too much. For
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instance, adding matter to SU(2) SYM one can add up to three hyermutiplets in

the fundamental representation or, if allowing a vanishing � function, four hyper-

multiplets in the fundamental representation or one in the adjoint (the latter case

corresponds to N = 4 SYM).

While matter fields do not change the dimension of the Coulomb branch (and

so the genus of the corresponding Seiberg-Witten curve), they do change its singu-

larity structure. One way to see this is to notice that hypermultiplets enjoy two

contributions to their (e↵ective) mass: the bare mass mi and, whenever the adjoint

chiral superfield � gets a VEV, the one inherited from the N = 2 supersymme-

try preserving cubic coupling, eq. (12.32). So, one expects new singularities on

the moduli space wherever the two mass contributions cancel each other and the

(charged) hypermultiplets become e↵ectively massless. Notice, further, that in order

to understand the monodromy associated to these singularities, one should use the

generalized BPS mass formula

Z = a · ne + aD · nm +
FX

i=1

1p
2
miSi , (12.82)

in place of (12.35).

In order to construct the curves �(uI) concretely, one should follow the same

logical steps we discussed for the SU(2) theory, some of the guiding principles being

matching their singularity structure with the appearance of massless particles in

the N = 2 theory spectrum, R-symmetry (and in this case also flavor symmetry)

considerations as well as agreement, by holomorphic decoupling or scale matching,

with curves with less flavors or smaller gauge groups. In any event, one ends up

with equations like

y2 = f(x, uI ,mi,⇤) , (12.83)

where uI , the moduli space coordinates, parametrize the period matrix ⌧ of the

curves, eq. (12.79), mi are hypermultiplet bare masses (where i = 1, . . . , F ) and ⇤

is the strong coupling scale (we are assuming, for simplicity, that the gauge group

G is simple).

It should be remarked that di↵erent parametrizations can be used to represent

the curve associated to the moduli space of a given theory. Some may be more useful

than others, depending what one wants to look at. For this reason, in the literature

(and in the references at the end of this lecture) di↵erent parametrizations can be

found. Needless to say, they are all physically equivalent, as they should. We will

see one such example shortly.
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Admittedly, despite the clear logical steps and guiding principles one can follow,

some amount of educated guesswork is usually needed to find the correct curves.

That is to say, there is not an overall recipe to construct the Seiberg-Witten curve

for an arbitrary theory.

This said, a systematic way to construct a large class of Seiberg-Witten curves

does exist and relies on M-theory, where a physical meaning can be given to the

Riemann surfaces (the curves) themselves. Four-dimensional N = 2 theories can be

engineered from M5 branes wrapped on suitably chosen two-dimensional compact

surfaces. At low energy, smaller than the typical size of the surface, the theory

becomes e↵ectively four-dimensional and preserves N = 2 supersymmetry. Such

Riemann surfaces are nothing but the Seiberg-Witten curves! This makes several

properties of the low energy e↵ective theory having a geometrical interpretation

which often helps.

As already stressed, there are a number of consistency checks one can make on

the curves (12.83). For example, by making one hypermultiplet massive, that is

taking its mass mi large, eventually mi ! 1, one can integrate the hypermultiplet

out and end on the theory with one flavor less, and then show that the limit of the

corresponding curve agrees with the curve with one less hypermultiplet. Similarly,

by letting one of the vacuum expectation values becoming large, one obtains a limit

in which the gauge group is higgsed at high energy, e.g. SU(N) ! SU(N � 1).

Again, the corresponding limit of the SU(N) curve should agree with the curve for

SU(N � 1).

12.4.1 A case study: N = 2 SU(2) SQCD with one flavor

To make the above discussion a bit more concrete, we will now work out one of

the simplest generalizations of the original Seiberg-Witten model, namely N = 2

SQCD with gauge group SU(2) and one massive hypermultiplet in the fundamental

representation. The proposed corresponding Seiberg-Witten curve reads

y2 = x2(x � u) � ⇤6
1 + 2m⇤3

1 x , (12.84)

where, with obvious notation, ⇤1 is the strong coupling scale.

