Lecture 2. Integrable hierarchies
of the topological type

- X a smooth projective variety,
Hdd(X) = 0.
n:=dimH*(X;C).
Mg, m(X, 3) moduli of stable genus g and de-
gree B curves on X with m marked points.
Basis o1 =1, ¢o, ..., ¢n in H*(X,C)
< Tp1(¢@1) s Tpm(¢@m) >g,6 =
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/[Mg,m(X,ﬁ)]V'rt 1001 A1 mom A

Evaluation maps ev;, 1t =1,...,m
€V . Mgam(X7/6)_>X7 fo(x’t)
Y = c1(L;)

T:Cy the fiber of £; over X,,,3. [he numbers
depend only on the symplectic structure on
X



Generating functions
1
X —_— . « 7p am,Pm
Fr=> > Pt
M BeH>(X,Z)
X < 71py(Dai) - Tpm (Pam) >4.3 g’

Total Gromov - Witten potential

.7:X(t; €) = Z 629_2.77;(.
g=>0

t=>0%P), a=1,...,n, p>0



Identities in the cohomology ring generated
by the cocycles ev;(¢q) and ¢; — differential
equations for F-*.

Distinguished z := t1:0 (spatial variable). A
hierarchy of systems of n evolutionary PDEs
(n = dim H*(X)) for the unknown functions

wea(t, )

O2FX(t. €
Wo — <<TO(¢04)TO(¢1)>> 2 th Oa(ta O)
t%P the time variables
2 anX(t 6)

ha,p = (Tp+1(¢a)T0(P1))) =

densities of the Hamiltonians

ow
O ) Hag} = [ s
. strange symmetry

ahaap_l —_— 8h57q_1
otba  Hrop

ot1,09t,p+1

Tau-function



. instead of studying F&
study the PDEs for w = (w1,...,wn).



Hamiltonian systems of n integrable PDE:

uy = Aj(u)ul,+e (B;(u)ugm + §C;k(u)ug;u§> +0(?)

1=1,...,n

e-expansion: Coefficient of ¢ is a polynomial
in wy, uge, ..., ul™TL) of the degree m + 1

degu® =k, E>1

Consider modulo Miura-type transformations

ul v @ = fE(u)te fi(u; uz) €2 f5(u; ug, uzzr)+O(€)

deg f;’n(u, Ug,y . . - ,u(m)) = m, det (3]%(’&)) = 0

ouJ

Semisimplicity: characteristic roots of
(A:;-(u)) distinct for generic u



Poisson brackets

{u' (@), v/ (y)} = 0" (u(=))§ (x—y)+T} (u)ufs(z—y)+O0(e)

detn¥ (u) # 0

Commuting flows on the space of vector
functions (ul(z),...,u"(x)) organized in n in-
finite chains

t=0@*?), aoa=1,...,n, p=0,1,2,...

o o
ot1,0 ox




Tau-structure is an infinite symmetric matrix
of differential polynomials

Q/Baq;aap — QO{,p,/B,q(ur Ux, Ugx,y - - - . 6),

a,p =1,...,n, p,qgq > 0 and a compatible
pair of Poisson brackets { , }o — A{, }1 of
the above form s.t.

20,0:1,0 = Ua, a=1,...,n

{ua(x), ua(y) }1 = 10pd’ (x —y) + O(e)

The Hamiltonian flows

ou
oo = {u(@), Hapht,  Hap= [ Qapr110de
satisfy
S — symmetricin (a,p), (8,9), (v,7)
ou  Ou
otl.0 oz

Triangular bihamiltonian recursion

{  Hap-1}o= > Ra3{.,Hgsh
q<p
= commutativity of the flows



Solutions

u=ug(t) +eui(t)+...

Tau-functions

282 log T(t) .
€ ata,patﬂ,q T Ot,p;ﬂ,q

log T = Z eka
k>—2



Dispersionless KdV

Here n =1
yPtat+1

., —
P plgt (p+q+1)

02pq . uPudu”

U
ot” p! q! r!

{u(z), u(y)}1 =8'(z —y) .
{u(z), u(y)}2 = u(@)d'(z — y) + Suad (@ —y)

uPT2
Hp_/(p+2>!dw

X

{ ., Hy_1}2= (p-l-é){ . Hp}1



Solutions v = u(t) given in implicit form

> (tp —cp)

p=>0

uP
~ =0
p!

arbitrary constants cp

Tau-function

09 7(8) = = 3" Qg (u(6)) (tp — ep) (g — c0)
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02F (u)
Ou®oub

20,0:8,0le=0 =

The function F(u) satisfies WDVV = a
structure of semisimple Frobenius manifold
on the space of fields (ul,..., u")

(must also allow the operation of change of
the spatial direction

0

5 5 5
= b e
ot10 — o 2 5t40 — 9z

for constant %)

, for the (extended) Toda the change
0 0

—H—

s oto
corresponds to

Toda <« NLS
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Frobenius manifold M - multiplication on
tangent bundle

a,bel M — a-bel M

Commutative, associative, with a unity e and
with invariant symmetric nondegenerate bi-
linear form on T*M

