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INTRODUCTION

In this paper we consider the Cauchy problem for a strictly hyperbolic system of con-

servation laws
U(O, '73) = Uo (x)

with f(-) : @ — R” sufficiently smooth, 2 C R™ open. We assume that there exists a
systems of coordinates consisting of Riemann invariants; we also assume that shock and
rarefaction curves coincide and are straight lines.

Systems of this type were studied in [10] and [11]. In particular there it is proved that
for any initial datum ug € L'(R; R™) with values in the set

E={u=(wy,...,wp):w; €a;,b;]i=1,...,n} CQ

and with bounded Total Variation, there exists a weak entropic solution u(t) = u(t,z) of
(%), defined for all ¢ > 0 and with values in E.
In [1], for a convex flux function f, it is proved that, if Dy, is the domain defined as

DMi{u R— E: ZTot.Var.(wi(u)) < M} C LY(R; E), ()

then there exists a Lipschitz continuous semigroup S; - : [0, 400) ® Dy — Dps with the

following properties:

= ISt = Ssvllz, < Cm(ft = s[4+ flu—wvllz,);

— each trajectory S;ug is a weak entropic solution of the Cauchy problem (x) with initial
datum wug;

— if ug is a piecewise constant function, then, for small ¢, S;ug coincides with the function
obtained piecing together the solutions of the corresponding Riemann problems.

In this paper we suppress the assumption of convex flux function, i.e. we do not assume

that each characteristic field is either linearly degenerate or genuinely nonlinear. Precisely

we will prove the following Theorem:

Theorem. For each M > 0 there exists a constant Cpy and a semigroup S : [0, 4+00) ®
Dyt — Dy, where Dy is defined as in (xx), such that:
a) |[Stw—SsvllL, < Cu(lt —s[+ lu—v|z,);
b) each trajectory Syug is a weak entropic solution of the Cauchy problem (x) with initial
datum ug;
c) ifug is a piecewise constant function, then, for smallt, Siug coincides with the function
obtained piecing together the solutions of the corresponding Riemann problems.

From the results of [3], it follows that the above semigroup is unique, and its trajectories
can be characterized as “Viscosity solutions” of the system (x). Our approach resembles
the approach used in [1]. The paper is organized as follows.
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In section 1 we give the fundamental definitions and we show how to solve a Riemann
problem with a non—convex flux function. In particular we show that the entropic solution
is obtained patching together the entropic solutions of n scalar equations. In section 2 we
describe the wave—front tracking algorithm used to obtain piecewise constant solutions of
(*) defined for all ¢ > 0. We also introduce the fundamental notions of Total Variation
Tot.Var.(u) and Interaction Potential Q(u) for a vector function u(z).

In section 3, using some results of [3], we obtain a useful estimate for scalar conservation
laws: we give a bound for the L!-distance between solutions of two decoupled scalar equa-
tions, bound used heavily in section 5. In section 4 we adapt the results in [2] concerning
the Shift-differentials to this special case; we show in particular how we measure the L!—
distance between two solution of (x) with different initial data generated by our algorithm.
In section 5 we evaluate the increment of this distance when there is an interaction between
shocks, and using this estimate we prove in section 6 that this distance is bounded by a
constant, depending only on E and the Total Variation of the initial datum, times the
L'-distance at time t = 0. Finally in section 7, using the standard technique developed in
[4] and adapted to this problem in [1], we conclude with the proof of the above Theorem.

1. THE RIEMANN PROBLEM

Consider a strictly hyperbolic system of n conservation laws:
ug + f(u), =0, (1.1)

where u € R™ and f : Q — R™, Q) being an open subset of R" and f(u) sufficiently smooth.
We will assume the following hypotheses:
(H1) The system is strictly hyperbolic in €, i.e. the matrix A(u) = [a;;] = [0fi(u)/0u;] has
n distinct eigenvalues {\;}i=1,.., and the following holds:

sup A;(u) < inf A\jyq(u)
M=o} u€ef
foralli=1,...,n—1.

(H2) If 7;(u) is the normalized right eigenvector corresponding to the i—th eigenvalue, then
riVr; = 0, i.e. the directional derivative of r; along r; is zero. This implies that the
i-th rarefaction curve is a straight line and coincides with the i—th shock curve.