Let us first check that upon holomorphic decoupling one recovers the curve for

the unflavored SU(2) gauge theory. If we send m ! 1 keeping m⇤3
1 fixed, the

flavor decouples and, using the scale-matching relation ⇤4 = m⇤3
1, one ends up with
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the curve

y2 = x2(x � u) + 2⇤4 x . (12.85)

This is the curve for pure SYM with gauge group SU(2), although in a di↵erent

parametrization (and normalization) with respect to eq. (12.61). Let us see how

these two parametrizations are related.

First, as previously noticed, in a normalization where charged fields transforming

in the adjoint representation of the gauge group have integer charges, those of fields

transforming in the fundamental are half integers. Hence, in making a comparison

between gauge theory with and without matter, it is convenient to first change the

normalization we used to treat SU(2) pure SYM and multiply, in eq. (12.30), ne by

2, so to ensure ne to still be an integer, and divide a by 2, so to ensure that (12.30) is

unchanged. This change of conventions corresponds to the following transformation

on the vector (aD, a)  
aD
a

!
!
 
1 0

0 1/2

! 
aD
a

!
, (12.86)

which changes monodromy matrices as
 
a b

c d

!
!
 
1 0

0 1/2

! 
a b

c d

! 
1 0

0 2

!
=

 
a 2b

c/2 d

!
. (12.87)

With these normalizations, the monodromy matrices (12.57) and (12.60) become

M1 =

 
�1 4

0 �1

!
, M⇤2 =

 
1 0

�1 1

!
, M�⇤2 =

 
�1 4

�1 3

!
(12.88)

The corresponding elleptic curve reads

y2 = x2(x � u) +
1

4
⇤4 x , (12.89)

which, by a constant rescaling of ⇤, coincides with (12.85).

As compared to (12.61), the above expression makes it less transparent the points

on the complex plane u where singularities arise, namely where two branch points

collide and the curve degenerates. To this aim, regardless the parametrization one is

using, it su�ces to compute the discriminant of the x-poynomial, � =
Q

i<j
(↵i�↵j)2

(where ↵i are the roots of the polynomial), and find the values of u such that some

roots coincide. For a cubic polynomial of the form

x3 + bx2 + cx+ d , (12.90)

40



we have � = b2c2 � 4c3 � 4b3d+ 18bcd � 27d2 which applied to eq. (12.89) gives

� =
1

16
⇤8(u2 � ⇤4) , (12.91)

which vanishes at u = ±⇤2, in agreement with our previous analysis. More generally,

the roots ↵i of the x-polynomial (i.e. the branch points) are functions of the parame-

ters of the theory which, in the pure SYM SU(2) are just u and ⇤, ↵i = ↵i(u,⇤). The

explicit form of these functions (and their number!) depends on the parametrization

chosen to describe the elliptic curve. For example, in the parametrization (12.61)

they are ↵1 = ⇤2,↵2 = �⇤2,↵3 = u, while in the parametrization (12.89) they are

↵1 = 0,↵2 = 1/2(u+
p
u2 � ⇤4),↵3 = 1/2(u�

p
u2 � ⇤4). What does not (and can-

not) change, instead, are the number and the locations of the singularities on the u

plane (namely the values of u for which two or more roots coincide), nor the nature

of the particles becoming massless there, since these are physical information.

Let us now go back to the curve (12.84), and look at the singularity structure

of the moduli space of N = 2 SQCD with F = 1 more carefully. As compared to

pure SYM, we expect now three singularities at finite distance in the u plane. This

can be seen as follows. Let us first suppose the mass m to be very large. Then, at

roughly the scale |m| the hypermultiplet decouples and, below that scale the theory

behaves, e↵ectively, as SU(2) SYM. This suggests that the structure of the moduli

space in the region |u| << |m2| should be the same of the pure SU(2) theory, with

two singularities at u ' ±⇤2. Moreover, following our general discussion, we expect

a third singularity where the hypermultiplet becomes e↵ectively massless. For m

large, this could only happen in the large VEV region where u = a2. One can then

easily see that a balance, and hence a potential cancellation, between the bare mass

and the one coming from the cubic term in the superpotential, eq. (12.32), will occur

at u ' m2. Consistently with holomorphic decoupling, sending m ! 1 this third

singularity is pushed all the way to infinity and one recovers, correctly, the pure

SU(2) SYM moduli space of figure 12.5.

