Lecture 3.
Quantum canonical transformations
and Riemann - Hilbert problem

Goal: construction of new integrable hier-
archies (= tau-structures of the topological

type)

. to consider tau-function 7(t) as
a vector in the Fock space.

—~

q; = e‘lti = creation operators,

—~

0 o
p; = e— = annihilation operators
i
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Then apply a quantum canonical transforma-
tion

5 0 . A-1- 0 j
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Qz:_z =G 1ZG:ZCZ]€—+D’L]J
€ 8tj
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to obtain tau-function of the new hierarchy

Thew hierarchy(T) — @Told hierarchy(t)



(M,w) a symplectic manifold

G:M—-M

is @ canonical transformation if

Gr*w = w

. time-one shift along trajectories of
a Hamiltonian vector field

G=¢e~, Liegw=0.

linear Hamiltonian vector
fields

X=AX
Quadratic Hamiltonian

1 .
H = Zw(X,X)



Quantization: M linear space + polarization,
M = M_|_ e M_

M_ ~ coordinates, M4 ~ momenta

w=7 da, Ndpy, {pi>q;} = 3
k

Fock space FM_ = polynomials in q1, ¢go, ...

Operators
qk, ﬁk FM_ — FM_

T ~ O
g = multiplication by qg, pr = o
df;

[Di> @] = 0i;



Quantum canonical transformations

G:FM_ — FM_

Quadratic Hamiltonian

1 1
H = Z 5%ij%i%; T bijaip; + Scijpip;
ij

0 0
G = ex H,—— H,—
p{ qap paq}

yields

~

G =el!

_ 1 o 1 02
H = —a;:q;q; + bjiqgi— + =c;;
%:2 W *J Zaqj 2 Zj@qi('?qj
(projective representation) = automorphism
of the Heisenberg algebra

D .— —H= H ~ ~
P, =e "pie’ = ZAijpj + Bijq;

. _B. H _ A
Qi :=e " qe' =) Ciypj + Dy;q;

[P;, Q] = 6;;
(bosonic Bogoliubov transformations)



: action of a certain class of quantum
canonical transformations on the space of in-
tegrable hierarchies of the topological type



Givental symplectic space and symplectic
loop group

Start with V(| )
e n-dimensional space V equipped with

e ( , ) symmetric nondegenerate bilinear form

Symplectic space (H,w): V-valued functions
on the circle |z] =1

H.={z— f(z) eV}

1
w(f,g) = Q—Mjll{2|:1<f(—z),g(z)> dz.
Polarization
H=Hy ®H-

Hy = { f(2) analytic for |z| < 1}

H_ = { f(z) analytic for |z| > 1}
Canonical coordinates from Fourier expan-
sion

f(2)=...—ps2+piz—pp+ 24+ 4
y4 <
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Fock space: functionals on the space of V-
valued functions g(z) analytic for |z| > 1 and
qg(0) =0

FH_ = polynomials of qg, g1, ...

Symplectic loop group

f(z) = G(2) f(2), []=1

G(z) e AutV, G*(—-2)G(z2) =1.

. quantization?



Linear Hamiltonian vector fields on H
f(z) = g(2) f(2)

g(z) e EndV, |z| =1, g (—2)+g(z)=0

The Hamiltonian

Hy= 4o f [ UC2.0() () ds
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n=1, g(z) = —=z
1) = LDt 3

1

H_Z:Eresz_ K szz —I—Z( 1)it1 Zq—lz—].

X (=2) (Z( 1)]+1PJZ]+Z J+1)
1

= qu + > ¢+1p;
1>0

Linear canonical transformation G: time-one
shift along trajectories of

f(z) = —z f(2)

1 2 0
O — 2902 i%it+1ag
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Modify notations:

q; — t;
1, o
Loi=5t6+ > tit15-
2 i>0 8tz-

first of the Virasoro symmetries of the KdV.

Recall: for the Korteweg-de Vries eq. (KdV)
(to ==, t1 =1)
1

Ut = UUg + —Ugxx
12

L_q1 is the infinitesimal generator of the
Galilean transformations

r—x+ vt
t— 1

ur— u—+ v

acting on the tau-function

u=a§|ogT
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if G :H— H is the time-one shift along

f(z) = g(2) f(2)
9 (=2) +9(2) =0

G: f(z) — G(2) f(2)
G(z) = eg(z), z| =1

then we put

1

Hy=— ${f(=2),9(2) f(2))d

47

<
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. given
G(z) € AutV, |z|=1, G*(—2)G(z)=1

assume that
Case 1

G(z) is analytic and invertible for |z| < 1. Let

G(z) =14 G124+ Grz° + ...

