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Abstract. The paper is concerned with the Cauchy problem for a nonlinear, strictly hyperbolic

system with small viscosity:
ur + A(u)uy = € Ugy, u(0,z) = u(z). (%)

We assume that the integral curves of the eigenvectors r; of the matrix A are straight lines. On
the other hand, we do not require the system (*) to be in conservation form, nor do we make any
assumption on genuine linearity or linear degeneracy of the characteristic fields.

In this setting we prove that, for some small constant 79 > 0 the following holds. For every
initial data @ € L' with Tot.Var.{u} < 19, the solution u¢ of (x) is well defined for all ¢ > 0. The
total variation of u®(¢,-) satisfies a uniform bound, independent of ¢,e. Moreover, as ¢ — 0+, the
solutions u®(t,-) converge to a unique limit w(¢,-). The map (¢, ) — Sy = u(t,-) is a Lipschitz
continuous semigroup on a closed domain D C L! of functions with small total variation. This
semigroup is generated by a particular Riemann Solver, which we explicitly determine.

The above results can also be applied to strictly hyperbolic systems on a Riemann manifold.
Although these equations cannot be written in conservation form, we show that the Riemann struc-
ture uniquely determines a Lipschitz semigroup of “entropic” solutions, within a class of (possibly
discontinuous) functions with small total variation. The semigroup trajectories can be obtained
as the unique limits of solutions to a particular parabolic system, as the viscosity coefficient ap-
proaches zero.

The proofs rely on some new a priori estimates on the total variation of solutions for a parabolic

system whose components drift with strictly different speeds.
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1 - Introduction

Consider a strictly hyperbolic n X n system of conservation laws in one space dimension:
ur + f(u)y = 0. (1.1)

For initial data with small total variation, the global existence of weak solutions was proved in [8].
Moreover, the uniqueness and stability of entropy admissible BV solutions was recently established
in a series of papers [3,4,5,6]. A long standing open question is whether these discontinuous
solutions can be obtained as vanishing viscosity limits. More precisely, given a smooth initial data

@ : IR — IR™ with small total variation, consider the parabolic Cauchy problem
u(0,z) = u(x). (1.2)
u + A(u)ug = € Ugy. (1.3)

Here A(u) = Df(u) is the Jacobian matrix of f and € > 0. It is then natural to expect that, as
e — 0, the solution u® of (1.2)-(1.3) converges to the unique entropy weak solution u of (1.1)-(1.2).
Unfortunately, no general theorem in this direction is yet known. Some of the main results available

in the literature are listed below.

1) In the case of a scalar conservation law, the entropic solutions of (1.1) determine a semigroup
which is contractive w.r.t. the L!-distance. In this case, a general convergence theorem for

vanishing viscosity approximations was proved in the classical work of Kruzhkov [12].

2) For various 2 x 2 systems, if a uniform L°°~bound on all functions u® is available, one can
consider a weak limit u* — w. By a compensated compactness argument introduced by
DiPerna [7], it then follows that u is actually a weak solution of the nonlinear system (1.1).
For a comprehensive discussion of the compensated compactness method and its applications

to conservation laws, see [18].

3) For n x n Temple class systems, a proof of the convergence of the viscous solutions u° to a
solution of (1.1) can be found in [17,18].

4) Assume that all characteristic fields of the system (1.1) are linearly degenerate. Then every
solution with small total variation which is initially smooth remains smooth for all positive
times [2]. Clearly such solution can be obtained as limit of vanishing viscosity approximations.
By a density argument it follows that every weak solution of (1.1) with sufficiently small total

variation is a limit of viscous approximations.

5) For a general n x n strictly hyperbolic system, let u be a piecewise smooth entropic solution

of (1.1) with jumps along a finite number of smooth curves in the t-z plane. Thanks to this
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additional regularity assumptions on wu, it was proved in [10] that there exists a family of

viscous solutions u® converging to u in L as e — 0.

From our point of view, the major difficulty toward a general proof of the convergence u® — u
lies in deriving an a priori estimate on the total variation of the solution of (1.2)-(1.3), uniformly
valid as ¢ — 0. To fix the ideas, assume u € C2° with Tot.Var.(u) sufficiently small. Performing

the rescalings t — t/e, x — x/e, the Cauchy problem becomes
ur + A(u)uy = Uy, (1.4)

u(0,2) = u(ex). (1.5)

Observe that, as ¢ — 0, the initial data «(0,-) has constant total variation, all of its derivatives
approach zero, but its L'-norm approaches infinity. We thus need estimates on the total variation
of a solution u(t,-) of (1.4) which are independent of the L'-norm of the initial data.

To illustrate the heart of the matter, let us denote by Aj(u) < --- < A,(u) the eigenvalues
of the n x n Jacobian matrix A(u) = Df(u), and call I},... 1", r1,...,7r,, its left and right
eigenvectors, normalized so that

ri(w)| = 1, tweon={y 127 (1.6)

The directional derivative of a function ¢ = ¢(u) in the direction of the eigenvector r; is written

o) i 2 0) )

h—0 h

Moreover, by u! = I*(u) - u, we denote the i-th component of the gradient u, w.r.t. the basis of

right eigenvectors {ry,...,r,}. Recalling (1.6), this implies
= Z ulr;. (1.7)
i
With the above notations, (1.4) becomes

U + Z Nulr; = Z(u;n)m = Z 2T + Zu Fery). (1.8)

% %

Differentiating (1.7) w.r.t. ¢t and (1.8) w.r.t.  and equating the results one obtains

uxtzz )eri — g uy, u7>\ r;®T;)
+§ ul (ul), (rj o ;) —i—E uwuffll,C jeTE)eT;),
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utr—i—Z)\u xr,—l—Z)\u Tj®T;)
= Z u zwrz‘l'z zuj ;eI +Z :Euj .Tl)
Sy 0r0 X kot 0 210),

7.77

Z tn—{—Z)\u xn—i—Z)\u olre, rjl

J#k

—Z mxrz"i_QZ xu] .Tz + Zuzugc ﬁ(rk.( .’f’z) (rj .7’;3).7’1‘>.

1,5,k

(1.9)

Here [ry,7;] = r, er; —rj @1y is the usual Lie bracket. Taking the inner product of (1.9) with I*(u)

one obtains
(Uz:)t + ()‘zu;)x - (ugc)m

Z)\k Ty 75U, +22 i o 75)( .>xu];:+Z(Tf'(rk.rj)—(Tg.T’k)QT’j)’U/‘;Uiui

J#k 3.k, 2
= Z G;k( w)ud uk Z ul) gu + Z K;kg(u)uéuf:ui
j#k LI
(1.10)
Setting v’ = ul, we thus seek an estimate on the L'-norm of solutions to
vl 4 ()\z(u)vz)x -t = Z G;Vk(u)vjvk + Z H;k(u)v;vk + Z K;J@’Z(U)vjvkl/Z
j#k gk 3.k,L (1.11)

= ¢'(u,vt, ..., 0").
We regard (1.11) as a parabolic system of n scalar equations, coupled through the terms G, H, K.

These coupling terms can be split in two groups:

k k

— Transversal terms involving at least two distinct components, such as v/v¥, vio* vv*v? with

Jj#k,

— Non-transversal terms involving one single component, such as v/vl, v/v/v7.

In the present paper we perform a careful study of transversal terms, and show that their total
contribution is of quadratic order. Hence, for small initial data, they cannot produce a substantial
amplification of the solution of (1.11). As a consequence, if the geometry of the system is such
that the diffusion operator yields only transversal terms, then the total variation of solutions to
(1.3) remains uniformly bounded as ¢ — 0. This is the case of systems, not necessarily of Temple
class or not even in conservation form, where the integral curves of the eigenvectors r; are straight
lines, namely:

r;er;(u) =0 for all 4, u. (1.12)



We conjecture that uniform bounds on the total variation remain valid also in the presence of
non-transversal terms. The analysis of these terms however seems to require substantially different

techniques, and will be taken up elsewhere.

