
Lecture 3.

Quantum canonical transformations

and Riemann - Hilbert problem

Goal: construction of new integrable hier-

archies (= tau-structures of the topological

type)

Basic idea: to consider tau-function τ(t) as

a vector in the Fock space.

q̂i = ε−1ti = creation operators,

p̂i = ε
∂

∂ti
= annihilation operators

[p̂i, q̂j] = δij
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Then apply a quantum canonical transforma-

tion

P̂i = ε
∂

∂Ti
:= Ĝ−1p̂i Ĝ =

∑
Aij ε

∂

∂tj
+Bij

tj

ε

Q̂i =
Ti
ε

:= Ĝ−1q̂i Ĝ =
∑

Cij ε
∂

∂tj
+Dij

tj

ε

[P̂i, Q̂j] = δij

to obtain tau-function of the new hierarchy

τnew hierarchy(T) = Ĝ τold hierarchy(t)
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(M,ω) a symplectic manifold

Definition

G : M →M

is a canonical transformation if

G∗ω = ω

Example: time-one shift along trajectories of

a Hamiltonian vector field

G = eẊ , LieẊω = 0.

Particular case: linear Hamiltonian vector

fields

Ẋ = AX

Quadratic Hamiltonian

H =
1

2
ω(X, Ẋ)
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Quantization: M linear space + polarization,

M = M+ ⊕M−

M− ∼ coordinates, M+ ∼ momenta

ω =
∑
k

dqk ∧ dpk, {pi, qj} = δij

Fock space FM− = polynomials in q1, q2, . . .

Operators

q̂k, p̂k : FM− → FM−

q̂k = multiplication by qk, p̂k =
∂

∂qk

[p̂i, q̂j] = δij
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Quantum canonical transformations

Ĝ : FM− → FM−

Quadratic Hamiltonian

H =
∑
ij

1

2
aijqiqj + bijqipj +

1

2
cijpipj

G = exp

{
Hq

∂

∂p
−Hp

∂

∂q

}
yields

Ĝ = eĤ

Ĥ =
∑
ij

1

2
aijqiqj + bijqi

∂

∂qj
+

1

2
cij

∂2

∂qi∂qj

(projective representation) ⇒ automorphism

of the Heisenberg algebra

P̂i := e−Ĥ p̂ie
Ĥ =

∑
Aijp̂j +Bij q̂j

Q̂i := e−Ĥ q̂ie
Ĥ =

∑
Cijp̂j +Dij q̂j

[P̂i, Q̂j] = δij

(bosonic Bogoliubov transformations)
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Want: action of a certain class of quantum

canonical transformations on the space of in-

tegrable hierarchies of the topological type
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Givental symplectic space and symplectic
loop group

Start with V, 〈 , 〉

• n-dimensional space V equipped with

• 〈 , 〉 symmetric nondegenerate bilinear form

Symplectic space (H, ω): V -valued functions
on the circle |z| = 1

H := {z → f(z) ∈ V }

ω(f, g) =
1

2πi

∮
|z|=1

〈f(−z), g(z)〉 dz.

Polarization

H = H+ ⊕H−

H+ = { f(z) analytic for |z| < 1}
H− = { f(z) analytic for |z| > 1}

Canonical coordinates from Fourier expan-
sion

f(z) = . . .− p∗2z
2 + p∗1z − p∗0 +

q0
z

+
q1
z2

+ . . .
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Fock space: functionals on the space of V -

valued functions q(z) analytic for |z| > 1 and

q(∞) = 0

FH− = polynomials of q0, q1, . . .

Symplectic loop group

f(z) 7→ G(z) f(z), |z| = 1

G(z) ∈ AutV, G∗(−z)G(z) = 1.