(H3) The rarefaction curves form a system of Riemann coordinates: there exists a system of

coordinates (wq,...,w,) such that the vector % is parallel to r; for all e =1,...,n.
Consider two points u(—) = (w1(—), ..., w,(—)) and u(+) = (w1 (+),. .., w,(+)) in Q2. In
the following we call Riemann problem [u(—),u(+)] the Cauchy problem for (1.1) with

initial datum
u(— <0
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Let £ C Q) be a set defined as
E={u=(wy,...,wp):w; €[a;,b;]i=1,...,n}

for some intervals [a;, b;]. Since this set is compact, there exists a constant C7 such that

1 n n

o Y wi#) = wi(=)] < JJu(=) = u(H)] < C1 Y fwi+) —wi(=)].

i=1 =1

To solve the Riemann problem [u(—),u(+)], where u(—),u(+) € E, we consider the inter-
mediate states u; = (w1 (+),. .., wi—1(+),wi(=),...,wu(=)), i =1,...,n+ 1, ug = u(-)
and u,41 = u(+) and we solve the corresponding Riemann problems [u;,u;4+1]. As the
Riemann coordinate w; goes from w;(—) to w;(+), we consider the line u(l;) = u; +o;7;(u;)
and the scalar flux function

fioi) = /Oai Ai(ui + sri(u;))ds.

We note that o; is the signed Euclidean length along the segment L; determined by

Li ={u=(wy,...,wp) : wi(—) <w; <w;(+) (12)
w1 = w1(+), e, Wi = wi_1(+),wi+1 = wi+1(—), ey, Wy = wn(—)}, .

whose length is indicated as ||L;||; we choose the positive direction setting w;1 1 = u; +
| L;||7i(u;). Next we consider the Cauchy problem for the scalar equation

[oie + [fi(o)]e = 0
{ 7,0 = 04(0,2) = | Lil|X(0,400)(T)- (1.3)

Here and in the following x 4(-) denotes the characteristic function of the set A. Suppose
that o;(t,z) is the unique entropic solution of (1.3) and let u;(t,z) = u; + o;(t, x)r;(u;).
By the assumption r;Vr; = 0, it is an easy exercise to prove that this gives a weak entropic
solution to the Riemann problem [u;,u;11]. Now we piece together the solutions w,(t, z),
thanks to (H1), and this obviously is a weak entropic solution to the initial Riemann
problem.

2. WAVE-FRONT TRACKING ALGORITHM

In this section we construct an algorithm to obtain piecewise constant solutions of the
Cauchy problem
u(0,z) = wup.
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We base our construction mainly on [3]. Fixed a v € N we define the set
G" = {u = (w1,...,wy) :w; € [a;,b;]N Z*VZ} CE,

and we consider initial data ug € G¥ with ), Tot.Var.(w;(u)) < M, M being a fixed
constant. This set of vector functions forms a domain D7,

Dy = {u R—G": ZTot.Var.(wi(u)) < M} (2.2)

We now specify the Riemann solver: given u(—), u(+) in G¥, we solve the Riemann
problem [u(—),u(+)] piecing together the solutions of the Riemann problems for scalar

conservation laws o] (0]
o’y + f?/ o), = 0
% Uz % y 2.3
{ 95,0 = ||L; HX(0,+oo)(5U) (2:3)

where f!(o;) is the piecewise linear function that coincides with f;(o;) on G¥: precisely,
given a scalar function h(-) defined on a segment [m,n] and a finite subset

K ={m,ki,...,ks,n} C[m,n],
we define the piecewise linear function h” that coincides with h on K7 as

(= = kp)h{kyen) — (= = kys)h (k)

h'(z) =
(2) P—

if z¢€ [k?j, kj+1]. (24)

Since each solution o} (¢, x) is a solution of the scalar equation, we have an exact solution
to the Riemann problem, but this solution is in general not entropic.

At time t = 0 we solve locally the Riemann problems generated by ug. Patching together
these solutions, we have a piecewise constant solution of (2.1), until two or more wave—
fronts interact. At each time of interaction, i.e. where two or more shocks collide, we solve
again the corresponding Riemann problem according to (2.2). Since our Riemann solver
takes values in G*, our piecewise constant solution is in G¥. We denote this solution as
u”(t,z). Now we prove that this solution is defined for all times and has a finite number
of shocks.

Given a discontinuity [u(—),u(+)], we will use two equivalent quantities to measure
the strength of the jump [u(—),u(+)]. Namely, let o; be the signed Euclidean length
along the segment L;, defined in (1.2), for the Riemann problem [u(—),u(+)], while 7; is
the Riemann i-th coordinate of the vector w(u(+)) — w(u(—)). Next, given a piecewise
constant function u(t,x), we define the following two quantities:
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— the Total Variation of u(t,x) € R™ is the Total Variation of w(t, z) = w(u(t,x)), i.e.