Define

g9(z) 1= 109 G(z)

by the series for log near z =0

Put
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Explicitly:

GW[q] = G%Qc;(CLQ)\U [<G_1(Z)Q(Z))_]

q = ¢q(z) is a V-valued function analytic for
2| > 1,

Q¢ a quadratic form

dz dw
z+ w

1
(2m1)2

Qc =

f jq{ (G (2)q(2), G (w)a(w))—(a(=), a(w))]
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Case 2

G(z) is analytic and invertible for |z| > 1. Let

Gy G
G(z) =14 "+ 2+...
< <
Define

g(z) ;== 1og G(z)

by the expansion of log near z = co Put

Explicitly:

Gwial = (296w ) (61 (2)a(2)]

Qe =

(2mi)?

15
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Riemann - Hilbert problem and quantiza-
tion

General case: Riemann - Hilbert factorization

G(z) = Gy ' (2)Goo(2)

Go(z) analytic and nondegenerate for |z] < 1
Go(z) analytic and nondegenerate for |z| > 1

If G(z) satisfies G*(—z)G(z) = 1 and
Go(z), Goo(2) are normalized by

then

GH(—2)Go(2) =1,  Gio(~2)Goo(z) = 1.
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So, if G(z) satisfies G*(—z)G(z) = 1 and ad-
mits Riemann - Hilbert factorization ( ~ triv-
iality of a vector bundle over Pl) then we put

G = 60710

. for cocycles with values in AutV

17



. on a semisimple Frobenius manifold
two bases of horizontal sections of V ~ so-

lutions to
dyY
U+) Y
dz ( T

e near z = 0 (polynomial growth)
e near z = oo (exponential growth)

The transition operator (monodromy data
(n, R, S, C))

(G : basisat z=0 — basis at z =

does not depend on x € M (isomonodromic-
ity).
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Here

u, R:V =V
M*:_N: R*:_e—wi,uRewi,u

p semisimple, p = diag (u1,. .., un),
R nilpotent,

R = Ro+R1+..., (Rk)aﬁ = 0 only if Ha—pg = k
S:C"—=C", S;=1, S,L'j:OfOFi>j
C:V—=C", C*SC =¢lthe™i R

(S,C) modulo Brp-action.

QH*(X), dimg X =d (X =P 1)

e = %deg cba—g, bo € H'(X), d=dimX, R=ci(X)
Sii = Y (—1)Frk Bxth (E;, E;)
k
E; =0 —1) € D’(Coh(X)), i=1,...,n
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(n, R, S,C") uniquely determines the semisim-
ple Frobenius manifold M.

n=1, u= R =0,
S=C=1 = KdV

Any n, u = R =0,

S = C = identity = direct sum of n copies
of KdV

20



Frobenius manifold F = 2v2u+ e

1 e U+ 0]
~ (1 +O(;)) < 0 eZ U- ) p = (

=N
N~

oRr

u
Here w4 = v £ 2e2
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Fix a point u = (u1,...,un), u; Z uj, 1 Zj

Define matrix G(z) = GR/L(z)

Gp(z) = Mt 1e 7Y, ze{|lz| =1} NnMg
Gr(z) = 2*2Cc71s71e 2V, e {|z|=1} Ny

U = diag (ui,...,un)

Acts on sections fR/L(Z) of a vector bundle
on the circle

fi(2) = e*YSe?Y fr(2), =z € positive part of NN

fr(2) = e*VSTe #Y fr(2), =z € negative part of Mr NNy
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Put

-~ —~

1=
G =®5 Pg/p,

How to quantize functions ®p,; with expo-
nential behaviour at infinity?

