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ABSTRACT. Given a vector field p(1,b) € L! (RT x R4 Rt1) such that dive.(p(1,b)) is a measure,

loc
we consider the problem of uniqueness of the representation 1 of p(1,b)L£%t! as a superposition of

characteristics v : (t5,t5) — R%, 4(t) = b(t,~(t)). We give conditions in terms of a local structure
of the representation 1 on suitable sets in order to prove that there is a partition of R%+! into disjoint
trajectories pq, a € U, such that the PDE

dive,s (up(1,b)) € M(RITY), uwe LR x RY),
can be disintegrated into a family of ODEs along g with measure r.h.s.. The decomposition pq is

essentially unique. We finally show that b € Lt1 (BVa)ioc satisfies this local structural assumption and
this yields, in particular, the renormalization property for nearly incompressible BV vector fields.
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1. INTRODUCTION

In this paper we consider the initial value problem for the continuity equation associated to a vector
field b: R x RY — R?, i.e.

u(0,) = up(. (L)

and the corresponding advective formulation, namely the transport equation

{8tu+b-Vu:0,
u(0,-) = uo(+)

where u: R x R¢ — R is a scalar field and ug: R? — R is a given initial datum. When b is globally
bounded and enjoys Lipschitz bounds, existence and uniqueness results for (classical) solutions to Prob-
lems (1.1) and (1.2) are well known. They rely on the so called method of characteristics which establishes
a deep connection between the “Eulerian” problems (1.1), (1.2) and the “Lagrangian” problem given by
the ordinary differential equation driven by b:

(1) =b(t,y(t), v:RY = RY,
v(0) ==z r € RY.

{@u + div,(ub) =0,

(1.2)

(1.3)

Our aim here is to study the problem of uniqueness in the non-smooth setting. For instance, if we assume
that the vector field b is merely locally integrable, then one can give a distributional meaning to the
following equation

dive z (u(1,b)) := dpu + div, (ub) =, (1.4)

provided, for instance, u € L=(R* x R?) and ¢ € L'(R%*!) is an integrable function. Furthermore, one
can prove (see e.g. [D1.07]) that, if u is a weak solution of (1.4), then there exists a map # € L>°(R* x R%)
such that u(t, ) = u(t,-) for a.e. t € RT and ¢ + (¢, -) is weakly* continuous from R into L>°(R?) and
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this allows to prescribe an initial condition for a weak solution w of (1.4), by imposing that «(0, ) = ug(+)
holds if (0, -) = ug(+).

The definition of weak solutions to the transport equation (1.2) is slightly more delicate: if the spatial
distributional divergence of b is a measure which is absolutely continuous with respect to the Lebesgue
measure, then the equation in (1.2) can be written in the form (1.4) and, as already pointed out, the
latter can be understood in the sense of distributions.

In the case when div, b is a measure which has a non trivial singular part, the notion of weak solution
of (1.2) can be defined within the class of nearly incompressible vector fields.

Definition 1.1. A locally integrable vector field b: R, x R? — R? is called nearly incompressible if there
exists a function p: R* x R? — R (called density of b) and a constant C' > 0 such that C~! < p(t,z) < C
for Lebsgue almost every (¢,z) € RT x R? and

dive . (p(1,b)) =0 in the sense of distributions on R* x R<.
Accordingly, one can give the following definition of weak solution:

Definition 1.2. Let b be a nearly incompressible vector field with density p. We say that a function
u € L®(R* x R?) is a p-weak solution of (1.2) if

div,z (pu(1,b)) =0 in the sense of distributions on R x RY,

Thanks to Definition 1.2 one can prescribe the initial condition for a weak solution to the transport
equation similarly to the case of the continuity equation, which we mentioned above (see [ ] for the
details).

1.1. The classical approach: renormalized solutions. Once reasonable definitions of weak solutions
have been established, one can start wondering whether they exist and are unique.

On the one hand, existence results for weak solutions are available under quite mild assumptions on b,
due to the linearity of the problems: for instance, one can show that a weak solution to initial value
problem for transport equation (1.2) with a nearly incompressible vector field always exists by means of

a standard regularization argument (see [ D-
On the other hand, the problem of uniqueness of weak solutions is more delicate and has been stud-
ied by several authors, since the work of DiPerna-Lions | ]. In that paper, uniqueness was estab-

lished as a corollary of the so called renormalization property. Roughly speaking, a bounded function
u € L®(RY x R?) is said to be a renormalized solution to (1.2) if for all 3 € C'(R) the function 3(u)
is a solution to the corresponding Cauchy problem:

Ou+b-Vu =0, O (B(w)+b-V(B(u) =0
{um, )= o = {Mu(o, )) = Bluo()

This can be interpreted as a sort of weak “Chain Rule” for the function u, saying that u is differentiable
along the flow generated by b. In | ] it is shown that the validity of this property for every 3 € C'(R)
implies, under general assumptions, uniqueness of weak solutions for (1.2); furthermore, it is proved that
renormalization property is fulfilled by vector fields b which have locally Sobolev regularity (in space).
The argument relies on an approximation scheme based on commutator estimates: if {¢®}.~¢ is a standard
family of mollifiers in R™ and u® := u % ¢° then one can write

ou®+b-Vu® =1T° (1.5)

for every 8 € C*(R).

where T° is the commutator defined as
T°:=b-Vu® — (b-Vu) * ¢°
By multiplying both sided of (1.5) times 8’(u®) one obtains
OBu") +b - V(B(u)) =T (uf).

If b € WP, one can show that the r.h.s. converges strongly (in LP) to 0, from which one deduces the
renormalization property.



4 STEFANO BIANCHINI AND PAOLO BONICATTO

1.2. Bressan’s compactness conjecture. In the recent years, several efforts have been made in order
to extend these results to a larger class of vector fields, remarkably BV vector fields. In 2004, Ambrosio
[ | proved the renormalization property for vector fields of bounded variation whose divergence is
absolutely continuous.

However, in view of the relevant connections with the theory of hyperbolic systems of conservation
laws (for instance the Keyfitz-Kranzer system, see | ]), it is interesting to consider the case of
vector fields whose divergence has non trivial singular part. In particular, one would like to extend the
DiPerna-Lions theory of renormalized solutions to the transport equation when the vector field b is BV
(locally in space) and nearly incompressible. Notice that, using simple regularization arguments, one
can prove that if divb € L= (Rt x R?) then b is nearly incompressible. The converse implication does
not hold, so near incompressibility can be considered as a weaker version of the assumption divb €
L>(R* x R?). In particular, uniqueness of solutions in the BV nearly incompressible setting implies (as
shown in | ]) the following conjecture on compactness of ODEs, raised by A. Bressan in 2003
(see | , ]:

Conjecture (Bressan’s compactness conjecture). Let b, : R xR? — R%, n € N, be a sequence of smooth
vector fields. Denote by ®,, the flow generated by by, i.e.
%(I)n(t,m) =b,(t, ®,(t, x)),
®,(0,z) = .
Assume that ||bp|leo + [|Ve,zbnllLr is uniformly bounded and there exists a constant C > 0 such that
C™ < det(V,@,(t,x)) < C

for all (t,z) € R x R? and all n € N. Then the sequence ®,, is strongly precompact in L.

loc*

1.2.1. The chain rule approach and the 2D case. In view of Definition 1.2, in order to establish uniqueness
of solutions to transport equation (1.2) in the nearly incompressible case (and, thus, Bressan’s conjecture),
one is led to consider continuity equation

Owp + divy(pb) =0 (1.6)

and would like to prove a uniqueness result for the initial value problem associated to (1.6). By pursuing
the renormalization approach, one has to observe that the chain rule along the flow of b for the equation
(1.6) takes a different form (even in the smooth setting):

0:8(p) + divz (B(p)b)) = (B(p) — pB'(p)) diva b. (1.7)
In general, the r.h.s. of (1.7) cannot be written in that form, being only a distribution; in the case the
vector field b € BV, it can be shown to be a measure, controlled by div, b. As noted in [ ], the

main problem is to give a meaning to the r.h.s. of (1.7) when the measure div, b is singular and p is only
defined almost everywhere with respect to Lebesgue measure. To overcome this difficulty, the authors
split div, b € M(R*1) into its absolutely continuous part, jump part and Cantor part and treat the

cases separately. Their first result ([ , Thm. 3]) is that in all Lebesgue points of p the formula
(1.7) holds (possibly being div, b singular), where p is replaced by its Lebsgue value p. This is achieved
along the same techniques of | ], which are in turn a (non-trivial) extension of the ones employed in

[ ]: in general, in the BV setting, strong convergence of commutators does not hold. The argument
can be fixed if div, b is absolutely continuous, by considering suitable convolution kernels which look
more elongated in some directions in order to control the singular terms.

By exploiting properties of Anzellotti’s weak normal traces for measure divergence vector fields (see
[ 1), Ambrosio-De Lellis-Maly managed to settle the jump part: they obtain an explicit formula (in
the spirit (1.7)), involving the traces of b and p(1,b) along a H? !-rectifiable set. We refer the reader
also to [ ] for an extension of these results to the BD case.

In order to tackle the Cantor part, a “transversality condition” between the vector field and its derivative
is assumed: it is shown that, if in a point (¢, Z) one has (Db - b)(t,z) # 0 (where b(¢, ) is the Lebesgue
value of b in (Z,z)) then the point (¢, ) is a Lebesgue point for p.

From the analysis of | ], it remains open the case of tangential points, i.e. the set of points at
which Db - b vanishes, which make up the so called tangential set. This is actually relevant, as shown
in | ]: answering negatively to one of the questions in | ], in | ] the authors exhibited
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Figure 1. Example of [BG16]: the tangential set of the vector field b (only the integral
curves have been drawn here) is a Cantor like set of dimension 3/2. Notice
that each trajectory v meets the tangential set in exactly one point, at time

t,: the density p, computed along the curve, is piecewise constant, having a
unique jump of size 1 in ¢,.
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an example of BV, nearly incompressible vector field with non empty tangential set. Even worse, the
tangential set is a Cantor like set of non integer dimension but, at level of the density p, one sees a pure
jump. This severe pathology is depicted in Figure 1 and we refer the reader to [BG16] for a detailed
construction.

In the same paper, the authors studied the 2D case and established, via a different technique, uniqueness
of weak solutions for a BV vector field, nearly incompressible (with a time independent density): as a
consequence they give explicitly the form of the r.h.s. of (1.7) in the 2D case. Their proof is inspired
to previous results in the divergence free case (obtained by [ABC14]) and takes advantage of the under-
lying Hamiltonian structure of the problem in the two dimensional setting. In [ABC14], the existence
of a Lipschitz Hamiltonian allows to establish a sufficient and necessary condition for uniqueness for
autonomous, divergence-free, bounded vector fields: this is done via a disintegration argument, in view
of the regularity results for level sets of Lipschitz maps obtained in [ABC13]. For an extension of these
techniques to the 2D nearly incompressible case we refer the reader to [BBG16].

1.3. A different method. Our analysis starts from the following observation: the two techniques pre-
sented above (Hamiltonian in two-dimensional setting and Chain Rule) are not suited for the general
case for two different reasons. On the one hand, in the general d-dimensional case with d > 2, the
Hamiltonian approach cannot be applied, as divergence free vector fields in R? do not admit in general a
Lipschitz potential. On the other hand, in the Chain Rule approach the problem is more subtle: clearly,
it seems arduous to construct suitable convolution kernels, which adapt to the irregularity of the vector
field, controlling the errors, once the main term is exhibited. The subtle problem is however to determine
which are the main terms: one has to compute some sort of trace on sets which are not rectifiable, i.e.
Cantor-like sets. Lacking a suitable notion of trace, this task seems quite difficult. Such a notion could
be given by means of a Lagrangian representation 1 of the R !-valued vector field p(1,b), and this is
the starting point of our approach.

Lagrangian representations. In the general non-smooth setting, one could recover a link between the
continuity equation (1.1) and the ODE (1.3) thanks to the so called Superposition Principle, which has
been established by Ambrosio in [Amb04] (see also [Smi94]). Roughly speaking, it asserts that, if the
vector field is globally bounded, every non-negative (possibly measure-valued) solution to the PDE (1.1)
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can be written as a superposition of solutions obtained via propagation along integral curves of b, i.e.
solutions to the ODE (1.3).
More generally, let us consider a locally integrable vector field b € Ll ((0,7) x R?) and let p be a
non-negative solution to the balance law

dip + div(pb) = p, 1€ M((0,T) x RY). (1.8)

with p € LL ((1+ |b])£4*1) (so that a distributional meaning can be given). For simplicity, we will often

loc
write (1.8) in the shorter form

divez (p(1,b)) = p. (1.9)
Let us denote the space of continuous curves by
T = {(t1,t2,7) € RT xRt x C(RT,RY), t; < to}

and let us tacitly identify the triplet (t,tF,~) € T with ~, so that we will simply write v € I". We say
that a finite, non negative measure 1 over the set 1" is a Lagrangian representation of the vector field
p(1,b) if the following conditions hold:

(1) n is concentrated on the set of characteristics I', defined as
I':={(t1,t2,7) € T : v characteristic of b in (¢1,%2)};

we explicitly recall that a curve + is said to be a characteristic of the vector field b in the interval
I, if it is an absolutely continuous solutions to the ODE

Y(t) =b(t, (1)),
in I, which means that for every (s,t) C I, we have
t
| =)= [ bt ar
r s

(2) The solution p can be seen as a superposition of the curves selected by 7, i.e. if (id,v): I, —
I, x R? denotes the map defined by ¢ +— (¢,7(t)), we ask that

pLHH! =/F(idm)ﬁﬁl n(dv);

(3) we can decompose 1, the divergence of p(1,b), as a local superposition of Dirac masses without
cancellation, i.e.

n(dy) = 0.

r= /F [5%7(@)(‘# dx) = 6,x ) (di dﬂ?)} n(dy),

| = /F (60 e () + 8,1 (At )] ().

The existence of such a decomposition into curves is a consequence of general structural results of 1-
dimensional normal currents (see | ] and, for the case =0, | , Thm. 12]). The non-negativity
assumption on p > 0 (i.e. the a-cyclicity of p(1,b) in the language of currents) plays here a role, allowing
to reparametrize the curves in such a way they become characteristic of b, i.e. they satisfy Point (1).

Restriction of Lagrangian representations and proper sets. One problem we face immediately
lies in the fact that 7 is a global object, thus it is not immediate to relate suitable local estimates with
7: in other words, in general, n cannot be restricted to a set, without losing the property of being a
Lagrangian representation. If we are given an open set Q C R4 and a curve v, we can write

o0

) = 8

i=1

and then consider the family of curves

Ry = Yoqy = sty

We can now define
o0

o =Y _(RG)m- (1.10)

i=1
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In general, the series in (1.10) does not converge. Moreover, even if the quantity in (1.10) is well defined
as a measure, since 7 satisfies Points (1) and (2) of the definition of Lagrangian representation 3.1, it
certainly holds

p(l,b) ‘Cd+1LQ:/(lda7)ﬂ((137)£l) Uﬂ(d’Y)
r

but, in general, Point (3) is not satisfied by ng (more precisely the second formula): in other words, nq
might not be a Lagrangian representation of p(1,b)L%*!Lq: the key point is that the sets of  which are
exiting from or entering in €2 are not disjoint.

Thus the first question we have to answer to is to characterize the open sets Q C R4 for which 7q is
a Lagrangian representation of p(1,b)L£%*!Lq. It turns out that there are sufficiently many open sets
with this property: apart from having a piecewise C'-regular boundary and assuming that H% gq-a.e.
point is a Lebesgue point for p(1,b), the fundamental fact is that there are two Lipschitz functions ¢%*
such that

5, 6,—
Io<¢ + < ILQ-&-B?“(O)’ ILRHI\Q <¢ < I]']RdJrl\QJ,_BgH’l(O)

and
%ir% pl(1,b) - V@>E| L9 = p|(1,b) - n| HLsq in the sense of measures on R4,
—

which essentially mean that p(1,b)H% 5o is measuring the flux of p(1,b) across 9€2. We call these set
p(1,b)-proper (or just proper for shortness): our first results are that there are sufficiently many proper
sets and that they can be perturbed in order to adapt to the vector field under study.

Cylinders of approximate flow. Once we are able to localize the problem in a proper set, we can
start studying which are the pieces of information on the local behavior of the vector field that one needs
in order to deduce global uniqueness results. To begin with, we consider again the case of the jump part
of b in the L N BV (or L>* N BD) case: in this framework, in | , Thm. 6.2] it has been proved
the existence of a strong trace for p over the jump set of b by taking suitable cylinders, so that on both
sides of the discontinuity the later flux becomes negligible w.r.t. their base (see Figure 2a). By strong
trace we mean that the trace operator, defined in the Anzellotti’s distributional sense, agrees with the
(approximate) pointwise limits defined with integral averages on balls. One could be tempted at this
point to reproduce the proof in the tangential points: ignoring the fact that we do not have a suitable
notion of (strong) trace on these Cantor sets, the main difference lies in the fact that, since the vector
field is not transversal to the measure theoretic normal of the set, the cylinders should be much more
elongated (see Figure 2b).

Thus we have to look for a different approach. Given a proper set 2 C R4+, we assume we can construct
locally cylinders of approzimate flow as follows:

Assumption 1.3. There are constants M, > 0 and a family of functions {(;Sg}boﬁep such that:

(1) for every v € I',£ € RT, the function ¢ : [t7,¢F] x R* — [0,1] is Lipschitz, so that it can be used
as a test function;

(2) the shrinking ratio of the cylinder qﬁf; is controlled in time, preventing it collapses to a point:
more precisely, for ¢t € [t7,tF] and z € R4,

Ly h)+82,(0) (x) < ¢4 (t,2) < L)+ B2, (0) (2);

(3) we control in a quantitative way the flux through the “lateral boundary of the cylinder” (compared
to the total amount of curves starting from the “base of the cylinder”) with the quantity co: more
precisely, denoting by

flux of the the vector field p(1,b)

across the “boundary of the cylinder” gbfy

- plt,2)|(1,b) - VL (t, )| £+ (do db),
(67 45 xR

Flux’(v) :=

ot (7) := amount of curves starting from the base of the cylinder (;Sfy
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(a) Visual proof of Thm. 6.2 in [ACMO5]: (b) Back to the example of [BGI16]:
the trace of p on the jump set Jp is in the tangential points, the cylin-
strong, as a consequence of the fact ders should be much more elon-
that the flux of b through the lateral gated than in the jump case, as
boundaries of the cylinders is asymp- the vector field is not transversal.

totically negligible w.r.t. the base of
the cylinders.

Figure 2. Strong traces via cylinders: the jump case and the Cantor case.

and

in,__ . .
Tlo = TIQL-{curves entering in Q}
we ask that

1 .
/FWF'uxe(v) 3 (dy) < @. (1.11)

We decided to call cylinders of approximate flow the family of functions {¢{;}£>0,ve r: indeed, if v is a
characteristic of the vector field b, the function ¢§ can be thought as generalized, smoothed cylinder
centered at . Notice that the measure 775“ makes sense if 2 is a proper set, in view of the above analysis.
Thus the ultimate meaning of the assumption is that one controls the ratio between the flux of p(1,b)
across the lateral boundary of the cylinders and the total amount of curves entering through its base in
a uniform way (w.r.t. £), as the cylinder shrinks to a trajectory v. A completely similar computation
can be performed backward in time, by considering nq restricted to the exiting trajectories and adopting
suitable modifications.

Passing to the limit via transport plans. At this point, one would like to determine what the cylinder
estimate (1.11) yields in the limit £ — 0. In order to perform this passage to the limit, we borrow some



A UNIQUENESS RESULT FOR THE DECOMPOSITION OF VECTOR FIELDS IN R¢ 9

tools from the Optimal Transportation Theory. The language of transference plans is particularly suited
for our purposes: we define

re@Q):={yer: 7(t$) € 00}, Q) ={yer: v(t5) € o0}

and we consider plans between n& := nqoLre () and the entering trajectory measure nit. Notice that
ng is concentrated, by definition, on the set of trajectories entering in and exiting from Q (crossing
trajectories). In the correct estimate one has to take into account also of trajectories which end inside
the set Q and this, in view of Point 3 of the definition of Lagrangian representation, is estimated by the
negative part p~ of the divergence u, defined in (1.9). By means of a deep duality result in Optimal
Transport | ], one obtains the following

Proposition 1.4. Let Q C R be a proper set and n be a Lagrangian representation of p(1,b). If
Assumption 1.3 holds then there exist Ny C I'*(Q), No C I'™(Q) such that

cr in : M_(Q)
< w w
nQ(N1)+nQ(N2)_ér;f1{2 + Cw + 01}

and for every (y,7') € (I'" \ N1) x (I \ Na)
either clos Graph~’ C clos Graphy or clos Graph+, clos Graph ' are disjoint. (%)

Proposition 1.4 gives essentially a uniqueness result (from the Lagrangian point of view) at a local level,
namely inside a proper set : it says that, under Assumption 1.3, up to removing a set of trajectories
whose measure is controlled, one gets a family of essentially disjoint trajectories (meaning that are either
disjoint or one contained in the other).

Untangling of trajectories. It seems at this point natural to try to perform some “local-to-global”
argument, seeking a global analog of Proposition 1.4. In order to do this, we introduce the following
untangling functional for n'*, defined on the class of proper sets as

fin(Q) := inf {nf{(Nl) + 9 (Ny) : V(v,7') € (I'\ N1) x (I \ N3) the condition (%) holds }

and, in a similar fashion, one can define an untangling functional for the trajectories that are exiting
from the domain €). In a sense, these functionals are measuring the minimum amount of curves one has
to remove so that the remaning ones are essentially disjoint, i.e. they satisfy condition (). The main
property of these functionals is that they are subadditive with respect to the domain 2, meaning that

FRQ) < £MU) + £V,

whenever U,V C R4 are proper sets whose union € := UUYV is proper. The subadditivity suggests the
possibility of having a local control in terms of a measure w”, whose mass is 7 > 0, replacing the constant
w in Proposition 1.4 with w™ (). In view of Proposition 1.4 one has to combine w”™ with the divergence
and this can be done by introducing a suitable measure (7, ~ Cw” + % on R¥*1, If Assumption 1.3 is
satisfied locally by a suitable family of balls, then one can show, by means of a covering argument, the
following fundamental proposition, which is the global analog of Proposition 1.4.

Proposition 1.5. There exists a set of trajectories N C I such that
n(N) < CaCG (R
and for every (v,~") € (I'\ N)? it holds

either Graph~y C Graph~' or Graphy' C Graph~y ()
or Graph-~y, Graph+y' are disjoint (up to the end points).

The interesting situation is when the measure (¢ can be taken arbitrarily small, i.e. when 7 — 0: in that
case 7 is said to be untangled, i.e. it is concentrated on a set A such that for every (v,7') € A x A the
condition (*x) holds.
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Partition via characteristics and Lagrangian uniqueness. The untangling of trajectories is the
core of our approach and it encodes, in our language, the uniqueness issues and the computation of
the chain rule. Indeed, once the untangled set A is selected, we can construct an equivalence relation
on it, identifying trajectories whenever they coincide in some time interval: this gives a partition of
A into equivalence classes Ey := {@q}q, being 2 a suitable set of indexes. This, in turn, induces a
partition of R¥T! (up to a set pLd*!-negligible) into disjoint trajectories (that we still denote by @q):
both partitions admit a Borel section (i.e. there exist Borel functions £: R — 2 and £: A — A such
that p, = £~ (a) and £ !(a) = E, for every a € 2A): hence a disintegration approach can be adopted,
like in the two-dimensional setting. One reduces the PDE (1.9) into a family of one-dimensional ODEs
along the trajectories {pq}acu: We are thus recovering a sort of method of the characteristic in the weak
setting.

To formalize this disintegration issue, we propose to call a Borel map g: R4 — A a partition via
characteristics of the vector field p(1,b) if:

e for every a € A, g~ !(a) coincides with Graph~,, where v4: I, — R4t is a characteristic of b in
some open domain I, C R;

o if § denotes the corresponding map §: A — A, () := g(Graph ), setting m := g4n and letting
wq be the disintegration

p LT :/Ql(id,'ya)ﬁ(waﬁl)m(da)

then
d
@wu = g € M(R), (1.12)
where w, is considered extended to 0 outside the domain of ~g;
e it holds

p= [ rmamida)  and = [0} el m(da).
We will say the partition is minimal if moreover

lim we(t) >0 Vt € I,.
t—tE
In view of the discussion above, the family of equivalence classes {pq}qco arising from the untangled
set A constitutes a partition via characteristics. Moreover, since the function w, is a BV function on R,
in view of (1.12), we can further split the equivalence classes so that it becomes a minimal partition via
characteristics of p(1,b). We have thus obtained the following

Main Theorem 1. There exists a minimal partition via characteristics £ of p(1,b)L4T1.

If now u € L™ is such that div;,(up(l,b)) = ' is a measure, one can repeat the computations for
(2]|u]| oo +u)p(1,b) LI+ obtaining that the same partition via characteristics works also for up(1, b)£4
concluding with the following uniqueness result, which is the second main result of the present work.

Main Theorem 2. Ifu € L>®(pL%*1) then the map £ is a partition via characteristics of up(1,b)LIH!,
In particular, by disintegrating the PDE div(up(1,b)) = u along the characteristics p, = £7!(a), we

obtain the one-dimensional equation

i(“(t’ @u@))wa(t)) = .