Tot.Var.( Z |w(a )+ = Z Z |7i (v

acA acA i

where A is the set of discontinuities and w(a)+ are the values of w across the disconti-
nuity a;
— the Interaction Potential of the solution u(t,z) € R™ is

=> > InWlim(z

1<J <y

where in this case 7;(z) is the i—th coordinate of the discontinuity located at z, i.e. we
consider two wave 7;(y), 7x(x) as approaching if i < j and x < y.
We note that, with our Riemann solver, there are three types of interaction:
a) either two or more shocks of different families collide and Q decreases at least of 2177;
b) or two or more shocks of the same family with o of different sign collide and the Total
Variation of the solution, measured along Riemann coordinates, decrease at least of
21—u;
b) or two or more shocks of the same family with o of the same sign collide generating a
single shock.
Since at any interaction neither the Total Variation nor the Interaction Potential increase,
the constructed solution u”(t,z) of (2.1) at time ¢ is in DY, and has a finite number of
shocks, because each shock, measured in Riemannian coordinates (wq,...,w,), is bigger
than 277, Moreover @ is a priori bounded, so that case a) can occur only a finite number of
times. The same remarks can be applied to case b), using in this case the Total Variation,
and then also case c¢) can occur a finite number of times. Thus our solution will have a
finite number of points of interaction and it is defined for all times.
At this point, using the finite speed of propagation of shocks, it is easy to prove that
the map:

u : [0,400) — Dy,
) (2:5)
is Lipschitz continuous. We define the semigroup S} - as
S [0,400)@ DY, — Dy, (2.6)
(t,up) —  SYug = u¥(t). '



3. Ly STABILITY OF SCALAR CONSERVATION LAWS

In this section we want to give an estimate of the stability of the solution if we have a
perturbed scalar function. Precisely, we consider the following two Cauchy problems:

ug+ flu)y, = 0 ve+g(v), = 0
{ u(0) = wug’ { v(0) = o, (3.1)

with f, g sufficiently smooth. It is well known (see [8]) that equations (3.1) generate two
semigroups

St 0,40)® LY — Lt (3.2)
(t,up) — S’,fuo = u(t,x), ’
and
S9 . [0,400)® L — L (32
(t,v0) —  S{vy =v(t,x), :

where u(t, ) and v(t, z) are the entropic solution of (3.1), respectively. These semigroups
are contractive in L': if ||ug — vo||r1 < +o0, then

15 uo — Sfwoll s < Jluo — vollzr,  [1Sfuo — Sfvol|zr < [Juo — vol L1 (3.3)

We consider here initial data with values in some compact interval [m,n] of the real line;
it is well known that, by maximum principle, also the solution of (3.1) will have values in
the same interval. We define the quantity

I'= max [f'(z) —g'(z)], (3-4)

z€[m,n]

where ()" stands for the derivative. We can prove the following Theorem:

Theorem 3.1. Let u(t) = u(t,z) = S{ug, v(t) = v(t,z) = SYvy be the entropic solutions
of equations (3.1); for any time t > 0 we have

|u(t) = v(®)||2 < [Juo — vollzr + ¢ I'min{ Tot.Var.(uog), Tot.Var.(vg) }. (3.5)

Proof. We can consider wave—front approximations of the semigroups Sf - and S7 - asin
[3], because it is standard to obtain the same estimates for the entropic solutions. Thus in

the following we will consider the semigroups SLf " . and Sy " ., defined as in (2.6) for the
scalar conservation laws (3.1). Here D%, is the set

Dy, = { ue L' (R;27"Z N [m,n]) : Tot.Var.(u) < M },
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and we assume that ug, vo belong to D%,. Formula (3.3) holds also for these semigroups.
Suppose that ug is the initial datum with lowest Total Variation:

min{ Tot.Var.(ug), Tot.Var.(vg) } = Tot.Var.(ug) = T.

