TOPOLOGICAL SPACES

1. TOPOLOGICAL SPACES

A topological space is a set S with a collection of subset 7 C P(S) (called open sets) such that
(1) S,0 € T;
(2) if Ey, Es belong to 7, then E; N Ey € T
(3) if E, € 7 for all « € A, then U, F, € T.
We recall below come definitions in topological spaces:
e A collection 7/ C 7 C P(S) of subset of S is a base for the topology 7 is every E € 7 is the union

of members in 7.
A set E is closed if S'\ E is an open set.

[e]
e The closure E of a set E is the smallest close set containing F, while its interior E is the largest
open set contained in F.
A neighborhood of a point p € S is any open set containing p.
The pair (S, 7) is an Hausdorff space (or separable space) if distinct points have disjoint neigh-
borhood, i.e. for all z1, x5 in S with 21 # x5 there exists E1, Es in 7 so that

(11) r1 € By, x0 € B3, EiNEy= 0.

Amap f:S—T, (T,7), (S,0) topological spaces, is continuous if
(1.2) ffYE)co VEcT.

A family of open sets F, € 7, a € A, is a covering of the set F if Uy F, D F.

E is called compact if every covering {E4 }aca contains a finite covering {Eq, }i, i = 1,...,n..
A subset is relatively compact if its closure is compact.

A topological space is locally compact if each point has a relatively compact neighborhood.

A family of sets {Cy}aca has the finite intersection property if for all finite subsets {«;}; C A

(1.3) () Ca # 0.

If S is compact and the C,, are closed with the finite intersection property, then from (1.3) it follows
that

(1.4) () Ca #0.

acA
Conversely, if for all families of closed sets {Cf }o C P(S) with the finite intersection property (1.4) holds,
then S is compact.

Proposition 1.1. In a Hausdorff space, every compact set K is closed.

Proof. For any = € K, y ¢ K there are disjoint neighborhood E,(z) of z, Ey(y) of y. Since when z
varies in K the open sets E, () are a covering of K, then we can extract a finite covering E,(z;), with
i=1,...,n. We thus have that the neighborhood

is disjoint from K. The conclusion follows because

X\K =JE(@).
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2. CARTESIAN PRODUCT OF TOPOLOGICAL SPACES

The Cartesian product [] X, of topological spaces (Xa,7s), @ € A, is the set of function f: A —
UaXa, with f(a) € X,,

(2.1) HXa:{f:AHUXa,f(a)eXaVaeA}.
acA acA
Define the projections Pg : [[, Xo — Xp by
(2.2) Ps(f) = f(B).
We define a set E € [[, Xo open if there is a finite number of indexes ai,...,®,, and open sets
E., € 7o;,1=1,...,n, so that
(2.3) E:{f:An—>UXa:f(ozi)eEaiETai,i:L...,n}.
acA

One can verify that these sets define a base of a topology, which is the weakest topology which makes
continuous all maps Pg.

Theorem 2.1 (Tychonoff). The Cartesian product X = 11,X, of compact spaces X, is compact.
Proof. Let {Mg}sep be a covering of X, and assume that there is not a finite subcovering {Mpg, }¥ ;.
Consider the closed sets

Cp = (TaXo) \ Mp.
By assumption, every finite intersection of Cg is not empty, but NgCps = 0.

Let now F be the collection of all families K = {D,}, of closed sets with the finite intersection
property and containing {Cj3}s, ordered by inclusion. If {K,}, is a totally ordered sequence in F, then
the upper bound is given by their union U, K. Thus by Zorn’s lemma there is a maximal collection of
closed sets

{D;y}yer D {Cs}pen
so that if D € II, X, is closed and D ¢ {D.,},, then {D,{D,},} does not have the finite intersection

property.
Consider now the sets

Doy = PuDy = {f(a): f € D, }.

Since X, is compact for all & € A and the family {D, -}, has the finite intersection property, then

() Dary # 0.
yel’
Choose z, € NyDq , define f by )
f(a) = Ta,

and let E'y be an open neighborhood of f of the form

Ef= {f A U Xo: f(ai) € Ef,, € Ta, with f(a;) € Ef i = 1,...,n}.
acA

If EfN Dy = 0 for some 7, then
Dj =T, X, \ E; O Dy
is a closed set such that {D, {D,},} has the finite intersection property:
DN Dy N---NDy DD3N Dy N---N D, #0.
Thus Dy € {D4},.
Consider then the sets
Df o, = {f €MaXa: f(a5) € Xa, \ Epo, |-

If none of the Dy . belongs in the family {D,},, then there exists closed sets Dy,..., D, € {D,}, so
that
Df,m ND; = 0.
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But since Dy = U; Dy ,, it follows that
DN DiN---NDy =10,

contradicting the fact that {D,}, has the finite intersection property. Thus some D,, € {D},, but this
contradicts the construction of f.