Problem: quantization?
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Linear Hamiltonian vector fields on H

ḟ(z) = g(z) f(z)

g(z) ∈ EndV, |z| = 1, g∗(−z) + g(z) = 0

The Hamiltonian

Hg =
1

4πi

∮
|z|=1

〈f(−z), g(z)f(z)〉 dz
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Example: n = 1, g(z) = −z

f(z) =
∑
k

(−1)k+1pkz
k +

∑
k

qk
zk+1

H−z =
1

2
resz=0

−∑
i

piz
i +

∑
i

(−1)i+1 qi
zi+1


× (−z)

∑
j

(−1)j+1pjz
j +

∑
j

qj

zj+1


=

1

2
q20 +

∑
i≥0

qi+1pi

Linear canonical transformation G: time-one

shift along trajectories of

ḟ(z) = −z f(z)

Quantization

Ĝ = e
1
2q

2
0+
∑
i qi+1

∂
∂qi
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Modify notations:

qi → ti

L−1 =
1

2
t20 +

∑
i≥0

ti+1
∂

∂ti

first of the Virasoro symmetries of the KdV.

Recall: for the Korteweg-de Vries eq. (KdV)

(t0 = x, t1 = t)

ut = uux +
1

12
uxxx

L−1 is the infinitesimal generator of the

Galilean transformations

x 7→ x+ v t

t 7→ t

u 7→ u+ v

acting on the tau-function

u = ∂2
x log τ

11



Back to the general setting:

if G : H → H is the time-one shift along

ḟ(z) = g(z) f(z)

g∗(−z) + g(z) = 0

i.e.

G : f(z) 7→ G(z) f(z)

G(z) = eg(z), |z| = 1

then we put

Ĝ := eĤg

Hg =
1

4πi

∮
〈f(−z), g(z)f(z)〉 dz
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Consider two cases: given

G(z) ∈ AutV, |z| = 1, G∗(−z)G(z) = 1

assume that

Case 1

G(z) is analytic and invertible for |z| < 1. Let

G(z) = 1 +G1z +G2z
2 + . . .

Define

g(z) := logG(z)

by the series for log near z = 0

Put

Ĝ := eĤg
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Explicitly:

ĜΨ[q] = e
1
2QG(q,q)Ψ

[(
G−1(z)q(z)

)
−

]

q = q(z) is a V -valued function analytic for

|z| > 1,

QG a quadratic form

QG =
1

(2πi)2

∮ ∮
[〈G−1(z)q(z), G−1(w)q(w)〉−〈q(z), q(w)〉]

dz dw

z + w
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Case 2

G(z) is analytic and invertible for |z| > 1. Let

G(z) = 1 +
G1

z
+
G2

z2
+ . . .

Define

g(z) := logG(z)

by the expansion of log near z =∞ Put

Ĝ := eĤg

Explicitly:

ĜΨ[q] =
(
e
1
2QG( ∂∂q,

∂
∂q)Ψ

) [
G−1(z)q(z)

]
QG =

1

(2πi)2

∮ ∮
[〈p(z)G−1(z), p(w)G−1(w)〉−〈p(z), p(w)〉]

dz dw

z + w
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Riemann - Hilbert problem and quantiza-

tion

General case: Riemann - Hilbert factorization

G(z) = G−1
0 (z)G∞(z)

G0(z) analytic and nondegenerate for |z| < 1

G∞(z) analytic and nondegenerate for |z| > 1

Lemma If G(z) satisfies G∗(−z)G(z) = 1 and

G0(z), G∞(z) are normalized by

G∞(∞) = 1

then

G∗0(−z)G0(z) = 1, G∗∞(−z)G∞(z) = 1.
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So, if G(z) satisfies G∗(−z)G(z) = 1 and ad-

mits Riemann - Hilbert factorization ( ∼ triv-

iality of a vector bundle over P1) then we put

Ĝ := γGĜ
−1
0 Ĝ∞

Similarly: for cocycles with values in AutV
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Recall: on a semisimple Frobenius manifold

two bases of horizontal sections of ∇̃ ∼ so-

lutions to

dY

dz
=
(
U +

V

z

)
Y

• near z = 0 (polynomial growth)

• near z =∞ (exponential growth)

The transition operator (monodromy data

(µ,R, S,C))

G : basis at z = 0 → basis at z =∞

does not depend on x ∈M (isomonodromic-

ity).
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Here

µ, R : V → V

µ∗ = −µ, R∗ = −e−π i µReπ i µ

µ semisimple, µ = diag (µ1, . . . , µn),

R nilpotent,

R = R0+R1+. . . , (Rk)αβ 6= 0 only if µα−µβ = k

S : Cn → Cn, Sii = 1, Sij = 0 for i > j

C : V → Cn, C∗S C = eπ i µeπ iR.

