EXAMINATION 1

(1) Let A be a linear operator from the vector space X into itself.
e Assume that X is finite dimensional. Using the decomposition of A in Jordan blocks, prove
that
codim(Ra) — dim(Na) = 0.
Prove also that if N = dim X, then
dim(NAN) = dim(NANJrk) Vk € N.
e Find an example of an infinite dimensional space X and an operator A : x — X such that
codim(Ra) — dim(Na) #0
and
dim(Nar) > dim(Nam) Vn >m.
(2) Consider the space

X = {u: (ul,UQ,Ug,,...),jj{n:un 7&0} <oo},

i.e. the set of sequences which has a finite number of elements different form 0, with the topology
inherited from RY.

e Find the bounded sets of X and prove that they are compact.

e Show that the countable family of seminorms

Pn(u) = |un|
generate the same topology: give an explicit invariant metric d on X.
e Show that
x=Ja,
ieN
with C; closed and with empty interior. Deduce that d is not complete.

e Show directly with an example that d is not complete.
(3) Let X be the same vector space as before, but with the norm

[[ull = sup [un.
neN
e Prove that the completion of X is
co = {u = (u1,ug,us,...), lim w, = O},
n—oo

which is a Banach space.
e Let £ € (¢)* be a linear continuous functional. Show that

1l ey = Y nl,
n=1

1 2=n
(6")i:{0 itn

e Show that the vector base {e, }nen is not a linear Hamel base.
(4) Let B(S) be the set of uniformly bounded functions from a set S into R. Consider a subspace Y’
and a functional £ : Y — R such that

where ¢, = le,,, with

y>0onS = /{ly>0.
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e Show that if Y contains the function 1 (i.e. the function with constant value 1), then ¢ can
be extended to a positive functional on all B(S), i.e.

xz(t) >0,teS = {lx>0.

(Consider the function p(z) = C'sup,cg x(t), with C has to be chosen.)
e Find an example where such an extension is not possible.
(5) Let X as in exercise (2) with the sup norm

[[ul| = sup |un|,
neN
and consider the two sets
A:{ueX:ugn:O,neN}7 B:{ueX:u2n71:2nun}.
e Show that A, B are closed, and that ANB =0, X = A+ B.
e Prove that P4, Pp defined by the equation
x = Pyx + Ppx, PAZ‘EA, Ppz € B,
are not continuous. Deduce that X is not complete.
e Consider the norm
ull = Sup{Qn\U2n| =+ |u2n—1|}~
neN

Prove with this norm P4, Pg are continuous. As a consequence, show that are continuous
also in the completion of X with || - ||1.