Thus f is in the closure of all D, and since these sets are closed it follows f e D, for all v. In
particular

(N Cs> (D2 {f}

peB yel’
Thus II,X, is compact. O

We say that a topological space is normal if for any two disjoint closed sets Fy, Fy there exists disjoint
neighborhood G, Go. Clearly a normal topological space in which each point is closed is Hausdorff
separable.

Theorem 2.2 (Urysohn’s Lemma). Let A, B disjoint closed sets in a normal space X. Then there exists
a real valued continuous function f(t) on X such that

0<f<1, fla=1, flz=0.

Proof. By assumption there are A, B disjoint neighborhood of A, B, and define

o

Ayjp=A, Byp=B

Then By 5 is disjoint from A, because it is contained in X \ A; /5. Similarly A4/, is contained in X'\ By 5.
We can thus write

ACAl/QCAl/QCX\Bl/QCX\B7 BCBl/QCX\Al/QCX\A.

We can repeat the procedure with the sets A, X \ A obtaining A3/, and B4, and also with B, X \ B,
obtaining A, /4, By/4. Note that by construction we have

X\ B3y CA1js CX\Bijy, X\ AipCBsy CX\ Az

Proceding with this construction, for all number of the form x = 27"k, with k € {1,3,2"™ — 1}, there
are closed sets Ajo-n, Bio—» such that for k27" < K2-m

A=A, B=DBy, Ay CApa-n, Byon C By,
and
X\ By C Agpn C X\ Bron, X\ Apon C By CX\ Ay .
Define now
o(x) = sup{k:Z_”: T € AkQ*ﬂ}, P(x) = inf{kQ‘”: x € Bkrn}.

Clearly if # ¢ Ayy—n, then @ € B,y v for k27" < kK'27™, so that one see that if ¢(x) < k2™ then
Y(x) < k2. Similarly, if ¢ B,,, ., then = € Ayy—n for k27" < k'27™, so that ¢(x) > k’27" implies
¢(x) > k'2="". Then these functions coincides.

By construction

oM B = () A 0 N(0,a)= () Biz-n,
k

2-n<b k2-">a
are closed sets. Hence for 0 < a <b < 1,

67 (@,0)) = X\ (67 (0,a) U™ (b, 1))
is open. Similarly one can treat the cases a =0 or b = 1. O

The converse of the above theorem is straightforward.



4 TOPOLOGICAL SPACES

3. METRIC SPACES

The set X is a metric space if there is function distance d : X x X +— R such that
(1) d(z,y) >0, d(z,y) = 0 if and only if x = y;
(2) d(z,y) = d(y, »);
(3) d(x,y) < d(z,2) + d(z,y).
We say that a topology 7 is generated by the metric d if a base of open sets is given by the open balls

By (x) = {y; d(z,y) <r}.
A sequence {x,, }nen in the metric space (X, d) is convergent to & € X if

(3.1) Ve > 0 there is n(e) such that if n > n(e) = d(z,,7) < e.
The limit, if it exists, is unique. We write in this case

(3.2) lim z, =z.

n—oo

A sequence {x, }nen is a Cauchy sequence if
(3.3) Ve > 0 there is n(e) such that if n,m > n(e) = d(zn, m) <€

We say that metric space is complete if every Cauchy sequence is convergent, i.e. if {x;, }nen is a Cauchy
sequence there is a & such that

lim z, =Z.
n—oo

In complete metric spaces we can prove the following lemma:

Lemma 3.1 (Baire). If X is a complete metric space, X, closed sets with empty interior, then U, X,
has empty interior.

We can rewrite the lemma as

If O,, are dense open sets in a complete metric space X, then N, 0, is dense.

Proof. Let O,, = X \ X,, open and dense. Take x € X, and its neighborhood B(z,r). By the assumption
that the O,, are open and dense, then Oy N B(xz,r) D B(x1,71) for some x1, 71 > 0. We can choose
ry <r/2.

Since O, is dense, there is a ball B(z2,72) C O2 N B(x1,71). We can choose 7o < r1/2 < r/4.