(S,C) modulo Brn-action.

Example QH∗(X), dimCX = d (X = Pn−1)

µα =
1

2
degφα−

d

2
, φα ∈ H∗(X), d = dimX, R = c1(X)

Sij =
∑
k

(−1)krkExtk(Ei, Ej)

Ei = O(i− 1) ∈ Db(Coh(X)), i = 1, . . . , n
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(µ,R, S,C) uniquely determines the semisim-

ple Frobenius manifold M .

Example 1 n = 1, µ = R = 0,

S = C = 1 ⇒ KdV

Example 2 Any n, µ = R = 0,

S = C = identity ⇒ direct sum of n copies

of KdV
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Example Frobenius manifold F = 1
2v

2u+ eu
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ΦR = ΦL

(
1 2
0 1

)

ΦR = ΦL

(
1 0
2 1

)

ΦR = Φ0

(
z−1/2 0

2z1/2 log z z1/2

)(
1 1
γ
2π

γ
2π

+ 2πi

)
ΦL = Φ0

(
z−1/2 0

2z1/2 log z z1/2

)(
1 − 1
γ
2π

− γ
2π

+ 2πi

)

ΦR ∼
(
1 +O(1

z
)
)( ez u+ 0

0 ez u−

)

ΦL ∼
(
1 +O(1

z
)
)( ez u+ 0

0 ez u−

)

Φ0

Here u± = v ± 2e
u
2
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Fix a point u = (u1, . . . , un), ui 6= uj, i 6= j

Define matrix G(z) = GR/L(z)

GR(z) = zµzRC−1e−z U , z ∈ { |z| = 1} ∩ΠR

GL(z) = zµzRC−1S−1e−z U , z ∈ { |z| = 1} ∩ΠL

U = diag (u1, . . . , un)

Acts on sections fR/L(z) of a vector bundle

on the circle

fL(z) = ez US e−z UfR(z), z ∈ positive part of ΠR ∩ΠL

fL(z) = ez USTe−z UfR(z), z ∈ negative part of ΠR ∩ΠL
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Put

Ĝ = Φ̂−1
0 Φ̂R/L

How to quantize functions ΦR/L with expo-

nential behaviour at infinity?

ΦR/L = ΨR/L(z;u) e
z U , ΨR/L(z;u) ∼ 1+O

(
1

z

)

The prescription

Φ̂R/L := τI(u) Ψ̂R/Le
ẑ U

in order to preserve isomonodromicity!
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Recall: KdV hierarchy

ut0 = ux

ut1 = uux +
ε2

12
uxxx

ut2 =
1

2
u2ux +

ε2

12
(2uxuxx + uuxxx) +

ε4

240
uV

. . .

Vacuum tau-function (Di Francesco, Itzykson)

u = ε2∂2
x log τ

L−1τ
vac
KdV = 0

τvac
KdV =

1

(−t1)1/24
exp

{
1

ε2

[
−
t30
6 t1

−
t40t2

24 t31
+O(t50)

]
+

[
t0t2

24 t21
−

t20t3

48 t31
+

t20t
2
2

24 t41
+O(t30)

]
+ε2

[
−

t4

1152 t31
+

29 t2t3
5760 t41

−
7 t32

1440 t51
+O(t0)

]
+O(ε4)

}
Recall that

τtop
KdV(t0, t1, t2, . . . ; ε

2) = τvacKdV(t0, t1−1, t2, . . . ; ε
2)

is the Kontsevich - Witten tau-function
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Theorem (B.D., Y.Zhang) Given mon-

odromy data (µ,R, S,C) introduce quantum

canonical transformation Ĝ as above

Ĝ = τI(u) Φ̂−1
0 Ψ̂R/Le

ẑ U

Then
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τvacnew = Ĝ τvacKdV ⊗ . . .⊗ τvacKdV

is the vacuum tau-function of the new in-

tegrable hierarchy of the topological type of

systems of n PDEs of the form

uit = Aij(u)u
j
x + ε2

(
Bij(u)u

j
xxx + Cijk(u)u

j
xu
k
xx

+
1

6
Di
jkl(u)u

j
xu
k
xu
l
x

)
+O(ε2), i = 1, . . . , n

associated with (µ,R, S,C). The new tau-

function admits an expansion

log τvacnew = ε−2F0+
∑
g≥1

ε2g−2Fg(u;ux, . . . , u(3g−2)).