At this point, an application of Volpert’s formula for one-dimensional BV functions allows an explicit
computation of 4 (3(u o p,)wa), i.e. of div(B(u)p(1,b)) thus establishing the Chain rule in the general
setting. We remark that, even without BV-BD bounds on b, the distribution div(8(u)p(1, b)) turns out
to be a measure in our setting, i.e. when the representation 7 is untangled.
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(a) In the absolutely continuous part of (b) The singular case: the cylinders shrink
Db the cylinders evolve under a con- (if divb < 0) in a controlled way,
stant matrix A, which will be taken their sides being graph of monotone
close to D%b. Lipschitz functions which satisfy suit-

able differential equations.

Figure 3. Approximate cylinders of flow in the L} (BV, )i nearly incompressible case.

1.3.1. The BV nearly incompressible case. The last part of this work aims to give an interesting example
where the above construction can be performed: it is the case where b € L,}(BVm)IOC. In view of Main
Theorem 2, without loss of generality, we assume p = 1 so that the vector field under consideration is
exactly (1,b)L£%*! and we denote by Db = [ Db(t)dt the derivative of b. The construction considers
a local approximating vector field for which the flow is Lipschitz and whose cylinders of flows satisfy
Assumption 1.3.

For any matrix A and v characteristic (and for ¢,6; > 0), one can define the cylinder
1 PN
— m dist (y, Bg (O))

By some computations (similar to the renormalization analysis) one can to show that the integral (1.11)
can be estimated by

5
/Ujé[/ [l .vt,zqsmcdﬂ] n(dy) < C|Db — AL (B (7). (113)
201 t;

6401 (1,1(1) + ety) = [1

where 0% is a suitable normalization constant and C' a positive constant. In particular, the right hand
side of (1.13) can be made arbitrarly small in the absolutely continuous part of Db. Roughly speaking
we have replaced the real evolution (under the flow of b) of a ball B¢(0) with an ellipsoid, given by a fixed
matrix A (compare with Figure 3a): the computation behind (1.13) shows that the difference between the
two evolutions (i.e. the lateral flux through the cylinder) is small, when compared to the volume of Bgl(O).

The estimates for the singular part are more delicate and depend heavily on the shape of the approximate
cylinders of flow. The main idea is to choose properly the (non-transversal) sides’ lenghts of the cylinders,
in such a way to cancel the effect of the divergence. First of all, by Rank One Theorem, we can find a
suitable (local) coordinate system y = (y1,y~) € R? in which the derivative Db is essentially directed
toward a fixed direction (without loss of generality, the one given by e1). Accordingly, we define the
(section at time ¢ of the) cylinder

Q=Qu o=+ {y ="~ (L") <y <G y) Wt <), (1
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where ¢ > 0 and €1iﬂ are monotone Lipschitz functions to be chosen. This is indeed a crucial step: we
show it is possible to adapt locally the cylinders of approximate flows, by imposing that the sides’ lengths
Efﬂf (t) are monotone functions satisfying suitable differential equations (see Figure 3b). In a simplified
setting, i.e. if the level set of by (t) were exactly of the form y; = constant, then we would impose

D10 = (Dh) (40,71 + 21, (1) (1.15)

(and an analogous relation for /7). Plugging the solution of (1.15) into the definition of the cylinder
(1.14), we can show that the flux of b through the lateral boundary of @ is under control. Actually, a
technical variation of this is needed in order to take into account the fact that the level sets are not of
the form y; = constant: to do this we exploit Coarea Formula and a classical decomposition of finite
perimeter sets into rectifiable parts (De Giorgi’s rectifiability Theorem). We show that, up to a | D®"&b|-
small set, one can find Lipschitz functions y; = L; »(y) in a fixed set of coordinates (y1,yt) € R x R4
whose graphs cover a large fraction of the singular part Ds"&b. B (£,7)" We can at this point reverse the
procedure, i.e. we construct a vector field starting from the level sets: this yields a BV vector field U(t)
whose component U/, can be put into the right hand side of (1.15) and we can now perform the precise
estimate of the flux of b through the lateral boundary of Q. By an application of the Radon-Nikodym
Theorem, it follows that on a large compact set it holds that the flow integral (1.11) is controlled by
7|Dneb|(B4*1(%, 7). Finally a covering argument implies that the measure (¢ can be taken to be 7| Db,
i.e. Theorem 1 holds.

1.4. Structure of the paper. The paper is organized as follows.

Section 2 introduces the main notations used in the paper.

Section 3 collects some results which will be used. After specifying the problem under consideration
and observing that due to the locality of the result it is enough to consider vector fields with compact
support, in Section 3.1 we recall the basic results on the existence of a Lagrangian representation 7
(Definition 3.1), i.e. a measure on the space of trajectories of the vector field b defined in an open
interval. The only variation w.r.t. the results of | ] is that, thanks to the form of the vector field
(i.e. (1,b)), can parametrize the curves with ¢. The fact that n-a.e. curve is of finite length implies that

/ U )l dt] n(dy) = |bllz:,

3
i.e. there exists the limit points ’y(tvi): in particular for us Graph -y is the graph of v together with its
starting and ending points. Section 3.2 deals with a duality result which will lead to the untangling
properties of the representation n: the fundamental result (Proposition 3.3) is that if B is a Borel set,
and p;, i = 1,2, are two bounded measures (possibly with different mass), then the dual of the optimal

transport problem
sup 7T(B) :lnf{Z/th“hz Borel, th > ]lB}
i i

(pi)gm<pi
has a minimum, which is actually given by some characteristic functions h; = 1p,.
Finally Section 3.3 recalls some fundamental properties of BV functions, which are used in the last part of
the paper when studying the L} (BV,)-case: the most important ones are the Coarea Formula, Theorem
3.7, and the Rank-One Property, Theorem 3.8.

The rest of the paper is divided into 3 parts, each studying a different problem: select suitable sets
which can be used for testing purposes (Part 1), deduce from a local estimate on the Lagrangian repre-
sentation some global uniqueness properties (Part 2), and finally show that b € L} (BV,)jc satisfies this
local estimate (Part 3).

In Section 4 we give a property of open sets 2 with sufficiently regular boundary which (at the end)
will imply that the normal trace controls the flow of trajectory across 9€2: the idea is that there are
two Lipschitz functions ¢** such that p|(1,b) - Vé*»*|L£4T! converges to the outer/inner normal trace.
Definition 4.1 of p(1,b)-proper sets requires more conditions, which are not restrictive being the sets
used for testing purposes; subsequent remarks are addressed to possible extensions. The main results of
Section 4.1 are that there are sufficiently many sets which have a simple geometry and are p(1, b)-proper
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(Lemma 4.8) and a condition to construct new proper sets (Proposition 4.9).

In particular, these sets can be perturbed: Section 4.2 construct indeed perturbations (). of proper sets
), which are still proper, arbitrarily close to the original € and such that the entering/exiting fluxes
mainly occur across finitely many time-constant planes, Theorem 4.16.

The restriction operation p(1,b)L%*! s p(1,b)L4 1L has as a key point the computation of traces:
indeed the boundary of 9 adds a trace, i.e. a source/sink for the trajectories . The idea is to consider
the operator

. S 4
7)) = U(tQ’ A5T), ROy = g ity
1
and the natural image measure
(Ra)sm = > _(RH)n.
i
After recalling some known results of (now) classical trace theory for L*°-divergence measure vector
fields, we show in Section 5.1 that the maps tf;i are Borel (Lemma 5.7), and give a representation of

the distributional trace as a countable sum of measures (Tgi)un (Lemma 5.8); an example showing that
the trace in general is not absolutely convergent is given in Example 5.9. A consequence of this lack
of convergence is that (Rq)yn is not a Lagrangian representation of p(1,b)LIH1 g since the balance of
the divergence is not true. By increasing the regularity of the vector field, one can obtain an absolutely
convergent sequence of measures representing the trace for Lipschitz sets: this is the case of BV or BD
vector fields, and this is studied in Section 5.2. After a trivial extension to Ll(BDI)lOC of the chain rule
for traces (Proposition 5.11), in Proposition 5.12 we show that (Rq)yn is an absolutely convergent sum of
measures. '

The main aim of this analysis is to identify two disjoint subsets A* of 0§ such that (Tgi)un is
concentrated on A*: this is exactly the case of proper sets, and it is studied in Section 6. The key fact,
used several times in the section, is that the trace controls the flux of trajectories across 0f2: using the
perturbations 2° of Section 4.2 one can further show that a weak differentiability holds, Corollary 6.6,
and finally that (Ro)yn is a Lagrangian representation of p(1,b)L%* Lo, Theorem 6.8. Further regularity
properties and stability w.r.t. perturbations are analyzed in Corollary 6.9 and Proposition 6.10.

This concludes Part 1, and next we begin with Part 2.

The starting point of Section 7 is to give a set of assumptions in a proper set {2 which implies uniqueness

up to a set of trajectories whose n-measure is controlled: this is mainly Assumption 7.1 of Section 7.1.
(See also Remark 7.5 for essentially equivalent conditions, Assumption 7.6). This uniqueness result is
divided into two propositions: in the first, Proposition 7.2, we control the trajectory which starts from the
same point of the boundary and subsequently bifurcate. In Proposition 7.3 instead we use transference
plans to control the amount of trajectories starting from two different points of 02 and intersecting at
a later time. Example 7.4 shows that Proposition 7.2 is sharp, in the sense that in general one cannot
hope for a full control of transference plans m between n'™.
Restricting to the crossing trajectories, instead, it is possible to have such a control: indeed, Corollary
7.8 gives the estimate on the m-measure of trajectories starting from two different points and intersecting,
while at the expenses of o(1)u~ (2), Proposition 7.11 considers the other case. The final result is Theorem
7.14, which follows from the above two bounds and Kellerer’s duality results: it states that, after removing
a set of trajectories whose 7-measure is explicitly controlled, the remaining curves are either disjoint or
one a subset of the other. For convenience, the analysis is performed first on perturbation of propers
sets, and then passed to the limit as shown in Theorem 7.15.

The next section, Section 8, addresses the problem of passing the local results obtained in Section

7 to a global estimate. From the estimates of Theorem 7.15, it is natural to introduce the untangling
functionals f" and f°", Definitions 8.1 and 8.2. The main result of Section 8.1 is their subadditivity,
Proposition 8.3. Lemma 8.4 gives a simple but useful estimate on their relationship.
Being the untangling functionals subadditive, it is natural to control their values with a measure: this
is exactly Assumption 8.5, Section 8.2. A standard covering argument yields Theorem 8.9, which is
the global version of Theorem 7.15. In the case the comparison measure can be made arbitrarily small
(which will be the case if Assumption 8.12 is satisfied) then Corollary 8.11 shows that the Lagrangian
representation 7 is untangled, Definition 8.10.
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The last section of this second part shows that if 7 is untangled then, as in the classical case, there
exists a partition of R%*! into trajectories of b (Proposition 9.1) such that the PDE div(p(1,b)) = p can
be decomposed into ODEs on the characteristics (Proposition 9.3). The final result of Section 9.1 is the
existence of a partition via characteristics, Definition 9.4 and Theorem 9.5.

In the second part, Section 9.2, we prove how a partition via characteristics is the same in the class
p' € L% (p), Theorem 9.6; this allows the explicit computation of the chain rule, performed in Proposition
9.8.

The last part, Part 3, shows that b € L} (BV,),c satisfies Assumption 8.12.

In Section 10, we exploit Coarea formula and Rank-One Theorem to show that it is possible to
approximate locally the singular part of Db with a measure concentrated on uniformly Lipschitz graphs,
Corollary 10.5. The proof of this fact is split into several steps (Propositions 10.2-10.3 and Corollary 10.4)
and relies ultimately on the properties of sets of finite perimeter, in particular the De Giorgi Rectifiability
Theorem. Using the Rank one property, the vector valued case is reduced to the previous analysis and
we obtain the desired decomposition in Corollary 10.5.

The key section is Section 11, where the explicit form of the local cylinders is exhibited. We have to
consider two cases.

In the absolutely continuous part of Db, Section 11.1, one compares the Lagrangian flow n with the linear
flow generated by a constant matrix A. In this case, the analysis is pretty much similar to the standard
renormalization estimates, giving in Proposition 11.1 the correct bounds.

The singular part (Section 11.2) is definitely more involved: the cylinders are constructed by solving a
PDE (equations (11.5)) using the approximate vector field constructed in the previous section. Lemma
11.2 guarantees that the Lipschitz regularity of sets is preserved in time, so that they can be used as
approximate cylinders of flows. Lemmata 11.3, 11.4 estimates the lateral flows of these cylinders and
yield Proposition 11.5, giving the correct bound for the singular case. We thus conclude with Theorem
11.6, which states that Assumption 8.12 holds for b € L} (BV,)oc-

We collect in the last section, Section 12 the proof of Lemmata 11.3, 11.4.

1.5. Acknowledgements. The authors would like to thank the Center of Mathematical Sciences and
Applications (CMSA) of Harvard University and the Institut des Hautes Etudes Scientifiques (IHES)
where part of this work has been done. They are also grateful to Guido de Philippis for useful discussions.
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2. NOTATION

The aim of this section is to introduce some basic notation, used through the paper.

The real numbers will be denoted by R, the d-dimensional real vector space by R?, and its norm by
| -|. In the following we will consider the space R4*1, whose coordinates will be denoted by ¢ time and =
space, with ¢t € R,z € R%.

The open ball in R? centered in z with radius 7 is

Bl(z) = {y:ly—=| <r}.
The unit sphere of dimension d will be denoted by S?. Tts H%measure is dwg, so that
LYB0)) = war?.

More generally, in a metric space X the ball centered in x € X with radius r will denoted B.X (x), and
B, (x) when no confusion occurs about X. A generic open set in R? will be . The norm in a generic
Banach space will be denoted by || - ||, with an index referring to the space whenever some confusion may
oceur.

The closure of a set A is denoted by clos A, usually being clear the ambient topological space. The
relative closure of A in the topological space B is clos(A, B). The interior is similarly written as int A or
int(A, B), and the frontier Fr(A, B). In same cases (mainly for  C R?) we will use the more standard
notation 0. We will say that A € B if clos A is a compact set contained in B. A neighborhood of x € X
will be written as Uy.

We denote the projection on the space X by px: in general the product space X x Y is clear from the
context, and sometimes we will also write p; : [[, X; — X as the projection on the j-component X;. In
the product space X x Y, for all sets A we will use the notation

Alz) ={y: (z,y) € A}, A(y)={z: (z,y) € A}.

We will be not very coherent when writing also A(Z) = AN{z =2} C X xY,and A(z) = A4, CY. If
A is a set, we will denote by 1,4 the characteristic function

Rt

We say that the family A, is a covering of A if
AclAa.

They are a partition if they are a disjoint covering, i.e. A, N Ag =0 for a # .
By the bold letters we denote some particular vectors, e.g. b = (b;)%_; or n. For notational convenience,

we will write

4

Zn = (- n)n, Ty =T — Tp.

Often we will identify each of these vectors with their subspace vectors, e.g. =, ~ = -n. A generic
vector will be written as B: we will sometime use this notation when the particular structure of B is not
important. If the vector field b : R4t — R? is time dependent, then we will use either the notation b(t)
or b;.

A distribution f evaluated on a function ¢ will be written as

/ Lt or (f.0).

The distributional partial derivatives of a function f will be written as 0, f;, 0, f. The differential of
a smooth function f will be written as Df, and the divergence of a vector field b by divb. For time
dependent functions and vectors we will consider only space gradients and divergence,

Df(t) = (8zifi(t7 Llyenny xd))ifl

=Lyeeey

d
@ diVb(t):Zamibi(t,l‘l,...,xd).
i=1
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If e is a unit vector, the derivative of b along e = (e;)L, will be

d
Def = Z ezazf
i=1
In general, we will use the same notation also for the distributional counterparts of D f, div b;, Def. The
space of functions f which belong BV (BZ(0)) for every r > 0 is denoted by BV,..
When the function is defined in a subset of the ambient space, the domain will be written as D(f),
while the range is R(f). The graph of a function f is denoted as Graph f, and the support of by supp f.
We will use the notation £¢ for Lebesgue measure in R%, H¢ for the d-dimensional Hausdorff measure
and &, as the Dirac mass at x. For a generic signed Radon measure p on RY we will write |u| as its
total variation. Given another Radon measure v, the Radon-Nikodym derivative of v w.r.t. the positive
measure g > 0 will be written as g—z. We say that v, u are orthogonal and we write p L v if there exists
two disjoint sets A;, A such that A; U Ay = R? and |u|(As) = |v[(A;) = 0. The set of signed Radon
measures over X is denoted by M(X), the positive Radon measures with M*(X) and the bounded
Radon measures by M, (X).
Usually the integral of a Borel function f w.r.t. a measure p will be written (when it exists) as

/fu
L4 or dz.
/7 /7

We will also use the standard notations L'(u,Y) (L% (u,Y)) for the space of functions with values in
Y Banach whose norm is p-integrable (u-essentially bounded), and C(X,Y") for the space of continuous
functions. If X = R?, C*k (Rd,Rd/) is the space of functions with continuous partial derivatives up to
order k. Whenever the measure p = £¢ and Y = R we will just write L'(R?) (L>°(R%)), and we add in
case the index loc to denote properties which holds locally, e.g. local integrability (local boundedness).
Sometimes, when the space Y is clear from the context, we use the notation L' (1) (L%°(p)).

The disintegration of a measure pu w.r.t. a partition {A,}, will be written as

p= [ 1o funtao)

where f is the partition function, i.e. f~1(a) = A,. Usually f is a projection.
The restriction of a measure p to a set A will be written as uL 4, and similarly for a function fL 4.
Recall also the decomposition

and in the case p = L% as

dv n
V=—u+rv,
dp,'u
where v+ is orthogonal to p. If v = 0 then v is a.c. w.r.t. p and we will write v < . When the

measure p = L% then the first term will be denoted by v* (either for the function or the measure).
Since all results in this paper are local in space-time, we will not distinguish between weak and narrow
convergence, and sometime we will just write weak (or weak*) convergence of measures to denote both
of them.

For a Borel function f, set fyu as the push-forward of p through f, i.e. for g Borel

[o) = [

where g o f denotes the usual composition of the two functions f, g. Note that we will sometime avoid to
write the set of integration, being implicitly characterized by the measure w.r.t. we are integrating.
Given a point x € R? and 7 > 0, let f7 be the rescaling of f about z € R?,

fo(y) = f(z +ry).

For a measure p, similarly we define u, as

/f(y)uz(dy) /f(fv+yrsc) pu(dy).
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In the case of 1-dimensional BV functions f (or, in general, whenever the limits exist), we will write
f(z+) = lim f(z)
r—x

for the right/left limit.
The average integral on a set will be written as

][Afu:ﬁ/flfu-

A smooth positive function ¢ with compact support and £%-integral equal to 1 will be called convolution
kernel. We will use the notation ¢® = s*dga(l)/ . A smooth test function will be denoted by 1. We will
denote the convolution in R? by *.

The notation ¢ is usually reserved to some particular functions, and will have some apex/index de-
pending on the case. The same for particular sets Q. Moreover, when Q@ C R x R?, we will denote 9'Q
the boundary of @ in the open set {t € int(p1Q)}.

An open set  C R? is said to be Lipschitz or Lipschitz reqular if O is Lipschitz: the latter means
that for every point z € 99 there exists a Lipschitz function ¢, : R¥~! 5 U, — R and r > 0 such that in
a local coordinate system

o0 N BY(x) = Graph(id, <,.).
The notation id is for the identity function id(z) = x.

To conclude this section, we will use L for a scale constant, Cy for a dimensional constant and C' for
a generic constant. If f is some function, we will write O(f) for a quantity equivalent to f or o(f) for
an infinitesimal quantity w.r.t. f: usually the point about where the limit are taken is clear from the
context. A negligible set (w.r.t. some given measure) is often denoted by N.

3. PRELIMINARIES

In this section we recall some basic results concerning measure divergence vector fields, their represen-
tation as superimposition of curves | |, duality for transportation problems | ] and properties
of BV functions | ]

Consider a vector field with compact support of the form

p(1,b) € L} (RH 1),

where
p: R 5 RY b: R - RY
We assume moreover that it holds in the sense of distribution,
div(p(1,b)) = u € A (RH), (3.1)

which means that p(1,b) is a measure-divergence vector field. To avoid dealing with sets of £%-negligible
measure, we will assume that p, b are defined pointwise as Borel functions.

An absolutely continuous curve « : I, — RY, where I, = (t7, tj) is a time interval, is a characteristic
of the vector field p(1,b) if it solves the ODE

) = bl (),

where the equivalence holds £'-a.e. in I,.

3.1. Lagrangian representations. We consider the space of curves 7: more precisely, let
T = {t1 < t2} x C(R,R?),
and its subset made of characteristics
= {(tl,tg,w) € T : ~y characteristic in (tl,tg)}.
One can show that I" is a Borel subset of 7. We will often consider « as defined in the interval I, =
(t5,th), e v = u4)-

Definition 3.1. We say that a bounded, positive measure 7 € MZ’(T) is a Lagrangian representation of
the vector field p(1,b) LT if the following conditions hold:
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(1) n is concentrated on the set I" of absolutely continuous solutions to the ODE

Y(t) = b(t,7(1)), (3-2)

which explicitly means for every s,t € I,

J

(2) if (id,7): I, = I, x R? denotes the map defined by ¢ = (¢,7(t)), then

A(t) — (s) — / b(r,(r)) dr| n(dy) = 0;

p(1,b) L1 = /F (id, 1) (1, 4)£1) n(d):

(3) we can decompose the divergence p as local superposition of Dirac masses without cancellation,
ie.
= /P (00 e (it ) = By o (dt, )] (),
= [ (B0 (@) + 6 ()| ),

where we recall that, for every «, the interval in which it is a characteristic is denoted by (t; , t,Jyr) =
L.

The existence of such a measure 7 follows from the analysis of | ], where the more general case of
1-dimensional normal currents is addressed (see [ ] for the classical results for currents in Euclidean
space and | ) ] for an extension to Ambrosio-Kirchheim currents): the only difference is the time
parametrization. Indeed, consider any curve 7 — (¢(7), (7)) solving the normalized ODE (3.2),

dt 1 dy 1 dt
e ey =g

b(t(7),~(7))-

Define now s = s(t) as the inverse of the Lipschitz function ¢ — t(7) (s is strictly increasing) then
t — ~y(s(t)) is continuous. From Coarea formula we deduce that the following change of variables holds:

ta s(t2)
[ e stsniar= [ b))l dr

so that in particular b(¢,~v(s(t))) € L. (being n-a.e. of finite length) and again by Coarea without
modulus ¥(s(t)) = b(t,v(s(t)).

Observe that for all v the interval of definition is a bounded time interval (recall that we assume
p(1,b) £ with compact support), so that if u* is the positive/negative part of the divergence we can
disintegrate n according to

n= /772 p(dz), = () (3.3)

Notice that v can be defined in the closed or open interval: adding or subtracting the end points does
not change the representation.Nevertheless, when we need to study some sets, we will consider the graph
of v in the closed interval, i.e. with a slight abuse of notation

Graph v = clos Graph . (3.4)

We remark finally that, by the first and second points of Definition 3.1, it follows that

/r [/]w g El] n(dy) = /F |:/Iw [b(t, (1)) dt] n(dy) = /p|b|£d+1’

so that the total variation of n-a.e. curve is finite, and thus 'y(tf) € RY exists.
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3.2. Optimal transport and duality. In this section we recall some results contained in the paper
[ ]. Given finitely many finite measures u; > 0 over Polish spaces X;, define the set of admissible
transference plans Adm(pu;) defined by

Adm(p;) = {m >0: (p;)sm < pi} C M*(HXZ>

Given a positive Borel function h > 0, consider the following duality problem:

sup /h7r = inf{Z/hi i, h; Borel, Zhi > h}. (3.5)
) i i

Adm(p;

The following observations are fairly easy.

(1) One can get rid of the fact that the measures u; have different mass by adding an additional Z;
point to X; and putting a Dirac delta in z; of suitable mass. Extending h to [[, X; U {Z;} by
putting h = 0 on the set U;p; *(%;), the values of the two sides of (3.5) is unchanged.

(2) Clearly the first side is maximized when (p;)4m = ;, because of the positivity of the measures.

We thus are in the setting considered by Kellerer, and we can thus state the following.

Theorem 3.2 (Theorems 2.14,2.12 of | ). The equality (3.5) holds if h is a Borel function, and the
infimum is actually a minimum.

Moreover, in the case of 2 factors X7, X5 and when h is a characteristic function, the infimum can be
restricted to Borel sets.

Proposition 3.3 (Proposition 3.3. of | D). If n =2 and h = 1p, then the r.h.s. of (3.5) can be
replaced by
inf{ Z wi(B;), B; Borel, Z 1p, > ]lB},
i=1,2 i=1,2

and the minimum is attained.

3.3. BV and BD functions. For b € Ll (R% R?) we denote by Db = (D;b’); ; the derivative in the

loc
sense of distributions of b, i.e. the R4*%-valued distribution defined by

Dibﬂ'(@;z/ﬂwbﬂ'gjdx Vo € C°(Q), 1<i,j<d.

Furthermore, we denote by Eb = (E;;b);; the symmetric part of the distributional derivative of b, i.e.,
1 . ; .
Eijb = i(leJ + Djbz), 1 S 1,7 S d.
Definition 3.4 (BV and BD functions). We say that b € L'(R%;R?) has bounded variation in R%, and
we write b € BV(R%; RY) if Db is representable by a R?*%-valued measure, still denoted with Db, with

finite total variation in R%. We say that b € L*(R%;R?) has bounded deformation in R%, and we write
b € BD(RY), if E;;b is a Radon measure with finite total variation in R? for any 4,5 = 1,...,d.

We now recall the following theorem.