Let us now consider the other extreme case, namely m = 0. While a mass term

for the hypermultiplet completely breaks the R-symmetry, in the massless case there

is a preserved Z6 R-symmetry at the quantum level. The u coordinate has R-charge

4 and one can then easily see that each point on the u plane preserve a Z2 symmetry.

Hence, in the massless case we expect three strong coupling singularities, related by

the broken Z3 generators.

The above conclusions can be checked analytically from the curve (12.84), by
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computing the discriminant and the three roots expanding the result for large, re-

spectively small m. The discriminant of the x-polynomial (12.84) is

� = 4m2u2⇤6
1 � 32m3⇤9

1 � 4u3⇤6
1 � 27⇤12

1 + 36um⇤9
1 . (12.92)

Let us consider first the large mass regime, m >> ⇤1, eventually m ! 1 keeping

m⇤3
1 = ⇤4 fixed. One can compute � at u ' m2 and find � = 0 + O[(⇤1/m)3)].

Similarly, at u2 = ±8⇤4, one finds � ⇠ 0 ± O[(⇤1/m)3/2)]⇤4, as expected. In the

massless case, m = 0, the discriminant reduces to � = �4u3⇤6
1 � 27⇤12

1 and one

easily sees that the three singularities are instead located at

u =

✓
�27

4
⇤6

1

◆1/3

, (12.93)

which shows, as anticipated, that they all are in the strong coupling region and get

transformed one another by Z3 rotations. Clearly, one can interpolate between these

two extreme cases by continuously increasing (decreasing) m. Figure 12.9 shows how

the moduli space changes as we vary the hypermultiplet mass.

x x

u

�2
0��2

0

x
m2

x x

u

x

�2
1

e2/3�i�2
1

e4/3�i�2
1

add 

mass x x

u

�2
0��2

0

mass 

infinity
!!

Figure 12.9: The moduli space of N = 2 SQCD with F = 1 as we vary the hyper-

multiplet mass. In the limit of infinite mass one recovers the pure SU(2) moduli

space, rightmost figure.

Interestingly, the nature of the hypermultiplet becoming massless at the three

singularities depends on m. When m is large, the two strong coupling singulari-

ties (and the associated monodromies) are basically the same as the pure theory,

and the corresponding massless particles a monopole and a dyon, respectively. At

u ' m2 the (elementary) hypermultiplet becomes massless, which is an electrically

charged object. So, for m ! 1 the (p, q) charge of the massless particles are

(1, 0), (1,�1), (0, 1). As we decrease |m| the three singularities become closer and

closer and more and more similar to those of the massless theory, which are related
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by Z3 rotations. So there is less and less a clear distinction between hypermultiplets

coming from solitons or from elementary objects. In fact, in the massless case the

(p, q) charge of the massless particles can be easily computed to be (1, 0), (1, 1), (1, 2),

which is very di↵erent from the massless spectrum in the large mass case. This does

not hurt. The mass is a UV parameter and, as we change it, we do change the

theory. Hence, that the physics changes should not come as a surprise.

Notice, finally, that at any given singularity, regardless the value of m, there

always exists a dual frame where the massless particle is ”electric” and the e↵ective

theory is then nothing but N = 2 SQED with one massless flavor.

Argyres-Douglas theories

In this model there is a choice of UV parameters which makes one of the singular

points of the u-plane special. Let us first recap. The roots of the x-polynomial are

functions of the Coulomb branch parameter u, the strong coupling scale ⇤1 and the

hypermultiplet bare mass m, ↵i = ↵i(u,⇤1,m). There exists three di↵erent ways to

collide two branch points, ↵1 = ↵2,↵1 = ↵3 or ↵2 = ↵3, which correspond to the

three singularities of the u-plane discussed above, where the A or B or A+B cycles

collapse and one hypermultiplet (no matter its nature) becomes massless. This is

what happens for generic values of m. Can something more singular happen?