Our main results can be stated as follows. We first consider the Cauchy problem for the
parabolic system (1.4). Here u — A(u) is a smooth map defined on an open set 2 C IR", with
values in the set of n x n matrices. We assume that each A(u) is uniformly strictly hyperbolic in
Q, i.e. it has n real distinct eigenvalues A\j(uq) < -+ < A, (uy,) for all uq,...,u, € Q. One can
thus choose bases of right and left eigenvectors of A(u), normalized as in (1.6). For a BV function

u: IR — IR™ we write u(—o00) = lim,_,_ u(z).

Theorem 1. Assume that all matrices A(u) in (1.4) are uniformly strictly hyperbolic and that
their normalized eigenvectors r; satisfy (1.12). Then, for every compact set Ky C ) there exist

constants 0 < &g < &1 so that the following holds. For every initial data u such that
Tot. Var{u} < &y, u(—o0) € Ky, (1.13)
the Cauchy problem (1.2), (1.4) has a unique, global solution u, which satisfies
Tot. Var.{u(t,-)} < & for allt > 0. (1.14)

Moreover there exist constants L, L' such that, for every u,w satisfying (1.13), the corresponding

solutions satisfy

|u(t) —w(s)]| . < L(|t—s|"2 4+t - s|) + L@ — |, for all t,s > 0. (1.15)

We remark that the bound (1.14) depends only on the total variation of the initial data u, not
on its L'-norm. The above result thus yields an a priori bound on the total variation of solutions
of (1.2)-(1.3), independent of the parameter €. Our second main result shows that, as e — 0+,
these solutions u® converge to a unique limit u, depending continuously on the initial data u.
Namely, the map (¢,u) — Syu = u(t,-) is a Lipschitz continuous semigroup on a closed domain D
of functions with small total variation.

By the analysis in [3], a Lipschitz semigroup S on a domain of BV functions is uniquely
determined by its local behavior on piecewise constant initial data. In other words, if we assign a
procedure for solving each Riemann problem, then the entire semigroup is completely determined.

In the present case, our semigroup of “vanishing viscosity solutions” is generated by the following
Riemann Solver. Consider the Riemann problem
ur + A(u)uy, =0, (1.16)
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Jut if x>0,
u(0,z) = {u it r<o (1.17)

with |u™ —u ™| suitably small. For u € Q, 7 =1,...,n, define the i-rarefaction curve o — R;(c)(u)

as the integral curve of r; through u, parametrized so that

d

R;(0)(u) = u, %Ri(a)(u) =7 (R;(0)(w)). (1.18)

By the implicit function theorem there exist unique states wg = v~ ,w1,...,w, = u™ and wave
sizes o; such that

ws :Ri(ai)(wi_l) 1= 1,...,7”L. (119)

Moreover, by strict hyperbolicity, there exist constants A\; < ... < A,_; such that

)\l(RZ(Gal)(wz,l)) S })\1;1, )\z[ 0 € [O, 1], 1=1,...,n.

with the convention \g = —o0, \,, = co. For each i, consider the scalar function

Fio) = [ A(Bus) i) as, (1.20)

and let z;(t, ) be the unique entropic solution to the Riemann problem for the scalar conservation

law
o _JO it =<0,
2zt + Fi(2)z =0, 2(0,z) = {Ui s 0 (1.21)
A “solution” of the Riemann problem (1.16)-(1.17) is now defined by the assignment
u(t,r) = Ri(zi(t,2)) (wia)  if % € i1, Al (1.22)

We remark that, in general, the function in (1.22) is not a classical solution of (1.16). If
the system is not in conservation form, this function cannot even be regarded as a solution in
distributional sense. Yet, motivated by our next result it is appropriate to regard (1.22) as the

unique solution of (1.16)-(1.17) in the vanishing viscosity sense.

Theorem 2. Assume that all matrices A(u) in (1.4) are unifomly strictly hyperbolic and that their

eigenvectors satisfy (1.12). Then, for every compact set Ko C ) there exist constants L, L' 5y > 0,

1
loc

a closed domain D C Li. . and a continuous semigroup S : D x [0,00[+— D with the following

properties.
(i) Every function u satisfying (1.13) lies in the domain D of the semigroup.
(ii) For every u,w € D with i —w € L' and every t,s >0 one has
|S¢ti — Ssw||pr < L'|t — s| + L|ja — || . (1.23)
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(i1i) For every piecewise constant initial data u € D, there exists T > 0 such that the following
holds. Fort € [0,7], the semigroup trajectory Siu coincides with the function u(t,-) obtained
by piecing together the solutions (1.22) of the Riemann problems determined by the jumps in

u.

iv) For every u € D, the trajectory u(t,-) = Siu is the unique limit in L . of the corresponding
loc

solutions uc(t,-) of the viscous Cauchy problem (1.2)-(1.3), as ¢ — 0+.

The proofs of the two above theorems are outlined in Section 2. Details are then worked
out in Sections 3 to 6. The last section is concerned with a strictly hyperbolic system on a
Riemann manifold. By a minor modification of the previous arguments, we show that the Riemann
structure uniquely determines a viscosity operator and a continuous semigroup, whose trajectories
are obtained as limits of solutions to the corresponding parabolic system, as the viscosity coefficient

tends to zero.

2 - Outline of the proofs

In this section we describe the main steps in the proofs of Theorems 1 and 2. The total
variation of a solution u will be estimated by deriving an a priori bound on the L'-norms of the
gradient components v* = [*(u) - uz, i = 1,...,n. Denoting by ¢’ the right hand side of (1.11),
the Cauchy problem (1.4), (1.2) can be rewritten as

v+ (@] = vg, = ¢
. 4 . (2.1)
v'(0,2) = 0'(z) = I'(a(x)) - 4. (),
where, for each ¢, the function u = u(t,z) can be recovered from v = (v!,...,v™) by solving the
system of O.D.E’s
Uy = Zvi(t,az)m(u),
i=1 (2.2)

mglzloo u(t,x) = u(—o00).

It is well known that if the initial data of (2.1), (2.2) are sufficiently smooth, then there exists a

solution at least for a small time interval [0, ¢]. We define the quantity

= sup {[o'(0,2) i}, (2.3)

i=1,...,n

Since the left hand side of the evolution equation in (2.1) is in conservation form, one clearly has

}|vi<t,.>HL1§WHL1+/O /R|¢i(t,x>|dxdt, (2.4)
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therefore

t
[l <o+ sup / /R 6 (5,)| dads = n(t). (2.5)

Therefore, if the total strength of the source term ¢’ is bounded and of quadratic order w.r.t. n(t),
the solution of (2.1) is well defined for all ¢ > 0 if 7o is sufficiently small. The main goal of this

section is then to prove an a priori bound on the terms ¢ of the form

sup /0 /R‘qbz(s,x)‘ dxds < kn(t)?, (2.6)

i=1,...,n

for some constant x > 0.

We start by choosing constants ¢, d; > 0 small enough so that the compact set
K, = {u € R"; dist(u, Kp) < (51} (2.7)
is entirely contained inside €2, and moreover
Aj(u) —Ai(v) > ¢ whenever i < j, u,v € Ki, |u—v| < d;. (2.8)

We also choose constants Cl, C such that

r; @ \i(u)| < Co, }G;k(u)|, ‘H;k(u)}, ‘KJZM(U)‘ <y for all u € K, (2.9)
C > max{ 2(n + 1)2Cy 8 (2.10)
> v e .
In the first part of our analysis we shall assume that, for all i = 1,...,n, the initial data o in (2.1)
satisfy
/ |0 ()| dz < o, (2.11)
R
/ 0 (2)] do < —= P, (2.12)
R ves
for some 19 > 0. We choose the constant 79 small enough so that
& (51
<mind —. £\ 2.13
no_mm{40, 2n} ( )

At a later stage, using standard smoothing properties of parabolic equations, we will remove the

assumption (2.12).