Theorem 3.5 (Structure theorem for BV). Ifb: R? — R? is a BV, vector field, then the measure Db
can be decomposed into three parts

Db = Da.c.b+ Dsingb _ ‘Da.c.b_’_‘Dcan‘corb_’_‘Djumpb7
where
(1) D*“b is the a.c. part of Db w.r.t. L%,
(2) D*'"&b is the singular part of Db w.r.t. L%,
(3) DI"™Pb s the (d-1)-rectifiable part, absolutely continuous w.r.t. to the H~'-measure concentrated
on the (d-1)-countably rectifiable set J,

(4) D™y s the residual part, orthogonal to the Lebesgue measure, and such that each set with
finite HE 1 -measure is D b-negligible.

The jump set J is determined by the following property.
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Proposition 3.6. The blow-up b’, converges in L' to the pure jump

_ b z-n<0
b= ’ 3.6
{b+ z-n>0. (36)

The existence of the approximate limits b and of the normal vector n are part of the statement, and
n is determined up to a sign. In particular it follows that

r—0 T‘d_l

= b =b ) nH" oy

In the case of scalar functions f € BV(R?; R) the following Coarea formula holds. We denote the super
level sets by Ej := f~1((h,+00)). In the case the function f needs to be specified, we will write E}:

Theorem 3.7 (Coarea). It holds
|Df|:/|D]lEh|£1(dh), Df:/D]lEh L'(dhn).
R R

In the case of BV vector field b, we recall the following deep result, due to Alberti:

Theorem 3.8 (Alberti’s Rank-one). It holds
Db = M(z)|D**b| 4 n(x) ® m(z)|D*"eb|.

In the following we will use the notation n and m to denote the two unit vectors in the rank-one
property. The matrix M (z) will denote the Radon-Nicodym derivative of the absolutely continuous part.
Note that from the orthogonality of the decomposition

|Da'c'b‘ _ ‘Db|a'c', ‘Dcantorb‘ _ |Db|cantor’ |Djumpb| _ ‘Db|jump'
3.3.1. Sets of finite perimeter. Let F C R?: we will say it is of (locally) finite perimeter is the character-

istic function 17 € BV(R?R) (resp. locally of bounded variation). We recall that the reduced boundary
O*F of F is the set of points such that

L IDLE|(B @)

D1y (B¢
\,10 d—1 = Wd717 hm F( T(x))
T T

™0 |D1p|(B2(z)
where n(z) is the measure theoretical inner unit normal.

|ID1p| =H W gep.

= n(l‘),

Furthermore, it holds

1 1
}i\% mﬁd(Fﬂ Bi(z)n{z -n(z) > 0}) =1, Th\% mﬁd(F N BY(z) N {z - n(z) < 0}) =0.
We finally recall the following (see, for instance, | , Thm. 5.7.3)):

Theorem 3.9 (De Giorgi). If F C R? is of locally finite perimeter, then 0*F is countably H'™1 rectifiable.
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Part 1
Proper sets, Lagrangian representations and traces

This part addresses to the following

Problem. Characterize the open sets  C RY*! such that, if n is a Lagrangian representation of
p(1,b) L9 and Roy = YL(id,y)-1() 1 the restriction to ) of a trajectory, then (Rn)yn is a Lagrangian
representation of p(1,b) L9t q.

More precisely, setting

(d,y) Q) = U@ 87), Rey =i it
ieN

we can define the quantity

(Ra)sn = D> (RQ):- (3.7)

€N

In general, the series in (3.7) does not converge; nevertheless, for a fixed vector field p(1, b) it is possible to
give sufficient conditions on €2 such that (Rq)¢7 is well defined and provides a Lagrangian representation
for p(1,b) L9 _o. The sets which enjoy this property will be called p(1,b)-proper sets and they can be
characterized by a strong trace approximation property.

The convergence of the series is indeed strongly related to the fact that it is possible to split the
boundary 9 into two disjoint sets A* where the trajectories are only entering or only exiting. Whenever
the vector field has more regularity, one can relax the requests on proper sets: an important example is
the class of BD vector fields, where the set can be taken merely Lipschitz.

4. PROPER SETS AND THEIR PERTURBATIONS

This section is divided in two parts.

In the first one we define a family of sets which have good trace properties for a given vector field of
the form p(1,b) € L*(R4* RI*1): we call these sets p(1, b)-proper. Their main properties are that their
boundary 9 is piecewise C!, it is made of Lebesgue points of p(1,b) and more importantly that the
measure p(1,b)H g is the strict limit of the measures p(1,b) - V; ,¢%*, where

5 () = max {1 B dist(éx, Q),O}, 5~ () = min { dist(L[R;dH \ Q) ’ 1}'

These conditions will be essential to show that p(1,b)H? gq is actually measuring the flow of p(1,b)
across 0f2. Since these sets are used to test the vector fields, we will not consider the most general
definition: we just want to have sufficiently many sets for testing purposes, and we prefer to avoid
unnecessary technicalities.

In the second part of this section we perturb these sets in order to take advantage of the fact that the
vector field has the form (1,b): the idea is to have the inflow and outflow occurring on time-constant
hyperplanes, i.e. regions of the boundary 99 such that their outer normal is n = (£1,0). Also this step
is done to avoid some technical computations later on.

4.1. Definition and basic properties of p(1,b)-proper sets. We start by giving the following defi-
nition.

Definition 4.1 (Proper sets). An open, bounded set  C R4t is called p(1,b)-proper if:
(1) 9N has finite H%-measure and it can be written as
09 =|JUiuN,
ieN
where N is a closed set with HY(N) = 0 and {U;};en are countably many C!-hypersurfaces

such that the following holds: for every (¢,z) € U;, there exists a ball B4T1(¢,z) such that
N Bg+1(t, SU) = UZ,
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(2) if the functions ¢>* are given by

ist((t, i z), R
dt((t(;),Q)’O}, ¢>(t,x) = min{dSt((t7 );SR \Q),l}, (4.1)

¢%*(t, ) ;= max {1 -

then
lim [p(1,b) - VO L7 = |p(1,b) 0| Hlio,  w- (R,
In the following we will write proper instead of p(1,b)-proper when there is no ambiguity about the
vector field.

Proposition 4.2. Proper sets enjoy the following properties:

(1) the Lebesgue value p(1,b) - nLpq belongs to L*(H% pq);
(2) it holds

lim p(1,b) - V" 5L = p(1,b) -nHon,  wl- MR
(3) |p|(0Q) =0, where p = divy z(p(1,b)).

Proof. Point (1) follows from the well known fact that weakly convergent sequences are uniformly
bounded.

To prove Point (2), let £+ be a weak limit (up to subsequences) of the sequence p(1,b) - Vot £d+1
and notice that, due to the weak l.s.c. of the norm, it holds

%] < |p(1,b) - n[H g0

For notational convenience we will write £+ H%_gq. It is thus enough to prove the statement locally inside
each set U; for a fixed i: in particular, since the definition is invariant under C!-diffeomorphisms as it can
be easily checked, we can think € to be locally the set {s < 0} in some coordinate system (s,y) € R x R%.
For a € R, m € N set

El' = {y €U;:|p(1,b) —a| < 2_m}.

Using the fact that £%-a.e. point y € ET is a Lebesgue for p(1,b) w.r.t. the measure £, for every e
we can find 7 > 0 and a compact subset K* C ET such that £4(E™ \ K*) < ¢ and for every y € K™,
0 < r <7 it holds

1 /"1
*/ Ti/ Ip(1,b) (', s) —a|dy'ds < (14¢)27™.
"Jo T JBi(y)

Now, by Besicovitch’ Theorem | , Theorem 2.17], we cover K, with finitely many closed balls
Bl(y;), 7 =1,..., N, of radius r < 7 such that

N,rd < CuLYKM).

Then, since Vo>t ~ (1,0) by the C'-regularity of the boundary, we have that

/ [(p(L,b)(s,5) — a) - Vé>* (s,4)| dyds
U; xR

Z // p(1,b)( sy7a|dyds
Bd("/J

r 1,b)(s,y) —a) - V¢** (s,9)| dyds
+T/o /Ui\u B;i(yn‘(p( (o:) = 2) - Vo (s ) dy
oQ) [
§0(2—m)NT7~d+¥/ /U\Km Dp(l,b)(&y).v¢5,+(s’y)’+|a|} dyds

< o™i + 2

[ [ 99 ) + ] dy.
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Passing to the limit in r one concludes that for a test function v whose support is in U; X (—¢, ¢) with
¢ < 7 it holds

/ 5(0,9) €F (y) £9(dy) / 5(0,9)a-n L
s=0 s=0

< Wl timint [ |(p(1b)(s.) ) - VP (s.)| dyds
\‘0 UiXR

<O W)L/ ET) + il [ [JolL)0.) - n(w)| + al] dv.

m
Krn

By considering a sequence of ¢ < 1 converging to 1xm» and whose support is a subset of V open, V' O K",
the above inequality gives that for every open set

/ (€5 (y) —a - n) £2(dy)
Km

Letting now V \ K" and then ¢ — 0, we obtain that
€7 (y) — p(1,b)(0,y) -n| < Cg2m Hea.e. on K.

[10(1,)(0,5) ()| + Jal] dy.

<o el + [

V\Km

In particular the same holds in E}*, by inner regularity of Radon measures. In particular by letting
m — oo we conclude that £¥(y) = p(1,b) - n(y) for Hé%-a.e. y € V.
The proof for the other case is completely similar.

The last point is a consequence of the second, as it holds

€+ =¢{ = p(l,b) : an'—BQ’
thus |p|(092) = 0, where £~ is the weak limit of the sequence p(1,b) - V¢%~ as § N\, 0. O
Remark 4.3. It is possible to provide a more general class of proper sets as follows: let f : R4 — R be
a Lipschitz function whose level sets Ej, = f~1((h, +00)) are compact: assume that there exists a closed
set N C R with H4(N) = 0, such that f € C}(R¥*1\ N) and Vf # 0 in R¥*1 \ N. By the Coarea
Formula (Theorem 3.7) and the local invertibility of C'-functions outside critical points, it follows that

for L1-a.e. h the set Ej, satisfies Point (1) and Point (?7).
Define now the functions

5+ 1 + i 0,— ; 1 +
h’ = 1_5[h_f] ) ¢h) = min 175[f_h] .
Condition (2) of Definition 4.1 is then replaced by

vt,zf
|Vt,xf|

lin lo(1.b) - V6 £ = p(1.1) HiL o, (42)

in the weak*-convergence of measures.
Being the map

Vt,:rf
‘Vt,xf |
an integrable map, it follows that by Lusin’s Theorem that (4.2) holds for £!-a.e. h.

R>h— ’p(l,b) . 'Hd\_aEhE Mb(Rd+l)

Proof. We give a proof of the above statement since in our case it is quite straightforward. The general
case can be obtained by applying | , Theorem 4.187].
Consider the finite measure m on R defined by
vt,zf

m{dh) = (/aE ¥ enf]

If ¢, € C°(R¥*1 R), n € N, is a dense sequence of test functions, then by the standard Lusin’s Theorem
in R we obtain that up to an open set N,, such that m(N,) < 2™ the function

vt xf
h—dy (h):= / :
wa(h) OE Vi f]

Hd> L(dh).

P(Lb) : wn Hd
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is continuous. By closure of the set {1, },, it follows that

hs dy(h) = /

OE

vt,mf
|vt,:1:f|

p(l,b) :

o

is continuous in R\ U, N,,, and being
dy L1 < [[¢]|ocm

it follows that every Lebesgue density point of R\ U,,N,, w.r.t. the measure m is a Lebesgue point of d.
Being £1(U,N,,) < ¢, the conclusion follows. O

Remark 4.4. By means of the notion of trace introduced in following Section 5, it is also possible to
refine the definition of proper sets as follows:
Definition 4.5 (Inner proper sets). An open, bounded set  C R¥*! is called p(1, b)-inner proper if:
(1) 9N has finite H%-measure and it can be written as
0Q=|JU;UN,
ieN
where N is a closed set with H(N) = 0 and {U,};en are countably many C!-hypersurfaces
such that the following holds: for every (t,z) € Uj;, there exists a ball BI*1(¢,z) such that
00N B (t,2) = U;
(2) the distributional inner normal trace Tr'™(p(1,b), Q) - n of the vector field p(1,b) is a measure
and satisfies

Trin (p(la b)7 Q) n<K HdLSQ-
As in the next section, in this case we will denote the trace as
Tr™ (p(1,b),Q) - nH % s0,

i.e. as a function in L'(H%Lpq);

(3) if
ist(x d+1
<Z)6’_(a:) = min{d b, R \Q),l}, (4.3)

1)
then

gig% Ip(1,b) - V"~ | LT = | T (p(1,b),Q) - n| Hlpo,  w*-ay(RT).

A similar definition for p(1, b)-outer proper, i.e. R¥*1\ clos is p(1, b)-inner proper. If the outer and
inner normal traces coincide and the boundary 052 is made of Lebesgue points, then 2 is p(1, b)-proper:
it is fairly easy to construct an example showing that Condition (??) of Definition 4.1 is not implied by
being inner and outer regular.

Remark 4.6. One can extend the definition of proper sets to sets with Lipschitz boundary (i.e. locally
graph of Lipschitz functions), being the relevant quantities (i.e. Conditions (??), (2) of Definition 4.1)
still meaningful. Also the use of Lebesgue points on 9f is not needed, one can just take p(1,b) - n as its
inner/outer trace.

The p(1, b)-proper sets are used for testing purposes, so requiring additional regularity is not a problem
when we can prove that there are sufficiently many of these sets.

To show that there are sufficiently many proper sets and to construct perturbations of these sets which
are particularly suited for the study of the distribution p(1,b)Lq, we consider the following family of sets.
As usual we assume that b is a Borel function, hence defined everywhere.

Definition 4.7. For every fixed (t,z) € R and r, L > 0, the cylinder of center (t,z) and sizes r, L
(see Figure )is defined by

Cyl{:i = {(T, y): |t —t| < Lr|ly —x — b(t,x)(r —t)’ < 7“}.

We now show that almost all balls and cylinders are proper sets: indeed, we have the following
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t

2rL

T,z T

Figure 4. The cylinder Cyl’2.

Lemma 4.8. For every (t,z) consider the family of balls {Bi*1(t,x)},~0 and the family of cylinders
{Cyl?’i}wo with L > 0 fized. Then for L'-a.e. > 0 the ball B™(t,z) and the cylinder Cylzjf are
proper sets.

Proof. The statement is a consequence of Remark 4.3, respectively using the Lipschitz functions

(ryy) — |(T7y) — (t,x)|, (1yy) — max{|y —xz —b(t,z)(t—t)|,|T — t|/L}. O
Proposition 4.9. If Qq,Q are proper sets with
’Hd(Fr (9 N Oy, 0 U aﬂz)) —0, (4.4)

then Q := Q1 U Qs is proper.

Proof. Clearly, the set € is piecewise C! and the set of Lebesgue points of p(1,b) has full measure. It
remains to prove Condition (2) of Definition 4.1. We will study only ¢%7.
If ¢f’+ is the function given by the first formula of (4.3) for ;, with i = 1,2, observe that

¢>+ = max {¢7, 03}

and we write for any continuous function

[ 1o(1.b)- vty i

- {/A1 +/Az +/AJ |p(1,b) - Vg | LT

:/ p(1,b) - VST | L7 + / p(1,b) - V3T |o L7 + / p(1,b) - Vot | £
Ay

As As
where
Ay = {(t,x) : dist ((t,2), Q) < dist ((t,x),Qg)},
Ay = {(t,:c) :dist ((t,2), Q) < dist ((t,:c),Ql)},
Az = {(t,x) - dist ((t,x),Ql) = dist ((t,x),Qg)}.
We prove that
[ 1o1,0)- 9wt [p(1,b) - |y . (4.5)
Ay 004 \clos Qg2

Consider the set int (A1, 0Q) which is relatively open by definition, so that by 1.s.c. of the weak convergence
on open sets we deduce

|p(1,b) - | 7 500) < 1igrl_>iélf [p(1,b) - Vgt | £ Ly,
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On the other hand,
clos(A1,09) C int(A1,00Q) UFr(As, 0Q)
and
FI'(Ag, 89) = Fr(@Ql N 692, aQ) = Fr(an n 892, 891 @] 892)
Being the latter sets #%-negligible (by assumption) and using the u.s.c. of the weak convergence on closed
set (clos(Ay,08) in this case), we get

lim sup |p(1,b) - Vo T L4 4, < [p(1,b) - 0| HO cios(a,,00)
t

< |p(1,B) - n| H'ine (s 00)urr(45,00)
= |P(1»b) : n] HdLint(Al,BQ)~

This gives (4.5).

The proof for Ay is analogous, i.e.

/ (1, b) - Vit |y £+ lo(1,b) - nfe . (4.6)
Ay 92\ clos

Finally it holds
s 5
¢5’+I—int Az= ¢1’+I—int Az= ¢2’+Lint Ass
and then in a completely similar way for Ag

[ o) ettt (1, b) - ] He. (4.7)
int Az aﬂg\Fr(DQl nos ,GQ)

Concerning the set of point on dAs, it follows that for § < 1
[ o) vt tu ettt < [ fob) - el fust,
0As o
where O is an open neighborhood in R¥*! of Fr(9§2; N 90y, Q) containing the support of 1. Hence

hmsup/ |p(1,b)~V¢>5v+!w£d+ls/ |p(17b)~n|\wmd§||wlloo/ |p(1,b) - m| A,
0As 0NN onNoN

6—0

and by the assumption on the H%mnegligibility of Fr(9Q; N 08, 09) one obtains that this integral is
arbitrarily small. Adding (4.5), (4.6) and (4.7) the conclusion follows. O

The above proposition allows to construct sufficiently many proper sets for our purposes, starting from
Lemma 4.8.

Corollary 4.10. The finite union of proper balls and proper cylinders is proper.
Proof. Indeed their intersection has the property (4.4) by elementary geometry. (]
4.2. Perturbation of proper sets. Let Q C R**! be a p(1,b)-proper set.

Lemma 4.11. For every € > 0 there exist a compact set K& C 9Q\ N and « > 0 with the following
properties:

(1) =t < p,|(1,b) -n| and p, |b| < a for H¥-a.e. (t,x) € K*;

(2) the remaining set has small normal trace, i.e.

/ pl(1,b) -n|H! < e.
OO\K*
Proof. 1t is enough to observe that

lim plt,2)|(1,blt,)) -l H(ddz) = [ (1)l W,
a=+0 Joon{a=1<p,|(1,b)-n|}N{p,|b|<a} le)

since p|(1,b) - n| is an L'-function w.r.t. H% 5o and
99 < {p,|(1,b) -nl, |b| = 0} U J{a~" < p,I(1,b) -0} N {p, b] < a}

being Borel functions. O
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By simple geometric manipulation, it follows that for 7 sufficiently small and L > 2a? (L > o? would
be enough for most of the theorems, but later we need some extra room) the cylinder

y—x—b(t,z)(t — 1) <r}

has top and bottom faces contained one inside © and the other outside, for every point in (¢,2) € K*:
more precisely, if (1,b) -n > 0 then

Cyl?’f = {(’T, y):|T—t| < Lr,

{(t + Lry): |y —a — Lb(t,z)r| < r} C R4 closQ, (4.8a)

{(t—Lr,y) t |y —x + Lb(t,z)r| <7“} c Q. (4.8b)

The opposite relations hold for (1,b)-n < 0. Moreover, being 92 of class C! in a neighborhood of NK®,
we have

B (t,2) nOQ C Cylyy noQ C BE (t,2) N0Q, (4.92)
HY(OCyl L N oQ) =0, (4.9b)

again by simple geometrical arguments.
We now recall the following elementary

Lemma 4.12. If (t,x) is a Lebesgue point for p(1,b), then for every L > 0 fized it holds

i [ [ 0B — b)) 2 i | ds =
0 acylnk

r—01r 7"d

Proof. We have, using Fubini’s Theorem,

NEY o 1P = 1B WO )| ds

r rd
1 r 1 t+Lr B
AT p(L D)) = p(1,b)t.2) | () | s
Jo LT Jt—Lr JOBd(z—b(t,x)(r—t))
1 /t+LT
= i1 p(lvb)(Tvy) 7p(1,b)(t>x) dydT
T e JBie—bte)(r—1) | |
1
T d (t 1:)
(4 Libl (2 (b
= way1(1 + L|b|(t, z)) " ][ d |p(1,b)(7,y) — p(1,b)(t, x)|dydr — 0,
B4 Liw)(2,2))r (82)

since (¢, ) is a Lebesgue point for p(1,b). This implies the statement. O

Using Lemma 4.8 and 4.12, we have that for every fixed &’ > 0, for any (¢,z) € K¢ Lebesgue point for
p(1,b), we can choose the r < &’ such that:
° Cylz)’f is proper;
e it holds
1 t+Lr i1
o [P(1,B)(r, ) — (1, b)(t,2)] H dy)dr < < (410)
™ Jt—Lr JOB(z—b(t,x)(r—t))
e conditions (4.8) hold;
) Cyl?’f N 99 is equivalent to a ball and its boundary is H? negligible, i.e. (4.9) hold.

In the following we will call a cylinder satisfying the above condition p(1, b)-proper (¢', Q)-regular cylinder,
or for brevity proper regular whenever the vector field p(1,b) and dependence on the ¢’ or Q is clear from
the context or not essential to the computation.

We can proceed further by observing that 0 is a Lebesgue density point for the set satisfying (4.10)
for all &’ > 0. On the other hand, it is easy to see that the other three properties are verified £'-a.e. r.
We state it in the following lemma.
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Lemma 4.13. If (t,z) € K* is a Lebesgue point for p(1,b), the set of r such that CyI:”f satisfies the
above condition has 0 as a Lebesque point w.r.t. the measure L':

1 !’
li\r"% fﬁl({r’ € (0,7) : Cyl} ;% is proper (5',9)—regular}) =1.
r r ’
Thus we obtain the following extension of Lemma 4.11:
Lemma 4.14. For every ¢’ > 0, there exists T > 0 and a compact set K,f’gl C K¢ made of Lebesgue
points of p(1,b) such that

(1) =t < p,|(1,b) -n| and p, |b| < a for H-a.e. (t,x) € K?E,;
(2) the remaining set has small normal trace,

/ pl(1,b) - n|H? < 2¢,
OON\KE©

and for every (t,x) € K?E/, 7 there exists a proper (¢, Q)-regular cylinder Cyly,; L

with ' /2 <r <7’
By (4.9) we get the next proposition.
Proposition 4.15. For every v’ < 7, there exists a finite covering of K;’El with cylinders {Cylf;i}firi
with L > 20 and ' /2 < r; <1’ such that
e they are all proper (¢',Q)-regular,
e it holds
N, (1) < CuLYHYK®)

and

ti+Lr; ’
/ / Ip(1,b) - n|H? < (14 )Cye' L'HU(KF). (4.11)
t;—Lr; JOBE (z;—b(ti,z;)(t—t;))

Proof. By Lemma 4.13 for every point of K?’ r’ < 7 we can find cylinders Cylt » which are proper sets
with /2 < r < ' and by (4.9a) their interbectlon with 09 is equivalent to balls (by the absumption
L > 2a?), so that by Besicovitch Theorem [ , Theorem 2.17] we can take a covering {Cyla"’xi}zgi
satisfying

/

2 de() < ZHf‘ Cylr“ NoN) < CaHYKE®),

with Cy constant depending only on the dimension. The constant L% is a consequence of (4.9a). The
other claim follows from (4.10), because of the triangle inequality

ti+Lr;
/ / p|(1,b) - n|H?
—Lr; aBd (z—b(t;,x;)(t—t;))

t;+Lr;
i—Lr; aBﬂi (z—b(t;,z;)(t—t;))

ti+Lr;
/ / |o(r, 2)b(7, ) — p(ts, z:)b(t, 2)| HO (da)dr
—Lr; BBd (@ b(t;,xz:)(t—ti))

t;+Lr;
+ |b(t;, x;)] / lp(t,z) — p(ti, z;)| H* ! (dz)dr
8Bd (z—b(t;,z;)(t—t;))

t;—Lr;
< (1+a)e'rd. O
‘We thus obtain the main result of this section.

Theorem 4.16. For every € > 0 there exists a proper set Q° such that
(1) Q C QF C Q+ BIY0);
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Figure 5. Perturbation of the proper set {2 constructed in Theorem 4.16.

(2) if
005 = {(t,x) € 99 :n = (1,0) in a neigborhood of (t,x)},

then 095 is made of Lebesgue points of p(1,b) and
\ [ o= [ plb) e
05 0

005 = {(t,ac) € 09 :n=(—1,0) in a neigborhood of (75795)}7

<¢g;

(3) if

then 05 is made of Lebesgue points of p(1,b) and

pHe — /{99 pl(1,b) -n]” HY| <.

‘ 093

Additionally to the fact that proper sets can be perturbed, the advantage of the perturbations con-

sidered here is that essentially all inflow and outflow of p(1,b) are occurring on open sets which are
contained in countably many time-flat hyperplanes (see 5). Due to the special form of the vector field,
many computations occurring in the next sections are greatly simplified.

Proof. First we find a compact set K/7 such that Properties (1), (2) of the statement of Lemma 4.11
hold for £/7. By inner regularity of the measure H¢, we can further find two disjoint compact sets K=/6:+

such that K¢/6 .= K</6+ U K¢/6~ satisfies again Lemma 4.11 but

(1,b) - nL g6+ 2 0.