Let us choose the mass m to be m = (3/2)!⇤1 with !3 = 1. With this choice

the Seiberg-Witten curve (12.84) becomes (we set for simplicity ⇤1 = 1 and ! = 1)

y2 = x2(x � u) + 3x � 1 , (12.94)

while the discriminant (12.92) reads

� = 9u2 � 108 � 4u3 + 54u � 27 . (12.95)

Singularities on the u-plane occur at those values of u for which the discriminant

vanishes. In the present case it so happens that two singularities on the u-plane

merge. There is one singularity at u = �15/4 where two roots of the x-polynomial

coincide and another one at u = 3 where all three roots coincide. Indeed, when

u = �15/4 we get y2 = (x+ 2)2(x � 1/4) while for u = 3 the Seiberg-Witten curve

becomes y2 = (x � 1)3 and all branch points coincide at x = 1. This means that at

u = 3 both A and B cycles shrink and all three (mutually non local!) hypermultiplets

become massless.
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This is something not specific to SU(2) SQCD with one flavor, but it can happen

whenever the gauge group rank is larger than one or, as in the present case, if matter

is added to pure SYM: there exist special points on the moduli space, known as

Argyres-Douglas points, where mutually non-local objects become simultaneously

massless. This means that there does not exist a duality frame in which all (light)

fields are electric and that the theory cannot be as simple as SQED coupled to

massless flavors. What that can be?

It is believed that at points where mutually non-local objects becomes simul-

taneously massless the theory enjoys an interacting (as opposed to free) conformal

phase. At first sight this might sound surprising. Coleman-Gross theorem states

that in four dimensions any theory of scalars, spinors and abelian gauge fields is

IR-free. Our low energy e↵ective theory is abelian and, as we already emphasized,

there are no points whatsoever on the quantum moduli space where extra gauge

bosons (extra with respect to those associated to U(1)n, where n = RankG) become

massless. So there seems not to be room for an interacting fixed point.

Actually, as we already observed, what is special about these points is that

cycles having non-vanishing intersections (like the A and B cycles of the two-torus)

simultaneously shrink there. Physically, this corresponds to, e.g. a dyon and a

monopole, or a dyon and an electrically charged object becoming simultaneously

massless. This is a situation where the Coleman-Gross theorem cannot be proven,

since the theory lacks a Lagrangian description. As we now discuss, it turns out

that at such points the theory enjoys an interacting abelian Coulomb phase.

Let us consider a CFT in four dimensions and focus on fields’ scaling dimensions

� and Lorentz spins. The latter can be represented as (j+, j�), the two eigenvalues

being SU(2) quantum numbers. Unitarity and conformal symmetry provide lower

bounds on the scaling dimensions of various operators. For instance, for a ”chiral”

primary operator (an operator annihilated by special conformal generators Kµ and

for which either j+ or j� vanish) the following inequality holds

� � j+ + j� + 1 . (12.96)

For non-chiral primaries, instead

� � j+ + j� + 2 . (12.97)

Equality in the above equations holds for free fields. Take the field strength operator

Fµ⌫ with given conformal dimension �. This is the sum of two conformal primary
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operators, schematically F± = F ±⇤ F , whose Lorentz spins are (1, 0) and (0,1),

respectively. One can show that the states associated to the conserved currents

J±

µ
= @⌫F±

µ⌫
= ⇤dF± satisfy the equation ||J±

µ
i|2 = 2(� � 2). So we see that � = 2

if and only if the currents are null vectors, J± = 0, which are nothing but the

Bianchi identity and the equation of motion of a free Maxwell theory. Conversely,

if F is not free � > 2 and both J+ and J� are di↵erent from zero. Since they

are descendants of di↵erent primary fields, they are linearly independent and, in

turn, this implies that both the electric current Je = J+ + J� and the magnetic

current Jm = J+ � J� are non zero. So we conclude that in a CFT any interacting

field strength must couple both to electric and magnetic charged objects. In other

words having both elementary monopoles and electric charges allow QED to have

a non-trivial fixed point, while QED without elementary monopoles cannot have a

non-trivial fixed point (in agreement with Coleman-Gross theorem).