If n(t) > 2ny for some ¢, by continuity there exists a time ¢ > 0 such that n(t) < 2n for all
t € [0,t[ and moreover n(t) = 2ny. We will show that for all 0 < ¢ < ¢ we have the estimates

/IR |¢*(t, z)| da < ;%63 (2n0)? 0<t<t, (2.14)
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: .
/O/JR\¢i(t,x)\dmdt<f(2no)2, (2.15)

so that it follows

~

C
n(t) < mo + ;(2770)2 < 210. (2.16)

The above formula implies that n(t) < 2no for all t > 0, i.e. the solution of (2.1) exists and has
bounded L! norm for all ¢ > 0. In fact, recalling that the eigenvectors r; were chosen with unit

length, by (2.2) and the choice of 7y this yields

‘u(t, r) — ﬂ(—OO)} < Tot.Var.{u(t7 )}

"~ 2.17
SZHU(t,m)HLl <n-2ny <. (2:17)

i=1

Hence the function u takes values inside the compact set K5, and the bounds (2.8)-(2.9) hold.

A detailed proof of (2.13)-(2.14) will be worked out in Section 3, providing a priori bounds

on the L' norms of the terms v/v*, viv¥, v/vFv® in (1.11), for j # k. By (2.5), using (2.14) and

(2.15) we conclude

~

/R Vi (t, z)| do < no + %(n(t))2 < 2n, (2.18)
/IR [vi(t,z)|da < %62(77@))2 < \/87?(72(2170)2. (2.19)

The second inequality provides a regularity estimate on the solution to (2.1).

The bounds (2.18)—(2.19) thus yield an a uniform bound on the total variation of w(t,-).

Indeed, for every ¢ > 0 one has

Tot.Var.{u(t)} < 6. (2.20)

This establishes global BV bounds on every solution u of (1.2), (1.4) whose initial data lies in the

domain

(2.21)

In Section 4 we then observe that, by the smoothing properties of the parabolic system (1.4), one
can choose tg,dp > 0 so that the following holds. For every initial data @ satisfying (1.13), the

corresponding solution of (1.2), (1.4) satisfies

u(ty) € D*, Tot.Var.{u(t)} <8,  for all t € [0, ). (2.22)
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The previous analysis can thus be applied to the corresponding Cauchy problem on [ty, oo[. This
yields the bounds (1.14), proving the first part of Theorem 1.

Concerning the estimates (1.15), the continuity of a BV solution as a function of time is a
well known result for parabolic equations. To prove the Lipschitz continuous dependence w.r.t. the
initial data, in Section 5 we first study the linearized equation describing the evolution of an
infinitesimal perturbation. Replacing v by u + €h in (1.4), letting € — 0 and retaining terms of
order € we obtain

hy + [DA(u) . h] Uy + A(u)hy = hyy, (2.23)

If the total variation of the reference solution u remains small, we show that every solution h =

h(t,z) of the linearized system (2.23) satisfies
/ |h(t,x)| dx < L - / ‘h(O,x)| dx for all ¢t > 0, (2.24)
R R

for some uniform constant L. If now two initial data @, w are given, following [2] we construct the
smooth path
01— u’ = 0u+ (1 —0)w, 6 € [0,1]. (2.25)

Calling ¢ — u?(t,-) the solution of (1.4) with initial data @’, we can write

1 0
du® (t)
() — wd)||. , < / 4
[ o< [ %52
| du? 2.26
<L / du”(0)|| (2.26)
0 df g
=L-|lu— g
Indeed, the tangent vector
W) = M
9 da Y
is a solution of the linearized Cauchy problem
K + [DAW?) - h?uf + A(u®)nE = hl,, (2.27)
ho(0,z) = b (z) = a(z) — w(x), (2.28)

hence it satisfies (2.24) for every 6. This completes the proof of Theorem 1.

We now give a proof of Theorem 2. For a fixed € > 0, thanks to the coordinate rescaling

t— t/e, x — x/e, the solution u® of (1.2)-(1.3) can be written in the form

us(t,x) = U (t/e, x/e),
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where U* is the solution of (1.4)-(1.5). Clearly, for all ¢ > 0 one has
Tot.Var.{u®(t,-)} = Tot.Var.{U®(t,-)}.
Therefore, by Theorem 1, for each initial condition @ in the set
Do = {a Ll ; Tot.Var.fal <dy, a(—o0)e Ko} (2.29)

the corresponding solution of (1.3) satisfies (1.14). Moreover, given two initial data u,w, from
(1.15) we deduce

() —w(s)||. < L'(Velt—s|+ [t —s|) + L|ja—a|, for all t,s > 0. (2.30)
For each u € Dy we can thus use Helly’s compactness theorem and deduce the existence of a
subsequence €, — 0 such that the corresponding solutions u®» converge to some function u, namely

lim u® (t) = u(t) in L., forallt>0. (2.31)

V—00

By a diagonalization argument, we can assume that, with the same sequence ¢,, the convergence
(2.31) holds for all solutions starting from a countable dense set of initial data in Dy. In order to
characterize this limit and show that the whole sequence u® converges as ¢ — 0, we first derive
a bound on the propagation speed of perturbations. By studying again the linear variational
equation (2.23), in Section 6 we show that, for any interval [a, b] and any two initial data u,w, the

corresponding vanishing viscosity limit solutions satisfy

b—AXt b
/ ‘u(t, x) — w(t,az)‘ dr < L- / ‘ﬂ(az) - w(x)| dx . (2.32)

DY

Here \is a suitably large constant providing an upper bound for all wave speeds, so that ‘)\i (w)‘ <A

forallwe Ky,i=1,...,n. We can now define
lim w® (¢, ) = u(t,-) = Siu u € Dy. (2.33)
V— 00

Indeed, since the limit (2.31) exists for a dense set of initial data @, the uniform continuity property
(2.32) implies the existence of the limit in (2.33) for all initial data in Dy. By restricting this
definition to a smaller, positively invariant domain D C Dy we obtain a continuous semigroup
S :D x [0,00[+ D. In the case where ||t — w|p1 < oo, from (2.30) and (2.32) it follows (1.23).

It remains to show that the flow of S is compatible with the Riemann Solver defined in Section
1. By the property (2.32), it suffices to consider the case where the initial data has a single jump
as in (1.17), and show that the limit of viscous approximations converge to the solution defined at
(1.22).
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Consider first the case where the initial datum % lies on a single i-rarefaction curve, say
u(z) = u(—o0) + z(z)r; (a(—o0)).

Define the scalar function F; as in (1.20). By the standard theory of scalar conservation laws [12],

it is well known that, as € — 0, the solution z¢ of the viscous Cauchy problem

zi + Fi(2%)y = €25 2°(0,z) = Z(x), (2.34)

Tx?

converges to the unique entropic solution z of the scalar conservation law
2zt + Fi(2), =0, 25(0,z) = zZ(x). (2.34")

Since, by assumptions, all rarefaction curves are straight lines, the solution of (1.3) with initial
data (1.17) is given by
u (t,x) = a(—o0) + 2°(t, x)r; (4(—00)),

and thus converges as € — 0 to the function u given by
u(t, ) = a(—o0) + 2(t,z)r; (a(—o0)).

In particular, if u~, u* in (1.17) lie on the same rarefaction curve, then u¢ converges to the solution
u defined in (1.22).

Since the semigroup S can be constructed using wave front tracking, it can be shown that

1

this case is sufficient to determine uniquely the semigroup. However, since we have in (2.32) a Ly

dependence, it is easy to handle the general case.

Consider in fact a perturbed initial data of the form

u” if x <9,
w(z) = § w if  d<az<(i+1),i=1,...,n—1, (2.35)
ut if x > nd.

Keeping 0 > 0 fixed and letting ¢ — 0, by the property (2.32) and the analysis of the previous

4,

case, the corresponding viscous solutions u®¢ converge to the function

u’(t,z) = R; (zi(t, & —16))(wi—1) if i04+tA < o < (i+1)5—t),

with z;, A; as in (1.22). Note that, by the assumption (2.8) on the hyperbolicity of A(u), at time
to = §/2X the waves of the solution u(tg) have disjoint support at least of ctyg, where ¢ is the
constant in (2.8). Thus by the property (2.32) and the previous analysis we can extend u’ to all
t > 0, and letting 6 — 0 we obtain the desired result.