We recall that for the Lipschitz semigroups S{ " . and SJ " , generated respectively by f
and g, we have the estimate (see [3])

t
157 g — S ug || 10 §/ ds liminf ||SY S ug — S£+hu0||L1. (3.6)
0 h—0+

By continuity of S{ " . and Sy " . with respect to time, we have just to evaluate

o YooY fv
lim inf |57 S uo = S7, ol

outside the times of interaction, i.e. When_S;[ “ug is piecewise constant. Consider a single
shock in u(t, z), with strength b — a, with b,a € 277Z N [m, n], and speed A:

u(t, r) = aX(—oco,At) T BX[]\t,+oo)7

where 4 is the characteristic function of the set A € R. Assume for example that b > @,
the other case being similar. The Riemann problem [a, b] is solved by S{ - with N shocks,
N > 1:

N-1

i=1
where v; is ’Ehe value of v(t,x) after the i—th shock. For this simple case, v; > v;_; and
denoting a, b with vg and vy respectively, we have

N
lv(t, ) — u(t,z)|| 2 = Z(vZ —v;_1)|A; — At
i=1
N N
<t Z (UZ—Ul_l)(A—AZ)—{-t Z (vi—vi_l)(Ai—j_\) (3 7)
Aii:<1]\ Aiizzlfx
Ni N
<ty (i —vic) (A=A +t D> (v — i) (A = M),
=1 i=N1+1



for some 1 < Ny < N. Since the shock [a,b] is admissible for S{ -, if we denote with
A(—) and A(+) respectively the speeds of the shocks [a,vy,]| and [vn,,b], the following
inequality holds:

A(+) <A< A(-).

Using the above inequality and the Rankine-Hugoniot condition, we can write

i(w — v 1) (A—A;) + ¢ -:g:ﬂ(vi —vi1)(A; — A)
= g;(% vi—1)(A(=) = A9) + (vn, — vo) (A — A(=))+
t :Niﬂ(% vi-1)(Ai = A(+)) + (vn —vn, ) (A(+) = A)
< - izll(g(vz) 9(vi—1)) + flun,) = f(vo)+
':%V:H(g(w) —g(vi1)) = flon) + f(on,)

:(f(vN1> - g(UNl) - f(vo) + g(vo))+
(=f(on) + g(on) + flonm) = g(om,))

— dz (f/(Z) _ g/(z)) + /UN dz (g’(Z) _ f/(z))

Vo UNq

Using the above formula and (3.7), we have for p and h enough small

v v v LUoHrP v v v
IS8 S uo — ST puoll = > / 1578 o — SY, juol < AT |wa| < ALY,
a€A Y Ta—P acA

where A is the set of discontinuities of S/ “wo, o and w, are respectively the position
and strength of the a—th shock. We conclude, using (3.6) and the L' contraction of both
semigroups, that

lu(t)—v(®)]|rr = |1S] wo — S§ vollr < IS] w0 — SY ol +11S{ uo — S7 vol 11

t
§||u0—v0||L1—|—/ ds Timinf [S¢°51 uo — 817 uollza < lluo — voll1 + 0T, O
0 h—0t
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4. THE PSEUDO—POLYGONAL PATH

Aim of this section is to provide a way to evaluate the L;—distance between two solutions
S{u, Syv € Dy;. We use the machinery of the Shift-Differentials, adapting the results in
[5].

First we define an elementary path ((0), 6§ € [s,t], in Ly: this is a path parametrized
by 6 of the form

«o) : Isitl — L

28 =20 + &40, 20 <28 V0 € [s,1]

N
S SR E
a=1

We define a pseudo—polygonal path

v@®) : R> [a,b] — L!
6 —

as a finite concatenation of elementary paths (;(0), 0 € [a;,b;], i =1,...,I:

with a1 =1, by = b, a;41 = b, Gir1(air1) = ¢i(b;). Now we compute the length of the the
path in a metric equivalent to the L!-distance, defined as

I I b; 6
: dzy,
ol =326l =3 [ d8 3 o = ual | [ W
=1 i=1 Y% aEA (4 1)
b; )
=3 [ 3 feallale
7 ai aEA

where 1 < W, < C'is a weight, C is a constant, A is the set of discontinuities and w, is
the strength of the shock «.

Since the initial data for the approximate algorithm are with compact support, with a
finite number of shocks, given two initial data uy and vy the pseudo—polygonal path we
consider is defined as

Y2(6) = wo€(—c0,0) + V0(0,400) (4.3)

where 6 ranges over the compact set [a, b], union of the supports of ug and vg.
If we recall that the times of interactions and the number of waves for the solutions
generated by our algorithm are finite, an easy application of the techniques in [1] and [5]

gives the following Theorem:
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Theorem 4.1. Consider two different semigroup trajectories, Syw and S}yv. If vo(0) is
the pseudo—polygonal path (4.3) connecting ugp = S§u and vg = S§v, then the path ~.(0)
defined as
YO : R > [a,b] — Lt
0  — S5¢/7l(0)

is still pseudo—polygonal for any time t > 0.