Choose €’ such that

(1 + a)Cq4e’ (2a)4H(00) <

Wl m
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We apply Lemma 4.14 in order to obtain a a compact set K,f/ﬁ’gl C K¢/6 such that

3
1,b)-n|He < =.
/8 o see /0 pl(1,b) - n 3

Next, by Proposition 4.15 with

dist(K</6+, K/6:) €

' ’ h that Q+BHH0)\ Q) < - 4.12
ST s that (@ + B 0)\9) < 5. (412)
we conclude that there exists a covering of K| ;/ 0" with finitely many &’-proper regular cylinders {Cyl:£a2 }ivil,

with /2 < r; < 7’ such that (4.11) holds. By the choice (4.12) it follows that the covering of
Ke/6+ N K% and K/6— 0 K% are disjoint.
Define

ti,x;

0 = qulJoyl 2

By Proposition 4.9 and Corollary 4.10 the set ¢ is proper and Point (1) is clearly satisfied.
To prove Point (2), partition the boundary of Q¢ \ Q as

o\ = {agfm U {(ti+2a2Lm,y) |y — 21 — 20b(t:, 1) <n—}}
(ti,zi)EKE/6:+

U [GQE N U {(tl — 2a2Lri7y) : |y —x; + 2a2b(ti,xi)’ < ri}]

(ti,.'L'i)EKE/G"_ (4'13)
U [89 n U cylgg;ij“g} U {39 n U Cylgg;;ff‘z] U S,
(ti,x;)€K=/6:+ (ti,w;)EKE/6—
=S USUSy US; USy.
The set S4 satisfies
- 202
Sy C UalClefii = U {(7'7 y) : | =t < 207, Jy — 2 — b(ti, z:) (1 — 1)| = T‘i},
so that from (4.11)
/ p|(1,b) n|H? < (14 a)Cye’ L'HY(00) < % (4.14)
Sa

by the choice of &’
The balance of the equation divy ,(p(1,b)) = u for the covering of K§/6’E N K¢/6+ and the continuity
property (4.12) give

\/Slpﬂd/5+p[<1,b>-nmd

3

2e
< [ plb) om0 < 3

and, from the properties of Kﬁ/ 6. , we eventually get

\/ pb) mitd = [y nlw < [ i)l <
S OO\KE/*® 3

This concludes the proof of Point (2) because S; C 9€5.
The proof of Property (3) is similar and it is omitted. O

5. LAGRANGIAN REPRESENTATIONS AND FLOW TRACES
In this section we study the effect of the functional operation
p(1,b) L3 p(1,b) L4 g,
where Q C R4 is an open set and

divi,(p(L, b)) = p € (I x RY),
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from the point of view of a Lagrangian representation 7. We will show that there is a strong relation
between the map v — YL (id,4)-1(q), the trace operator and the construction of a Lagrangian representation
for p(1,b)Lq starting from a Lagrangian representation 7 for p(1,b).

In this section we first show how one can use n to represent the trace of p(1,b) as a (possibly non-
absolutely convergent) sum of measures. The structure of the series is strongly related to the fact that
(R)¢n is a Lagrangian representation for p(1, b) LMo indeed, as shown in the second part of this section,
this turns out to be true for a generic Lipschitz set if b € L} (BD,.)1oc and p € LS. (see Proposition 5.12).

loc
This will be proved using a chain rule formula for traces of BD functions (proved in | D-

5.1. Flow traces. The first step is to show that, using Lagrangian representations, it is possible to
represent the normal trace over a generic closed set of a vector field B = p(1,b) € LL (R R4*1) with
measure divergence as a (non absolutely convergent) sum of signed measures. In the case of a compact set
Q c R with Lipschitz boundary and when b € L} (BD,)ioc, p € LS (R?H1) the series turns out to be
strongly convergent and thus gives back the usual definition of trace as a measure (absolutely continuous
w.r.t H pa). For general measure divergence vector fields, the same conclusion can be obtained when
the set © is p(1, b)-proper, and it will be addressed in the next section.

We start by recalling some well known definitions.

5.1.1. Definition of normal traces. Let Q C R! be an open set and let B: Q — R4t be a locally
integrable vector field with measure divergence, i.e.

B € L, (R RM™),  diviy B € Mioc(R™).

Definition 5.1. The inner normal trace of B over dS) is the distribution denoted by Tr'™(B,Q) - n and
defined by

(Tr™(B,9) - n,p) = / W(t, @) (div B)(dt, dx) + | BV, (tx) L4 (dt, dx)
Q Q
for every compactly supported smooth test function 1 € C2°(R4*1). Similarly, we define the outer normal
trace by

T"(B,Q) -n:= — T (B,R¥1\ clos Q) - n. (5.1)
Notice that

<Tr0ut(B7Q)~n,1/)>—<Tfin(B7Q)'nvw>: Q/J(diVB)-i-/ B-Vi/)ﬁdJrl.
0 2y’

In particular they coincide if 9 is negligible w.r.t. both £¢+! and div B.

Remark 5.2. Observe that in general n is not well defined without further assumptions on the set 2:
we use it only to keep the notation similar to the smooth case, where the value of B on 0f) is defined.
Later on we will show that in the case of a proper set it coincides with the unit outer normal, and
Trin/°u(5(1,b), Q) will be the Lebesgue value of the vector field on €2, both defined H%-a.e..

5.1.2. Traces for reqular sets and vector fields. If the domain (2 is sufficiently regular and if B € L>°(R9+1)
or B = pB’, with p € L*(R%1) and B’ € BDj,.(R%*!), there are well known results that allows to
characterize the trace. We list here the main ones and we refer for more details to | | and [
Chapter 7].

)

Proposition 5.3. If Q is of class C* and B € L™ (R4 Rt div B € Myoe(R**1), then there exists
a unique g € L>®(H% o) such that

(Tr™(B,Q) - n,¢) = /m g HY, Vip € C°(RTY).

Sometimes we will refer to g as Tr™ (B, Q)-n € L= (H% 5q), with a slight abuse of notation. We collect
here other important results on Anzellotti’'s weak traces:

Proposition 5.4. Under the same assumptions of Proposition 5.3, it holds:
o divB < H? as measures in R4 ;
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e if ¥ is a C' hypersurface then
div Bis= (Tr*"(B,Q) -n — Tr'"(B,Q) - n) Hs,
where Q a set whose oriented boundary is 3.

The orientation of ¥ does not play a role in the second formula, because of (5.1). Finally, we recall
the following proposition.

Proposition 5.5 (Fubini’s Theorem for traces). Let B be as above and let f € C*(R4t1). Then
TP(B,{f >t}) n=B-nH gy for L'-a.e. tER,
where n denotes the exterior unit normal to {F > t}.

We remark that in the above results one can replace C' regularity with Lipschitz, see for example
[ , Remark 6.3].

5.1.3. The non smooth setting. We now drop the assumption that €2 has a regular boundary and we
assume only that div B is a measure. We are going to prove (using Lagrangian representations) that the
traces Tr (B, K) - n can be represented by a countable sum of Radon measures.

The case of one hitting time. To begin with, let us consider a simplified setting, i.e. assume that
|| (0€2) = 0 and that there exists a well defined map
T : I'DD(T) — I x 09
Y = T() = (G, 7(ty)
such that () the unique point along the trajectory belonging to 9 with (for the orientation)
(id, y)([t5 . ty)) € Q, (id,7)((t4,t3]) € [0,7] x R4\ clos Q.

We assume moreover that a Lagrangian representation 7 is concentrated on D(T). In this case, we can
prove the following

(5.2)

Proposition 5.6. The distributions Tr'™(B,Q) - n and Tr°"*(B,Q) - n are induced by a measure, i.e.
T"(B,Q) -n=Tr""(B,Q) -n =Ty,

where T is the map defined in (5.2).

Proof. By a direct computation, for any test function ¢ € C2°((0,T) x R%) it holds

<Tri“(B,K)-n,w>:/¢divB+/B-Vwﬁd“
Q Q
- /Q b div(p(1, b)) + /Q p(1,b) - Vi L7

=/wmvmmmww+/[[W@bmwmyvmwnm»mnww

= [ vttt ) ()
where we have used that 7 is a Lagrangian representation of p(1,b). O

The general case: multiple hitting times. In the general case consider the open set

O:={(t,7):vel, (1) eQ} CRxTI.

and decompose it as
0= U {lt—tl<ri} x{lv=vllco <} = U BL(t:) x Bry ().
ijeN i,4,€N
For v € By, (v;) let (%7 ,t4T) be the connected component of (id, y) ™" () such that

ti € (t5,t57).

It is elementary to show that tfﬁ is L.s.c. and tff is ws.c. on By, (7;). We thus conclude that
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Lemma 5.7. There exists countably many Borel functions
D; 3y th bt
such that
(A1 — 4+,0 )
(id,7)7H(Q) = (t5,t7°) U U (o=, t0h),
where the first two intervals may be empty.

Proof. The only additional step is to relabel the intervals of (id,~)~!(€) which contains the initial time
t7 and the final time ¢ as ¢1°, t7°0, respectively. By the topology of 1" this relabeling is still Borel. [

Trivially it holds for any test function ¥ € C'*°
d
/( oy OV = [P0 = vt )] + 0062 (6) = it Pt )
ok [V ) = vl A7),

where the sum converges (as it is ertten) due to the estimate

[l () = 0t )] < IVl (B = 157) + |28 = (7))
¢t (5.3)
<Vl [ (@) ds

ty

It thus follows that
/B - Viath L1 +/ ¢ div B
Q Q

d
B / -/(id,'y)l(ﬂ) dtw(t () dt] n(dy)
+/ {Wt;ﬁ(t;))’(”(t;”(t;)) — Pt (E)xa(t, ()| n(dy)

= [ e - v +Z[ (A t”))%b(t%’,v(t%’))ﬂ n(d).

Thanks to (5.3), we can partition the last sum as
[ S 2 vt et = 3 T 257 v ) iy
=2 (18 = (T )mv),
where l

Ty e (B5F, y(155)) € 09. (5.4)
We thus have obtained the following lemma.

Lemma 5.8. The distributional trace of B = p(1,b) can be represented as the countable sum of measures

supported on 02, namely
N

T (p(1,b), Q) -n = (Tq")sm — (Tg )y (5.5)
i=0
and the series convergences in the sense of distributions.

Define now the restriction operators Réz, Ro as
ROY =Y (arne Rev = {Ravk, (5.6)

and the measures 75, as
1o = (Ro)g- (5.7)
See Figure 6.
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Figure 6. Restriction operator Rg in the case (2 is a ball B2(¢,z). The curve v (depicted
in black) is cut into the three red pieces which make up Rg7y.

It is clear that if
pi(1.b) 171 i= [ (1 2);((1,9) £) (), (5.8)
then in
p(1,b) = ph(1,b)
and Z
Tr™ (06 (1, 1), Q) = (T )enb — (Tg )b = dives (ph(1,b)).

We remark that even if for n¢, the series in (5.5) reduces to a finite sum of measures, the measure 7%, is
not in general a Lagrangian representation of p (1, b), unless

(Tg )amly L (TG )gméy-

Example 5.9. One can construct a vector field b € L>(R?) supported in [—1,0] x [0,1]?) with the
following properties:

(1) it is divergence-free, smooth outside {z; = 1} and of the form (1,b(z1,z ")), (z.z+) € R x R
(2) the flow X generated by the ODE

dX . .
Tm:b(xl7x)v X(_lamL):$L7
has the property that it can be extended by continuity to x1 = 0 and it holds

(X(0)5(£%0.1/2)x0,1)) = (X(0)): (L1 /2.1)x(0.1)) = %E2L(o,1)2~
The above assumptions yields that there exists a solution to
div, (p(1,b)) =0
which is w*-continuous in L w.r.t. 1 and such that

A(—1,2) = L jo1)x01) (@) — Loa/2)x 00 (@), pler <0) € {-1,1}, p(z1 > 0)=0.
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An example of a construction can be found in [ , Example 3.8], see also [ ]
Define the vector field

b(xh xL) = ([)B)(xl’ le)a
so that it is divergence free, and its trace on {z; = 0} is 0. In particular p~ := 1, o} is a solution to
din,w(p(L b)) = _
Let n~ be a Lagrangian representation for p~(1,b): due to the uniqueness of X, the set of curves on
which 7 is concentrated is the set of curves such that, if ¢, is the time where v(¢,) € {z; = 0}, then

X(1+(t—ty),at" t <t
1) = X ll i

X(1=(@t—ty),—a™) t>t,,

with 22~ € (1/2,1) x (0,1), 3" € (0,1/2) x (0,1).

If now we extend the vector field b to the region x; > 0 by symmetry
b(zy, ) = —b(—z1,2%),
then a Lagrangian representation 7 is obtained by adding n~ with
=5,

where S(7v) is the symmetric curve w.r.t. {z; =0},

SM) = (=n.7)(@).

Now we can construct a new Lagrangian representation 7’ for the extended (1, b) by piecing together
the curves v and S(v) in order to let both cross the surface: more precisely, defining the maps

X1+ (t—ty),z37) t<ty | _ XA+ —ty),aT) t <ty
X(l—(t—tﬁ,—l«#*) t>t, =72 Gil) = (—X,Xl)(l—(tv—tw),—mLﬂL) t>t,

¥
X(14(t—ty),x7)  t<ty | _ s Gal) = (=X, X)L+ (t—ty),x37) t<t,
X(L—(t—ty),—att) t>t, [~ TT7"EV U0~ (¢ 1), —abT) t>t,
the Lagrangian representation is given by
= (G~ + (G2)gn
A simple computation yields for 7’ it holds

0, 0,—
(T{xt<0}) ' (T{zl<o})ﬂ77/ = ||77/H,
while being Tr™(b, {z; < 0}) - n = 0 both terms should be 0.

A small variation of the above example (i.e. letting the curves cross the surface several times) shows
that the sum (5.5) is diverging in the general case.

5.2. Bounded variation vector fields. Before considering a general vector fields p(1,b) € L} (R*1),
we improve the regularity of p, b so that the restriction operator Rq preserves the property of being a
Lagrangian representation if 2 has a Lipschitz boundary.
Let Q C R4*! be an open set with a Lipschitz boundary 92 and assume that b € (L{ );((BDjoc)z). Let
p € L™ be a positive solution to div; . (p(1, b)) = p and let n be an associated Lagrangian representation.
We recall that BD-functions b have a full inner trace on open sets  C R? with Lipschitz boundary,
i.e. there exists a vector valued measure which is a.c. w.r.t. H% 1L sq, which we we will denote it by

T (b, Q) HY,
with a slight abuse of notation, and such that
lim ‘b(T, y) — Tr™(b, Q)‘ dy = 0.
™0 JBd(z)nQ

for He-a.e. x € O (see [ ). The following result holds (see | , Theorem 4.2] and subsequent
remarks).
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Theorem 5.10 (Change of variables for traces). Let Q C R be an open domain with a Lipschitz
boundary and let B € Lip(R). Then the trace of p(1,b) is a.c. w.r.t. H pq and

; Tr'"(pb, Q) - n) ; d
T b,Q) n=p( ———— | Tr'" (b,Q) -n H-a.e. on 0N,
(5010.9) - = 5 T2 ) 10 1. 0)
where the ratio is arbitrarily defined at points where the trace Tr™(b, Q) - n vanishes.

Again we have written Tr'™ (B(p)b,Q2) - m as the density of the inner trace w.r.t. H%, no confusion
should occur.

Consider now  C R¥*! with Lipschitz boundary, and let n be the outer normal defined H% g-a.e..
Then the following slight extension of the above theorem holds.

Proposition 5.11. The trace of the vector fields p(1,b) is a.c. w.r.t. H ' pq and

T PO 8),9) m =P (TT<&(11];>;>$ ) T (1b).2)  H'-ae. on 90

Proof. The proof proceeds as for the previous theorem, with some easy generalizations: we will only
sketch it. It is not restrictive to localize the problem in a large ball Bf;l(o, 0).
The fact that

Tr™ ((1,b),Q) :/[—&Jlgxel] cd(dx)+/[Tri“(bt,ﬂt)ﬂdﬂagt]dt<<HdLaQ

is a consequence of the linearity of trace, Fubini’s Theorem and Coarea Formula, while using the strong
convergence of traces for BD vector fields one can show that

™ (p(1,b),Q) -n=0Tr™ ((1,b),Q) H<,
with 0 € L>(H?) (actually ||0]|oc < ||plloc). Recall that QF = QN {t =1}, Qz = QN {z = z}.

Step 1. First note that by the classical computation for renormalized solutions it holds
013(p) + div (B(p)b) < [u + [ [EBdt,
with Eb the symmetric part of Db. Indeed, disintegrate
p= [ pmido,  m= ol

and decompose m in its continuous m°™ and atomic part m*°mic = 3 m;d,,. If o° € C(RY) is a
smooth compactly supported convolution kernel in R?, then

O0p® + div(pb)® = /uf m(dt),

where with the apex € we mean the convolution with ¢°. The chain rule for one-dimensional BV functions
thus yields for 8 € C*

0,3(¢) + div (3(6°)b) = [ (6 (0) () m*d) )+ 32 (3006 + i) = B

+div (8(p")b) — B'(p° )(dw(pb))
=i+ B(p°)divb

+8(p°) / otz — ey) 2 ]Z(t’ ) Gply) £ (dtdy),
with
~5 /5 a cont dt +Z +Cz,ut ) _ ﬁ(PE(ti—))]'

Clearly || < [|8' © pllocll.
The last term of the r.h.s. is bounded by (assuming supp ¢¢ C B{(0))

bi(z) — bi(z — ey) .
o /Bf(m

£4d
. y| L(dy),
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which converges weakly to
o(1) / (Ebyz, )| dt.

Since the constant depends only on |||, the same estimate holds for 8 Lipschitz.

Step 2. The formula in the statement holds for p, b in W1 N L>°(R4*1) by the strong continuity of
traces, so that it is enough to show that for all § > 0 it is possible to extend p(1,b) in R\ Q with a
Wl L-vector field (1,b’) and W1 N L*°-function p’ such that

’Trin (p/(l, bl),RdJrl \CIOS Q) .n— Trin (p(]_7 b)’ Q) . n’ < 57 (59&)

Lt (HdLag)

s, (5.9b)

| T (), R elos ) — T ((1,1), )|

L1 (HiLog)
where the last formula means that the traces coincide as vectors, or equivalently in the sense of boundary
traces of BD functions.

Indeed, setting

p”<17 b”) = p(l? b)]lQ + p/(17 b/)]l]Rd\closQ7
by (5.9a) it follows that
|div (p”(1,b"))](09) < 6,

and (5.9b) yields that |[Eb”|(0Q2) < §. Thus by Step 1 the outer and inner trace of 8(p)(1,b”) differs
from the outer trace by O(1)§ in norm, where the W'l-computation can be performed. Letting § — 0
and using a pointwise convergent subsequence p’, b’ in (5.9), one obtains the formula in the statement.

Step 3. Being 2 Lipschitz, it follows that for £!-a.e. £ € R the set Qj is of Lipschitz regularity, and
thus by the surjectivity of traces of W' into L' let b} be an extension on R?\ €; such that

T (b, 0(R? \ clos ) = Tr'™ (b, OV ) Lyin(p,90,)<on L'-ace. .
By inspection of the proof of Gagliardo’s theorem | , Theorem 1.IT], one can check that we can also
require that b’ € Lj, .(BV,) N L>, because
Trin((l’ b)7 Q)LTri“(b,aﬂf,)<2"€ Llloc(HdLaﬂ) nL>™.

It is fairly easy to see from the definition of trace that (5.9b) holds.
Step 4. Being the function
_ Tr(p(1,b),09)
~ Tr((1,b),09)
in L (H% 5q), again by Gagliardo’s theorem there is w’ € W N L (R4 \ Q) such that (5.9a) holds.
Being b’ and p’ bounded functions, we are in the setting of Step 2 above. O

Using the above theorem we show that the restriction of a Lagrangian representation in the sense of
(5.6) is a Lagrangian representation of the vector field p(1,b)L% ¢ for vector fields in b € L} (BD,,) and
functions p € L= (RI+1),

Proposition 5.12. The measure
(R =D 16 =Y (RH)m
i i
is a Lagrangian representation of p(1,b)L3* q.
Proof. Let pl, be defined as in (5.8); in particular, the distribution Trin(pél(l, b), Q) -n is now representable
as sum of two Radon measures (Tai)ﬁnép being Tai defined as in (5.4).

By applying now Theorem 5.10 with 8(-) = | - |, we deduce the following;:

o o T (ph(1,),09Q) -n| _,

Tr' (po(1,b),092) -n = Tr'™ (|pg|(1,b),092) -n = . T ((1,b),00) - n
because pb, > 0. It thus follows that Tr™(ph(1,b),8Q) - n has the same sign of Tr™((1,b), Q) - n, which
means that (T5F)yn? are orthogonal.

Hence there exists two disjoint Borel sets AT such that for all i € N

Trin’i (p§2(17b)7 BQ) ‘n = ((Tgi)ﬁngl)LAiv
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where A* are determined by
™= ((1,b),09) -n = Tr™ ((1,b),09) - niue,

up to Tr'((1,b), dNQ) - n-negligible sets. Here the apex + means the positive/negative part of the trace.
Furthermore, repeating the argument for a finite sum of nf, it follows

N .
> pb < p,
7

and
N

N
Z-rri]ﬂ’i (ng(l,b),aﬂ) -n = ZTrin (pél(lab)aag) R

%

_ (f:wn (rh(1,),2) .n>LAi
- (Tri“ <§:p6(1,b),9> -n>LAi
= TrinE <zjj:p§2(1,b),9) ‘n

< T (p(1,b),Q) - m,
where we have used the monotonicity of the trace (consequence of Proposition 5.11). It follows that

STTE (ph(1,b), Q) -0 = T (p(1,b),2) - n < 4o,

where the equality follows from the weak convergence of the sum to the trace. 0

Another consequence of Proposition 5.11 is the following (see also | , Theorem 6.2]. We consider
here the definition of inner proper, Definition 4.5, extended to Lipschitz sets as suggested in Remark 4.6.

Corollary 5.13. A Lipschitz open set Q is inner proper for the vector fields p(1,b), with p € L (R4*1)
and b € L}(BD,).

Proof. Indeed, the chain rule and the strong convergence of traces for BD vector fields yields that Con-
dition (3) of Definition 4.5 holds. O

6. RESTRICTION OPERATOR R AND PROPER SETS

We now show that for generic vector fields p(1,b) € LL (RI*1), if Q is a p(1, b)-proper set, then the

loc
reduction operator Rg introduced in Proposition 5.12, namely

(R)sm = > _(RH)en, (6.1)

i
generates a Lagrangian representation of p(1,b)L£ 1 o. The idea of the proof is to show that there are
two disjoint sets where n-a.e. curve v is only entering or exiting. We conclude this section with some

useful properties of the operator R for proper sets.
We begin with the following elementary lemma.

Lemma 6.1. For every Lipschitz function 0 < ¢ <1 it holds
n({n s Graphy 0 { = 1} £ 0, Graphy 0 {p =0} £0}) < /p}(Lb) VLA

Proof. Setting
A= {y: Graph N {p = 1} £ 0, Graph~ 0 {p = 0} £ 0},
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one has for y € A
t+

/ ” |(17b) Vw‘ dt = Tot.Var.9() > 1,
-

~

so that
n(A) S/Tot-Var-(z/ﬂov) n(dy) S/p|(1,10)-V1/1|13d+1
A

which concludes the proof. O

Applying Lemma 6.1 to a proper set { with the functions ¢>* and passing to the limit as § — 0 we
obtain the following

Proposition 6.2. [t holds
77({7 : Graph~y N clos Q # 0, Graph y N R4\ clos Q # @}) < / p|(1, b) - n‘ He, (6.2)
a0
and

77({7 : Graphy N Q # 0, Graphy NRI1\ Q +# (Z)}) < / p|(1,b) - n HY. (6.3)
Ee)

In particular, for every proper set we deduce that

77({7 : Graphy N 9Q # 0, Graphy ¢ 89})
< 77({7 : Graphy N Q # 0, Graphy NRIH\ Q +# (Z)})

+ n({’y : Graph~y N clos Q # 0, Graph y N R\ clos Q # @})

< 2/ p|(1,b) - n|H?.
o

At the end of this section Corollary 6.9 gives that the constant 2 can be replaced with 1.

Let Q) be a proper set and let €2¢ its perturbation constructed in Theorem 4.16: moreover, if K?’a/ C 00

is the compact set constructed in Lemma 4.11, w.l.o.g. we can assume that p(l,b)LKf,E/ is continuous.

Recall the decomposition
A7\ Q) =51USUSF US; US,
given in (4.13), where S1, S are subset of finitely many hyperplanes {¢ = const}, and Sy is a subset of
the lateral faces of the cylinders given by Proposition 4.15.
Applying (6.4) to the lateral boundary of a cylinder

310}4”’2&2 = {(s,y) D =t <2077, |y — @ — b(ti,x) (s — t;)| = 7"1‘},

ti,xi
and considering the trajectories restricted to

Jé = [t tj] N [ti —2a%r;,t; + 2oz27‘i],

we obtain
77({7 : Graphy N 6leIZ,’£?2 # 0, Graphy N (ny x RY) ¢ 8leIZ7’£?2 })
< 77({'7 : Graph ’YLJ%mCyIZi:i?2 # (), Graph 'YLJ%m(RdJrl \ Cylzfo‘g) # @})
+ n({’y : Graph . 7 N clos Cyltrio‘2 # (), Graph 'yl_J;ﬂ(Rd“ \ clos Cylgio‘Z) #0 })
< 2/ . p|(,b) - n|H
aCyly T2

Then we can prove the following.