Since a Lipschitz continuous semigroup is entirely determined by its local behavior on piecewise
constant initial data, the previous analysis uniquely characterizes the limit of viscous approxima-
tions. In particular, this limit does not depend on the choice of the particular sequence ¢, in (2.33).

This completes the proof of Theorem 2.
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3 - Estimate of the interaction terms

In this section we prove the key estimates (2.14)-(2.15) on the interaction terms ¢¢. We shall

denote by I'(t, z; s, ) the Green kernel for the linear equation

7+ it 2)2'], — 2, =0, (3.1)

T

where \;(t,z) is a bounded, sufficiently smooth function. In other words, (¢t,z) + T'(t,x;s,y) is

the distributional solution of (3.1) such that

Jim [Tt s, ) f(y)dy = f(2),
R

for every continuous functions f € L!, see [1,9]. Since (3.1) is in conservation form, it is well known

that I'!(t, z; s,y) is positive and
/ Tt z;s,y)de =1 forallt > s, y€ IR.
R

Taking \;(t,x) = \; (u(t, x)) and calling I'* the corresponding Green kernel, the solution of the

linear non-homogeneous Cauchy problem (2.5) can be represented as

vi(t,x):/IRFi(t,x;O,y)ﬂi(y)dy—i—/o /]I%Fi(t,x;s,y)qﬁi(s,y)dyds. (3.2)

The proof of our estimates will be given in three steps.

STEP 1: Estimate of the integral

//‘vi(t,x)‘ |0 (¢, )| dadt. (3.3)
0 JR

As a preliminary, we prove

Lemma 1. Consider two scalar parabolic equations in conservation form:
{ z+ [Nt 3)2'] -2, =0,
2] + [)\j(t,x)zj]ﬂc — zg;x = 0.

Assume that there exists ¢ > 0 such that

itnf Aj(t,x) —sup A;i(t,z) > c.

t,x

Then for every initial data z°, 27 € L, the corresponding solutions z*, 27 satisfy

o0 , , 1 , ,
/0 /JR‘zZ(t,x)}.’zﬂ(t,x)’da:dtgC/IR‘zz(yl)‘dyl /]R’zf(yg)’dyg. (3.5)
12



Proof. We first establish the bound

1
sup {/ / Tt 2;0,91) - TV (¢, 2;0,2) da;dt} < -, (3.6)
(y1, y2)61R2 c

Y17Y2

where I'", TV denote the Green kernels corresponding to the two equations in (3.4). By possibly
performing a change of variable of the form z + x — M, which does not affect the value of the

integral (3.6), we can assume
c c
This implies
Nilt, ) = Ni(t, ) + g <0, Nt a) = Mt x) — g > 0. (3.7)
We now observe that the product function K (t,z1,2; 8,y1,y2) = I(t, 215 s,y1) - T (¢, 22; 5,92)

provides the Green kernel for the linear equation in two space variables:

Zi+ [Ni(t,20) 2], + [Nt 22)Z], — AZ = 0. (3.8)

1

In the following we denote by G*(¢,x) the standard Gaussian kernel with constant drift A and by

G)(t, ) its derivative w.r.t. z, i.e.

|
G t,x) = W

Writing (3.8) in the form

c c
Zy— =y —
t 5 1+2

Zpy = AZ = = [Ni(t, 1) 2], — [N(t,22)Z]

the corresponding Green kernel can be represented as

K(t,z1,22;0,y1,y2) = G~ /2(75 T1 —y1)GC/2(t,fB2 —y2)

/ // { C/2t_S,CCl_Zl)GC/Q(t_S7$2_22)
BQ

‘K(S,21,22;07y17y2)5\z‘(5721)} dz1dze ds

/// { C/Qtfs :L’lle)GC/Q(tfs T — 22)
RQ

- K (s, 21, zo; O,yl,yg)j\j(s, 22)} dz1dzy ds.

13



We now compute

—/ / G2 (t,x — 20)G? (t, & — 23) dadt = / / G2 (t,x — 20) G2 (t, & — 25) dadt
Rt JR R+ JR

-1 elz1—22)c/2 if 21 < 22,
0 if zZ1 > 29.

Using the above formula and assuming that y; # yo (in this case we can change the order of

integration), recalling (3.7) and the fact that the kernel K is positive, we conclude

/ /Fi(t,az;O,yl)Fj(t,x;O,yg)dxdt:/ /K(t,x,x;o,yl,yg)dxdt
Rt JR R+ JR

1 - N
< -+ / // e(zl_zz)cﬂK(S»21722;073/1&2)()\@'(5,21) - )\j(&zz)) dz1dzy ds
R+ z1<22

o

<

Q-

This establishes (3.6).

Given any two initial conditions z%, 27, the corresponding solutions of (3.4) satisfy

/ / ’zi(t,x)‘ ‘zj(t,:v)}dacdt
Rt JIR
<[ L] E e ao.m) - 2wl tas0.5m) dyd dode
R+ R?
S/ \Zi(yl)\dyl-/ 27 (y2)| dyz - sup {/ /Fi(t,ﬂf;O,yl)Tj(t,:v;O,yz)dﬂfdt}-
R R (y1.,y2)€R? Rt JIR

Y1#Y2

By (3.6) this yields (3.5), proving the lemma.

Consider now two equations of the form (2.1). The solutions vi(¢,z), v/ (¢,x) can be written

in the form

vi(t,x) = | TUt,z;0,y)0'(y) dy + Ut 8,y) (s, y) dyds,
m—gr
v (t, ) :/H%Fj(t,x;Qy)vj(y) dy—f—/o /]RFj(t,J:;s,y) ¢ (s,y) dyds.

Using (2.10) and the inductive assumptions (2.17), by (3.5) and (3.9) with easy calculations we

/Ot/IR’vi(t,a:)} o/ (t,2) | dadt < i<n0+ m,a%n/ /W 5, |d:vds> 1)

L) < 2 (2m)

obtain

14



STEP 2: Estimate of the integral

[ :/R\v;@,x)mx.

Define the quantity

=1,...,

Using (2.9), (2.10), we have
/]R |0 (t, 2)] dz < n2Con()E(t) + n*Co (€(1)” + n*Con(t) (£(1))

2

~

< S (n(0E) + €0 + nnE D).

For convenience, for ¢ = 1,...,n, introduce the quantities

A= 2i(a(=0)), I illoe = max [Xi(u) — A,

INilloo = max |r; @ Ai(u)],

ue Ky

) O () CRYN
G'(t,z) =G (t,a;)—Q\/E exp n .

By (2.9 ), | Ni]loo < Co. We also observe that the heat kernel G*(t, z) satisfies

i _ 1 i _j2 1
/H%‘GJC(t’x)‘dx_\/H’ /H%‘sz(t,.%)ld.%‘— e t'

Define the time ¢ by

\/;imin{ VT VT }: VT

32’”’”)‘;”00770’ 1667’]0 166770

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

Assume for simplicity that ¢ < £, where  is defined in section 2, the other case being completely

similar. For 0 < ¢ < # we can write the solution as

vi(t,7) = /R Gtz — )t (y) dy
-/ t [ Gt si =g () = A1o' 5,0) s
//G’ —s,x —y)¢'(s,y) dyds.