This gives the quasitriviality transformation

for the new hierarchy.
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Example QH∗(P1)

µ =

(
− 1/2 0

0 1/2

)
, R =

(
0 0
2 0

)

S =

(
1 2
0 1

)
, C =

(
1 1
γ
2π

γ
2π + 2πi

)
Canonical coordinates

u± = v ± 2 e
u
2

The Riemann - Hilbert problem can be solved

explicitly using Bessel functions. E.g.,

Φ0 =

(
2zezv+

u

2 [K1(ζ)− (log z + γ)I1(ζ)] ezv+
u

2I1(ζ)

− 2zezv+
u

2 [K0(ζ) + (log z + γ)I0(ζ)] evzI0(ζ)

)
,

ζ = 2ze
u
2.
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Consider the quantum canonical transforma-

tion

Ĝ =
√

2e
u
8Φ̂−1

0 Φ̂∞

(does not depend on u, v). Define

τvacToda(t0, t1, . . . ; s0, s1, . . . ; ε) := Ĝ τvacKdV⊗τ
vac
KdV.

Theorem This is the vacuum solution of the

(extended) Toda hierarchy

LToda
m τvacToda = 0, m ≥ −1.

Difference Lax operator

L = Λ + v+ euΛ−1, Λ = eε∂x

ε
∂L

∂tk
=

1

(k+ 1)!

[
(Lk+1)+, L

]
ε
∂L

∂sk
=

2

k!

[(
Lk(logL− ck)

)
+
, L
]

ck = 1 +
1

2
+ . . .+

1

k
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Recall Corollary 1

log τvacToda(t0, t1, . . . ; s0, s1 − 1, . . . ; ε)

=
∑
g≥0

ε2g−2Fg(t, s)

is the generating function of the GW invari-
ants and their descendents of P1

Fg =
∑
m

1

m!

∑
tα1,p1 . . . tαm,pm〈τp1(φα1) . . . τpm(φαm

)〉g,β

α = 1, 2, p = 0, 2, . . . t1,p = sp, t2,p = tp

φ1 = 1 ∈ H0(P1), φ2 ∈ H2(P1),

∫
φ2 = 1

〈τp1(φα1) . . . τpm(φαm
)〉g,β

=

∫
[M̄g,m(P1,β)]

virt
ev∗1φα1 ∧ ψ

p1

1 ∧ . . . ∧ ev∗mφαm
∧ ψpmm
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Corollary 2

log τvacToda(t0, t1−1, t2, . . . ; s0, s1, s2, . . . ; ε)|s0=x,sp=0

=
x2

2ε2

(
logx−

3

2

)
−

1

12
logx+

∑
g≥2

(
ε

x

)2g−2 B2g

2g(2g − 2)

+generating function of numbers of ribbon graphs

the Hermitean matrix integral

ZN(λ; ε) =
1

N ! Vol(UN)

∫
N×N

e−
1
εTr V (A) dA |N=x/ε

(the topological solution for the (extended)

nonlinear Schrödinger hierarchy)
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Conclusion

General scheme (B.D., Youjin Zhang)

“Classical” setting of Riemann-Hilbert (RH):

RH problems G → Frobenius manifolds

After quantization

quantized RH problems Ĝ → integrable hierarchies

ĜτKdV ⊗ . . .⊗ τKdV = τnew hierarchy

The topological tau-function

τ top
new hierarchy = τnew hierarchy|t1,1 7→t1,1−1

reproduces all universal properties of the par-
tition function of a 2D TFT ↔ identities in
the cohomology ring H∗(M̄g,m) (?)
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Some open questions

• Lax representation and infinite-dimensional

Lie algebras

• Generalized W -symmetries

• Compare universal identities for integrable

hierarchies of the topological type with the

universal identities for GW invariants

• Direct construction of the integrable hi-

erarchy associated with GW of X via

Db(Coh(X))?

• Two deformations of the dispersionless in-

tegrable hierarchy:

GW → ε-expansion,

symplectic field theory → quantization.

Any relation?
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