
Lecture 2. Integrable hierarchies

of the topological type

Recall: X a smooth projective variety,

Hodd(X) = 0.

n := dimH∗(X;C).

Mg,m(X,β) moduli of stable genus g and de-

gree β curves on X with m marked points.

Basis φ1 = 1, φ2, . . . , φn in H∗(X,C)

< τp1(φα1) . . . τpm(φαm) >g,β :=∫
[Mg,m(X,β)]virt

ev∗1φα1 ∧ ψ
p1
1 ∧ . . . ∧ ev∗mφαm ∧ ψpmm

Evaluation maps evi, i = 1, . . . ,m

evi : Mg,m(X,β) → X, f 7→ f(xi).

ψi := c1(Li)

T ∗xiCg the fiber of Li over Xg,m,β. The numbers

depend only on the symplectic structure on

X
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Generating functions

FXg =
∑
m

∑
β∈H2(X;Z)

1

m!
tα1,p1 . . . tαm,pm

× < τp1(φα1) . . . τpm(φαm) >g,β q
β

Total Gromov - Witten potential

FX(t; ε) =
∑
g≥0

ε2g−2FXg .

t = (tα,p), α = 1, . . . , n, p ≥ 0
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Identities in the cohomology ring generated

by the cocycles ev∗i (φα) and ψj → differential

equations for FX.

Distinguished x := t1,0 (spatial variable). A

hierarchy of systems of n evolutionary PDEs

(n = dimH∗(X)) for the unknown functions

wα(t, x)

wα = 〈〈τ0(φα)τ0(φ1)〉〉 = ε2
∂2FX(t, ε)

∂t1,0∂tα,0

tα,p the time variables

hα,p = 〈〈τp+1(φα)τ0(φ1)〉〉 = ε2
∂2FX(t, ε)

∂t1,0∂tα,p+1

densities of the Hamiltonians

∂w

∂tα,p
= {w(x), Hα,p} , Hα,p =

∫
hα,pdx

Observe: strange symmetry

∂hα,p−1

∂tβ,q
=
∂hβ,q−1

∂tα,p

Tau-function

τ = eF
X
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The strategy: instead of studying FX

study the PDEs for w = (w1, . . . , wn).
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Hamiltonian systems of n integrable PDE:

uit = Aij(u)u
j
x+ε

(
Bij(u)u

j
xx +

1

2
Cijk(u)u

j
xu
k
x

)
+O(ε2)

i = 1, . . . , n

ε-expansion: Coefficient of εm is a polynomial

in ux, uxx, . . . , u(m+1) of the degree m+ 1

degu(k) = k, k ≥ 1

Consider modulo Miura-type transformations

ui 7→ ũi = f i0(u)+ε f i1(u;ux)+ε2 f i2(u;ux, uxx)+O(ε3)

deg f im(u;ux, . . . , u
(m)) = m, det

(
∂f i0(u)

∂uj

)
6= 0

Semisimplicity: characteristic roots of

(Aij(u)) distinct for generic u
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Poisson brackets

{ui(x), uj(y)} = ηij(u(x))δ′(x−y)+Γijk (u)u
k
xδ(x−y)+O(ε)

det ηij(u) 6= 0

Commuting flows on the space of vector

functions (u1(x), . . . , un(x)) organized in n in-

finite chains

t = (tα,p), α = 1, . . . , n, p = 0, 1, 2, . . .

∂

∂t1,0
=

∂

∂x
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Tau-structure is an infinite symmetric matrix
of differential polynomials

Ωβ,q;α,p = Ωα,p;β,q(u;ux, uxx, . . . ; ε),

α, β = 1, . . . , n, p, q ≥ 0 and a compatible
pair of Poisson brackets { , }2 − λ { , }1 of
the above form s.t.