We have seen that in our theory (for a proper choice of the UV mass parameter)

at the u = 3 singularity mutually non-local objects become massless and so, by the

above argument, the IR dynamics is believed to be described by an interacting fixed

point, a so-called Argyres-Douglas theory.

In all this discussion supersymmetry did not play any role. Not surprisingly,

however, the extra constraints imposed by N = 2 supersymmetry let one get more

clues on the property of the interacting fixed point, for example by providing the

exact scaling dimension of some CFT operators. As discussed in § 6.3, a new feature

of the superconformal algebra as compared with the conformal algebra is that there is

another symmetry generator under which operators transform, the R-symmetry. In

the N = 2 superconformal algebra this is U(2)R and operators are also characterized

by the U(1)R charge R and SU(2)R ”spin” I. From the superconformal algebra one

can show that a chiral primary operator (a state with j� = 0 and annihilated by

the supercharge Q̄i

↵̇
) satisfies the relation

� = 2I +
1

2
R � 2I + j+ + 1 . (12.98)

Let us now consider the N = 2 vector superfield. In N = 2 superfield formalism

this is a scalar superfield U satisfying the chiral constraint

D↵̇iU = 0 where i = 1, 2. (12.99)

Using N = 2 unconstrained superfield formalism one can show that in N = 1

language this has the same field content of a chiral superfield � and a gaugino
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superfield W↵. The lowest component of U , that we dub u, has I = 0 and Lorentz

spin (0, 0), so �(u) = 1
2R(u) � 1. This implies that �(F+) � 2 and, when the

equality is saturated we have that dF+ = 0 (recall previous discussion). When

R(u) = 2 (and hence �(u) = 1) the superfield U satisfies also the equation

D↵(iDj)
↵
U = 0 . (12.100)

which is then equivalent to say that the field is free and there is a null state, dF+ = 0.

For an interacting vector multiplet eq. (12.100) does not hold, but just (12.99), there

are no null states and electric and magnetic currents cannot vanish.

Let us now consider the Coulomb branch of N = 2 SU(2) SQCD. At a generic

point we have a free Maxwell theory described by a free N = 2 U(1) vector multiplet

U with �(u) = 1. What changes in the IR theory if we add a relevant operator in

the UV theory, like a mass term for the one flavor?

If we shift the elementary hypermultiplet UV mass m, the prepotential of the

e↵ective theory is modified. The leading order operator at a given point on the

moduli space can be obtained by expanding the variation of the prepotential: the

constant term would not contribute, the linear one,
R
d4✓U , using eqs. (12.99) and

(12.100) can be shown to be a total space-time derivative so the leading term is

proportional to U2 and provides a shift of the e↵ective coupling ⌧ . The same holds at

singular points of the Coulomb branch where one hypermultiplet becomes massless,

since a mass term can be absorbed in a shift of U and again the linear term in U

does not contribute.

At an interacting fixed point, instead, U is chiral but eq. (12.100) is not satisfied

anymore. Hence, at such special point, if it exists, the leading e↵ect is the linear

one Z
d4✓mU (12.101)

which does not vanish now, implying that

�(m) +�(U) = 2 . (12.102)

This shows that m is a source for the CFT operator U .

Let us now go back to the special point u = 3,m = 3/2 of our model where the

IR dynamics we now know is a SCFT, and let us expand the curve (12.94) around

such point in terms of shifted variables (M, ũ, x̃) defined as

m =
3

2
+M , u = 3 + 2M + ũ , x =

1

3
u+ x̃ . (12.103)
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We get

y2 = x̃3 � 2(M + ũ)x̃ � (ũ+
4

3
M2) + . . . , (12.104)

where the dots are higher order terms in M and ũ, which are both small in a

neiborhood of the fixed point. From the above equation we see that in order to see

the cubic singularity at ũ = M = 0, meaning that nothing should dominate against

x̃3 in (12.104) - we have to assign the following relative scaling

�(x̃) : �(M) : �(ũ) = 1 : 2 : 3 . (12.105)