5. THE INTERACTION ESTIMATE

In this section we estimate the change in L;—length of the path v4(0) = S{70(0), com-
putes as in (4.1) but with W, = 1, when the wave—front configuration changes: this
happens when there is an interaction among wave—fronts.

We recall the properties of the semigroup trajectories: Syuy € D%, is an exact solution
of (1.1) with the following properties:

) the number of interactions is finite, as well as the number of shocks;
) the Total Variation of each Riemann coordinate is decreasing;
) u, is Lipschitz continuous w.r.t. time with values in L!;
) each shock of the i—th family satisfies the following property:
either I¥(—) < ¥(+) and

vy < W) =) f () + (L= (=) f7 (17 (+))
fi (ll)z lu( )_lu( )

(2

for I; € [I¥(—),l¥(+)], or I¥(—) > 1¥(+) and

vy o W) = L) f () + (L= B () fF (1 (+)
fi (ll)g lu( )_lu( )

(2

for I; € [IY(+),1Y(-)], where f/ and [¥ are the quantities introduced in (2.3) and (2.4).
As usual, from now on we will suppress the index v. We recall that each shock of the
i—th family satisfies the reduced Rankine-Hugoniot condition fi(1;") — f;(I;F) = A(l; —1;),
where A is the speed of the shock. We want to study the relation between the shifts of the
incoming and the outgoing wave-fronts. Consider a generic point of interaction in which
N; shocks of the i-th family interact, with sizes o7(—), 7/(—) and shifts &/(—), and let

o (+), 77 (+) and & (+) be the sizes and shifts of the outgoing fronts of the i—th family.

3 7
The quantities o; and 7; were defined in section 2. We note that the following relation

holds: y .
S () = wil) —wil=) = SR (-

by the assumption of the existence of Riemann coordinates, hypotheses (H1) in section 1.
11



Let v = (w1, v2) the shift of the interaction point; we have obviously
&7 (=/4) = v =] (—/4),

where AJ /3 /(— /+) is the speed of the incoming/outgoing front. We will denote with a ~
the shifted quantities: for example P = (t1,21) is the original point of interaction and
P = (ty, x5) is the shifted one. We consider here 4 scalar functions which measure exactly
the shifts and strengths of the incoming and outgoing waves.

Before interaction, the shocks of the i—th family lie on the Riemann invariant

Ri(—) = {u:u(wl,...,wn):ai < w; < b;

wy = wl(—), e, Wi = wi_l(—), wi—l—l = wi—|—1(+); e, Wy = wn(—i—)},
and if [, is the signed Euclidean distance from

ul(_) = u(wl(_)7 e 7wi(_)7 wi+1(+)> <o 7wn(+))
to
ui+1(_) = u(w1<_)7 cee 7wi*1(_)7 wi(+)7 s 7wn(+))7
we have for the shock of the i—th family
u(t, ) = ui(=) + 17 (t, 2)ri(ui(=)),

where [, (t,z) satisfies the scalar conservation law

[ )e + [fi ()] = 0.

and f; (I;7) is the piecewise linear flux function along R;(—). We define the functions
pi =1; (t,x) and p; = l~; (t,z), respectively corresponding to u and @, the shifted one. We
assume that p;, p; are prolonged for ¢ € (—o0,t;/5) by continuing the shocks and for ¢ > 1,
to by solving the Riemann problem as if the waves of the other families were not present.

Precisely, if we define L;(—) = ||ui+1(—) — ui(—)]|, at point (t1, 1) we solve
{ il + [f; (pi)la = 0
p(tlv'x) = Li(_)X(:m,-i-oo) (27)

and at point (t3,22) the corresponding equation for p

{ [Dile + [f; Bi)le = 0
plte, ) 122 Li(=)X (29, +00) ()



where, as usual, x 4(x) is the characteristic function of the set A. After the interaction in
P or P, the outgoing shocks of the i—th family lie on the Riemann invariant

wr = wi(+),...,wi—1 = wi—1(+), Wit1 = Wir1(—), ..., Wy = wn(_)}7

and if [ is the signed distance from uz(+) = u(w1(+) yWim1 (), wi(=), ..., wn(—))
to uip1(—) = w(wi(+), ..., wi(+), wit1(—), ..., wp(—)), we have for the shock of the i—th
family and for t > ¢

u(t, ) = ui(+) + 17 (t, 2)ri(ui(+)),
where [ (¢, z) is the solution to the Riemann problem