1
Spi=Vg/p(ziw) eV, Wp(ziu) ~ 140 <;>

The prescription

CT)R/L .= TI(U) \TJR/Le'ZU

in order to preserve isomonodromicity!
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Recall: KdV hierarchy

Ut, = Ug
62
Ut, — U Uy < Ugxxx
t + 15
Ly (Quttns - wttass) +
U, — —U U — UrU uu u
to 2 x 12 xUWxx TxT 240

Vacuum tau-function (Di Francesco, Itzykson)

u = 62(9:% log T

vac __
L_17cqv = 0

1 1 t3 tdto
Fvac ex ~|1__"0 "0 O t5
Kdv = yyiea P {62 [ 611 2413 +0()

tota  tats . tats 3
+ [ - + + O(%3)
2412 48t3 241t
e ta n 29totz Tt
1152¢3  5760t% 14403

+0(eM}
Recall that

+ O(to)]

(t07 tla t27 cey 62) — Tl'\é?j(i/(t07 tl_la t27 ooy 62)
is the Kontsevich - Witten tau-function
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(B.D., Y.Zhang) Given mon-
odromy data (u, R,S,C) introduce quantum
canonical transformation G as above

G — T](u) CTDal\TfR/LGZU

Then
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vac ~ _vac vac
Thew = G TKgy @ -+« ® Tgy

is the vacuum tau-function of the new in-
tegrable hierarchy of the topological type of
systems of n PDEs of the form

— A; (U)ug: + € (BZ (U)ux:cx + CZ (u)u] §$

+— D]kl(u)ugju];ulx) +0(?), i=1,....,n

associated with (u, R,S,C). The new tau-
function admits an expansion

log Tr\{g\%, = 6_2.7:0—|- Z 629_2.7-_9(u; Uz, . . . ,u(3g_2)).
g=>1

This gives the quasitriviality transformation
for the new hierarchy.
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QH*(P1)
_( —1/2 0 (00
_< 0 1/2)’ R‘(z o)

1 2 1 1
Canonical coordinates

U
uLr =v=x2e2

The Riemann - Hilbert problem can be solved
explicitly using Bessel functions. E.g.,

o ( 2ze”T: [K1(¢) — (log z + )11 (¢)] e T:I1(¢) >
0 — )
— 2212 [Ko(¢) + (logz + ) 1o(¢)] e Io(¢)

27



Consider the quantum canonical transforma-
tion

G =V2e5d5 1D
(does not depend on u, v). Define

. . . oy __VvacC vacC
(t07t17 -+, 80,51, - .,6) . — GTKd\/@TKdV

This is the vacuum solution of the
(extended) Toda hierarchy

Loda =0, m>—1.

Difference Lax operator

L=AN+v+e'A"L, A=¢e?

oL 1

€c— —
otr  (k+ 1)!
oL 27, .

1 1

[(Lk+l)+7 L]
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Recall Corollary 1

log (to,t1,...;80,81 — 1,...;¢€)
— Z 629_2fg(t75)
920

iIs the generating function of the GW invari-
ants and their descendents of P!

1
Fg = Z ﬁ Z tayp, - - - tam,pm<7'p1(¢a1) T Tpm(gbo‘m»g’ﬁ

a=1,2 p=0,2,... t1,=sp, top=tp

p1=1¢€ H(PY), ¢ H?(PL), /¢2 =1
(o (D) - - T, (Da,)) g,

N /[M @V evida, AP A A evy o, AYhy
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Corollary 2

log (t07 t1—1,%2,...,50,81,52,---; €)|So=a},8p20
2 2g—2
x 3 9— B>
log x — —> ———logx ( ) J
22 ( J 2 J _I_Z 2g(2g — 2)

+generating function of numbers of ribbon graphs

the Hermitean matrix integral

1 —1iTrv(4)
Zn(Nie) = € dA
Nxe) = Vol(Un) JNxn © N

(the topological solution for the (extended)
nonlinear Schrodinger hierarchy)

=x/€
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Conclusion

(B.D., Youjin Zhang)

“Classical” setting of Riemann-Hilbert (RH):

RH problems G — Frobenius manifolds

After quantization

quantized RH problems G — integrable hierarchies

GTdv @ - - - @ TKdV = Tnew hierarchy

The topological tau-function

top _
Thew hierarchy — Tnew hierarchyl¢1,1 41,11

reproduces all universal properties of the par-
tition function of a 2D TFT <« identities in
the cohomology ring H*(Mg.m) (7)
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e Lax representation and infinite-dimensional
Lie algebras

e Generalized W-symmetries

e Compare universal identities for integrable
hierarchies of the topological type with the
universal identities for GW invariants

e Direct construction of the integrable hi-
erarchy associated with GW of X via
Db(Coh(X))7?

e T wo deformations of the dispersionless in-
tegrable hierarchy:

GW — e-expansion,

symplectic field theory — quantization.

Any relation?

32