(6.5)

Lemma 6.3. It holds
n({7: Graphy N Sy # 0}) < 2(1 + 20)Cye’ L*H(09).
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Proof. We observe that

. 2
{r:Graphy N Sy # 0} C U{’y : Graphyey: C 3le1;?7’§? }

{ : Graph . ;: N0 Cylr“zo‘ # (0, Graph 'y\_J;ﬂ(Rd‘H \ (’9le1:::2?2) # (Z)}

The curves in the first set are curves are the ones which lie on the lateral boundaries of a cylinder for

a positive set of times: thus they have 7 measure 0 because L+1(9!C ylr“za ) =0 for every i € N.
For the other set, the computation leading to (4.14) yields

(U {~ : Graph i no'Cyly": 2? # 0, Graph o s MR\ 9'C ylr“z.q2 # @}) < 2(1 4 2a)Cye’ LAHL(09),

ti,T;
where we have used (6.5). O

We now estimate the flux across the region 09\ K2*< .
Lemma 6.4. It holds for ¢/ < 1
n({y : Graph~y N (8Q\ K,f’el)}) < be.

Proof. As before we observe that

{ : Graph~ N <aQ\Uc L2 ) # @}

C {fy : Graphy C 9Q \ U Cyllfi?‘z}
U {7 : Graphy N Sy # (Z)}

ulJ { Graphvﬂ@Q\UCyl” 2? : Tot.Var.(¢? "t o) > 1}

neN

ulJ { Graph*yﬂ@Q\UCylr’ 207 : Tot.Var.(¢? "~ oy) > 1},

neN

where the functions ¢2 "* have been introduced in (4.3).
For the first term, as in the proof of the previous lemma, we have that (having all curves in I" a positive
length)

n({’y:’y C 8Q\LlJCyl:;if“ }) :n({’y : int ((1d y)~ (aQ\Ucylgﬁf )) ﬂ)}) —

For the second term, by Lemma 6.3, we infer
{v: Graphy N Sy # 0} < 2(1 + 20)Cye’ L*H(09).

Finally, to settle the last terms we argue as in Proposition 4.9: using condition (4.9b) and the fact
that

|p(1,b) - (Vg* ) |L7H — |p(1,b) - n[H g,

we deduce that
n i, o?
[p(1,b) - (Vg %) |t <Rd+1\UCY1mi )ﬁ/ P
; Ré+1\(J, Cy l' 20

Now we have

(1,b) - n| H o0

/ a2 ’ (l,b) - n|7—ldLaQ§ / ) p(l,b) . n’HdL8Q< 2e.
RA+1\J, cy1 e IN\K:®
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Summing up, and using for the last term Lemma 6.1, we get
n ({'y : Graphy N (QQ \ U Cyl;f:if) })
i
n({’y : Graphy N Sy # (Z)})

+ Z 77({7 : Graphy N (89 \ U Cylgf?ﬂ) : Tot.Var.(¢27"v+ oy) > 1})

neN
+ Z n({'y : Graphy N <8f2 \ U Cylflif‘z) : Tot.Var.((an’* 0q) > 1})
neN %
2(1 + 2a)Cye’ LAHL(0Q) + 2 / |p(1,b) - n|H a0
HONKS®

< 2(1 + 20)Cye’ LANHL(O0) + 4e.

Choosing now &’ < 1 we obtain that
7]({7 : Graphy N (89 \ UClefnfﬁ) # (/)}> < be.

Being a covering of K?E/ we conclude that the statement holds. ([

With the same tools we have also the following result.

Lemma 6.5. It holds
Zn({7 3t |s| < a’ry (v(t) €00N Cylgia2 A [yt +s) —y(t) = b(t;, i)s| > 473) })

i

< (14 a)Cy4e’ (20)%HA(8Q).
Proof. By (half of) (6.3) we have

o p|(1,b) - n|H™.

77({ : Graph i ;: N0Q N Cylr“Qa # 0, Graph ;: € Cyly’ ,ga }) < /
il ¢ aCylH

Now, observe that
{v (3t |s] < a2r1< (t) € 0N Cyly s 207 5 [v(t+ s) = v(t) — b(t;, z:)s| > 2ri)}
{ : Graph L ;; N0 N Cyl”’Qa # (), Graph i ¢ Cyliiy }
Summing over i we get

Zn({ : Graphy N o N Cylr“m #0:3s| < aPri(|y(t+ ) — y(t) — b(ts, i)s| > 273)})

< Z/ [(1,b) - n|H? < (1+ a)Cee’ (20)*4H4(09),
80 177 2a2

because of (4.11). O

From Lemma 6.5 we can prove the following weak differentiability of the curves:

Corollary 6.6. For all o > 0 it holds
’ t — (2 8
hmn({ A1) e ke, | S =) b(m(t))‘ > az}) 0.

s—0 S

Proof. By Lemma 4.14, we can assume that s < 7, and that there are regular cylinders in all points of
ri,2042 Ng
t;, i }i=1

K;’El with radius r such that ‘D‘TZ’ < s < o®r. Then, using these cylinders for the covering {Cyl
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e,e’
of K7,
’
. £,e
{7- V(t) € K&,

cu{

Applying Lemma 6.5 and then letting ¢’ — 0 the proof is concluded. g

s o?

(v €Ny A [yl + ) = () — blts,2)s] >4ri)}.

We now present the following proposition which plays the role of the first part of the proof of Propo-
sition 5.12. Recall the definition of the measures

o = R, pi(1,b) L9 = /(idﬁ)ﬁ((lﬁ)ﬁl) mo(dv),
given in (5.7), (5.8).
Proposition 6.7. If Tgi are the operators defined in (5.4), then it holds

(TS )emé < pl(1,b) - n)]F Hepq.

Proof. First of all observe that the results obtained in this section so far holds also for n%: indeed all
proofs depend only on the quantity p|(1,b) - n|, which is monotone in p.

By Lemma 6.4 it is enough to prove the statement in K?E', and assume that the interval of definition

of v has length at least 27. Hence for r; < 7/a2, up to a set of trajectories of ni,-measure of the order of &’

obtained by Lemma 6.3 when applied to R\ clos 2, all trajectories of ni, starting from K?’E/ N Cylf’io‘2

exit the cylinder by crossing one of the flat bases. In particular we deduce that up to O(e+¢’) trajectories,

(Th*)4mé, is concentrated on K% n{(1,b)-n = 0}. Hence (Th*)4mé, are orthogonal.
Since it holds

0< /pi(|(1,b) Viad” | = (1,b) - vt,ﬂzf**) Lo < /p(|<1,b) Viad” | = (1,b) - vt,m&*) £,

using the weak convergence of p(1,b) - V; ¢~ and p|(1,b) - V; 6%~ | together with the fact p; < p we
obtain the statement. O

In particular the behavior (entering/exiting) of trajectories which crosses 2 does not depend on the
particular characteristic, but only on the sign of (1,b) - n. It follows from the trace analysis that the
same property of BD vector field holds also for proper sets.

Theorem 6.8. If Q is a proper set, the restriction operator Rqg maps a Lagrangian representation of
p(1,b) to a Lagrangian representation of p(1,b)Lq.

Proof. Using Proposition 6.7 we can define the sets
A* ={(t,x) €9Q: (1,b) n(t,x) = 0}.
Now it is sufficient to repeat the proof of Proposition 5.12. O
Corollary 6.9. A Lagrangian n of p(1,b)L3*! is concentrated on the set
N N
U {'y :(id,y) Q) = U (t:_,t;*), (id,v) " (clos Q) = U [t57, 57 with tﬁfr < tﬁfl’_}.
NEN i=1 i=1
Moreover, if n° is a Lagrangian representation of p(1,b)L4 1 -, then
. e s —1 . . _
Ehg(l)n ({~: (id,7)~"() is not an interval}) =

Proof. For the first part of the statement, observe that by the absolute convergence of the series Z(Tgi)ﬁn
it follows that n is concentrated on the set

U{ :(id, ) ( gjltl—t“r }

NeN



A UNIQUENESS RESULT FOR THE DECOMPOSITION OF VECTOR FIELDS IN R¢ 43

On the other hand, since the set of curves which lie on 9 for a positive amount of time is negligible, it

follows that
N

(id, ) (clos Q) U t;’_’ tlv+

for n-a.e. curve such that (id, 7)_1(Q) is made of ﬁmtely many open intervals. Finally, by Corollary 6.6
the set of curves which have t5~ = 2t~ is negligible.
The second part of the statement follows by observing that if a curve « is such that Graphy € ¢ and

(id,v) () is not an interval, then up to a measure of order & it must re-enter in  (re-exit from ) in
2
ITL, «

the same cylinder Cyl, where it just exited (entered). By Proposition 6.7, this is controlled by the

entering (exiting) flow in a neighborhood of K?E, N {(1,b) > 0}, this can be made arbitrarily small as
e —0. O

To end this section we present the following

Proposition 6.10. Let Q C R4 be a proper set and N C I' a Borel set. It holds
n({fy :3i s.t. Ry = Y- 4it)€ N}) < (Ra)gn(N).
Proof. Let N be the set given by
N = {(w’) € I x N : Rlyy = 1= g€ N},
which is a Borel set because the map R, is Borel (see Lemma 5.7). Let
T (N) 3y = i(7)

be a Borel selection which exists because N is countable union of Borel graphs. We estimate by using
the definition of Rq

(Raen(V) = S (R)gn(N)
> Z(Rgz)uﬁ(ﬁ 2i(y) = 1)
= Zn({v Li(y) = j})

= n(m1(N)). a
Together with Corollary 6.9 we deduce
Corollary 6.11. For all N C I' is holds
hm(RQs ({7 :3i s.t. Ryey € N}) = (Ra)gn(N). (6.6)

Proof. Just observe that the equality in (6.6) above holds when (id, ) ~1(Q) is a single interval, and apply
Corollary 6.9. O
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Part 2
Cylinders of approximate flow and untangling of
trajectories

This part deals with the main result of the paper:

give a local condition on the vector field in order to construct a partition of R**! into disjoint trajectories
such that n-a.e. vy is a subset of these curves.

We call this property untangling: it is stronger than uniqueness for initial data at some given time ¢ (even
if it can be deduced from this uniqueness by the analysis below), because it implies that no crossings occur
on “bad” sets (i.e. non rectifiable, Cantor-like, in general sets on which one cannot assign meaningful
initial data).

The condition we give is quite general, and can be adapted to the particular case under consideration: it
can be resumed by saying that we control the measure of trajectories entering and exiting from arbitrarily
small cylinders around n-a.e. trajectory « in terms of the £%measure of their base. This yields a control
of the amount of trajectories which bifurcate in the future or in the past from another given trajectory,
and it can be nicely expressed in terms of transference plans.

A duality result yields that a control on the flow across the boundary of these cylinders implies an
estimate of the amount of trajectories which have a common point but are not subsets of a unique
trajectory. This leads to the introduction of the untangling functional, which measures the minimal
amount of trajectories one has to remove in order to obtain a disjoint set of trajectories such that n-a.e.
v is a subset of these. This functional turns out to be subadditive, allowing a natural condition in order
to extend a local estimate to a global one.

The last part shows that in the case of untangling the structure of the representation allows the
complete description of the disintegration of the PDE, in particular the computation of the chain rule.

7. CYLINDERS OF APPROXIMATE FLOW

7.1. Cylinders of approximate flow and transference plans. Consider a proper set Q C R%!, and
let ©2° be the pertubed set constructed in Theorem 4.16. For convenience, in the first part of this section we
will drop the index ¢ and refer to Q¢ directly as 2. Furthermore, n will denote a Lagrangian representation
of div(p(1,b)) = p in Q (which can be taken as the restriction of a Lagrangian representation in RI+!,
in view of Theorem 6.8).

Recall that the set Sy is defined in (4.13), so that essentially all inflow and outflow of p(1,b) are
occurring on open sets which are contained in finitely many time-flat hyperplanes {t = t;}. We can
assume without loss of generality that p;(S1) C {{t = ¢;} is locally proper}. Define now
Win = /A;' n;np(z) Hd(dz) = T {GraphyNS;1#0}»

1
according to (3.3).
We assume that the following.
Assumption 7.1. There are constants M, > 0 and a family of functions {¢€}g>0776[‘ such that:
(1) for every v € I',£ € RT, the function gbfyz [t5,t5] x R — [0,1] is Lipschitz;
(2) fort € [t;,t3], z € R?
¢
Ly)+B,0)(®) < 05 (t2) < L)1y (0) ()5

(3) it holds

/{W/: {/P(t”(lab)'Véﬁ(t)Md} dt}nin(dfy) < w, (7.1)

o(f (1) = / F(t, 2)p(t, 2) £4(dx), (7.2)

where

for every t € p1(S1).
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zzqﬁfy

Figure 7. A cylinder of approximate flow ¢f;.

From now onwards we will often refer to the family of functions {¢£} e>0,ver as cylinders of approzimate
flow: indeed, if v is a characteristic of the vector field b, the function qﬁfy can be thought as generalized,
smoothed cylinder centered at v (see Fig. 7). In particular, Point (3) is saying that the flow through the
“lateral boundary of the cylinder” is controlled by the quantity co.

Introduce the set

W:=WiuWyCI xI'
where W is the open set
Wi == {(,7) : Graphy N Graph~' = 0},
while W5 is the closed set

Wo = {(%7’) : Graph vy N Graph+’ = Graph (VL[max{t;,t;,},min{ti,t* }])}.

Thus the set W is a Borel set (we recall that Graph+ is the set of points (¢,7(t)) for ¢ in the closed
interval [t7,t1], see (3.4)).

Proposition 7.2. Under Assumption 7.1, it holds
[ i Wa)ple) o) < .
S1

Proof. We split the proof in several steps.
Step 1. For fixed £ > 0 and v € I' we introduce the following set

E,[y := {4 : Graph y’L[tW_mg supp ¢{y} cr
and consider the functional

() = / 0 (L)l (. 2 )p(=') HA(d).
Sy f‘]{t:t; }

This functional computes the weighted amount of curves 4 starting inside supp qﬁfy N .Sy and exiting from
the cylinder.
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Noticing that

Tot.Var.(q%Y o V’L[t;,tm) > gbfy(z’) when +/(t =t7,) = 2/, Graphy' - Q supp d)
we have
oL (1) = 2 (B5) 65 (2)p(2") 1 (d2")
Syn{t=t5}
= &% (t5,7 () ™ (d)
{v/:ty =t_,, Graph~'c - ;t_supp¢> @5 (7' (t1,))>0} I K
< / ) Tot.Var. (qﬁg o 'y'L[t;ﬂ]) N (dy)
{y/:t5 =t ], Graphy'L - gsupp¢f,a¢ﬁ (v'(t5,))>0}

/Tot Var. (qﬁg o ’Y/'—[t;,t;r}) 77(d’)’l)
t+

’ . otV 2 e
S/t_ [/p(t’x)|(]"b)(t7$) Vt,z¢»y(t7 )’E (d ) dt7

~

so that using Point (3), we deduce

R SRR _
/F a(d)g(t;))@em(v) N (dy) <

Step 2. Consider now a sequence ¢; — 0 such that
#ez gl (7.3

Due to Point (2), Assumption 7.1 this can be achieved if

'z
él-‘rl < M27
because with this choice
supp @5+ (1) C () + Biy,,, Cy(t) + BE, y C {95 (t) = 1} (7.4)

Step 3. Thanks to the choice of the sequence ¢; in Step 2, we can estimate for j < 4

1
w > . incg
/Wm) b ()™ ()

P
= d) t { Syn{t=t5} m( >¢€ ( ) (z/)Hd(dZ/)}’I]in(d’y)
e { i (E5) 67 ()p(=') Hd(dz/)} " ().

QS,Y (t5)) Sy n{t=t; }

Now, for fixed i, we pass to the limit as j — +oo and we observe that

1 / in (¢; d in *
— Wil (2)p(=) HU(dz) = n® . weakly
(65 (t7)) Jsant=t5) (&)
in duality w.r.t. continuous, bounded functions for n'™-a.e. . This follows from the fact that pH%a.e.
z' € 81 is a Lebesgue point for the map 2’ — 72} and the set of v starting in a negligible set in S; is
n'™ negligible. Notice that for every i € N the set Ef;i is open, so that thanks to the l.s.c. of the weak
convergence on open sets, we have

1
m E <1 f (0 » Eéi / Hdd / )
) () < it " /S{ | (B )
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Step 4. Using Fatow’s Lemma, we conclude that
wzimint [ 4[| [ e ) i) ot )
2 [ S it L e ) ) oy )
> [ { [t e fo) i)
- /S @ n({(07) 7 € B Po) )

Observe now that when 7 — oo

(7.5)

{(v,v):7" € Ef;} ST\ Wh.
By the Monotone Convergence Theorem, we then conclude

/ N @0 (D2\ Wa)p(2') HU(dZ') =lim | n @0 ({(1.7) 17 € ES ) p(2) HU(dY) < w,
Sl g Sl

which concludes the proof. O

To analyze the trajectories which are entering into the cylinder ¢, we have to introduce a new object.
Let 7 € Adm(n'®, ) be an admissible plan between the measures '™ and 7: this means that

(P)sm = g™, (p2)s7 = gan,
with 0 < g1, g2 < 1 are Borel functions. Observe that by disintegration we have

™= / oy ' (dy) = /S 1 [ / o nl“(dv)] p(z) H(dz),

with ||7,|| = g1(7), and similarly for the disintegration w.r.t. the second marginal 7.
The following proposition is the analogue of Proposition 7.2 for the plan .

Proposition 7.3. Under Assumption 7.1, it holds
/{/my/ ({(’y’,'y”) :9"(t5,) ¢ Graphy, (”y'L[t;,tm,'y"L[t;,tm) € FQ\Wl}) T]izn®nizn(d’yd7')}p(z)’Hd(dz) < w.

Proof. We split the proof in several steps.
Step 1. For fixed £ > 0 and v € I we introduce the following set

AL = {(7’,7”) L (7 (max{t7,,1531) = 0, (Vi o207 vy ) €17 \W1}, (7.6)

and consider the functional
B = | | [y ] o wiae)
Sin{t=t5}

This integral computes the weighted amount of curves v starting outside the cylinder ¢€ and touching
a curve 7/ which starts inside the cylinder in the time interval [t7, 1],
We observe that for every (7/,7") € Af it holds

Tot. Var.(¢!, o Vs ey) + Tot. Var. (¢, o Vs i) 2 ¢’ (),  when Yt =ty)=2" (7.7)

Then we have, by integration,
Deprer(7) = / { / W(A’%)ni‘?(dv’)]¢§(z’)p(3’)’Hd(dz’)
Sﬂ?{t:t;}

_ / oL (7 (1)) m(d'd")
ALY )ty =t}

= oL (v () m(dy'dy")| <
/Aﬁﬂ{(vw”):tw—tv,,¢£(v/(t7,))>0} T
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so that, taking into account (7.7), we get

=),

) {Tot.Var.(gi)g oY Ly- i) + Tot. Var. (¢, o ’ylll_[t;7t¢]):| m(dv'dy")
E{( )5 =t 8 (3 ()50}

= / Ty (Ag)Tot.Var.((bi o fy’L[t;7tﬂ) n'™(dy')
{rsty =204 (v/(¢,)) >0}

+/ - T (AN {1t =t /7¢e( "(t5)) > 0})Tot.Var.(¢, 0y Lz 1) m(dy")
{'7”: ¢f, ('Y//(Hlax{t’y ,t,‘{,, })):0}

< Tot.Var.(d){y o ’y/\_[t; ,t;“]) Uin(d’Y/)

\/{'y’:t; :t;/ ,¢?y (V’(t;/ ))>0}

4 / Tot.Var.(gbf; o ’y”L[t;,t;r]) n(dy")
{’y”: d)e ( ”(max{t'y s //})) 0}

< /Tot.Var.((b& O’}//I_[t;7t¢]) n(dy")

~

=

< [0 ] [ oteolapean - Veast 0] ean)| ar
t

Integrating in v and using Point (3), we deduce

/ quﬂ (1) 7" (d7) < @. (7.8)

0 (t'y )) enter

Step 2. Consider now a sequence ¢; — 0 such that

{# <a} C (6% =0) (7.9)

for every i < j. For instance, the same choice as in Step 2 of Proposition 7.2 is sufficient for ¢ = 1, thanks
o (7.4).
Step 3. We now pass to the limit. By (7.8), we have

1 . .
w> [ ——— P (V) " (d
_/a(¢?;‘(t;)) (v) n™(dv)

where we recall the set A?Y is defined in (7.6) as

A= {(7/’7//) L0 (" (max{t5,, 153) = 0, (Vs i s ) € 17\ WI}'

To overcome the difficulty given by the fact that A‘; is not open, we take into account Step 2 and define
the open set

Aﬁ’a = {(’}/”Y”) : (bfy( (max{t vt ) <a, (7/'—[,5 ) Y '—[t ]) er? \Wl}

Notice so that, thanks to the (7.4), Aé’““ C Agj for ¢ < j and hence

i oo, [tz s
1

> U’((%j(t))/slﬂ{t—t,,} {/M'(Agiva)nij‘(dv’)} qs‘;j (z")p(2') He(d2")

1 /Slm{tt;} { / [(ﬁLFQ\Wl(“/))’V’({“Y” Lol (Y (max{t],,t5})) < a})} ni;,‘(dy’)}(bfyj ()p(z) H (=),

- (2
(7((157 (t’y)) TR
VY sk
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where
F2\W1(’Y):{(’Y/,’Y”)5 (’Y/'—[t ) ey ‘-[t ])EF \Wl}
Step 4. Define for t1 < to the set
F2 \ Wl(t17t2) = {(’7”’7//) : ('YIL[tl,tQ]7'7HL[t1,t2]) € F2 \ Wl}
= {(7’77//) : Graphfy/\_[thtz]ﬂ Graph 'YIlL[tl,tg]?é (Z)},
and accordingly let
L(t1, 12,7 i) = (TLp2\wy (01,10))v ({77 5 05 (V" (max{t7,, 17})) < a}).

Now pH%a.e. 2’ € Sy is a Lebesgue point for the map

7 / [(TLr2\wy (1)) ] 1Y),

w.r.t. the weak® topology, and hence, arguing as in Proposition 7.2, passing to the limit in j and using
the Ls.c. on open sets (i.e. {y”: ¢ (v (max{t7,,t;})) < a}) we deduce

/I(tltha’y ‘6) (t )(d’}/,)
1 .
< liminf — / [ / I(t1, 2,7, 60) nﬁ(dw} 6% (') pl(2') HA(d')
Sin{t=t5}

I7te a(¢y (7))

for n'"-a.e. ~.
Step 5. Take a partition of a set where 1™ is concentrated into finitely many disjoint sets {A}fn}fy *, S0
that

in {WGF -2 <t <ty t+<t+<t++2—}

nyn = Yy

and a set A}QO whose measure is arbitrarily small for & — oco. Step 8 above gives

o> /F = /S o e e ot o et

>Z L i U by L1t @ [ o m @

because 1(7,7’,&) DIttt/ 4;) when v € AP, .
Using Fatou’s Lemma, we conclude that

@ 2 lim inf / { [ ot ) dv'}&' 2 )p(=) dz’} " (dy
WOOZ (WW . )1 ()| 6% ()p() () o ()

1 . .
= / lim inf ——— { . }[ n,tiry’,&)nz‘?(dv’)}¢§j(2’)p(2’)Hd(dZ’)}n‘“(dv)
m 1N{t= t

k k,n oo o(dy (t’Y )

> Z/ [/I(t?tnﬁ )3, )(dv')] " (dy).
(7.10)

By taking t;| increasing and t; decreasing for n'"-a.e. v, when k — oo we have for every +/
PR (AT DY (CANA)
on a n-conegligible set, so that by passing to the limit in n we conclude by monotonicity that

@ Z/F {/I(%V’,&)n;‘}t;)(dv’) 0" (d). (7.11)
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Vb Ye

Ya

Figure 8. The discrete case described in Example 7.4: n = n'* = ad,, + bd,, + cds,,
where a,b,c > 0 are positive real numbers. The red and blue curves (resp.
Vb, Ve are distinct but they have non trivial intersection, which coincides with
Ya, the green curve. It is clear that '™ @ n*(I'?\ W) = bc + cb = 2bc. On the
other hand, if e.g. b < ¢, we can construct a plan which moves bé., to bd,,
and bd,, to bd,, (leaving the remaining (¢ — b)d., fixed). For such a plan it
holds 7(I'*\ W) = b+ b = 2b = 2min{b, c}.

Observe now that when i — 400
(") 08 (max{t, 67 1) < a} 7 {(19") 5 < 7" (max{t, 15 1) # Graph )
={(v,7") : t;, <tT,9"(t;.) ¢ Graphy})

because for n'"-a.e. v we have v(t5) € S1. By Monotone Convergence Theorem, we then have

> [ { [ mrtter 6 <0765 iéGraphv}ﬂFQ\Wl(v))}n;‘ttw)(dv’)}nm(dv) -

> / { / |7 (1(/77) 7" (65,) ¢ Graphy} 1 T2\ Wa(3)) ] i ®nl“(dvdw’)}p(2)7id(d2),
which is what we wanted to prove taking into account the definition of 1'%\ W1 (). O

Example 7.4. In general Proposition 7.2 is sharp and it holds
@I\ W) <n(I2\W),
so that we cannot expect a control on the quantity m(I"2\ W). For example, consider three curves 4, 73
and -, starting at the same time (¢ = 0) such that
Yo=Y NVes W F Ves

with weight a, b, c. See Figure 8.
Then one has

0" @ (12 \ W) = 2be,
while by duality
max 7 (I'? \ W) = 2min{b, c}.
Remark 7.5. By inspection, one can observe that to deduce Propositions 7.2 and 7.3 one can relax
Point 2 to the following:

(2’) for n'"-a.e. v there are two sequences of Lipschitz functions qS?;‘, qﬁff’ such that
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(a) (7.3) is satisfied by (b?;' and

(bﬁi (Graph~y) =1, zlggo supp ¢€’i = Graph~, (7.13)
(b) (7.9) is satisfied by (bff’ and
¢/ (Graphy) =1, lim supp ¢y = Graphy, (7.14)
(c) it holds
o((fH)t) _ o((f63)(t5)) _
W otary 0 R ey T

for all integrable functions f and 7'"-a.e. v, where o(-) is defined in (7.2).