e+ [f (D)) = 0
I

i (t1, ) = Li(+)X(x1,+oo)

and L;(+) = |luis1(+) —ui(+)|], whereas f; (1) is the piecewise linear flux function along
Ri(+). We define s(x,t) = I (z,t) for t > t; and the corresponding 5(z,t) = I (x, t) for t >
to for the shifted solution @: in particular, for ¢t = ¢; we assume s(z,t) = Li(4)X (2, ,+00) ()
and, for t = t3, 5(x,t) = Li(+)X(2s,400)(T). Suppose without any loss of generality that
to > t1. We note that after the interaction s, § are monotone increasing, and then for any

t > to we have
|s —3ll(2) Z\U +)|-

Moreover at time t = ¢

and then we can write

Sl g (0l s = lea = s - 53]
Li(+) ZL( ) .
i+ i+ -
< s 2258 e+ £ - sl

~

We define ¢(t,z) = L?Ei’gp(t,x), so that ¢ satisfies the Cauchy problem for the scalar

equation
{[Q]t +l9(d)l. = 0

Q(tlax) = Li("’)X(m,—FOO)(x)
13




with g( - ) = i E+§f (L (+) - ). At this point, we evaluate separately the two terms.
By scalar L'-contraction principle, we have for all ¢t < ¢,

lp — Bll(t2) < llp — BII(t) <Z|0 (5.2)

because for t — —oo we have |[p—pl|(t) — >, |07 (—)x](—)l, the speeds of the waves being
different.
To evaluate ||s — ¢l|(t2) we apply the estimate (3.5) and we and get

Is = qll(t2) < Li()T(t2 — t1) = Li(+)T'|va]. (5-3)

We recall that by definition (see (3.4))

'= sup |(f")(2)—g()= sup
2€0,L5(+)] €[0,Li (4)]

To evaluate T', we write Vz € [0, L;(+)]

Y@= 0 ()
i

(15 (2) = g'(2) =(
_—az+ll_ o /%Hl ds Ni(wi(+) + sry u@(-f-)))—
ﬁ /:Hl ds A\ <uz(—) + s1; (uz(—))>

where the a;’s are the point in which f;r”' = f; and z € [a;, a;41], whereas for any b; we

have f, Y = f7 and ﬁ E +;z € [bi, bi+1]. At this point we make the linear transformation

s’:%(t—b)—l—aZ and we get

(f;r)/(Z) —4'(?) :ﬁ/:“rl ds [M( () + s (wi (+ )
_)\i<ui(—)+ (M(t—az)—kb)  (u i(_)))}
L;

a;41

(-)
Scse[{)r.lli)EJr)] wi(+) + sri(ui(4)) — ui(—) — L (ui(-)) H
<O fwr(+) — wi(-)]
ki
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by smoothness of the eigenvalues \;, compactness of £ and the fact that the maximum is
assumed at the extremals of the segments L;(+) and L;(—). Here and in the following, C
will denote a suitable constant. We note also that

- ZUZJ(—F) = ZE—E; Zaf(—) y o |wk(+) —wi ()] < C

Za;(—)‘ . (5.5)
l

By a trivial geometrical argument, if Aj (£) is the speed of the j—th incoming/outcoming

f( ) =€k (—)
AL (=)=Al(-)
different families. Thus, using (5.3), (5.4) and (5.5), we have

wave of the i—th family, we have vy = for any couple of approaching waves of

Is—qll(t2) < CLi(+ (Z

k#i

<SS o) Satom
! l

i)

l

e (Z > o) [ o)

ki | 1 j

) -4 D
AL(=) = M ()

K3

gcﬁfj S S ok (el () (€ (=) — k(=)
(2 l,j

S [ Sttt + [Tk o)

ki l

In the previous formula we used the bound ) < C for some constant C,

S
AL (=)=Al (=)
consequence of hypotheses (H1) of section 1. We note at this point that

h

LEJF (1+CZZTk )_ (5.7)

k#i | j

for some constant, because F is compact and the two systems of coordinates are equivalent.
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Using (5.1), (5.2), (5.6) and (5.7), we have finally

ZIO Bl =lls =3l =

(-

l

) Sletrgo]+e (S0 DS i)

k#i 1

§<1+OZ

k#i

possibly increasing the values of constants, and using again the equivalence of the two
systems of coordinates. We summarize the result in the following Proposition.