Using (3.14), (3.16) and the assumption 7(t) < 279, the L'-norm of the second integral on the

right hand side of the above formula can be estimated as

[ et (0 = 3)e0) s
g/ot HG;(tS,.)HLI.H%(( A (e,0) L

< / Jj*_- [nx b+ e (S0l )1 |
k
TViINn0€(0) < —=ViC el

dx

15



Using the above estimate together with ny < n(t) < 2no, for t € [0, ] we obtain

i =i 1 2 C 2 2
[0 < s + 3600 + ﬁﬁ 5 (n0E® + €0 + m(e*m),

so that

€(t) < J=CnE + 1600+ 15— (0L + €(0) + m(0E0))

By possibly reducing the value of ng, we can assume that

1+2°= C2m4—0(%mf><2. (3.18)
Using (3.18) and a comparison argument, it is easy to conclude that
(1) < S-CMP() (3.19)
NS ’ '

if0<t<¢
Consider now the case f < t < £, and assume that (3.19) holds in the interval [t —£,¢). Assume
moreover that ¢ is the first time such that equality holds is (3.19). The z-derivative of the solution

v® of (2.1) can be written in the form
tlta) = [ Gilia =yt i)y
- /t / Gt — 5,2 — y)£<()\i(u) = X))V (s,y) ) dy ds
—iJm " dy ‘
+ /t / GL(t —s,x —y)¢o'(s,y) dy ds.
t—iJR

With a computation similar to the one above and using (2.9), (2.10), (3.18) and the assumption
no < n(t) < 2no, for t € [0,#] we obtain

; 2 1 2 2
o [l < =)+ 5 s;?pt ol + J ( + E2(t) + nn (1))
< O + 360 + 1o (n(t)ﬁ(t) + (1) + nn<t>52<t>),

hence a comparison argument shows that

C*n?(t). (3.20)



In particular, substituting (3.19), (3.20) in (3.13) we recover (2.14) for 0 <t <{.

STEP 3: Evaluation of the double integral

//‘v;(t,x)‘ |0 (t, )| dadt. (3.21)
0 JR

The idea is to use the representations of the first derivative v% in terms of the heat kernel given
in the previous step to show that the quantity in (3.21) can be bounded in terms of the product of
L'-norms of v* and v7. Since these representations contain a convolution of v* with the heat kernel
G, we consider the family of functions v/ (t + 7,z + 2), with (7, 2) € [0,7] x IR and we estimate the
quantity

I(o) = sup / / ‘v;(t, x)’ ‘vj(t + 7,z + z)‘ dxdt, (3.22)
(1,2)€[0,0] xR JO R

where o > 0. As in the previous step, we compute the L' norm of the source term: for all0 <t < ¢

we have

TL3CO 8 2 2 o
— 2 t

< %n%) <1 + 37%02(2n0)2> + %I(t).

We first study the case o < #, with ¢ defined at (3.17). We write the solution of (2.1) as

t)i/ / |¢%(t, z)|dxdt < n200172(t)+n2001(t)+
0 /R ¢ (3.23)

ita) = [ Gta—prar— [ [ @ nOuw - )il — sa —y) dyas
- /0 /ZR G (s,y) (; T ® )\i(u)vk) v'(t — s,z — y) dyds
+ /0 /ZR G.(s,y)¢'(t — s,x — y) dyds.

We first estimate the following integrals, whose computation is carried out in appendix A:

[ Ml

A
Iy

G'(t,x — )iy (t + 1,2+ 2 ‘dwdydt< 702 n* (o), (3.24)

) . . 1
GL(s,y)(Ni(w) = A)vh(t — s,z —y)v’ (t+ 7,2 + z)’ dxdy dsdt < gl(o'), (3.25)

(s, y) (k@ M) (t — s, — )i (t+ T,z + 2)

dxdy dsdt
(3.26)

16 = -~
< Vi Cn' (o),

17



G (s,9)0'(t — s,x — y)v! (t + 1,2 + z)‘ dxdy dsdt

o) /OU/IR\w'(t,x)\dxdt.

2,3 L 2 5
CfC (o) + gTlo) + = Cn(e)Qo). (3.28)

Using (3.23), (3.18) and a comparison argument, this shows that Z(o) is uniformly bounded, in

1L

Using the above estimates we obtain

(3.27)

I(o) <

the case o <t by

I(o) < C?*n’(0).

T evm

If £ < o <%, we split the integrals in (3.22) in two parts:
g . .
/ / [vL(t, z)| |/ (t + 7,2 + 2)| dwdt
o Jr

_ {/OZ/:}/R\U;(W\ 3 (t + 7,2+ =) dadt,

and write v’ (t,z), t > £, using the integral representation
ita) = [ Gulipeite—io—y)dy
R

i
- / / Gi(s,y)()\i(u) — A;‘)U;(t —s,x —y)dyds
0 JR
£ n
— / / G (s,y) Zrk o \i(u)v® | vi(t — 5,2 —y) dyds
0 JR 1
i . .
+ [ [ G- s -y duds.
0o JR
We now use the further estimates proved in Appendix A if o — 7 > £, the other case being entirely
Lo

[ L
[7f e

similar:

GL(t,y)v'(t —t,x —y)v'(t + 1,2 + z)’ dzdy dt < %6173(0), (3.29)

, . 4 1
GL(s,y)[Ni(u) = AT Jol(t — s,z =y’ (b + 7,2 + z)‘ dxdy dsdt < gI(O’), (3.30)

xT

((ri; @ M)VF) V' (t — 5,2 — y)v! (t + 7,2 + 2)| dady dsdt

(3.31)
16 = ~

< VN C2 (o),
CTt

18



GL(s,y)p'(t — s, —y)! (t + 7,2 + 2)| dedy dsdt < T Cn(e)Q(o).  (3.32)

[

Using the above estimates, for all (7, z) € [0,¢] x IR we obtain

\/

~

Cn(0)Q(0). (3.33)

2 9 3 1
_c T
cﬁc n (J)+8 +ﬁ

Adding the two expressions (3.28), (3.33), and recalling (2.10), we obtain

/_/ [vi(t, z)| |07 (t+7, 24 2)| dedt < §5
i R T

1/8~ 8 4 (o) 2 ~
I(o) < = — —C? LA
0 <3 (20 )i+ TP+ oo
10 C? I(o) 2 4
= VL2 O3
Z o)+ S+ =0 0)ale),
from which using a comparison argument we deduce
2oy < 2. 35 (3.34)
ERVZNe ' ’
Note that (3.34) holds for every o < t. This yields the desired bound for (3.22), namely
/ / oL (t, @)| [V (t, @)| dodt < hmsup I(o) < @@ 3(t). (3.35)
- Jmoec

Using (3.10), (3.18), (3.19)—(3.20) and (3.35), we now prove the estimates (2.6)

¢ i1 n2Cy , 20 8n 5, 2
/O/IR}gb (t,x)| dxdt < ; n (t)<1+2\/f0(2n0)+ﬁ0 (27;0)) .
< nCCO n?(t) -2 < %772(25),

4 - Nonsmooth initial data

The estimate (3.37) proves that if ¢ is the first time such that 7(f) = 2n, then (2.5) implies
that

C,. 2
20 = n(t) <mo + 3(2770) < 2no, (4.1)
generating a contradiction. Thus, if u(0, x) lies in the set
D = {u :R— IR"; wu(—o00) € Ky, Hl,(u) . umHLl <o,
4 . (4.2)
H(ll(u)u$)wHL1 S ﬁczng7 ZZlu"'a”})
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the solution can be extended for all £ > 0 and it has bounded variation: namely
[o" () [[Le < 270. (4.3)

In this section we prove that the domain can be extended to all functions with suitably small
total variation. The main argument in this last step of the proof is quite simple: If the total
variation of the initial data « is very small, after a short interval of time the corresponding solution
of (1.4) will be inside the domain D*, thanks to the smoothing properties of the parabolic system.

Hence our previous analysis can be applied.

With a linear change of coordinates, we can assume that A* = A(u(—o0)) = diag(A},..., \%).
Denoting with e; the i-th unit vector and writing 4° = e; - u, we can write the solutions of (1.4) in

the form

ﬂi(t,x) = /]R Gi(t, T — y)ﬂz(y) dy — /0 /ZR Gi(t -8, —Y) € - (A(u) — A*)uz(s,y) dyds, (4.4)
*(t,x) / G'(t,x — y)du'( / / GL(t—s,z—y) e (Alu) — A*)uy(s,y) dyds, (4.5)

i) = [ Gitr-ino) - [ [ Gie-se-v) e [(40) - AYulo)] duis, (40

with obvious meaning of notations. Recall that G* = G*i is the Green kernel defined at (3.15).