On can further require that (7.3), (7.9) hold up to a set of trajectories which vanishes when computing
the limits (7.5), (7.10), and the same requirement for (7.13), (7.14).
Finally, in some cases it is easier to have replace qbf{ with the characteristic function of an inner/outer
proper set, replacing the integral of p|(1,b) - n| with the inner/outer trace as follows.
Assumption 7.6 (Inner proper cylinders). There are constants M, o > 0 and a family of sets {Qf’,}g>0,’y€[‘
such that:
(1) for every v € I',£ € RT, the set ny C R™1 is p(1, b)-inner proper;
(2) for t € (t7,t4)
() + B (0) € Qi S 7(1) + By (0);
(3) it holds
1 / d .
_— Tr (p(1,b), Q) H ag | 0™ (dy) < w, (7.15)
/ L(ng(tv ) Jiets 1) ( )
where o is given by (7.2).
The key observation is that being inner proper, up to an arbitrarily small quantity one can replace
(7.15) with (7.1) because of Condition (3) of Definition 4.5. The two definitions are essentially equivalent
because of Remark 4.3.
The assumption in the case of outer proper cylinders is analogous, and one can image also combinations
of the two cases.

7.2. Forward uniqueness. We now turn our attention to the set of crossing trajectories, i.e. the
trajectories which enter from S; and leave the domain : set

= {y:4(t;) € S1,7(t3) € 00}

and define accordingly the measures

Ccr ,__ cro,___
Nt =mupe, 0= MaLpe.

Remark 7.7. Notice that ||7S"|| may be less than 1, hence it is not the standard normalized disintegration
of n° w.r.t. pH% s,. By projection, the corresponding density p* > 0, defined by

por(t, ) L= (er) yn™
satisfies
div (p(1,b)) = p™He% s, —p[(1,b) - n]TH L pe.

Furthermore, for H%a.e. z € 98 it holds

P (2) = [Ingllp(2)-

We start by observing that if W(tj{ ) € 01, then one can replace the requirement
(V' 1 s 05) € T2\

with

(v,7") € I*\ W,
because in this case either v/ # v or (v,7”) € I'*\ Wi: in particular (7.7) holds for all (v/,~") € I'?\ W
for £ < 1. By restricting the estimate in Proposition 7.3 to n°", we then deduce the following.
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Corollary 7.8. For any transport plan = € Adm(n,n™) it holds
T({(s7") A" () A ()} N T2\ WL) < w. (7.16)

Proof. Starting from (7.12), using the observation above and integrating, we obtain

/ { 7r,y/ ’y”(t;,,) ¢ Graph ’y} NI\ Wl)}niyn(tw)(d’yl)}ni“(dfy)

/
/ { / {7”' )27 (6) AAEDF N AW n;r’(tw)(dv’)}nm(dv)
/ {/ m (105" " (E) #4020} ﬂF2\Wl)}nz%dv’)}p(z)%d(dz)
=m({(v,7") " (t5) # 7 ()} N T2\ W),

where we have used the observation that if v,~” start on 9Q then the condition ~”( ) ¢ Graph~y
reduces to v"(t_.,) # v(t;) = 79/(t,,) = 2 by the domain of integration. O

Our goal now is to estimate in a quantitative way how much n differs from a superposition of Dirac
masses. This will be achieved using two main ingredients: on the one hand, we will use the estimates
given by Proposition 7.2 and Proposition 7.3; on the other hand we will get rid of the divergence u inside
the domain Q (which is the quantity which measures how many trajectories start or finish inside 2)
playing with constants.

Lemma 7.9. It holds
/s (p(2) = p"(2) H'(d2) < u™(Q).

Proof. The balance of the divergence gives

/ (pl2) — p(2)) H(dz) = / (1= [71) (=) HA(d2)
Sl Sl
- /S n2(D\ T p(2) HA(dz) < (),

because the curves which enter in S but do not exit from 2 necessarily have the final point 'y(tfyr) inside
Q. O

Since clearly n°* < 5", by Proposition 7.2 we deduce the estimate
[ @ W) < = (7.17)
1
Observe now that, when we restrict to I'", the following equality holds:

(I \Wa = {(7,7) e ) : v #+'}.

Thus, we can rewrite (7.17) as

/S 0 @0 ({(17) € (T2 -y # ') p(2)HA(d2) < (7.18)

To proceed further, we need the following elementary lemma.

Lemma 7.10. For any bounded, non negative measure m on a Polish space Y it holds
[ImlI(lmll — max m({y})) <mem{(y,y): y#y'}).
In particular, for probability measures

1-— g?% m({y}) <me@m{(y,y'): vy #Y'}).
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Proof. Decompose
m = mcont + § Cn(sy"a
n

so that

mem({(y,y): y#y'}) =m|>=> e

Assume that
n ¢y,

Zci < Clzcn < cq||ml].
n n

is decreasing, and estimate

Hence
mem({(y,y): y#y'}) > [m|[(Im]| = e1),
with
€1 = maxec,
which is the claim. O

Combining Proposition 7.2 (which gives (7.18)) with Lemma 7.10, we deduce the following proposition.

Proposition 7.11. For any real constant C' > 1, we have the estimate

[l = man (o) W) < Coo ot o &
S1

Proof. Write for C' > 1

/Sl{”gr (e wém} 2 H(d)

Cr Cr
[l IInz I

- [/m>p/c+ pcr<p/C':| { e || ns ({(n,y) iy # ’Y'})}p(z)?—ldle(dz)

< C/Cl>p/c { S ® U;r((FCr)Q \ W2)}p(2) HeLs, (dz) + /pcr<p/c P (2)H s, (d2)
()

01_1/0

<Cw+

where in the last passage we have used Lemma 7.9. Now the conclusion follows directly applying Lemma
7.10. -

From Proposition 7.11, we deduce that, up to a set of trajectories whose n-measure is controlled, the
measure 1" is essentially a superposition of Dirac deltas. More precisely, we can find a family of crossing
trajectories = C I'*" such that

Cr Ccr —_ H_(Q)
I =
NI\ &) < Cw + c_1
and
(775),2 = ngrLg:: mzdyz, v, € I'. (7.19)

This additional piece of information can be combined together with Proposition 7.2 in the following way.
Consider an admissible plan 7@ € Adm(n=,n'"). We have the following lemma.

Lemma 7.12. Let
Si={(,") () =~"(t;)} C I'?,
i.e. the set of curves which start from the same point. Then

FLs(I?\ Wa) < w. (7.20)
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Proof. By Disintegration Theorem (applied w.r.t. the map S > (v,7') = 7(£7)), we have

o= /S (7Ls)_p(z) HA(d2),
where (7Ls). € Adm(nZ,n") for Hé-ae. z € 5. Being nS the Dirac delta m.d,. in view of (7.19), it
follows that every transference plan in 7, € Adm(n;,n}") satisfies
T<nsent <nt et
so that Proposition 7.2 directly implies the statement. g
By summing up the results in Lemma 7.12 and Corollary 7.8 we deduce the following corollary.

Corollary 7.13. For any admissible transport plan = € Adm(n°*,n'"), it holds

p(Q)
c—-1

T(I?\W) < 2w + Cw +
Proof. For any plan m we have
T(IPAW)=n((ExD)\W) +a((I'\E) x I') \ W)
<S7((EXD)\W) +17(I"\ 5)

(2
by (7.19) and Proposition 7.11 < #((Ex I\ W)+ Cw + L(l)
p— (&)
<2
<2w+Cw+ 1’
where in the last line we have use the fact that 7=y € Adm(n=,7™) so that (7.20) and (7.16) give the
estimate. g
Notice that we can rephrase Corollary 7.13 by saying that
(2
sup W(FQ\W)§2W+CW+M ( ) (7.21)
WGAdm(nCrﬂlin) C —1
for all C > 1.
Invoking the deep duality results of | ] recalled in Section 3.2, we can prove the following

Theorem 7.14. There exist Borel sets Ny C I'", Ny C I'™ such that

p ()

c-1’

and for every (v,v") € (I'°"\ N1) x (I'™\ Ny) either Graph+’ C Graphvy or Graph~ N Graph~’ = ().

N (N1) + 0" (N2) < 2w + Cww +

Equivalently we can say that
(I \ Ny) x (I'™\ No) € W.
Proof. Taking into account Theorem 3.2 and Proposition 3.3, we have that there exist Borel sets Ny, Ny
such that
Iny + 1N, 2 Lipasxrpw
and

cr in 2 (7.:21) I8 (Q)
N (Ny) + " (N2) = sup (I \W) < 2w+ Cw+ ,
7‘-eAdm(ncr’nin) O - 1

which is exactly the claim. O

Recall now that, so far, we have been working with 2 = QF, being 2 a proper set and Q¢ D () the
perturbed set constructed in Proposition 4.15. In some sense, we now want to pass to the limit the above
estimates as ¢ = 0.

Let Q C R4*! be a proper set and 7 be a Lagrangian representation of p(1,b) L3+, Set

Q) = {y eI . y(tf) € 09}, r'™(Q):={y el :y(t;) € 00}

Assume that Theorem 7.14 holds for a family of perturbations Q¢ with constant .
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Theorem 7.15. There exist Ny C I'*(Q), Na C I'™(Q) such that

(Re)em™ (N1) + (Ra)gn™ (N2) < inf {QW +Cw + Mciigl) }

and for every (v,7') € (I'"\ N1) x (I'™\ Na) either
Graph v Leos@C Graphyicosa  or  Graphyicos 0N Graph vy Leies o= 0.
Proof. From Theorem 7.14 applied to every Q°», we obtain two sets N;™ and N5™ such that

‘ —(Qen
(o )i (NF) + (Rae )™ (N5") < 250 + O+ L),

and for every (v,v') € (I'*(257) \ Ni™) x (I'™(Q») \ N5™) either
Graph vy Lelos gen € Graph yiciosgen 0 Graph v/Leios oen N Graph Yiclos gen = 0.
Now R (I (92°)) € I'*(Q2) and
|(R)gn(I" () — (Raen )gn(I (2°7))| < Ofen)
from Theorem 4.16 and the estimates therein. In the same way, Ro(I"™(Q")) C I'™®(Q) and
|(Re)en(I™() ~ (R )en (@) < O(e).
If we now consider the sets
N = RBa(V§") U (I(Q) \ Ra(I (@) and N5 := Ra(N5") U (1™ (©) \ Ra (I (2))),
we have by Corollary 6.11 as €, — 0 that
p ()
c-1

p Q)
C-1
and for every (v,7) € (I'(Q) \ Ni*) x (I'™(€) \ N5*) either

Graphv'Lcios0C GraphyLeesa  or  Graphv'Lcios oM Graph v cos o= 0.

(RQ)ﬁncr(Nf") + (Rg)unin(NQE") < 2w+ Cw+ +o(1)=2w+Cw +

+o(1),

In particular, it follows that
n ()
c—-1’

and we apply again Proposition 3.3 in order to find two actual minimizers. g

inf {(RQ)W“(M) + (Ra)gn™(Na) = (I"\ Ny) x (I'™\ No) C W} <2w+ Cw +

8. UNTANGLING FUNCTIONAL AND UNTANGLED LAGRANGIAN REPRESENTATIONS

This section is divided into two parts. In the first part, following the analysis of Theorem 7.15, we
define two functionals on the family of proper sets which measure how much the trajectories used by a
Lagrangian representation 7 cross each other. The main result is that these functionals are subadditive,
so that it seems natural to compare them with a measure w?”. This is the main result of the second
part, which shows that if one can bound the untangling functional in sufficiently many sets by a given
measure, then we can have an estimate on how many trajectories one has to remove in order to obtain
an untangled set of trajectories, i.e. trajectories which do not cross each other.

8.1. Subadditivity of untangling functional. For Q C R%*! proper set we give the following defini-
tion.

Definition 8.1. The untangling functional for 0™ is defined as
£7(9) = inf { (Ra)gr™ (M) + (Re)en™ (N2) = (I'\ V1) x (I'\ N2) € W} (8.1)
Setting
R = [ nep()[(L b)) - n()] H2),

we can define analogously the untangling functional for n°ut.

t

Definition 8.2. The untangling functional for n°*" is defined as

Q) = inf{(RQ>ﬁ77cr(N1) + (Ra)yn™*(N2) : (I'\ N1) x (I'\ N2) C W}- (8.2)
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As noticed before, the condition (v,v') € (I""(2) x I'™(Q)) N W is equivalent to say that
either ~ Graph ’}/‘—clos oC Graphvyicoeso or  Graphvyices N Graph ’Yl‘—clos Q= (Z)a

and similarly for (v,7') € (I'* x I'°"*) N W. Recalling now Theorem 7.15 we can infer that the infima in
(8.1) and (8.2) are actually minima.
We now show the following remarkable property of the untangling functionals:

Proposition 8.3. The functionals fin and fout are subadditive on the class of proper sets. More pre-
cisely, if U,V C R are proper sets whose union Q := U UV is proper, then

FUO <O V), £ <) W),

Proof. We prove the assertion only for the functional in, being the other case completely similar. By
definition, there exist sets N1(U) C I""(U) and No(U) C I'"™(U) such that

F™(U) = Ro)en™ (N1(0)) + (Ro)gn™ (N2(U))
and
(I (U) \ N1 (U)) x (I'™(U) \ N2(U)) C W.
Let Ny (V), N2(V) be a corresponding couple of sets for V. Set
Ny = {yeTI(Q):3i Ry € Ni(U))} U {y € I'"(Q) : Ji (Ryy € N1(V)) }
and
No = {y € I'™(Q): 3i Ry € N2(U)) } U {y € I'™(Q) : Ji (Riyy € Na2(V)) }.
By Proposition 6.10
n(N1) +n(N2) <n({y € () : 3i (Ry(7) € N1(U)) }) +n({y € I'"(Q) : 3i (Ry(v) € N2(U)) })
+n({y e () : 3 (Ry () € Nu(V)) }) +0({r € I'"(Q) : 3i (R, (1) € N2(V)) })
< (Ru)gn(N1(U)) + (Ru)gn(N2(U)) + (Rv)gn(N1(V)) + (Rv)gn(N2(V))
(

u)
= £(0) + £V,
It remains to show (I""(Q) \ N1) x (I'™(Q) \ No) C W: this follows from the observation
Ru(17(9)) € I (U),

and
Ry(I™(Q)) € '™ (U)

and the same for V. Hence, if Graph L cios oM Graphv/Lcios 07 ) then they must coincide either in clos U
or clos V and, by elementary arguments, in clos U U clos V = clos (2. g

We conclude this paragraph with the following lemma, which shows that f ™ and f U are related.

Lemma 8.4. It holds ‘ '
FUQ) = (@) < £ < Q) + T (Q)

where we recall that u™, u~ are the positive/negative part of the measure p = div(p(1,b)).

Proof. We prove only fOUt ) < fin(Q) + ut(Q), the other case being analogous. Let 7 be a Lagrangian
representation of p(1, b)£d+1LQ7 and Np, N, a minimal couple for f™. Since

0™ (N2) <™ (Na),
then it follows that (I"°*(2) \ (N7 U N2))?2 C W. As already observed in Lemma 7.9,
||nout _ ncr” S M+(Q)7

so that the conclusion follows by considering the couple Nj = Ny U Ny and Nj = {vy: y(t]) € Q}. O



A UNIQUENESS RESULT FOR THE DECOMPOSITION OF VECTOR FIELDS IN R¢ 57

8.2. Untangled Lagrangian representations. Assume the following:

Assumption 8.5. Let 7 > 0 and C > 1 be such that
(1) there exist K™% compact sets satisfying

,u:t(KT’:F) =0, ‘u:i: (Rd+1 \KT,:I:) <1

(2) there exists a positive measure w” such that
(a) for all (t,2) € K™~ there exists a family of proper balls {B2*1(t,z)}, with 0 as Lebesgue
density point and such that it holds

FNBIE 2)) < (C+ 2)w™ (BI(t,2)) + w,

(b) for all (t,z) € K™% there exists a family of proper balls {B3*1(¢,z)}, with 0 as Lebesgue
density point and such that it holds

£ B 1,2) £ (€ + D (B 1)) 4 BT

(c) for all (t,z) € R4\ (K™~ U K™7) there exists a family of proper balls { B4*1(¢, x)}, with
0 as Lebesgue density point and such that it holds

min {7 (B (1)), £ (B 1, ) < (€ 4 20 (BE () 4 LU

By the choice of the sets K™% we can have in a sufficiently small ball the following estimate.

Proposition 8.6. For every (t,z) € R there exists 74, such that for the families of balls { B¢t (¢, z)},
as above and for r <1y, it holds

FR(BE (0, 2), £ (B 0) < (O + D (B (1, ) + )
- (8.3)

C
+ |l (B (t,2) \ KT UK.
C-1
Proof. Tt (t,z) € K™, then by Point (2a) of Assumption 8.5
in B BdJrl t
F2(BE (1,2) < (€ + 2" (B (1,0)) + LB BT
and since (t,z) € K™, by Point (1) we can take r < 1 such that
po (Bt @)
Cc-1 '
One thus applies the Lemma 8.4 above. A completely similar computation holds for K+.

For points in the open set R4\ (K™~ U K™7F) just take a ball B (t,z) C R¥T1\ (K™~ U K™7)
and combine Point (2¢) and Lemma 8.4. O

pH(BI (@) <

For future reference let us define the measure

T T C
¢o=C+2)m" + 70%‘ 1 + c_1 |l rar i\ g+ R - -

A covering argument yields the following global estimate.
Corollary 8.7. If Q C R¥! is a proper set with compact closure, then

FQ), £OQ) < CaCE(clos ), (8.4)
where Cy is a dimensional constant.

Proof. Thanks to Proposition 8.6 and Vitali Theorem, for any € > 0, we can cover the compact set clos 2
with finitely many proper balls B; such that the estimates (8.3) hold and

> Ch(B) < CaCl(clos Q) +e.
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Thanks to the subadditivity (and the monotonicity) of ™ We can thus write
Q) < fi“<UBi> < (B < CaCl(clos Q) + e
i i

Sending ¢ — 0 we obtain (8.4). The same proof holds for the functional f " O

Let now N C I be a set such that
(C\N)?> C W,

where
W= {(%7’) : Graph Tz )N Graph'yzt;l7t:/) = (Z)}
u {(%7’) : Graphy N Graph+’ = Graph ('VL[max{t;,t;,},min{t;r,tj,}])}'

In the last part of this section we want estimate the measure (V) in terms of (5 (R**1) = ||¢Z||. To this
aim, define the compact sets (recall we consider solutions in a bounded domain)

Kr={yel:tf—t;>2"""}

and observe that, given € > 0 there exists n > 1 such that

n(I'\K") <.
If (v,7") € I'*\ W, then there exists n € N such that 7,7 € K" and
Graph YL (- 5-n y+_5-n) Graphy' # 0, (8.5a)
sup {|7(t) — (Ot € [max{t; +27", ¢}, min{t} — 27", ¢4 }] } >0, (8.5b)
so that we can write
m\w=Jzn

n

where
Z" :={(v,7") € (K™)*: (8.5) holds}.
Now consider a covering of the compact set

K" := U Graph’yL[t;_s_an’t;r_Tn]
yEK™

made up of finitely many proper balls B; := Bffl(ti, x;) with radius less than 27", for which Proposition
8.6 holds together with (7 (0B;) = 0, and define

We now have the following lemma, whose proof is elementary.

Lemma 8.8. If (v,7') € Z™ then

a) if Graphy N B; # 0 then Rp,y € ['**(B;);
b) if Graphy' N B; # 0 then Rp,y € I'™(B;) U I'°"(B;);
¢) there exists i such that (Rp,v,Rp,Y') ¢ W.

Applying Corollary 8.7, we obtain N* C K™ and NJ* C K™ such that
n(NT') +n(Ng') < Ca(i(clos O") = Cali(O™)

and
Retos on (K™ \ NT') X Retos on (K™ \ N3y € I'?\ Z™.

Now send n — 400 with the same reasoning of Theorem 7.14 we finally obtain the following result.
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Theorem 8.9. There exists a set N C I' such that
n(N) < Ca¢y (R
and
(F'\N)2 cW.
The following definition seems now natural:

Definition 8.10. A Lagrangian representation 7 is called untangled if there exists a set A C I such that

a) Ax AcC W and
b) 7 is concentrated on A.

By inner regularity we can assume A to be o-compact. We conclude by pointing out the following
important point.

Corollary 8.11. Suppose there exist sequences 7; \, 0 and C; / +o0o such that Assumption 8.5 holds
for 7;, C; and moreover

Then n is untangled.

Proof. 1t is enough to observe that Ca — 0. g

Notice that the assumptions of the above corollary are satisfied if one assumes that in each point of
the compact sets K™% (of Point (1) of Assumption 8.5) there exists a family of proper balls B, such that
Assumption 7.1 or Assumption 7.6 holds in B, (with arbitrarily small 7): basically, we are replacing the
assumption of the control of the functionals with the existence of (local) cylinders of approximate flow.
The precise assumptions reads as follows:

Assumption 8.12. For all 7 >0
(1) there exist K™% compact sets such that

pERTI\KTE) <y

(2) there exists a measure w” of mass 7 such that
(a) for all (t,2) € K™~ there exists a family of proper balls {B*!(¢,z)}, with 0 as Lebesgue
density point and such that Assumption 7.1 or Assumption 7.6 holds forward in B4*1(¢, ),
(b) for all (t,z) € K™+ there exists a family of proper balls {B2*1(¢,z)}, with 0 as Lebesgue
density point and such that Assumption 7.1 or Assumption 7.6 holds backward in BZ+1(¢, z),
(c) for all (t,z) € R¥*1\ (K™~ U K™7) there exists a family of proper balls { B¢+ (¢, )}, with
0 as Lebesgue density point and such that Assumption 7.1 or Assumption 7.6 holds either
backward or forward in B+ (t, z);
(3) it holds ||=™|| < .

Indeed, for all (¢,2) € K, by Theorem 7.15 and monotonicity of £, for £l-a.e. proper balls
B3FL(t, ) of the family and for all C' > 1 it holds

FMBHY ) < (C +2)@” (B (t,3)) + W'

~1/2 thus suffices.

The other cases are completely similar. The choice C = 7

9. PARTITION VIA CHARACTERISTICS AND CONSEQUENCES

In this section we use the assumption that the representation 7 is untangled to show that a partition
of R4 made of characteristics p, such that each v is a subset of these. By disintegrating w.r.t. this
partition one can show that the PDE reduces to a one-dimensional ODE with measure r.h.s., and thus a
complete description of the solution can be obtained. Moreover, if p’ € L>(pL4*1) solves div(p’(1,b)) =
1/, then the trajectories of its Lagrangian representation 7’ are subsets of the same partition g,. In
particular the explicit form of distribution div(8(p)(1, b)) is obtained, settling the Chain Rule Problem.
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Y(t) = b(t, (1)) (<

(a) Initial configuration: the curves ay in-
tersect several times, overlap and bi-
furcate.

Y(t) = b(t,¥(t))

(b) Final configuration: after the untan-
gling, the curves are disjoint, thus
forming a partition {@q}e of R4 up
to a set pL3*+1-negligible.

Figure 9. Visual effect of the untangling of trajectories: we start by removing locally a
set of curves, whose 77 measure is controlled, in such a way that the curves are
disjoint in a small ball. Iterating this step - thanks to subadditivity - we end
up with a family of disjoint, untangled trajectories.

9.1. Construction of the partition and disintegration. Let n be an untangled Lagrangian repre-
sentation and A a o-compact set as in Definition 8.10, and consider the following relation A:

y~q = 3INeN{w¥,cA: (’y =, =7" A #(Graphvy N Graphy') > 1).

It is standard to check that this is an equivalence relation: let E,, a € 2, be the equivalence classes,
being 2l an appropriate set of indexes. Define now p, as the curve defined in an open interval of time
whose graph is

Graph g, := U Graph’y\_(tw_’t;r).
YEEq

One can check that p, is an absolutely continuous curve in I" for every a and furthermore it holds

Graph p, N Graph g = ()
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for every a # a’ (see also Figure 9). We now show that the partition induced by the equivalence classes
of this relation is a Borel partition, according to the following
Proposition 9.1. There exists a Borel map f: R™! — R such that £~'(a) = Graph pq.

Proof. Tt is enough to construct the map restricted to the set of curves p, whose interval of existence
contains a fixed time £: by repeating the process for a countable set of times one constructs the map in
the general case.

The equivalence classes intersecting A C {¢ =t} can be written as

s(4) = Jsa(4),
where Sp(A4) = A and recursively
Sp(Ad)={yeA: Graphyi - ,+yN Sn—1(A)}.

Being the valuation map v +— e;(y) = v(t) continuous, it follows that each S,,(A4) is Borel if A is Borel,
and then the conclusion follows. 0

Using again that the evaluation map is Borel, we deduce also
Corollary 9.2. There exists a Borel map £: A — R such that £~'(a) = E,.

9.1.1. Disintegration. Having at our disposal a partition of the space-time into trajectories, one can try
to disintegrate the equation div(p(1,b)) = p over this partition obtaining a family of one-dimensional
equations: this is the aim of this paragraph.

First, using the fact that £ is a Borel map, we can disintegrate n w.r.t. the measure m := fﬁn, so that
we write:

n= /le 1a m(da)

with the property that, for m-a.e. a € 2 the measure 7, is concentrated on Graph p,. Recall that, by
definition of Lagrangian Representation 3.1, it holds

pLitt = /F ((id77)n£1> n(dy), H= /F (5(id,7)(t§) o 6(idﬁ)(t§’)) n(dy)-

Thus, we have

pLt! =/21 [/F ((id,v)uﬁl)na(dv)}mwa),
p= /9[ [ /F (Gaes) ~ 5<id,w><t¢>)"a(d7)} m(da).