Proposition 5.1. Consider a point P = (t1, 1) of interaction in which N;—shocks of the
i—th family collide. Let u(t,x) be the solution defined for t < t; by the continuation the
shocks involved in the interaction at P, and for t > t; by solving the Riemann problem
with our approximate algorithm. Let u(t,x) be the rigidly shifted solution. Then for some
constant C' we have

2.

!

J

of (HE] (+)] <

(1+OZ

ki

St Tl

l

SO R BEAC DI LAC
i k#i 1
(5.8)
where, as above, o’ (=), 7/ (=), & (=), and ag/(—f—), Tij/(—f—) and &' (4) are the sizes, mea-
sured in both coordinate systems, and shifts of the incoming/outgoing fronts of the i—th
family.
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6. WEIGHTED PATH LENGTHS

In this section we give weights to each shock such that the distance between solution,
computed as in (4.1), is decreasing in time and we prove that this distance remains uni-
formly equivalent to the L'-norm. Our technique is the same as in [1].

Since there are at most a finite number of interaction, after a time 7T the solution does
not change the wave—front pattern and we give to each shock weight 1. Next we consider
a point P of interaction and we suppose to have assigned weights to the outgoing shocks.
We give weights to the incoming shocks as follows:

a) if the waves of the same family disappear, i.e. there are no outgoing waves of that
family, we put weight 1 to each of them;
b) if N;(—) wave—fronts of each family interact, then we set

W) -

<1+CZ

ki

k(-

l

)) maxWJ +CZ<

k#i

Z D Hll?‘XWk( )- 6

l

The apostrophe denotes the outgoing quantities.
In this way we assign a weight to each shock, since the number of interactions is finite.
With the above choice of weights, recalling (5.8), we have

of (1)l (+)| Wi

+)’ max Wij/(—k)
. J
1,5’

<Z<1+Cz

k#1

ol ()61 ()| max WY (+)+

S )2

l

J

O DA () max Wl () 303" ok (-)ek(-)

k#i 1

2
A D max W) (+)+

I J

‘<1+CZ

k#i

SEOIDY

k#1

“L |

ol (=) ()| Wi ().

Z 7 (— ' max Wi (+) <
l ,J

This shows that with our choice, the length of (), computed as in (4.1), is decreasing.
We must verify that this weights do not become infinitely large, as v — 0, i.e. when the
number of collisions goes to +0o. In the next Lemma we prove that these weights are

bounded by a constant which does not depend on v.
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Lemma 6.1. For any semigroup trajectory S;u, v € N, the weights W,, are bounded by a
constant Ly, which depends only on the Total Variation of ug, M.

Proof. When we say to follow a shock, we will mean that at any future interaction we
choose the outgoing shock of the same family with the maximal weight. With this choice,
the weight of the shock increases only when it meets shocks of families different from its.

Suppose that at time ¢ there is an interaction such that the shocks after interaction
have weights less or equal to e®“™ | where M is the Total Variation of the initial datum
and one of the incoming shocks has weight greater that e®“: we indicate the quantities
related to this shock as =. Following the shock, we have by equation (6.1) that

W§620M<1+CZ >

kel UV

max Wé3(+)>,

where J is the set of shocks of different families that after £ meet the shock. By our

hypotheses, we have
3CM 1

v v € -
Z |Z7—k/|n'll§1XWk/(+) Z T

ke UV

We evaluate the weights W,il, using the same formula and following the shocks back with
the maximal weights:

Z |Z7'k,| max Wk (+ Z |ZTk,|e2CM< +C Z | T,i/,/,|n}/&/mx W,f:l///(%—))

keJ U keJ U k'ed, U
/ 1
§M620M+C€7CM§ |§ Tl/| § § Tl
kel U k'edy 1

We note that |3, 7| Dokres, | 2 7L,| is the product of the strength in Riemann co-
ordinates of the outcoming shocks of the k’~th family with the strength of the shocks of
the k”—th family that meet one of the previous shocks at a time greater than . Obviously
we have that the sum of these quantities over all the set J is smaller than the Interaction
Potential immediately after :

D 1> Tl D0 1D il QM
Ked U kel U
where Q(t) — Q(T') = Q(t) is the Interaction Potential of the solution an time ¢. Finally
DD il max Wi (+) <MeM 4 CeTM(Q(D) — Q(T))
keg V

:M€20M—|- 7CM( (f))
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The above formulas imply

e3CM _ o [e2CM _ q

Q) = K = O2e7CM > 0.