So in eq. (12.104) we can drop ũ x̃ and M2 terms and get the simplified expression

y2 = x̃3 � 2Mx̃ � ũ (12.106)

at the SCFT point. Remarkably, from the scaling dimensions of the coe�cients of

the curve (12.106) one can extract the scaling dimensions of CFT operators. The

polynomial (12.106) determines the scaling dimensions of the various couplings, up

to an overall scaling. This can be fixed recalling that a ⇠ (ũ/y)dx̃ gives the mass of

BPS particle and hence should have scaling dimension one. From (12.105) we have

[y] =
3

2
[x̃] , [ũ] = 3[x̃] , [M ] = 2[x̃] (12.107)

and using that [a] = 1 we finally get

[x̃] =
2

5
, [ũ] =

6

5
, [M ] =

4

5
, [y] =

3

5
. (12.108)

From these relations we learn a few interesting facts:

• We get the exact scaling dimension of ũ, and this is larger than 1, showing we

are at an interacting fixed point, as expected. Notice, further, that since in

the UV u = 1
2Tr�

2 has dimension � = 2, we see that u acquires an order one

anomalous dimension along the RG flow, in agreement with the idea that we

are at a strongly coupled fixed point.

• �(ũ) +�(M) = 2 in agreement with the idea that M is the dual coupling to

Ũ , Ũ is a genuine operator and
R
d4✓M eU a deformation out the fixed point

theory.

• Since �(ũ) < 2,
R
d4✓M eU is in fact a relevant deformation.
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As already remarked, Argyres-Douglas fixed points do not exist only for the

theory we have been considering. For instance, as far as SU(2) SQCD, there exist

Argyres-Douglas CFTs for any F  3. The same happens for the other minimal

generalization of the original Seiberg-Witten model, namely pure SYM with gauge

group SU(3) (which is actually the first instance where this phenomenon was dis-

covered) and several generalizations thereof.

12.5 N = 4: Montonen-Olive duality

In view of discussing N = 4 SYM, it is useful to do a step back and consider

again the original Georgi-Glashow model, which, as already stressed, finds a natural

embedding both into N = 2 and N = 4 SYM.

In the BPS limit, all states of the Giorgi-Glashow model satisfy the BPS mass

formula (12.22). Combined with Dirac quantization condition, it implies that states

carrying magnetic charge are very heavy at weak coupling and states carrying electric

charge are heavy at strong coupling, and viceversa. Therefore, one could imagine

that at strong coupling the rôles of electric (fundamental) and magnetic (solitonic)

sources are interchanged, and that the theory at strong coupling is a theory of light

monopoles. This idea was put forward by Montonen and Olive which suggested

that the Giorgi-Glashow model could have two completely equivalent descriptions,

related by a S-duality transformation, one in terms of electric sources and one in

terms of magnetic sources, the two being exchanged under S duality (which indeed

interchanges electric and magnetic couplings).

There are two non-trivial evidences in favor of such duality in the Giorgi-Glashow

model:

• The BPS mass formula (12.22) is S-duality invariant.

• One can explicitly show that there is no interactions between two monopoles,

while there is a non-vanishing interaction between a monopole and an anti-

monopole. If duality is correct, since upon S transformations monopoles and

gauge bosons are exchanged, the same should hold for the W+ and W� bosons

in the Giorgi-Glashow model. This has been shown to be the case. Basically,

in the BPS limit the (massless) Higgs field contributes exactly the opposite

to the photon in the interactions between W ’s with equal charge, and exactly

the same to the photon in the interactions between W ’s with opposite charge.
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These convincing evidences, however, are not enough to conclude that Montonen-

Olive duality is realized in the Giorgi-Glashow model. For one thing, as already

noticed, there is no guarantee that the (semi)classical BPS mass formula (12.22)

holds at quantum level (di↵erently from theories with extended supersymmetry).

Second, another necessary condition for the duality to hold is that the W± bosons

and monopoles carry the same spin. Both these two crucial requirements cannot be

verified in the Giorgi-Glashow model (and most likely are not met).

What about the supersymmetric version of this story?