Going on we obtain a sequence of x,, r, such that

B(xp,rs) C O, NB(x,r), B(xn,rm) C O, Ym < n.

and r, <rp,_1/2<27"r.
The points x,, are a Cauchy sequence: for m < m

n—m-—1 n—m-—1
27" = (21 =2
=0 =

d(mnaxm) < Z d(xm+i+1axm+i) <

% =1

Since X is complete there is a limit Z. By construction Z is in all O,, and in the neighborhood B(x,r) of
z. U

Some terminology: if S is a topological space, a set A C S is said to be of first category if it is the
countable union of nowhere dense closed subset. The other sets are of second category. In particular we
have that complete metric spaces are of second category.

Proposition 3.2 (uniform boundedness principle). In a complete metric space X, if f, : X — R, v e Y
are a collection of continuous pointwise bounded functions,

[fu(@)| < M(z), VveT,

then |f,| are uniformly bounded by some constant M in some non empty open set O C X.
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Proof. Define the closed sets

Co= [ £, ([=nm)).
veYl
Then we have that U, C,, = X, because of local boundedness. Then by Baire’s Lemma we conclude that
some C'y has non empty interior: there is open set O C Cl, i.e.

|fu(@)| <N VezeOwvel.

4. CONTRACTION PRINCIPLE

Let (X, d) be a complete metric space. A function T': X +— X is said to be a contraction mapping if
there is a constant g, 0 < ¢ < 1, such that

d(Tx, Ty) < q-d(z,y)
for all z,y € X.
Theorem 4.1. FEvery contraction has a unique fixed point.

The proof, based on the fact that the sequence {T"x},cn is Cauchy, is left as an exercise.

There is an estimate to this fixed point that can be useful in applications. Let T be a contraction
mapping on (X, d) with constant ¢ and unique fixed point z* € X. For any xzg € X, define recursively
the following sequence

Ipn = T(,Tnfl).

The following inequality holds:

n

da*,2,) < 17

d(!El,.’E()).

5. EXERCISES

(1) Prove that the topology on the product space II, X, introduced in Section 1 is a topology.

(2) Prove that if f : S — T is continuous, S, T topological spaces, then f(K) is compact if K is
compact.

(3) Prove Alexandroff one point compactification of a locally compact space, i.e. if X is locally
compact, it can be continuously embedded into X = X U {ys}, with yo ¢ X, such that X is
compact.

(Add to the topology the open neighborhood of ¥, defined as {y.,} U (X \ O), with O relatively
compact open subset of X.)

(4) A system of sets has the finite intersection property if every finite collection has a non empty
intersection. Prove that a topological space X is compact iff for every system of closed sets M,
«a € A with the finite intersection property, then

() Mo #0.
acA
(5) Prove that if X is compact and Hausdorff, and {C, } is a maximal collection of closed sets with
finite intersection property, then

xl,xQEﬂCa — I = T2.
@

(6) Prove that in a compact metric space every sequence has at least one limit.
(7) Consider the space A = {f :[0,1] — [0,1]} with the topology of the product space

[0, 1] =T, c0.49[0,1] = { £ : [0,1] = [0,1]}.

Find a sequence which is not convergent while A is compact. Deduce that A is not metrizable.
(8) Prove that a compact Hausdorff space X is normal.
(9) Prove that locally compact metric spaces are of second category.
(10) Let X be a metric space and { K, }nen be a sequence of closed subsets of X such that K,, C K, _;.
Prove that
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e if X is complete and diam(K,) — 0, then N, K,, contains a unique point;
e If one K, is compact, then N, K, # 0.
(11) Let X be a complete metric space and, for A € [0, 1], let Ty : X — X be such that

1
d(Thz, Thy) < 5d(z,y).
Denote with z the fixed point of T). Prove that if for every = in a dense set we have
lim T3 (x) = To(x),

then x) — xg.
(12) Let X be a complete metric space, and f : X — X. Assume that for some k < 1

d(f(x), f(y) < kd(z,y) Vr,y,€ B(z,7) = {a:: d(z,7) < 7’}.

Prove that if d(z, (%)) < 7(1 — k), then f admits a unique fixed point in B(z, ).
(13) Prove that there is a unique continuous function ¢ : [0, 1] — [0, 1] such that

o(x) = %/0 sin(x + ¢(y))dy x € [0, 1].

(14) Let K € C([0,2];R) be positive and strictly decreasing, with K(0) = 1. Prove that for every
h € C([0,1];R) there is a unique solution u € C([0, 1];R) to the equation

u(z) = h(x) +/O K(z+y)u(y)dy =z €][0,1].