Ωα,0;1,0 = uα, α = 1, . . . , n

{uα(x), uα(y)}1 = ηαβδ
′(x− y) +O(ε)

The Hamiltonian flows
∂u

∂tα,p
= {u(x), Hα,p}1, Hα,p =

∫
Ωα,p+1;1,0 dx

satisfy

∂Ωα,p;β,q

∂tγ,r
= symmetric in (α, p), (β, q), (γ, r)

∂u

∂t1,0
=
∂u

∂x

Triangular bihamiltonian recursion

{ . , Hα,p−1}2 =
∑
q≤p

Rβ,qα,p { . , Hβ,q}1

⇒ commutativity of the flows
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Solutions

u = u0(t) + ε u1(t) + . . .

Tau-functions

ε2
∂2 log τ(t)

∂tα,p∂tβ,q
= Ωα,p;β,q

log τ =
∑
k≥−2

εkFk
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Example Dispersionless KdV

utp =
up

p!
ux

Here n = 1

Ωpq =
up+q+1

p! q! (p+ q+ 1)

∂Ωpq

∂tr
=
up

p!

uq

q!

ur

r!
ux

{u(x), u(y)}1 = δ′(x− y)

{u(x), u(y)}2 = u(x)δ′(x− y) +
1

2
uxδ(x− y)

Hp =
∫

up+2

(p+ 2)!
dx

{ . , Hp−1}2 =
(
p+

1

2

)
{ . , Hp}1
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Solutions u = u(t) given in implicit form∑
p≥0

(tp − cp)
up

p!
= 0

arbitrary constants cp

Tau-function

log τ(t) =
1

2

∑
Ωpq(u(t))(tp − cp)(tq − cq)
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Theorem 1

Ωα,0;β,0|ε=0 =
∂2F (u)

∂uα∂uβ

The function F (u) satisfies WDV V ⇒ a

structure of semisimple Frobenius manifold

on the space of fields (u1, . . . , un)

(must also allow the operation of change of

the spatial direction

∂

∂t1,0
=

∂

∂x
7→
∑

bα
∂

∂tα,0
=

∂

∂x

for constant bα)

E.g., for the (extended) Toda the change

∂

∂s0
↔

∂

∂t0

corresponds to

Toda ↔ NLS
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Frobenius manifold M - multiplication on

tangent bundle

a, b ∈ TxM 7→ a · b ∈ TxM

Commutative, associative, with a unity e and

with invariant symmetric nondegenerate bi-

linear form on T ∗M

〈a, b〉 ∈ C

that is constant in flat coordinates

〈dxi, dxj〉 = ηij

Main axiom: the product in the flat coordi-

nates given by triple derivatives of a function

F (x)

∂i · ∂j = ckij(x)∂k, ckij(x) = ηkl
∂3F (x)

∂xi∂xj∂xl
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7→ 〈a, b〉 ∈ C

TxM

•x a

b
a · b

$'
M

Other axioms:

• the unity e is constant in the flat coordi-
nates

• quasihomogeneity: linear vector field E is
defined

E = (Aijx
j +Bi)∂i

[e, E] = e, LieEF (x) = (3−d)F (x)+quadratic
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Recall example

• QH∗(P1), dim = 2, d = 1

F =
1

2
u v2 + eu

〈∂u, ∂v〉 = 1

e = ∂v, E = v ∂v + 2∂u
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Dispersionless limit ε → 0 ( ∼ genus zero

approximation)

Example From KdV

ut0 = ux

ut1 = uux +
ε2

12
uxxx

ut2 =
1

2
u2ux +

ε2

12
(2uxuxx + uuxxx) +

ε4

240
uV

. . .

to the dispersionless KdV

vt0 = vx

vt1 = v vx

vt2 =
1

2
v2vx

. . .

15



Theorem 1’. The dispersionless limit of any

tau-structure ↔ trivialization

of the deformed flat connection on M × C∗

∇̃ab = ∇ab+ z a · b, a, b ∈ TxM

∇̃ d
dz
b = ∂zb+ E · b+

µ

z
b

µ =
d− 2

2
−∇E

(= calibrated Frobenius manifold in the

Givental’s terminology)

16



Example (Small) quantum cohomology

of Pn−1. Coordinate t corresponding to

H2(Pn−1).