We look for an estimate of the form

Tot.Var.{u}

za 1 SC
[t (2) | N

(4.7)

Defining the time ¢y and the constant C' as

: i . 9
to = O =
= 320||DA|| - Tot.Var.{a}’ e BV

we claim that (4.7) holds for ¢ < ¢ if the initial datum is enough smooth. Clearly (4.7) is a strict

HDA|OO},

inequality for ¢ sufficiently small. Using the same techniques as in Section 3, step 2, if 0 < ¢ < tg

we can estimate the L' norms of (4.5) and (4.6) as

Hum(t)HLl < Tot.Var.{u} + \Q/Ti\/fHA — A Os;g;t Huz(s)HL1 < 2Tot.Var.{u}
Tot. V.

Hum(t)HL1 O\/?rit{u} TC’HDAHOO Tot.Var.{u} - s;;gtHux(s)HLl (4.8)
Tot.Var.{u}
< - @ 7
<C NG ;

where p
4~ A%lloe = ma [Aw) ~ 4], (DAl = max | L aGw) (4.9)
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Here the matrices A(u) are regarded as linear operators in L(IR™,IR"™), and IR"™ has the norm
vl = >°i; |vil. This concludes the proof if the initial datum is sufficiently smooth. Since the
estimates (4.7)-(4.8) depend only on the BV norm of u, by a density argument it follows that (4.7)

holds for any enough small BV function. In particular, at time ¢y form (4.7) we have

|taa(to)|| 1 < ?;1:02 (Tot.Var.{ﬂ})z. (4.10)

With easy computations, from (1.7) it follows that the components v’ are given by
o= (e, v = (e, + Y (enel) e dlis. (4.11)
j=1 Jj=1 Jk=1
Therefore, for a suitable constant C’ depending on ||DA||~, by (4.10)-(4.11) we have
Hvi(to)HLl < nC’Huw to HL1 < 2nC" - Tot.Var.{u} < no,

e o)l < nC” (14 s (o)l | ) e (t0) | .

< nC’ (1 +2n- Tot.Var.{a}) 321 (Tot. Var.{a})* (4.12)

Nz

<7027707

N3

provided that Tot.Var.{u} is sufficiently small and C big enough. All previous arguments can now
be applied to the solution u on the interval [tg, oo[. This completes the proof of the first part of

Theorem 1.

5 - L! stability of viscous solutions

In this section we prove the stability estimate (1.15) for solutions u of (1.4). Toward this goal,
we first study the linear variational equation satisfied by infinitesimal perturbations. The evolution
equation (2.23) can be more conveniently written as

hi + [A(u)h]y + (h e A(u))uy — (uy ® A(w))h = hyy (5.1)

We first consider the case in which the initial data « is in Dy. Defining the components of h and

u as
h= Z hir;(u), Uy = Zvjrj(u), (5.2)
with computations entirely similar to (1.7)-(1.10) we obtain

hs + Z (\jh?)prj + Z )\jhjvkrk o7
j=1 k=1

+ zn:(vjhk—hjvk)<)\jrk°rj+ o ) ZAz(lf (reomy))r )

j k=1

= thrj—i—Q Z hivPry e r; + Z hivkr, er; + Z hivkvtrg e (ry, e 1),
Jk=1 Jrk=1 3ok, =1
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he =Y hir; - Z)\khf (rrery)+ > Bvli(ryer;)
Jj=1

7,k=1 7,k=1

+ Z Rkt (rp @ ry,) @1,

.k, f=1
Zh% +Z)\h )aTj + Z Aj — Ae)hivP (ry o 1))
7,k=1
+ z (v/h* — hjvk)(%'m orj+ (reeAj)r; — Z)\é(l‘z (7 'Tj))rf> (5.3)
J.k=1 =1

n n n
= Zhixrj +2 Z hivPr) e r; + Z hi vkt (Tg o(rporj)—(rpery)e rj),
7j=1

jk=1 jik =1
The inner product of (5.3) with /;(u) yields

n

hi + [\hi], — R, = Z Ak = A - [rg, ] W0 + 2 Z 1" (1 @ ;) hivk

Jrk=1 G k=1

+ Z It (rl o(rperj)—(rpery)e rj>hjvkv£ + Z(hivk — hkvi)(rk o))

j,k (=1 k=1

Z G’ h]v + Z hj ok 4 Z ket (5.4)
J k=1 j k=1 jik,e=1

ok ik ke
+ > Tl (w)h! +ZL1 )(hiv® — hEv?)

T i
= ' (u, v, h).

The following estimates are quite similar to those in Sections 2 - 3.
Let the constant Cy provide an upper bound for the absolute values of all functions G; > H]’ k>
K]Z kel J]’ k> L}'C, as u ranges over the compact set K. For a given initial data h, the functions h’

satisfy the equations

{ hy + [Ni(u)h'] = hL, = ¢'(t,x) 5.5)

h'(0,2) = h'(z) = ( (2)) - h(x).
Here 1* = 9'(u, v, h) is the right hand side of (5.4). We assume that there exists a constant &y
such that

1Al < o, /R [ha ()] de < }52(2770)50, i=1...,n (5:6)

Since the right hand side of (5.5) is in conservation form, we have

-----

th()||L1 <&+ max //JR‘Qgi(s,x)‘dxdsif(t), (5.7)
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so that if we can prove that for some constant k' < 1

max / / 9" (s, 2)|dxds < K'E(t), (5.8)

1= , 22

we are done.
The proof involves three steps, entirely similar to the ones in Section 3.

1. Writing the solutions h'(t,z), v’ (¢,x) in the integral form

hi(t,x)—/ T (t, 2;0,9)h' (y // Uty x5 8,90 (s,y) dyds,
R

vj(t,x) :/ I’j(t,x;(],y)@j(y) dy +/ / Fj(t,x; s,y)qu(s,y) dyds,
R 0 JR
after some calculations we obtain

/ [ o] o )] dade < 1 <n0+ (200) )(go+//|¢sx\dxds> oo

S - 2770£(t)3

Ol O

because 7(t) < 27n9.

2. Concerning thv (t) for every ¢t > 0 the same calculations as in Section 3, step 2, yield

e

/IR | (8, 2)| da < 57;5227705(75), (5.10)
/le(t,x)!dx < \;}53(2770)25@)- (5.11)

3. Furthermore, the same computation as in Section 3, step 3 yields

/ / |hL(t, )| |07 (t, )| dadt < 307?0(27;0) £(t). (5.12)

Using the above estimates (5.8)—(5.12) and recalling that g also satisfies (3.18), we obtain

¢
/ / ‘wz(s,m)‘ dxds < @ 2no&(t) {n2 <1 + 2&6’ (2n0) + 8—n62 (2770)2> + 2n]
0 JIR

‘ v v (5.13)
C’
- 27)05( ),
By (2.13), the quantity £(¢) is bounded by
o -1
im0 = (1-Com) <26, (5.14)
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so that the functions A’ have uniformly bounded L' norm:

[h(t) |l < 2&o. (5.15)

We consider now the case @ € D and h € BV. Denoting the components hi=e;- h, we can

write the solution of (5.1) in the form

hi(t,z)= | G'(t,x—y)dhi(y Gi(t —y)ei - | (A(u) — A*)h(s,y)| dyds
o= [ G- [ [ e (0= i
/ / G'(t— s,z —y)e; - [(uz o A(u))h(s,y) — (he A(u))uw(s,y)] dyds,
hi(t, ) :/ G (t,x —y)dh' — / / Gi(t—s,x—y)e; - [(A(u) —A )h(s,y)Ldyds o)
/ / GL(t—s,x—y)e; - [(uw o A(u))h(s,y) — (he A(u))um(s,y)} dyds.
Using the same techniques of Section 4, in this case relying on the assumptions
[ 9
[ha(t)|| . < C \/; C = 1ax{ 7 ||DA||OO} 51
Vi< Vi =

InC||DA| s - Tot.Var.{u}’

for h, and recalling (4.17), we can estimate the L!-norms of (5.16) and (5.17) as