Using the property that for m-a.e. a € 2 the measure 7, is concentrated on Graph g, we have, by Fubini
Theorem, for any bounded continuous function ¢

//R+ . o(t, z)p(t, ) LI (dt dx)
[/ / 0.(0) £ e ()
[ ot @ 0 £ x it i)

1] ettoa ([ 1y @) ) £1(a0)| mida)
Q(: R+ r
= [ | [ eteouttnuntoy )| mias)

where we have set

wq(t) := /F ]l(t;)ti)(t)nu(dfy) =na({y € : vis defined in t, ie. t € (t;,t;“)})
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Thus, in view of the computation above we have obtained the following decomposition for p£d*!:

pL = /m (id, pa)s (wa £1) m(da). (9.1)

In a similar fashion, we define for p

Ha = /F {%dn)(t;) - 5<id,7>(q)}%(d7)7
so that
= /ﬂua m(da) (9.2)

Notice that the above formula is not a disintegration of p because the sets of starting and ending points
may be not disjoint in general. However, there is no cancellation of mass, since it holds

= [ o (),
2
consequence of the fact that u® are orthogonal and 7 is a Lagrangian representation. By putting together

the equation div(p(1,b)) = p with the decompositions (9.1) and (9.2), we thus have proved the following

Proposition 9.3. There exists a measure m on the set 2 such that the decompositions (9.1) and (9.2)
hold and

d
2 Wa = Hay for m-a.e. a €2, (9.3)
where we consider wy extended to 0 outside the domain of pg.

Since it will be useful later, we want to give a special name to the partitions of the space-time on
which one can split the equation div(p(1,b)) = p as in Proposition 9.3.
Definition 9.4. We will call a Borel map g: R4 — 2 a partition via characteristics of p(1,b)LI+! if:

e ©q:=g !(a) is a characteristic in some open domain I;
o if § denotes the corresponding map g: A — A, () := g(Graph ), setting m := gzn and letting
wq be the disintegration

p LT :/m(id, pa)ﬁ(waﬁl)m(da)

then p
7 Wa = Ha € M(R), for m-a.e. a € 2,
where w, is considered extended to 0 outside the domain of gg;
e it holds

M:A(id, pa)iham(da)  and |u|=/ﬂ(id, oa)slttal m(da).

We will say the partition is minimal if moreover

lim wge(t) >0 Vi € I,.
t—t+
Thus, one can rephrase Proposition 9.3 by saying that the map f is a partition via characteristics of
p(1,b). Moreover, taking into account the BV regularity of the functions w, (for m-a.e. a € 2, in view
of (9.3)), we have that f is also a minimal partition via characteristics.

Theorem 9.5. There exists a minimal partition via characteristics of p(1,b)L4+!,

Proof. From Proposition 9.3, we get w, € BV(R) for m-a.e. a € 2: hence, we can decompose R into

countably many open intervals I := (ty°~, tﬁ’+), with n € N, such that w, > 0 in each I} and

lim  we(t) =0 or lim  wq(t) =0.
t—(tT)— t—(te ")+
Accordingly, we can define a new partition by further decomposing g, into countably many curves
©h = @al1m. By construction, this new partition is again a partition via characteristics of p(1,b) and it
is indeed minimal. g
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9.2. Uniqueness of partition via characteristics and consequences. Having proved ezistence of
a minimal partition via characteristics of a vector field of the form p(1,b), with div(p(1,b)) = pu € M,
we now face the problem of uniqueness of such partition. In this Section, we will show that the partition
constructed in Theorem 9.5 is unique in a suitable sense, provided every Lagrangian representation of
p(1,b) is untangled. More precisely, assume that p(1,b)L%+! satisfies Assumption 8.12, and consider
o' € L= (pLd*?) with
div (p'(1,b)) = '.
Without loss of generality, being p’ € L>(pL?*1), we can assume that |p/| < £ so that

3p
5
Let 1’ be a Lagrangian representation of (p + p’)(1,b), which exists because p 4+ p’ > 0. We now repeat
the analysis above considering (p + p’)(1,b)£%*!: notice that, in view of the bounds (9.4), the vector
field (p + p')(1,b)LIF! still satisfies Point 2 of Assumption 8.12 if p(1,b)L£%! does: indeed, the lateral
flux of p+ p’ (in Assumption 7.1) is controlled by 3/2 of the lateral flux of p.

As before, we thus find a partition of R (up to a p£9t1-null set) into classes (Hp)pen. If now we
consider the function u € L* such that up = p + p’ we have

p

S Sptr s (9.4)

div (up(1,b)) = p+ p' =:v.

By applying Proposition 9.3 with the classes @, we deduce

up L = /(id’ Ho)s (uo Gpwy L) m(db), v= /(id, ©p)3p m(db),

and

d
%(ubwb) = Vp, where up := u 0 pp.

Notice that the density wp appearing in the disintegration is controlled (up to constants) from below and
from above by w, in view of (9.4). This means that the graph of the classes g, graph contains the graph
of the equivalence relation induced by g, i.e. it has to hold

9b = Ne UU@agJ
n

where Ny is a possibly non-empty closed set. Furthermore, it holds
wp = Z Wae and Tot.Var.(wyp) = Z Tot. Var. (wgs )
n

because p, is a partition via characteristics. Then since up € L* and wp > 0 inside [ ag, it follows that
u o Qp is BV and at the endpoints

liminf [upwe| < [Ju|oo lim inf jwg| = 0.

t—t t—t

Then it is fairly easy to see that

Tot. Var.(upwp) = Z Tot. Var. (upwqy )

n

and thus we conclude with the following universality result.
Theorem 9.6. If p' € L>®(pLYTY) then the map £ is a partition via characteristics of p'(1,b)L4TL.
In particular one can deduce that
Corollary 9.7. The minimal partition of characteristic is unique up to a n-negligible set of trajectories.

Proof. The set of equivalence classes must be the same up to n-negligible sets, because every represen-
tation is untangled. Being the p, determined up to m-negligible sets, it follows that p, are uniquely
determined too, and the in particular the intervals where w, > 0. g
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9.2.1. Chain rule. Using Vol’pert’s Chain Rule we obtain the following: for any 8 € C'(R) with 5(0) = 0
the distribution J
b = 5 (B
is a measure given by
phi= D0 [Blua(E)walt!) = Blualt))wa ()] + B/ (ua) (D" ua)wa + 8(ua) D",

t; jump

(9.5)
= Y [Blual Dwalth) = Blualt )walt?)] + 8 (ua)(7a) ™ + (B(ua) — w0 (ua) ™

t; jump
A simple computations yields that
gl < 18 oo lvall + 118" lloc llull oo l2all-

The above estimate allows to conclude with the following proposition.
Proposition 9.8. For any 8 € C' the distribution
div (B(u)p(1,b)LH1) = P,
where the measure 1° is given by
Wi [ (e,
with 11 defined in (9.5).

In particular, Proposition 9.8 establishes completely the chain rule formula (and, as a consequence,
renormalization property) for vector fields p(1, b) satisfying Assumption 8.12.
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Part 3

The L (R;BVi,.(R%) case

loc

The final part of the paper is devoted to prove that that for b € L}(BV,) the vector field (1,b)L£d*!
satisfies Assumption 8.12, and then it has a minimal partition via characteristic. The construction of
the approximate cylinders of flow depends on the local structure of the vector fields, in particular for
the singular part of the derivative we strongly rely on the Rank-one Theorem in order to find an ODE
describing the main part of Db.

10. A COVERING OF Dsingh

The aim of this section it to construct a decomposition of the set where the singular part of the
derivative of b lives into a family of Lipschitz surfaces: we approximate the component of b in a particular
direction with a function whose super-level sets are regular and share essentially a common direction.
This will be useful in the following sections to construct the cylinders of approximate flow in the L} (BV.)
setting.

The decomposition we present here relies essentially on Alberti’s Rank-One Theorem (and ultimately
on the properties of sets of finite perimeter, in particular the De Giorgi Rectifiability Theorem).

10.1. BV functions and cones. For e € S ! z € R and 0 < a < 1, let
Oleasr) = {y € B': |(y ) -e| > aly —a]}.

be the closed, convex cone around e of vertex x and opening a. We will often think = to be the origin,
so we will often write C(e, a) to denote C(e,a;0). The following proposition is well known:

Proposition 10.1. | , Prop. 5.1] Let C = C(e,a) be a closed conver cone and v € BV(R%; R). Set
Dv

For any closed convex cone C' := C(e, a’) with a’ < a there exists w € BV(R%; R) such that |Dv| o< |Dw|

and
Dw

W(l‘) e’ for |Dwl|-a.e. = € R%.

For our purposes, we need a slight modification of Proposition 10.1. More precisely, we show

Proposition 10.2. Let C = C(e,a) be a closed convex cone and v € BV(RY;R). Set

Dv
G:= . ——(z) e Cy.
=2 i<}
For any closed convex cone C' := C(e,d’) with o’ < a and for any € > 0 there exist 7 > 0 and
w € BV(R% R) such that:
o |Dv|Lg< |Dw| and
Dw
[ Dw|
o there exists a family of a’-Lipschitz functions (L; ;); jen such that, set Effj = {L;; > h}, then

| Dw| :/ E H g pn dh.
R i3
irj

Furthermore, there exist a family of compact sets (K!);en C R® such that for r < ¥ it holds

(x) e’ for |Dwl-a.e. x;

DULGi—/ Zui}fj HI W g dh’(Bf(w)) < e|Dv|(B%(x))
R < 2,7
i,

for every x € K[, where I/Zh"]() denotes the outer measure theoretic normal to Effj and G; C G

are suitable subsets of G introduced in the proof.
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Following [ |, we decide to present first the proof of Proposition 10.2 in special case, i.e. when v
is the characteristic function of a set (which therefore is a set of finite perimeter). This case turns out to
be the building block to prove the Proposition in its full generality, via Coarea formula.

10.2. Proof of Proposition 10.2 in the case of a set of finite perimeter.

Proposition 10.3. Let C = C(e,a) be a closed convexr cone and E C R? be a set of finite perimeter.

Setv =1 and
Dv

For any a' < a and for any € > 0 there exist 7 > 0 and w € BV(R% R) such that

o |Dv|Lg< |Dw| and
Dw
m(m) eC'"  for|Dwl|-a.e. z
e there exist a family of open, C* domains (. ;)i jen C R? and real non-negative numbers Xij >0
such that

[Dw| = Ny’ an, -
.
Furthermore, there exist compact sets K; C Uj 08Y; ; such that for r <7 it holds

WDHELGJ—E:L@deqLath(Bg@Q)EQCQ,ﬁiDIEKBg@Q)
J

for any x € K;, where v, ;(-) is the outer unit normal to ; j and G; C G are suitable subsets of
G introduced in the proof.

Proof. Let v, E be as in the statement. We denote by 0*E the reduced boundary of E (see Subsection
3.3.1) and let v be the approximate exterior unit normal to *F, so that we can write

Dv=vH¥"Wop
and accordingly the set G is
G={zcdE:v(z)eC}.
Being 0* F rectifiable, in view of Theorem 3.9, we have that G can be decomposed as

o0
G=GoulJG;
i=1
where:
e Hi1(Gy) = 0 and for i > 1 each G is a subset of a (d — 1)-dimensional C' manifold M;;
e Vg, coincides with the normal vector n; to the manifold M;.
We now split the argument into steps:
Step 1. For each i > 1 we claim that there are C! open sets {€; ;}jen such that, having set S; ; := 082 ;
the following conditions hold: the exterior normal to S; ; belongs H? l-a.e. to C’ and {S;;}jen is a
covering of Gj.
Indeed, recall that C' = C(e,a’) and, up to a change of coordinates, we may assume that e = e; =
(0,0,...,1). For any z € G;, the normal n;(z) belongs to C(e,a), and thus it is transversal to e} :=
span(ey,...,e4_1). This implies that we can choose an open ball BY(x) centered at = such that

M A BYa) = {(@*,2) : @ = fi(a')}

ie. M;N Bﬁ(m) coincides with the graph of a C! function f;: O; C R*~! — R where O; is some bounded
open set in R9~1. Moreover, by continuity of the normal n;, we can choose BZ(z) so that n;(y) € C’ for
every y € M; N B&(x). By defining

Q, = {(xJ‘,x) cr < fz(xJ‘))}
then €, turns to be a C' open set, the normal to S, := 0%, belongs to the cone C’ and S, covers

B&(x) N M;. Since we can cover M; with a countable family of these balls Bd(x), the corresponding S,
form the desired countable covering S; ;.



A UNIQUENESS RESULT FOR THE DECOMPOSITION OF VECTOR FIELDS IN R¢ 67

Step 2. We now consider the sets .S; ;. They have all finite H?! measure, which we denote by ¢; ; and
they cover H¢ 1-a.e. G. Take any collection \; ; of positive real numbers such that Zij Aij <1 and

Zm. Aijli; <1 and finally set
w:=Y Aijla,,.
4,J

It is immediate to see that w is bounded and of bounded variation since
lwlloo <Y Aiy <1, [Dw| = N H s, <1
%, %,
For more details, see | ].

Step 3. We now exploit some further properties of points in the reduced boundary. Recall that for sets
of finite perimeter for every x € 9*E it holds

i [ DL (B @)

=1. 10.1
r—0  wg_q1rd1! (10.1)

On the other hand, by Lebesgue’s differentiation theorem and Area formula, for every 4, j € N, H% 1-a.e.
x € S;; is a L7 1-density point for the corresponding open set O; ;, given by

. -1 _
Oi; = (id, fi ;) (Sij) C R,
which explicitly means that
lim Ld_l(Oiaj N Egl_l(xL))
r—0 Wg—1r%"

=1. (10.2)

We now apply Egorov’s Theorem to the two limits (10.1), (10.2) (for each 4, j): for every € > 0, there
exists ¥ > 0 and a compact set F; j(¢,7) C O, ;, covering O, ; up to a set of H41 measure less than &,
such that for any r < 7 it holds

’ |D1g|(By(fi;(x1)))

—Wy_1| < Wq_1€, (10.3a)

rd—1

1

-1

ﬁdil (Oz’,j N Bgil(l‘l'))) — Wyg_1

= < wg_1€ (10.3b)

for any xt € F; j(e,7). We now introduce the following compact set:
Ki(e,7) = U Graph (fi’jl_Fi)j(sf))). (10.4)
JEN
For any = € K, (e, 7), thanks to (10.3a) it holds for r < 7
warr(1— ™! < |DL|(BY(a)) < wa1(1+2)r'?
and, on the other hand, using (10.3b) and being the projection 1-Lipschitz
|D1g|ec, (Si; N Bf(x)) > Cd_l(Om N B‘Ti_l(xj‘)) > wg_1(1 —e)rd1
for every j. Thus we get that, for any « € K;(e,7) and any r < 7 we have
|D1gli, (Bi(2)\ Sij) < [D1g|(Bf(x)) = [Dlglic, (Si; N B (2))
<wg-1(1+ 5)7“1*1 —wg—1(1 — e)rdfl

= 25wd,1rd*1

2e
< ———|D1g|(B%(x)).
< = |D1g|(Bi(x)
To sum up, the set K;(e,7) is the set of points x € 9*F for which it holds for r <7
|D1g|(B}/(2) \ Sij) < Ca—re|D1g|(B(x))

and
|19 (B @) 1 815) — |DL| (BY(w))| < CamrelDLp| (B (@), (10.5)
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which comes from (10.3b). Finally, by integration of the normal vector, from (10.5), we obtain that for
every x € K;(e,7) and r < T the desired estimate

‘D]IEI_Gi— Z Vi’de_ll_Siyj
J

(Bi(x)) < Ca—re| D1 p|(Bi ()

holds and this concludes the proof. O

10.3. Proposition 10.2 in the general case. To prove the general case we exploit Coarea formula, as
done in | ].

Proof. For every h € R we consider the function vy := 1y,~j} and, for future reference, we define the
measure M € M(R? x R) as M := |Dvy| ® L1(dh), which explicitly means that, for every continuous
function ¢: R% x R — R, it holds

Lo mmandn) = [ [/ d’(x’h)lm{m}!(dw)]£1<dh>

_ / [ /a o ¢(x,h)Hd(dx)]£1(dh).

From Coarea formula 3.7 we have that:

e vy, is a BV function for £L'-a.e. h, i.e. {v > h} is a set of finite perimeter. Let v}, be its exterior
unit normal;

e it holds
Dv
vp(z) = m(x)

for £'-a.e. h € R and H? '-a.e. z € 9*{v > h}, ie. for Wlae. (z,h);
e it holds

|Du| = / | Dup, L1 (dh);
R

e it holds pga (#() = |Dv|, hence M can be disintegrated as

W= [ W, 1Dodo), (10.6)

Therefore, for £'-a.e. h we can apply Proposition 10.3. We denote by wj, the corresponding bounded,
BV function given by Proposition 10.3 and we set

w(zx) :z/Rwh(x)dh. (10.7)

Notice that, in order to write (10.7), we have to be sure that the map h — wj, enjoys some measurability
properties. To show the existence of such a selection, one can use the Aumann Measurable Selection
Theorem (for the precise argument we refer again the reader to | ]). Then it is immediate to see that
w satisfies | Dv|Lg< |Dw| and
Dw
| Dw|

Furthermore, denoting by Szh,j and K[ (e, 7) the corresponding sets for wy, (obtained via Proposition 10.3),
we have that for any x € K (e, 7) for r <7 it holds

| Dop| (B (x) \ 81;) < Ca-1€|Dvn|(B; (x))

() e C"  for |Dwl|-ae. z.

and
’Hd’l(Bf(x) nsl) — |Dvh|(Bf(x))’ < Cy_1¢|Dvy|(B(2)).
By means of measurable selection, we can define now the measurable sets

Ki(e,7) :={(z,h) :z € KI'e,F)} CR*xR, ieN
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so that for every h we have K, (e,7;h) = K!'(e,7); observe that, by construction, they cover R? x R up
to a set of I - measure less than e. In view of the disintegration (10.6) we thus can write for all R > 0

/BdR(O) w, <(Rd x R) \IN{i(s,f)> |Dul(dz) < e.

Thus, by Chebyshev inequality, we deduce that IN(i(s, 7) covers almost all the fiber of an arbitrary large
fraction of points x (in any ball B%(0))): in other words, for every fixed § > 0, there is a set N} C B%(0)
such that

€

1-946

|Dv|(N3) <
and

m, (f{i(g,f)> >1-9, vz € B%(0)\ Ni. (10.8)

Taking a compact set K C B%(0) \ Ni C pra(Ki(g,7)) we obtain that for every z € K] and r < 7 it
holds

| Dwrg,—Do| (Bd(x)) < Cy—1e|Dv|(B(z)),

which is the claim. OJ

It is now clear that we can repeat finitely many times the above constructions in order to cover all the
reduced boundary. More precisely, given any 6. > 0, we pick a set of unit vectors {ny,s =1,..., Js.} C RY
in such a way that

Js.

B (0) c | C(ns, 6.).
s=1

By choosing @’ = §./2 and applying Proposition 10.2, we obtain the following

Corollary 10.4. Let v € BV(R%R) and for every s =1,...,Js. set

G, = {x: %(@ e C(ns,ac>}.

For every e > 0 there exist 7 > 0 and w € BV(R%; R) such that:
o |Dv|g,. < |Dw| for every s =1,...,Js. and

Dv Dw

dc
|DU| (LU) S C(ns,éc) = w

(x) € C’<n8, 2) for |Dw|-a.e. x;

o for every s = 1,...,Js. there exists a family of C' functions (L; ;) for i,j € N, with Lipschitz
constant ., such that, setting Effj’s :={L; ;s > h}, then

|Dw||_Gs: / E Hd_l\_a*Eihj . dh.
Riig '

Furthermore, there exists a family of compact sets (K ;) C RY with i € N and s € {1,...,J5.}
such that for r < 7 it holds

Duc,~ [ St gy, an|(B(0) < D (B(2)
R i R

h
where Vitjs

for every x € K!

is (+) is the outer unit normal to Effj,
subsets of G.

and G5, C Gy are suitable

S
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10.4. Decomposition for vector fields Li (BVjo.(R% R?)). We now consider the vector-valued case,
ie. we take b € L (R,BV}o.(RY R%)) and we are interested in covering the singular part of Db: in
order to achieve this, we have to exploit Alberti’s Rank one Theorem 3.8.

More precisely, let us denote by n, m the two unit vectors given by Rank one property, i.e. such that

DS"8h = m @ n| DD

Consider the points (¢, Z) with the following properties:

e (£,Z) is a point where the measure Db is essentially singular, i.e. it is a density point for Ds"¢b.
More precisely, (%, ) is such that for every € > 0 there exists 7(e,f,Z) > 0 such that for 0 <r <7
it holds

|D¥"eb| (B (f,7)) > (1 — )| Db|(BIH (£, 7)); (10.9)

e (£,2) is a Lebesgue point of the matrix valued map (¢, z) — m®n(t, z), which is defined | D*"¢b|-
a.e., that is to say for every € > 0 there exists 7 (e,t,Z) > 0 such that for 0 < r < 7' it holds

/ L Im@n—men|DEb|(didr) < <[ DEb|(BE 7)), (10.10)
By (t,7)

having denoted by m ® i the Lebesgue value in (%, ).

By a standard application of Egorov Theorem, for every fixed ¢ > 0 we can find a sequence (7;)eN
(where 7; depend only on ¢) and a family of compact sets (G(e, 7)), en C R+ covering almost all the
set where DS"8b is concentrated and such that the limits (10.9) and (10.10) are uniform on each G(e,r;).
Moreover, we can further split the compact sets G(g, r;) according to the direction: indeed, we denote by
G(e,r;, s) the set of points (¢,x) € G(e,1;) such that m(¢,z) € C(ns,d.), for s € {1,...,J5,}.

Now, we denote by b, := b -7 the component of b along ii. By Rank one, the (scalar) function bz has
polar vector m in (¢, z). Thus, by Chebyshev inequality, we can say that for an arbitrary large fraction
(w.r.t D¥"&b) of points (¢,z) € G(e,r;, s) it holds

Db,

m@ax) =me¢ C(nsaéc)

since m is close to M in view of (10.10). Therefore, we are in position to apply Corollary 10.4: there
are a BV function Uy and C" functions (with Lipschitz constant less than d.) (Lj ;) for i,j € N and
se€{l,...,Js.} such that, set E” =1L

7 j.s > h}, then the derivative of Us can be written as

|DUs|Lg,= / E HdilLa*E;e,,ﬁ,h dh.
R g%
0.
Furthermore, there exist # > 0 and a family of sets (K7), C R x R? such that for » < 7 it holds

'Dbn -/ SO s, dh](Bﬁ(x)) < <[ Dba|(BY(x)

for every x € KT where v; Jhs is the outer unit normal to El s

Finally if we multlply back times m we end up with a matrix valued measure which is the derivative of
an approximated BV vector field: this yields a sort of vectorial analog of Corollary 10.4. By expliciting
the normal to the set E:]hs, observing that the map (¢,2,h) — l{bt_ﬁ>h}(x) is measurable and using
again a measurable selection argument, we can finally state the following

Corollary 10.5. Let b € L (R, BVloC(Rd R9)). Then for every ¢ > 0 and 5. > 0 there exists compact

sets Ké’j the such that if (t,z) € K(;’J then there exist a family of C* functions {yn, = Lt h(yn Ven
with szschztz constant less than d. such that

‘Db - / { [M(£,2) ® (1,~ V1 La)] 6 @ ((id, Lt,h)u,cdfl)} dtdh‘ (B&HL(E, 1)) < Ce|D¥™8b|(BH(, 2)).
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11. CONSTRUCTION OF APPROXIMATE CYLINDERS OF FLOW IN THE BV SETTING

The aim of this section is to construct locally some approximate flow cylinders, which maintain a quite
regular shape and have a small boundary flow. We want to verify that Assumption 7.1 or Assumption
7.6 holds in a neighborhood of every point (¢, ), and that then Assumption 8.12 is valid.

As observed in Remark 4.6, one has to control the lateral flow either for a family of smooth Lipschitz
functions d)f; or Lipschitz sets ny, the two conditions being equivalent.

11.1. Estimates for the absolutely continuous part. Fix a matrix A. For v € I" define the cylinder

+
037 (t7(8) + ey) = [1 ~ g Wt B (0»} ’

and the normalization constant

ot :/ {1 — Hdlst (x,B;f(O))rcd(da:).

A standard computation gives

1 0,6, pd
, +1
oo /f /Kl’b) Vieady 1"6
il
1 [t
= b /H_

= /tt;r é ’(b(t,v(t) +6Aty) ~b(t, (1) _AeAty) LAt

lyl€(1,1+61)

= Vaoh® - (bt (1) + Aey) + b(t,w) - Vaoh® (b )| £

etrAt £d+1 (dy),

a0 [y|

so that if 7 is a Lagrangian representation for (1,b)L£%*!Lq with Q Lipschitz (because of Proposition
5.12)

1] [
/Uz(sl[/t_ /}(Lb) 'Vt,z¢§’51|£d“} n(dy)

+
t,y 1

e~ Aty
< S b(t,'y(t) + eAty) —b(t,y(t)) — Aetty 7| vl etrat £d+1(dtdy) n(dy)
= 0801018 Jiyco1,146) |y
5 yle 1)

1 / —24ty |/ 2d
< b(t,z 4+ z) — b(t,z) — Az| L L (dtdxdz
010ablTY Jie-arzco, 146, |6 Atz | (t.2) | ( )

1 le=24t2]
< s f crneny Jemrz] D= ALY (@t B pcnme(0)) £ (ded)
e z 1

2||A d
< Cy| )| s (py00) [ Db — ALITH(Q + {t = 0} x B(H&l)HeHA”tHwa)é(O))
(11.1)

Letting ¢,d; — 0 and choosing the matrices A in order to approximate the a.c. part of Db, we conclude
with the following proposition.