Horizontality equations for function f =

f(t, z)

∇̃ df = 0

read

∂tξ1 = z ξ2, ∂tξ2 = z ξ3, . . . , ∂tξn = z etξ1

ξ = df

reduce to

∂nt φ = znetφ

(z∂z)
nφ = (n z)netφ

for φ = ξ1/z
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Semisimple Frobenius manifold M ⇒ two

trivializations of ∇̃

∇̃ab = ∇ab+ z a · b, a, b ∈ TxM

∇̃ d
dz
b = ∂zb+ E · b+

µ

z
b

reduces to

dy

dz
=
(
U +

V

z

)
y, U, V n× n matrices

• near z = 0 (polynomial growth)

• near z = ∞ (exponential growth)

Moduli of Frobenius manifolds: monodromy

data (µ,R, S,C)

Reconstruction via solution of a Riemann -

Hilbert problem
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Next problem: classify tau-structures with

the given dispersionless limit ( ∼ with the

given Frobenius manifold)

Theorem 2 The space of tau-structures

associated with the given semisimple n-

dimensional Frobenius manifold is at most

n-dimensional.
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Main steps:

• Quasitriviality: any tau-structure can be

obtained from the dispersionless limit by a

transformation

vα 7→ wα = vα +
∑
k≥1

εkF
[k]
α (v; vx, vxx, . . .)

with some functions F
[k]
α rational in the

derivatives (B.D., Y.Zhang, math/0108160

revised, to appear)

• Infinitesimal deformations (bihamiltonian

cohomology) = Cn (Si-Qi Liu, Y.Zhang,

math/0405146)
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Example of quasitriviality.

The transformation

u = v+
ε2

24
(log v′)′′ + ε4

(
vIV

1152 v′2
−

7 v′′v′′′

1920 v′3
+

v′′3

360 v′4

)′′
+O(ε6)

from the dispersionless KdV

vtp =
vp

p!
vx

to the full KdV

ut0 = ux

ut1 = uux +
ε2

12
uxxx

ut2 =
1

2
u2ux +

ε2

12
(2uxuxx + uuxxx) +

ε4

240
uV

. . .
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Liu - Zhang central charges c1, . . . , cn

In the canonical coordinates the quasitrivial-

ity acting on F = ε2 log τ must have the form

F0 7→ F0 + ε2

 n∑
i=1

ci logu′i +G(u)

+O(ε3)
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Conjecture: (work in progress)

Any tau-structure is defined by

• a semisimple Frobenius manifold (i.e.,

(µ,R, S,C))

• n parameters c1, . . . , cn (“central charges”)
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The tau-structure of the topological type:

c1 = c2 = . . . = cn =
1

24

Problem: choice of representative
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Theorem 3 Any tau-structure admits Vira-

soro symmetries

∂τ

∂sm
= Lmτ +O(1), m ≥ −1

with

Lm =
∑ ε2

2
aα,p;β,qm

∂2

∂tα,p∂tβ,q
+ bm

β,q
α,pt

α,p ∂

∂tβ,q

+
1

2ε2
cmα,p;β,qt

α,ptβ,q + c0δm,0

[Lm, Ln] = (m− n)Lm+n

25



Theorem 4 For any semisimple Frobenius

manifold there exists unique tau-structure of

the topological type such that the Virasoro

symmetries act on τ by

∂τ

∂sm
= Lmτ, m ≥ −1

Motivation: all known relations for the topo-

logical correlators reproduced for the topo-

logical solution specified by

L−1τ =
∂τ

∂t1,1
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List of examples:

• n = 1 KdV

• n = 2 Boussinesq, (extended) Toda, (ex-

tended) nonlinear Schrödinger

• any n ≥ 1 Drinfeld - Sokolov hierarchies of

ADE type

Other hierarchies are new
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