_ 4 B _
1ROl < IRl + (4c+ ﬁ>nﬁ|rDAuoo ot Var (i} - sup [[h(s)]» < 20Al

Bl | 16n 7 lx.:
Hhm(t)HL1< \/7% TCHDAHOO Tot.Var.{u} - iu;;tHh(s)HngC \/EL

In particular at time ¢, repeating the arguments at (4.22), for some constant C’ we have

[ (to)
Hhi(to)

< 1 o)l < 200" il < o,
< nC’ (1 + 2nTot.Var.{a})||he (to) |11 (5.19)

[

[

_ 4 ~
< nC’ (1 + 2nTot.Var.{u})InC>Tot.Var.{u}||h||r: < 702 210&o,
™
provided that Cis big enough and the total variation of @ sufficiently small. The previous estimates

on the norms Hh’(t)” can thus be applied for ¢ € [ty, oo, proving the estimates (2.24) on tangent

vectors. By (2.26), this completes the proof of Theorem 1.
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6 - The vanishing viscosity limit

To complete the proof of Theorem 2 given in Section 2, it only remains to prove the bound
(2.32), for some constants L, \. Toward this goal, we first establish an estimates on the size of a

solution h to the linear variational equation (5.1). Using the integral representation

h(t,x) :/IRG(t,x—y)h(y) dy—/o /ZRGz(t— s,x —y)A(u)h(s,y) dyds

(6.1)
t
[ ] Gt sm ) (ur o A@)A(s.1) ~ (b0 Alw)ua(s.0)] s,
0 JR
we obtain the bound
t
ne.o)| < | Gltoo =)o) dy+ Al [ [ |Gt~ 5o )] n(s.0)] dyds
R 0o JR
t (6.2)
+ 2||DA|| o /0 /]R Huw(s)HLoo -Gt — s,z — y)|h(s,y)} dyds .
Assuming that the initial data satisfies
|h(0,2)| < e for all z € IR, (6.3)
we claim that
t
|h(t,z)| < E*(t,x) = f(t) exp {4]DA|]OO / |ua (5)]| oo ds+t—m} (6.4)
0

for all £ > 0, x € IR, where f is an increasing function such that

1

ft) = 1+/0t2HAHoof(8)<\/m+\/77>ds, f(0) =1.

It is easy to show that we can take a function f(t) satisfying f(¢) < 2exp{C't}, if the constant C
is big enough. The bound (6.4) follows from the estimates (see appendix B)

/ Gtz — y)E*(0.y)dy < e, (6.5)
R
t 1 1
”AHOO/ / |Gx(t_57$—y)‘E+(37y)dyd3 < 7E+(t7x)_7et_z7 (66>
o Jm 2 2
t 1 1
DA [ [ alo) g Gl = 5.2 ) E o) dyds < JEH o) = 3¢ (6D
0 R

by a standard comparison argument. An entirely similar computation shows that, if ‘h(O, x){ < e,

then for all ¢,z one has
t
|h(t,z)| < E™(t,x) = f(t)exp {4\DAHOO / Huw(s)Hpo ds—i—t—l—x} . (6.8)
0
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Observe that, by (4.19), we can choose a constant A large enough so that
Et(t,z) < 2e* Vi)~ E(t,z) < 2e)Viri)te (6.9)

The estimates (6.9) are very rough bounds on the solutions of (6.1): in fact we just need a bound
on the speed of propagation of perturbation. Now consider any two initial data @, w satisfying the
assumption (1.13) of Theorem 1. For every interval [a,b] and any A > X, defining the path 6 — @’

as in (2.25), we compute
b—At b—At
/ lu(t, 2) — wit, )| dx < / /
a+ At a+ At
b—At
:/ / KO (t, z)|dz db,
0 Ja+At

where h? is the solution of the Cauchy problem (2.27)-(2.28). By linearity, we can write this

dx df

(6.10)

solution as a sum:
O = B 8+ 0,
where h?, j = 1,2,3 denote respectively the solutions of (2.27) with initial data

B0 (0, z) = {a(x) —w(x) if z € la,b],

0 otherwise,
0  Ja(x) —w(x) i x<a, 0 _ {ﬁ(a:) —w(x) if x>,
h2(0, ) = { 0 otherwise, (0, ) = 0 otherwise.
Applying the estimates (2.24) to h{, (6.4) to h§ and (6.8) to h§ we obtain

b—At 1 b=t
/ |u(t,x)—w(t,:r)}dx§/ / ({h?(t,:v)‘—I-‘hg(t,w)’—i-‘hg(t,:):)‘) dxdf
a+ At 0 a+ At

< L GO +206 —a— 20|00 ) - ( sup APy g VIR~
x<b—M\t r>a+ At
b - N
<L- / |a(z) — w(x)| de +2(b — a)||a — @]y - X NHAVE,
a
(6.11)
Given ¢ > 0, consider now two solutions u®, w® of (1.3), with initial data u,w. Applying the
previous estimates to the corresponding solutions obtained via the rescalings ¢t — t/e, z — /¢,
and observing that the distance |u(z) — w(z)| is always bounded by the diameter of the compact
set K1, from (6.11) we deduce
b—At - -
/ lu®(t, z) *(t,z)|dx < L- / |u(z) (w)‘dw+2(b—a)-diam(Kl)-e(’\”‘)t/E*AVt/E.
a+At
Letting € — 0, the vanishing viscosity limits u® — u, w® — w thus satisfy
b—At b
/ lu(t,z) —w(t,z)|de < L- / () — w(z)| da. (6.12)
a+At a

Since (6.12) is valid for every A > X, it implies (2.32).
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7 - Hyperbolic systems on manifolds

Let M be a smooth n-dimensional Riemann and call T;, the tangent space at u € M. At
each point u, let A(u) : T,, — T, be a linear mapping, smoothly depending on u € M. Assume
that each A(u) is strictly hyperbolic, i.e. it has n real distinct eigenvalues Aj(u) < -+ < Ay (w). If
u : [0,00[ XIR — M is a smooth map, at any given (¢,x) the partial derivatives u;, u, are vectors

in Ty(t,2)- It is thus meaningful to consider the system
ur + A(u)uy, =0 (7.1)

In a given set of coordinates, this yields a standard quasilinear hyperbolic system. Smooth solutions
are thus well defined. On the other hand. since the equations are not in conservation form, there
is no canonical way for defining discontinuous solutions.

Toward this goal, a possible approach is to consider a Riemannian structure on M. In this case,
one can choose bases of right and left eigenvectors r1(u),...,r,(u) € T, and I*(u),...,I"(u) € T

normalized as in (1.6):

0 if 17,

For any € > 0 we can now consider the parabolic system

(ri, 72) =1, iy = {1 = (7.2)

u + A(u =€ Z uw rl(u) (7.3)

Definition. If there exists a sequence of solutions u® of (7.3) which converges to a function

uw=u(t,z) in L{ ., we say that u is a vanishing viscosity solution of (7.1).

The same computations as in (1.7)—(1.9) now yield

S+ > )ar + 3 Akl = €4 (U aari + 23 (@)oo ] . (74

ik i ik

Taking the products of (7.4) with {*(u) and calling v® = I*(u) - u®

t,1=1,...,n, we obtain a system

similar to (1.11), where the quadratic terms involve only products of waves of distinct families:

+ (A\v') ZGmkzﬂv +Zszk’U] (7.5)

J#k J#k

All of our previous analysis can thus be applied. In the following, for simplicity we assume that
a compact Ko C M is given, which lies in the domain of a single chart. In this case, the total
variation of a function % : IR — M and its L'-norm can be referred to one particular system of

coordinates. The extension to the general case is straightforward.
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Theorem 3. Let (7.1) be a strictly hyperbolic system on a Riemannian manifold M. For every
compact set Ko C M, there exist constants L,L',n9 > 0, a closed domain D C LlloC and a

continuous semigroup S : D x [0,00[— D with the following properties.
(i) Every function u satisfying (1.13) lies in the domain D of the semigroup.
(ii) For every u,w € D with u —w € L' and every t,s >0 one has

1S, — Sy@||r: < L'|t — s| + L||a@ — @11 . (1.23)

(i1i) For every piecewise constant initial data u € D, there exists T > 0 such that the following
holds. Fort € [0,7], the semigroup trajectory Siyu coincides with the function u(t,-) obtained
by piecing together the solutions of the Riemann problems determined by the jumps in u,
constructed by the Riemann Solver at (1.16)—(1.22).