(a,b) € C
that is constant in flat coordinates
(dz*,dx?) = n¥
Main axiom: the product in the flat coordi-

nates given by triple derivatives of a function
F(x)

W O°F(z)
OxtOxJ Ozl

0; - 0; = cji(2), (@) =1
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T M
ga. — (a,b) € C
u)

Other axioms:

e the unity e is constant in the flat coordi-
nates

e quasihomogeneity: linear vector field E is
defined

E = (A’ + B")9;

e, E] = ¢, LiegpF(x) = (3—d)F(xz)4+quadratic
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Recall

e QH*(PD), dim=2,d=1
1
F=§uv2—|—eu
<8u,av> =1

ezafv, E:'Uafv_l_zau
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Dispersionless limit ¢ — 0 ( ~ genus zero
approximation)

From KdV
Uty — Ux
2
Uty — U Uy + Eua:acx
! 2uy 4+ Qustian + utiane) + -ou’
Ut, — U U —\LUgU uu Uu
to > T 12 rWxx TITX 540

to the dispersionless KdV

Vtg — Uz
Vi, = V Uy
1
Vi = vy
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. T he dispersionless limit of any
tau-structure <« trivialization
of the deformed flat connection on M x C*

Vab=Veb+z2a-b, a,beT:M

Vab=0b+E-b+"0
dz z
_d-2
=

(= -calibrated Frobenius manifold in the
Givental's terminology)
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(Small) quantum cohomology
of P" 1 Coordinate t corresponding to
HQ(Pn_l).

Horizontality equations for function f =
f (&, 2)
Vdf =0
read
061 =22, o =1z2€3,...,06n = z€'€y
§ = df

reduce to

Ofe = z"e'¢

(20:)"¢ = (n2)"e'¢
for ¢ =¢&1/z
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Semisimple Frobenius manifold M = two
trivializations of V

Vab=Veb+za-b, a,beTM

Vib=0b+E- b—|— b
dz

reduces to

dy _

. (U—I— ) y, U,V n xXmn matrices
<

e near z = 0 (polynomial growth)
e near z = oo (exponential growth)

Moduli of Frobenius manifolds: monodromy
data (u, R, S,C)

Reconstruction via solution of a Riemann -
Hilbert problem
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: classify tau-structures with
the given dispersionless limit ( ~ with the
given Frobenius manifold)

The space of tau-structures
associated with the given semisimple n-
dimensional Frobenius manifold is at most
n-dimensional.
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e Quasitriviality: any tau-structure can be
obtained from the dispersionless limit by a
transformation

k
Va V— W — Vo —I_ Z GkF(Eé ]('U, Ve, Vxax, - - )
k>1

with some functions (Eﬁ] rational in the
derivatives (B.D., Y.Zhang, math/0108160
revised, to appear)

¢ Infinitesimal deformations (bihamiltonian

cohomology) = C"™ (Si-Qi Liu, Y.Zhang,
math/0405146)
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of quasitriviality.

The transformation

/!
62 UIV 7 """ UNS
— —(lo NI 4 _
u=v+ o (logv) +e (11521}’2 192073 +36Ov’4>
+0(e®)
from the dispersionless KdV
vP
’Utp — avx
to the full KdV
Uty — Ugx
2
€
Uty — U Uy + Eua:acx
2 4
1 2 € |%4

€
Ut, — U Uy -+ E(quuxa: -+ Uuazazx) +

2

U
240
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Liu - Zhang central charges cq, ..., cn

In the canonical coordinates the quasitrivial-
ity acting on F = ¢2log T must have the form

For Fo+ € {Z ciloguj + G(u) | + O(e3)

1=1
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. (work in progress)
Any tau-structure is defined by

e a semisimple Frobenius manifold (i.e.,
(n, R, S,C))

e n parameterscy, ..., cn (“‘central charges”)
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The tau-structure of the topological type:

1
24

Cl1=cCyr=...=c¢p

Problem: choice of representative
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Any tau-structure admits Vira-
SOro symmetries

oT

o =Lmm+0(1), m>-1

m
with
2 2

— € apBa d B,q a,p&

L = Z 2 Am OtPHEB4 T bma’pt Otba
1

+2—62022p;ﬁ,qta’ptﬁ’q + €00m,0

[Lm, Ln] = (m — n)Lm-I-n
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For any semisimple Frobenius
manifold there exists unique tau-structure of
the topological type such that the Virasoro
symmetries act on 7 by

oT

aSm

:Lm’r, m > —1

- all known relations for the topo-
logical correlators reproduced for the topo-
logical solution specified by

ot
atl,l

L_q17=
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on =1 KdV

e n = 2 Boussinesq, (extended) Toda, (ex-
tended) nonlinear Schrodinger

e any n > 1 Drinfeld - Sokolov hierarchies of
ADE type

Other hierarchies are new
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