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Introduction. Historical comments

X compact symplectic manifold — intersec-
tion numbers on My (X, )

. the theory of nonlinear
waves

GW <+« integrable systems

IS a joint venture of physicists and mathe-
maticians



Benefits:

e physics - nonperturbative constructions

e G\W - computational tools

e Integrable Systems - moduli

e singularity theory - first steps



matrix models of 2D gravity — KdV

(Brézin, Kazakov; Douglas, Shenker; Gross, Migdal;
1990)

1991 - Witten’'s conjecture:
intersection of i-classes on My, via KdV

Proved by Kontsevich (other proofs:

Okounkov, Pandharipande; Mirzakhani)



Witten's project (1991):

Mgn(X,8) — some (unknown?)
integrable hierarchy

e B.D. 1992 bihamiltonian structure

e Eguchi et al 1994-95 some examples; 1997-98 Vira-
SOro conjecture

e B.D., Y.Zhang 1998 - integrable hierarchy at ¢ <1
approximation (using Dijkgraaf - Witten ¢ = 1 TRR
(1990) and Getzler's GW, =1 defining relation (1997);
2001 - general classification project at all genera

e Givental 2001 quantization of quadratic Hamiltoni-
ans

e Eliashberg, Givental, Hofer 2000, symplectic field
theory



First example: KdV and M,
KdV hierarchy
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Construction: Lax operator
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Solutions
u=u0—|—62u1—|—64u2—|—...
Tau-function of the solution

628% logT = u

log T = Z 629_2.7:9
920

More precisely,
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Here res = coefficient of 9,1



Galilean symmetry:

for KdV

2
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the transformation

r— x4+ ct
t—1
ur—u-+c

(comoving frame). Action on 7 (infinitesimal
generator)

0T =L_171
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k>0 €

Part of a representation of the Virasoro al-
gebra
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Vacuum tau-function

u = 6285 log T

Lm,X%Q——O m > —1

has the form
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Relationship between vacuum tau-function
and the topological tau-function

(Kontsevich - Witten)
t
log TKC()R/(to, t1,to,...) = log Tl\,é%cv(to, t1—1,to,...

= Y 2972 F,(t)
g>0

where

1

g,n
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Topological KdV tau-function
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(Extended) Toda hierarchy

Difference Lax operator
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(introduced by G.Carlet, B.D., Y.Zhang)
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€0rou = v(sp) — v(sp + €)

€OtV = eu(sote) _ gulso),

Eliminating v and defining

t
un = u(ne), t= 0
€
= the standard
fdn — eUn—-17"Un _ oUn—Un41

Tau-function defined by
7(sg + €)7(sg — €)

u = log

72(s0)
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Vacuum tau-function

L 177502 =0
0 0 soto
L_1=) tpy17——+spp1—+

(B.D., Y.Zhang, using Getzler;
Okounkov, Pandharipande

top . va -
TTo%a — T—I-O%a(S(),to, s1—1,t1,89,t,...;¢€)

is the total GW potential for P!
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Here

Mg,n(P17ﬂ) — {f : (Cgawla S 73371) — Pl

B = degree of the map f}
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Less known examples

Example 1. Let us consider Tl\é%(i/ as a func-
tional on 2z~ 1C[[1/%]]

E.g.,
Mo = e/ (82) = =72)
t t 1 1
t(z) 1= 2+ —é + ... € =C[[-]]

< < < <

Denote
: 1 — m ,Um—l—l

f(v) ‘= v2J1(2Vv) = mgo(—l) i (m 1))
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(Kaufmann, Manin, Zagier; Zograf;

Manin, Zograf)

l0g ¢ (%(a: — f(1/2)); 62)

_ Z (%)QQ_Q;VOZ(MQ,TJ (%)n

g=>0

where Vol(My ) is the Weil - Petersson vol-
ume of My n.
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Example 2. Toda vacuum tau-function and
enumeration of ribbon graphs/triangulations

(B.D., T.Grava) Substituting

acC . :
Troda(to,t1:t2, ... 80,81,82,...;€)

to:O, tlz—l, tk:(k_l_l)')‘k—l—l? k‘ZQ
sop=z, s, =0, k>1

one obtains

F :=log V%%a(O,—1,3!)\3,4!)\4,...;:E,O,...;e)

2 2g—2
z 3 92 B,
= logz — = )| —— log z+ E J
2¢2 ( I 2) I ( ) 2g(2g — 2)

+ Z 629_2Fg(33; )‘37 >‘47 . )
920
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L Y
— Z Z ag(kly---ykn)Akl---AanU? n—+2 297

k| = ki + ...+ kn,

and
ag(hi, k) =3
A = #SymT
where
[ = a connected ribbon graph of genus g
with n vertices of the valencies k1,..., kn.

genus 1, one vertex, valency 4
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Proof uses for the Her-
mitean matrix integral (‘t Hooft; D.Bessis,
C.Itzykson, J.-B.Zuber)

1 1
Za(Nie) = e e V(A g4
N!'Vol(Uy) /INxN

1
V(A) = 5A? — 3 AR
k>3

where one has to replace
X
N — —

€

This is the topological solution for
the (extended) nonlinear Schrodinger hierar-
chy
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