(iv) Every trajectory of the semigroup is a vanishing viscosity solution of (7.1).

Observe that all steps in the construction of the Riemann Solver at (1.18)-(1.22) remain
meaningful also in the case of a Riemann manifold.

To prove the theorem, we observe that all the estimates derived in the previous sections
remain valid in this case. In particular, for any smooth initial data « : IR — M with small total
variation, the corresponding solution of (7.3) is well defined for all ¢ > 0, and its total variation
remains uniformly small. Moreover, by the analysis in Sections 5-6, these solutions depend Lipschitz
continuously on the initial data, with a Lipschitz constant independent of € > 0, and converge to
a limit as ¢ — 0.

On the other hand, by the results in [14], the Riemann Solver described at (1.18)—(1.22)
generates a unique Lipschitz semigroup S. To show that the trajectories of this semigroup coincide
with our vanishing viscosity limits, by [3] it suffices to check the case of a Riemann initial data.

Assume first that both states «~,u™ in (1.17) lie on a single i-rarefaction curve, say
ut = R;(o)(u7).

Then the particular form of the diffusion operator implies that the solution of (7.3) remains on the

same i-rarefaction curve for all positive times. We can thus write
u(t7 J)) =R, (Z(ta .’I?)) (u7)7

where z is the solution of the scalar Cauchy problem (1.21).
The general case is proved by considering small perturbations @’ of the initial data, as in

(2.35), and using the Lipschitz continuous dependence of vanishing viscosity solutions.
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Appendix A

By the same computations as in Section 3, step 1, it follows that (3.10) holds also if we
translate v7:

g—u . . 1 1
/ / ‘v”(t,xﬂ |v] (t+u,x + y)’dl‘dt < f(n(t))Q (2770) . (A1)
0 R C C
A.1. Estimation of (3.24): from (2.10) and (A.1) it follows
/ // Gi(t,x —y ()v](t—i-Tm—i-z)‘dxdydt
R2

/‘U ‘/ /GthC— ‘v]t—i—Ta:—l—z}dxdtdy

< ﬁ@zngn(:) < ﬁc ia)'

A.2. Estimation of (3.25): the definitions of Z, in (3.22) and of # in (3.17) yield
o—T t
IS

< ||)\,Hoo/ / |G;(s,y)’/ / [vi(t — s, @ —y)v’ (t+ 7,2 + 2)| dedt dyds
0 R s R
< ||)\1H<>o/ /IR|G;(3,y)‘/ / [vL(t, )0’ (t+ 7 + 5,2 + z + y) | dadt dyds

GL(s,y) [Ni(u) = AfJol(t — s,x —y)v’ (t+ 7,2+ z)‘ dxdy dsdt

< Vo7 NlnT0) € ZViNeI0) € 2VilNno)To) < §T0)
A.3. Evaluation of (3.26): by (3.19)—(3.20) and (A.1) we have
o—T t ) ) )
/ / // G;(s,y)((rk o/\i)vk>vz(t— s,x — Y (t+ 7,2 + 2)| dydx dsdt
0 0o JJR?

[

./a_r/ \Gi(s,y)|/o—T/ 0t — 8,2 — y) - 07 (t + 7,2 + 2)| dwdt dyds
0 R s R

< [[N[lso sup ||uk(t)
0<t<t

< [INilloo sup [|v*(t)
0<t<t

[

'/U_T/ ‘G3(5’9)|/J_T_S/ |07 (t,2) - 07 (t + 5 + 7,3 + 2)| dadt dyds
0 R 0 R

8 ~ 2 1
Wl 5= C21Pl0) v (o))
16 ~= -~
VX C?' (o).

IN

IN
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A.4. Estimation of (3.27): using (3.19)—(3.20) we obtain

L
gos<1£|yu<t>um/ /;G;(s,y)y/ /|¢i<t_s,x_y)ydxdtdyds

B o) = \/7/ /\¢Ztm\dxdt<0n //th\dxdt

Gi(s,y)¢'(t — 8,2 — )vj(t—l—Tx—i-z)‘dydxdsdt

f

A.5. Estimation of (3.29): from (2.10) and (A.1) it follows

L
/|GZ i ‘/__/‘v (tx—y)| [ (t+7+E2+2)|dedtdy

_\/» P 50773(0).

A.6. Estimation of (3.30): the definitions of Z(o) in (3.22) and of £ in (3.17) yield

/ / // drdy|GL (s, y) [Ni(u )—)\f]vi(t—s,x—y)vj(t—i-T,x—i-z)‘dxdydsdt
R?

G;lc(f? ?/)Ul(t - tAvx - y)vj(t + 7,0+ Z)

dydzx dt

<H)\Z-HOO/O /]R]G;(s,y)‘/f_ /]R]v;(t,xﬂ}vj(t—i-T—i-s,m—l—z—l—y)‘dwdtdyds
2n sz 1
< T Vi< (2m)T(0) < §T(0).

A.7. Estimation of (3.31): by (3.19)—(3.20) and (A.1) we have

[

< [Xilloe sup_[Jo" (2
0<t<t

GL(s,y) ((ri ® A;)v )i(t—ij—y)Uj(t+T:x+z)‘dxddedt

I

5 g—T
/ / ‘G;(s,y)‘/ / [0’ (t — s,z —y)| [/ (t + 7,2 + 2)| dedt dyds
0 JR £ R

2 IRV 8 Ao o L, 16 /2 2,4
< ﬁ\/’gn)"”"oﬁc n (a)(cn (t)) CW\/£||)\1HOOC n*(o)

A.8. Estimation of (3.32): using (3.19)—(3.20) we obtain

L

G (s,y)p'(t — s,z —y)vI (t + 7,2 + z)‘ dxdy dsdt

f . g—T .
Soililit””z“)”w/ [ IGiwl [ [ foite— 50— )| dudtayas
§\F02 n*( \/Q \Qf //‘qﬁztw‘dmdt
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Appendix B
B.1. Estimation of (6.5):

/JRG(M— y)ET(0, y)dy<T p{

(y + 2t — )2

m —i—t—x}dy:etm.

B.2. Estimation of (6.6):

t
||A||Oo//’G (t—s,z—y }E‘*‘sy)dyds

N =i

-exp{ - Efét — 3) +4||DA|| /OS Huw(C)HLmd§+ 5 — y}dyds

t
< Al e {10 [ ua(Q) e~}

Ao,

t S
/0 A(t — s)y/x(t —5) / |x_y’eXp{ A(t—s)
A
= Xp{4HDAHOO/ ||t ()| oo ds + & — x} / H Ht_s / ¢ — VI —s]e™¢" d¢ds

{4”DAHOO/ | wa (s HLood§+t—x} /||A||oof (er\/?r)ds

< oxp {41041 [ a0+ 1} (@‘é)

1 1
= 5EJF(tw) ~ 5 €XPp {4]DAHOO/ Hux(g)HLoodg +1t— x}
0
1 1
S §E+(t7x) — §€t7$ .

B.3. Estimation of (6.7):
t
2IDAl - [ o)y [ G 5.0 = 9B (s,0) duds
0 R
t s
:2||DAH00'/ f(s)-exp {4HDAHoo/O [z (9)]| oo d<+5}
0

122 (5)]| -y )
.2 5 Rexp{ 1= s) y} dyd

t s
Sf(t)ft_x'/o 2| DA|loc ||tz (8)]| oo - exP {4|DAHoo'/O Hur@)HLka} ds
< SE(ta) — 1) e
< %E'*'(t,m) - %et_z.
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