Suppose now that at time ¢;, all weights are < e>*¢M

S eSk+1)CM

and there exists a wave with weight
at some time tp11 < tx. Then we can repeat the previous computation
to prove that Q must decrease at least of Kj; over [tgyi1,tr]. At this point we divide
the interval [0,7], where T is the time of decoupling (see [10]), into a finite number of
subintervals I}, = [tg41,tx] such that

— either [ contains a single interaction and the decrease of Q(t) is bigger than Ky;;

— or Q(tk+1) — Q(tx) < Kps and I is maximal w.r.t. this property.

Since with this choice Q(tx11) — Q(tx—1) > K, there are at most p < 2M? /K intervals,
and in the two cases we have

— if Q(try1) — Q(tr) < Kar, then W(tgpi1) < W(tg)e?M;

— if Q(tr+1) — Q(tr) > Ky, then directly from formula (6.1) we deduce

W(ter1) < 2W (t)e* M < W (ty,)e“M.

The two cases imply easily:

1< W < [POM)PM R g (6.2)

and this is the desired bound. O

At this point we can prove that the semigroups Sy - , defined in (2.5), are uniformly
Lipschitz, independently of v. In fact, consider up,vg € D}, and the pseudo-polygonal
path 70(0) defined in (4.3). Since vy € D¥,,, we conclude by (4.1), (4.3), (6.2) and Lemma
6.1 that

15 uo — Sy vollr, < 17 [lw < Ilvollw < Laalluo — ol
7. THE SEMIGROUP OVER F

Now we prove that there exists a Lipschitz continuous semigroup S; - , defined as

St S [0,+OO) XKDy —> Dy
(t,uo) —  Siug = u(t),

where Dy; C LY(R;R") is the set

Dy = {u ‘R B: ) Tot.Var.(w(u)) < M},
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such that Syug is an entropic solution of the Cauchy problem (2.1). The semigroup is
Lipschitz continuous in L1, i.e. there exists a constant Lsps such that

||S’tu — SthLl S L2M||U — UHLl.

Since the domain DY, defined in (2.2), contains D%, ! and their union is dense in Dy, we
define the semigroup S; - as

Siu = Li— lim S{u",

. VI/—)OO (71)

Now we prove that this is a Cauchy sequence, so that the limit is well defined. We recall
that for the Lipschitz semigroups Sy -, S -, with u > v, the following estimate holds
(formula (5.3) of [1]):

157w =Stur L, < [1SFu” = Stu|lo, + [[Stu” — Sfu|,

t
V 1 L , (7.2)
<Lopn||u” — ut| L, +L2M/O 12%3%”55&“ - S pu”|L, dr.

Since the number of times of interactions between shocks of Syu” is finite and the semi-
groups are continuous in L', we have just to evaluate ||S)S¥u” — S¥, ,u”| 1, when no
interactions occur:
Taot+p
Ispsiu — 2l = Y [ IShSIeY - St

aEA Y TaTp
where A is the set of discontinuities, ., is the position of the shock « and h, p are small
enough. We note that the quantity |S} SYu” — S” ,u”| can be different from zero only
when the function SYu” has a non-entropic shock of size 27”: in fact in this case can
happen that S}'u* solves the Riemann problem splitting that wave—front into smallest
ones. The difference in speed of this shock and the new ones is, by the smoothness of the
flux function f, of the order 27%. Then, denoting with R the set of non—entropic shocks
of S¥u” and using (3.5), we can conclude that

To+p
ISES2ur = 8% = 3 / SSYu” — S, |
aeR YV Ta—P
< Z hC(27Y)? < hC2™

aER
for some constant C' depending only on f and E. At this point (7.2) becomes
||Stuuy - Sfu”HLl S LQMHUV - UMHL1 + L2MMC27Vt, (73)

showing that S}Yu" is a Cauchy sequence in L;. We can then state the following Theorem:
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Theorem 7.1. For each M > 0 there exists a constant Cpy and a semigroup S : [0, +00) ®
Drr — Dys such that:

a)
b)

)

[Stu — Sevll, < Cur([t —s[ + [lu—vl[,);

each trajectory Syug is a weak entropic solution of the Cauchy problem (2.1) with initial
datum ug;

if ug 1s a precewise constant function, then, for smallt, Syug coincides with the function
obtained piecing together the solutions of the corresponding Riemann problems.

Proof. Since the functions Syu” converges in L;, the limit is obviously an entropic weak
solution, and the semigroup properties are easily verified. The Lipschitz continuity follows
from (7.3) and (2.6), whereas the last property is a consequence of our construction. [J
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