Proposition 11.1. For every point (t,x) there exists 7, such that for Lloae. 0<7r < Tt the ball
BAtL(t,x) is (1, b)-proper and Assumption 7.1 holds with constant w,(t,z) such that

(t2) < 7|Db|(BItY(t,z))  (t,z) Lebesgue point for |D*“b|,
wr(t, .
Cy4|Db|(BHL(t,x)) otherwise.

The proof is just an application of the Radon-Nikodym theorem, and it will be omitted.

11.2. Estimates for the singular part. Fix 0 < 7 < 1, and set

By Corollary 10.5 of Section 10, there exists a compact set K ;. such that
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(1) its complement has small measure
|DSEb|(RE\ KT ) < 7
(2) each (t,7) € Kj . is a Lebesgue point for m @ n: denote by
mn=men(,z)

its value, and for every r < 7 it holds

|D*<b|(BIT(t, gz)),/ Im ® n — M ® 7| D*"eb|(dtdz) < 73| D*™eb|(BI (L, 7)); (11.2)

B*(t,2)
(3) for every (t,7) € K?7,r < ¥ there exists a compact family of §.-Lipschitz functions {yz =
Ly 1(y£) }hen such that defining the function U by

U(t,z) = 0, Du(t):/ {[ﬁ@(l,fvy#Lt,h)} 5t®((id,Lt,h)uLdfl)}dtdh,
H

then it holds
|DU — Db|(BIT(t, 7)) < 72| Db|(BIT(t, ©)). (11.3)

This compact set is obtained by the union of the compact sets Kgc’jf of Corollary 10.5, with 7 < 1.

11.2.1. Construction of the approzimate cylinders of flow. We can assume that n = e, and write y =

(y1,y%) € R x R4 for the corresponding coordinates. Set
0 =T, 8y =712, >0, (11.4)
and let 1 be a Lagrangian representation of p(1, b)EdJrlLBg-H({@).

‘We consider three cases.

Case 1: m;=m-n=m-e; < —7. For every v € I', define the functions €f7 : [t;,t:ﬂ X Btfl_l — R by
solving the following ODEs:

Oy (ty™) = =Ur (t,7() + (=€, () +,y7)) + U (8,9(E) + (=61 — 6e)E+,0)), (11.5a)

atfit’)/(u yl) =U (t> ’Y(t) + (Eiw(t7 yl)_7 yl)) —U (t7 ’Y(t) + ((61 + 66)6_7 0))? (115b)
with initial data ﬂliﬁ(tLyJ-) = {;. We recall that Uy =U - e; = U - 71, and we have denoted with + the
right/left limits of 1-d BV functions.

Lemma 11.2. The solutions to (11.5) satisfy

(1) [t5,t5] 5t~ Efw(t, yt) is decreasing;

(2) BJH0) 3yt — (fy(t,yL) is 0.-Lipschitz continuous;

(3) 16 < 67 (t,y™) <y for all (t,y*) € [t5,t3] x B{ (£, 7).

+
Ly
solution which is decreasing in time is standard, see for example | ]: indeed for fixed (¢,y")

y1 = Ui(t, (y1,y™))

is decreasing because m; < 0, and then classical results on the flow of monotone operators apply.
The fact that the level sets of U; are d.-Lipschitz in the coordinates (y;,y*) implies that

so that the solution starting from ¢; = 7¢ > (6, + d..)¢ satisfies
G y™) > 610+ 6.(0—yT]) > 6

Proof. We prove the lemma for /¢ being the analysis of ¢, , equivalent. The existence of a unique

when |yt| < L.
For y* fixed, again from the §.-Lipschitz regularity of the level sets of U, it is easy to see that the cone

1 — 6, (65| < bely™ — 7]

is invariant for the flow of the ODEs (11.5), so that for any fixed time ¢ it holds that Ef,y(t,yl-) is
0.-Lipschitz. O
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(a) The base of the cylinder, i.e. the set Q. (b) The base of the cylinder at a time ¢,

i.e. the set Q(t).

Figure 10. Time sections of the cylinder of approximate flow in the singular, 2D case.

Case 2: m; > 7. Define the functions ﬁliﬁ [t x B{~' — R by solving the ODEs (11.5a) backward

in time with final data ﬂfv(ﬂ', y1) ={;. As in Lemma 11.2, one can check that

(1) [t5,t4] — €1, (t,y*) is increasing;

(2) B&7YH0) 3yt — Eliﬁ(t,yl-) is d.-Lipschitz continuous;

(3) 616 < (¥, (t,yh) < £y

Case 3: |my| < 7. In this case set Eli’,y(t) =/, constant.

Define (see Figure 10b and 11b)
Q) =Qu_=Qp 4t (1) = {y = (y1,y7) s =0 (y) <y < (Lyh), |y < €}~
For future reference we call
Q={y=Wy"): -t <y<h, ly <1,

see also Figure 10a and 11a. Define the lateral sides of Qeli o(t) as
Y

LE (1) = £ Graph 65 (5), Los(t) = {(wn,y), —0i, (6 y") < i < 6 (Ly ), Iyt = ¢},
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(a) The base of the cylinder, i.e. the set Q.
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(b) The base of the cylinder at a time ¢, i.e. the set Q(¢).

Figure 11. Time sections of the cylinder of approximate flow in the singular, d-
dimensional case.
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Qi

Figure 12. Evolution in time of the cylinder of approximate flow in the singular, 2D case.

After some standard computations, we have that the lateral inner flow across @ o is given by
Y

/ T (B), @ (1) ()| Hog,. = Loy + I+ 11,
te(ty 1) 1 1

where .
t’Y
I, = / / (%) —b7) et | 14 dt (11.6)
ty S L24(t)
and
o
e [ (@te 5 —b) nf e (11.7a)
' t5 JLE (@)
=
I, ::/ / |(78t€1_ﬁe1 —4+b7) ~n|7—[d*1dt. (11.7b)
ty JLy (1)

To simplify notations we put an apex — to denote the inner trace of b on the boundary of a Lipschitz
set, and we recall that n = (1, —Vydf,y(t))/\(l, —VyLéf,y(t))L

11.2.2. Estimates on the fluxz. The following lemmas will be proved in the next section.

Lemma 11.3 (Transversal flux). For all (t,Z) € K§ ., r <T it holds
1 -
/Ed(Q)Iz’W 77(d7) < Cd—lT|Db|(ngr_21£(t7$))-

Lemma 11.4 (Non-transversal flux). For all (t,%) € Kf ., v <7 it holds

1 _
/ Ed(@lff7 n(dy) < Ca—17|Db|(Bi15,(T,7)).
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From these results we deduce the following proposition.

Proposition 11.5. For every point (t,Z) € K;§ ; and e > 0, there exists a family of (1,b)-proper balls
{B&+1(t,2)},, with r < ¥ having 0 as a Lebesgue point, such that Assumption 7.6 holds with constant

w,(t,%) < Cq_17|Db| (B L (E,2)).

Proof. First of all, by the regularity assumptions on b, it follows that the lateral boundary of Qﬁ: g is
»Y?
inner regular, so that Point (1) of Assumption 7.6 is verified. Moreover by construction Point (2) holds
with constant M = §;, being 6,4 < va. Finally for 2¢ < e one applies the above Lemmas to recover
Point (3). O
By the above proposition and Proposition 11.1 we thus conclude that

Theorem 11.6. Assumptions 8.12 holds for a vector field b € L} (R, BVioc (R, RY)).

Proof. By choosing the local balls accordingly to Proposition 11.5 on K§ ;. and according to Proposition
11.1 in the remaining points, one sees that the measure @w” can be taken to be

w’ = Cd,1T|Db|LKa.c.UKT +Cd|Db|LRd+1\(Ka ©UKF_ )
where K is a compact set made of Lebesgue points for D*¢b. In particular the measure w”™ can be
made arbitrarily small by letting first 7 — 0 and then r — 0, so to have K*“ U K§ . * RA+1, O
12. FLUX ESTIMATES AND PROOF OF LEMMATA 11.3 AND 11.4

Here we prove the two lemmata that allow to control the boundary flux of (1,b) on in - We will

just prove the case m; < —7, being the second case completely analogous by inverting time and the case
Ei = (; a simple variation of the first situation.
Observe that for a given positive Borel function f(z,y) it holds

/ / ) y) HO (dy)n(dy) < / FOr(E), ) M (dy)n(dv)
L“(t La (12.1)

[ e e,
(BT (£,2))¢ J Lo

where we used the notation
Ly == {(y1.y"), | < b, ly™| = ¢},
and (BETL(#,%)); is the t-time section of the ball where (p;. )37 is concentrated.

12.1. Proof of Lemma 11.3. We recall that the quantity I, was defined in (11.6) as

o= [ [ 160 = bt +y-) e 1 gt
t; JLy

Since this quantity is defined for a curve v and then integrated in ~, by the a.c. of the projection of 1 on
{t} x R? we will consider b defined on suitable planes passing through ~(¢). We will also avoid putting
the — sign to remember that we are taking the inner trace: for this term indeed, begin the surface Lo

a subset of v+ {|y1| < 1} x Bgil(O), one can assume that it is made of Lebesgue points.

Proof of Lemma 11.3. Observe first that, for fixed ¢, adding and subtracting the term b(t, (y1(¢t) +
y1,7+(t))) and using the triangular inequality, we can write

[
L2,’v(t)

S/L (t)Hb(t, () +y1. 7 () +y)) — b(t, (wl(t)erle(t)))} -el‘Hd_l(dy) (12.2)

v
Lz, ()

H(t) = blt, (1) +y, v () +yH) - e[ 1 (dy)

b(t, (1(t) + y1,7* (1)) = 4(0)] - e*| 1 dy).
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Integratmg (12.2) in 1 and dividing by £4(Q) = 2wq_1£9~ 41, we have that

€ € .
Q //( b(t, (1 (1) + v 7 () + )
<

) //LM(t)
ﬁd //Lg,yt)

S ( ) SdV

e | 1 (dy)n(dy)

b (¢, (v (t) + g1,y (1) +yT)) — b (¢, (vl(t)+y1,vl(t)))‘7id’1(dy) (dv)

b (¢, (1.(5) + 91,7 (1)) = ()| I~ (dym(d)

We now proceed to estimate the two terms separately

Step 1: estimate of the term SPV (t). By (12.1) we have

spY M L PO i O ) bt a0+ @)
: ﬁd(Q) /<B:f+1<t@>>t/

o (6 g ) =B (o) | )£ )

By Fubini and the one dimensional slicing of BV functions |

SBV(1) <

, Theorem 5.3.5], we deduce

) / {/Bdﬂw))t |D b (21 + 1, (2,2t + 7)) Ld(dx)} H(dy)

d - _

3 [ Db (B2 Ea)) )

1 d—27 Ipnl d+1 ;o

S o T 2(d — 1)wg_1£*"241 - £| DD |((BT+(1+T)£(t,x))t)
< Caa| Db (B (7))

Finally, integrating in time and using (11.2), we obtain

[ S50 £ < Coafp bt (5243 g

12(8,7)) < Caa7|Db|(B7E, (1, 7))

L£4Q
1
£4(Q)

(12.3)

Step 2 Estimate of the term S5V (t). We have using again (12.1)

0= gy f, [, [P 00 0 @) = G0 e

1 bl () gt d(dr
< /(Bzﬂu,x))t/m ot 6 o)) = b))

and arguing as before, using Fubini and the one dimensional slicing of BV functions, we obtain

55" / / b (& (@1 + g1, 27)) = b (k)| - | £2da)H (dy)
( L. J(BH 1.2),

< ﬁdi / Dby (B2 (1)) M (dy)

—— . 2(d —
~ 2wg_ 1€d_1€1 (

Dwa—104724, - 1| Dby | (B4

r+4; (t’ 'f))t)

<Cyi1— |D1bt\((ij:el (t,2)))

< C’d—17|D1bt\((Bd+1 (t,2)):).

Integrating in time we obtain

/S t) L!(dt) < Ca17|Db|(BL (£,7)). (12.4)
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Summing up (12.3) and (12.4) we finally deduce, for 7 < 1,

@AIM g .cd // /( = b(tz +y)) e | W dy) £ (de)n(d)

< / SBV(t) LM (dt) + | S5¥(t) L (dt)

< Ca-17|Db|(B,(F, 7).

which is the claim. O

12.2. Proof of Lemma 11.4. The proof of Lemma 11.4 depends heavily on the shape of the cylinders,
which cancel the effect of the divergence thanks to the choice of Efv(t, y+). The goal is to show Lemma
11.4, ie.

1
L4Q)

We will prove only the estimate for I%)* being the other case identical.

/ IE, (dy) < Ca_y|Db] (B 20).

Proof of Lemma 11. for Iffv, Recall that the quantity IIJC“/ was defined in (11.7) as

t+7/2 .
[ e )

t+7/2 .
< [ L b0+ e ) £
t <

/2

t+7/2
o G DA+ e 05 ) Tyt )| £

/2

t+7/2
/t " / L|<£’b1(t,7(t)+(€f,y(t),yj‘))—b1(t,’y(t)+((51+5c)€,0)) G )] £y

/2

t+7/2
/; /L|<£ (t,v(t) 4 ((61 + 6.)¢,0)) — 71(t)| L (dy)dt

/2

t+7/
TN 0+ 6 0.01) 9t ) £
¢ ly+[<t

/2
Integrating at a fixed time ¢ the above equation in v and dividing by the area of @), we have that
1 .
— of ¥ —b~) - n| L (dyt)n(d
g GRS SR BTy
1 ; _
< S S I+ 65 ) = a3+ (G4 06,0) = 0|47 i)
<
TG o [P0+ (6 40000) —50(0)] £y e
1t lyL]<e

5 M/ [ |20 =B a0+ (4, 00) - By ) €
() +Str )

We now proceed to estimate the terms separately.
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Step 1: estimate of the term S3V(t). We have

S8 m /. / a0+ 1 000) —su0)] £ )

/ / b (1,2 4 (51 + 61, 0)) — b (1, 2))| £4(d)
20 Jisev gy, D<o

< (01 —&:(50)6
- 20,
< 7|Dby| (B} (£,2))e)

by Fubini and the one dimensional slicing of BV.

Step 2: estimate of the term S{"(t). By the definition of Efﬁ(t, y+) through the ODE (11.5b) we obtain

0) //le b (t,7(t) + (6, (6 y7),y7)) = bt (t) + (61 + 80)¢,0)) —éf(t,yl)‘ﬁd_l(dyl)n(dy)

| Dby (B (F.2))e)

1

(
1

= 240) / /Ivi|<€ (b1 — 1) (t,1(8) + (€, (£ y) y)) = (by = Un) (t9(8) + (81 +8)6,0)| £ (dy* ()
! 1

Ed(Q //i|<e (b — Uy) (£, 7(t) + (6, (8, yh),y)) — (b —Uy) (£, 7(2) + (51 +50)£,yl))‘£d* (dy )n(dv)

@ o | ) 0+ 015y h) = O 2 (20 + (1 06,0)| 47 i)
1
£1Q)
1 1 d—1 1\ pd
T oo o 01U Gt ) O =2+ (0 + )6, 0)] £ ) 24

/\Db DU|(y(t) + {ly*| < £,610 < y1 < 01 })n(dy)

d—1p d+1 /7 =
= m < 2wq—10%" 4y - | Dby — Du‘((Br—i-M(t x))t)

1
4+ —
2wd_1€d*1€1

(72 _
< Caa (T + )|Dbt|(<Bfi;@<t )i) < Camr[Dby| (B, (£.2))e).
1

2wq_ M| Dby — DRUI((BEL,(E,7)):)

where we applied (11.3) and (11.2) to control the normal derivative.

Step 3: estimate of the term Si*(t). For the last term, recalling that y* Efv is d.-Lipschitz by Lemma
11.2, we have

1 —
T L) //L|<e b (£ () + (U, (6 y ) y)) - Vo b, (G y ) L7 (dy n(dy)
60 L 1y ol Rl d—1/3 L
=10 //W)b £ () + (€, Ly ), yh) = b (E7() | £97 (dy n(a).
Again enlarging the set fov,é( ) to @ we obtain
tr 5c g 1 - d+1 _ d—1 N
SY(t) < Z10) /lng( |D*b| + £1|D1b|) (B}, ,, (£.7))) L7 (dy™)
¢ _ .
< m.wd_lgd L (7 + 1)(|Db| (B3, (7))

< Ca17|Db|((B 3,1, ))e),
by the choice of §, < 72.

Integrating in time and summing up the three terms we conclude the proof of Lemma 11.4. O
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C(X,Y): space of continuous functions over X. 16

A: generic set. 15

A € B: set A whose compact closure is contained in B. 15

Ay xsectionof AC X xY. 15

Adm(y;): sets of admissible transference plans. 19

Af/: set of intersecting curves. 47

A%: subset of 90 where trajectories are exiting or entering, respectively. 42
f [ pe average integral on the sets A. 17

A(x): x section of AC X xY. 15

B: generic vector field in R4, 15

b = (b;)L,: vector. 15

Bd(z): balls of radius r centered at x € R, 15

O(f): notation for constant of the order f. 17

0Q: frontier of a set in R%. 15

b;: equivalent to b(t) for time dependent vector fields. 15
BVioc: space of locally BV functions. 16

C': generic constant. 17

Cy: dimensional constant. 17

1 4: characteristic function of the set A. 15

C’k(Rd,Rdl): space of functions on R? with continuous derivatives up to order k. 16
clos(A4, B): relative closure of the set A in B. 15

clos A: closure of the set A. 15

x: convolution in R?. 17

Cylf,’i: p(1, b)-proper cylinder. 24

D.f: directional derivative of f along e. 16

D?*%b: absolutely continuous part of Df. 19

Deantery: Cantor part of DS f. 19

0,2 Dirac mass at z. 16

d1: maximal shrinking coefficient of an approximate cylinder of flow. 72
Df: differential of the function f. 15

p= [ o fep(der): disintegration of o w.r.t. the partition {Ay}e. 16
div b: divergence of the vector field b. 15

Di"Ph: jump part of D" f. 19

D(f): domain of the function f. 16

D*"¢b: singular part of Df. 19

e: unit vector. 16

Eb: symmetric part of the derivative Db. 19
FE,: equivalence classes of ~. 60

Ef;: set of curves not contained in supp gbfy. 45

E,{ ¢ upper level set of the function f. 20

En: upper level set of a function. 20

/,: starting shape of the approximate cylinder of flow in the BV case. 72
Efv: evolution of the e;-boundary of the approximate cylinder. 72

n: Lagrangian representation. 17

n°: restriction fo 1 to I'°". 51
ny: push forward of n by RS. 33
n=: restriction of n to 5. 53

f+ generic function. 15
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: particular functions used in the paper, usually with an index/apex.
ticular functi d in th lly with an ind 17
¢>*: inner/outer distance functions from a set. 22
@ or(7): functional computing intersecting curves across ¢fy. 47
@ﬁxit (7): functional computing the curves exiting the cylinder (Z)f{. 45
gbfy: approximate cylinder of flow. 44
£ (): untangling functional for n'". 55
: untangling functional for . 55
[(?) tangling functional for n°"t. 55
2A: suitable set of indexes. 60
fra: restriction of the function f to the set A. 16
fr: rescaled f about z € R 16
: push-forward of the measure rough f.
1 h-f d of th W th h f. 16
f(zL): right left limit of a 1d function at . 17

~: curve define in an interval of time. 17

~v ~v': equivalent relation among untangled trajectories. 60

g o f: composition of two functions. 16

Graph f: graph of the function f. 16

Graph~: Graph of the a.c. curve « in the closed interval of definition. 18

f: quotient map for {Ey}4. 61
H%: d-dimensional Hausdorff measure. 16

I : flow across Lo . 73

id: identity function. 17

L, = (t3, t:y"): interval of definition of the curve ~. 17
I+ flow across Ly . 75

int A: interior of the set A. 15

[ f dx: integral of a Borel function f w.r.t. £, 16
ffu: integral of a Borel function f w.r.t. u. 16

+ . + S
I+ flow across Ly . 75

J: jump set of a BV function. 19

K,f’al C K¢: compact subset of 9Q defined in Lemma 4.14. 28
K™: projection of ™. 58

K§ ;+ compact set with suitable local covering. 71

K™

il

s

H

: compact sets where the untangling functionals are controlled. 57, 59

L: scale constant. 17

L'(u,Y): space of functions whose modulus is u-integrable. 16
Ly: lateral boundary of Q with normal e;-. 76

Ly 2 lateral boundary of Qeliw[ with normal ef. 73

(f,v): distribution f evaluated on . 15

L% Lebesgue measure in R%. 16

L (u,Y): space of functions with p-essentially bounded Y-norm. 16
Lfv: lateral boundary of szw’f given by the graph of ffﬁ. 73

M(X): set of Radon measures. 16

m: image measure fun. 61

m: direction of the variation in the rank-one property. 20

K™: compact subset of I" of trajectories with existence interval > 217", 58
S: sets of curves with the same initial point. 53

M;(X): set of bounded Radon measures. 16

m: direction of the variation in the rank-one property at the point (¢,z). 71
M (X): set of positive Radon measures. 16
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M: deformation factor. 44, 51

w: generic signed Radon measure. 16

pP: measure div(8(p)(1,b)). 64

l: disitegration of the measure div(3(p)(1,b)). 63

|p|: total variation measure of y. 16

ph: rescaled p about z € R, 16

UL 4 restriction of the measure i to the set A. 16

M (x): matrix derivative of the absolutely continuous part of a BV vector field. 20

=

N: negligible set w.r.t. some measure. 17

n: normal to the rank-one property. 15, 20

n: normal to the rank-one property at the point (¢,z). 71

|l - ||: norm in a generic Banach space. 15

|- |z norm in R%. 15

v*°: absolutely continuous part of v. 16

v < p: v is absolute continuous w.r.t. u. 16

vt: orthogonal component of v w.r.t. to another given measure. 16
wg: volume of the unit ball in R%. 15

Q¢: perturbation of a proper set constructed in Theorem 4.16. 28
© L v: orthogonal measures. 16

0'Q: lateral boundary of the set Q. 17

0905 subset of 02 defined in Theorem 4.16. 29

005: subset of 02 defined in Theorem 4.16. 29

O0*F: reduced boundary of the set of finite perimeter F. 20
Oy, f+ spatial partial derivative along the i-th direction. 15
O fy: time partial derivative. 15

m: transference plan. 19

1: smooth test function. 17

px: projection on the space X. 15

Q: sets of particular shape, with some index/apex. 17

Q: base of the cylinder Qe 4 T3

Qg: cylinders of approximate flow. 51

Qeiwqw[: approximate cylnder with shape determined by E{Eﬁ,f. 73
R: real numbers. 15

g—Z: Radon-Nikodym derivative of v w.r.t. u > 0. 16

R(f): range of the function f. 16

R?: d-dimensional real vector space. 15

Fr(A, B): relative frontier of A in B. 15

int(A, B): relative interior of the set A in B. 15

p: positive solution to transport equation. 17

ph: evaluation of the measure nf,. 34

W: trajectories with good intersetion properties in the open graph. 58
RY: i-th restriction operator. 33

p°": ((t, z)-evaluation of n®*. 51

Rq: restriction operator. 33

(Ra)gn°"*: restrition of (Rq)sn to the exiting trajectories. 55

Sy: subset of 9(Q° \ Q) defined in Theorem 4.16. 30
So: partition of the set 9(02° \ ), Theorem 4.16. 30
S5+ partition of the set (¢ \ ©), Theorem 4.16. 30
S : partition of the set 9(Q° \ ), Theorem 4.16. 30
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Sa: partition of the set 9(2° \ ), Theorem 4.16. 30

S?: unit sphere of dimension d. 15

a(f(t)): evaluation of the function f w.r.t. the measure p(t)L£?. 44
o(f): notation for constant infinitesimal w.r.t. f. 17

supp f: support of a function f. 16

T: hitting point map. 32

t: time coordinate. 15

t@_: entrance time of v in Q. 33

tiF: exit time of v in Q. 33

Tgi: mapping of v to its Q entering/exiting point. 33
Tr'™(B, ) - n: distributional inner normal trace. 31
Tr°"*(B,Q) - n: distributional outer normal trace. 31
Tr'(b,Q): inner trace of the vector fields b. 35

f: quotient map for {pg}q. 61

u: L®-solution to div(up(1,b)) € M. 63
Uy: neighborhood of x. 15
U: function locally approximating b. 72

A: set of untangled trajectories. 59

I': space of characteristics. 17

I'°": set of trajectories crossing a domain. 51

I°r(Q): set of Q-crossing trajectories. 54

I (Q): set of Q-entering trajectories. 54

@: Convolution kernel. 17

w: constant controlling the flux across the lateral boundary of approximate cylinders of flows. 44
w’: measure controlling the untangling functional. 57, 59
¢z: local representation of a Lipschitz boundary. 17

T: product space of intervals in R and curves in R?. 17
=t set of uniqueness of 1. 53

W set of trajectories with good intersection properties. 45

Wy set of disjoint trajectories. 45

Wyt set of trajectories whose intersection is still a trajectory. 45
wq(t): density of the disintegration of £4+1 w.r.t. {pq}q. 61

paq: evaluation of the equivalence class F,. 60

X: generic metric space. 15

x: generic point in the metrix space X. 15
x: space coordinate. 15

Zn: coordinate along n. 15

z: coordinates orthogonal to n. 15

(&t measure locally controlling the untangling functionals. 57
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