The persistence of (12.22) at the quantum level ensured by the N = 2 super-

symmetry algebra, could suggest that exact S duality could be realized in N = 2

theories. However, the other necessary condition, namely that monopoles should

have the same quantum numbers of massive gauge bosons, does not hold. Mag-

netically charged states sit in hypermultiplets, which do not accomodate spin one

particles. In fact, we have seen that in N = 2 theories a quite di↵erent duality is

realized, which is not an exact duality but rather a electro-magnetic duality which

holds at the level of the IR e↵ective theory. As we are going to discuss below, N = 4

SYM, instead, is believed to realize exact S duality.

There are several facts which suggest this to be plausible. We enumerate them

in turn.

First, we know from the representation of the supersymmetry algebra that in

N = 4 massive representations cannot be anything but BPS multiplets containing

spin one particles. This implies that monopoles and dyons sit in vector multiplets, as

gauge bosons do, di↵erently from N = 2 SYM. In fact, in N = 4 SYM all physical

states (massive or massless) sit in BPS saturated vector multiplets, which is the

only possible supersymmetric representation in theories without gravity, see § 3.1

and 3.2.

Second, di↵erently from N = 2, in N = 4 the BPS bound (12.22) does not only

hold true at quantum level, but non-renormalization theorems guarantee that the

quantities therein are classically exact, cf lecture 6. Hence, the U(1) couplings enter-

ing the e↵ective Lagrangian (12.1) do not renormalize, i.e. ⌧IJ are free parameters

and they are all proportional to the (non-abelian!) UV-coupling ⌧

⌧IJ = CIJ ⌧ , (12.109)

where CIJ is the Cartan matrix of the gauge group G. This suggests that, unlike

for N = 2 theories, the electro-magnetic duality of the e↵ective theory may propa-
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gate all the way to the UV. Indeed, the Sp(2n,Z) transformations (12.34) - which

leave the low energy e↵ective action form-invariant - contain transformations which

would act on the UV coupling ⌧ , via eq. (12.109), as ⌧ ! ⌧ + 1 and ⌧ ! �1/⌧ ,

which generate the group Sp(2,Z). This implies that theories with UV couplings

⌧ related by Sp(2,Z) transformations are physically equivalent. That is to say, not

only theories where electrically charged, respectively magnetically charged states are

the fundamental degrees of freedom are physically equivalent. All theories whose

fundamental degrees of freedom are dyonic states related to purely electric ones by

a Sp(2,Z) transformation

⌧ ! a⌧ + b

c⌧ + d
, (nm, ne) ! (nm, ne)

 
d �b

�c a

!
with

 
a b

c d

!
2 Sp(2,Z) , (12.110)

are. Notice how di↵erent this duality is with respect to the IR dualities discussed

previously, which act at the level of free IR e↵ective U(1)’s theories. Here we are

claiming that di↵erent interacting theories, with di↵erent UV couplings and di↵erent

UV degrees of freedom, are physically equivalent!

Third, if Montonen-Olive duality is an exact symmetry, not only monopoles and

dyons should carry the same Lorentz representations as gauge bosons: the whole

spectrum of the theory should be duality invariant. In particular, given that massive

gauge bosons are BPS states with charges (nm, ne) = ±(0, 1), there should also be

in the theory all BPS states which can be obtained acting on ±(0, 1) with Sp(2,Z)
transformations (one state for all relatively prime choice of electric and magnetic

charges). Several evidence and consistency checks were given showing this to be the

case for N = 4 SYM.

Finally, we cannot resist saying that the strongest evidence for Montonen-Olive

duality in N = 4 SYM comes, in fact, from string (and M -) theory. There, it

exists an intricate set of dualities between di↵erent string theories which implies, as

a by-product, Montonen-Olive duality of N = 4. The self-consistency of this web of

dualities has passed many tests and it is regarded as an independent indication for

the S duality of N = 4 SYM.
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12.6 Exercises

1. Consider the three following parametrizations of the elliptic curve for pure

N = 2 SU(2) SYM

y2 = (x � ⇤2)(x+ ⇤2)(x � u)

y2 = x2(x � u) +
1

4
⇤4x

y2 = (x2 � u)2 � ⇤4

Show that they are physically equivalent. In particular, that the number and

the locations of the singularities on the u plane as well as the nature of the

particles becoming massless there, do not depend on which curve one considers.
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