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Set-up

I V - a complex vector space, dimC V = n

I A ⊆ V ⊗ V - a linear subspace, dimC A = d

Def. A has constant rank r if all its non-zero elements have rank r .

Fix bases and look at A as a n × n matrix of linear forms in d
variables. We get a vector bundle map

V ∗ ⊗OPA
A // V ⊗OPA(1)
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Bounds

Question: what is the maximal dimension l(r , n) that A can attain?

Computing invariants of the vector bundles we obtain bounds.
For 2 ≤ r ≤ n:

n − r + 1 ≤ l(r , n) ≤ 2n − 2r + 1.

[Westwick ’87]

Moreover, for a given d = dimC A, only some values of the rank r
are allowed.

Rem. Far from being sharp! The problem of finding effective
bounds is wide open...
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Symmetric and skew-symmetric matrices

...so we restrict ourselves to:

A ⊆ ∧2V , S2V

The skew-symmetry (or the symmetry) of the matrix yields a
symmetry of the exact sequence:
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// V ∗ ⊗OPA

A // V ⊗OPA(1) // NA
// 0
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Invariants computation  c1(K ∗) = r
2 is determined by the rank r .

Note: r is even!
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Skew-symmetric case of co-rank 2

I [Ilic-Landsberg ’99] symmetric case

We focus on the skew-symmetric case A ⊂ ∧2V and r = n − 2.

The kernel KA is a vector bundle of rank 2, and the bounds on the
maximal dimension of A become

3 ≤ l(r , r + 2) ≤ 5.

Low dimensional cases have been solved:

I [Manivel-Mezzetti, ’05] r = 4

I [Fania-Mezzetti, ’11] r = 6

In both cases l(4, 6) = l(6, 8) = 3.
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The cases d = 3 and d = 5

I Many examples known on P2.

In this case we can take quotients of bundles of higher rank.

Classification? WIP with Emilia Mezzetti.

I No examples are known on P4.

Easy to prove: if the matrix exists on Pn, n ≥ 3, then both
Chern classes of K ∗ are determined by the choice of r and the
bundle is not even “numerically split”.

Conjecture: they don’t exist! WIP with Jarek Buczynski and
Grzegorz Kapustka.



The cases d = 3 and d = 5

I Many examples known on P2.

In this case we can take quotients of bundles of higher rank.

Classification? WIP with Emilia Mezzetti.

I No examples are known on P4.

Easy to prove: if the matrix exists on Pn, n ≥ 3, then both
Chern classes of K ∗ are determined by the choice of r and the
bundle is not even “numerically split”.

Conjecture: they don’t exist! WIP with Jarek Buczynski and
Grzegorz Kapustka.



The cases d = 3 and d = 5

I Many examples known on P2.

In this case we can take quotients of bundles of higher rank.

Classification? WIP with Emilia Mezzetti.

I No examples are known on P4.

Easy to prove: if the matrix exists on Pn, n ≥ 3, then both
Chern classes of K ∗ are determined by the choice of r and the
bundle is not even “numerically split”.

Conjecture: they don’t exist! WIP with Jarek Buczynski and
Grzegorz Kapustka.



The cases d = 3 and d = 5

I Many examples known on P2.

In this case we can take quotients of bundles of higher rank.

Classification? WIP with Emilia Mezzetti.

I No examples are known on P4.

Easy to prove: if the matrix exists on Pn, n ≥ 3, then both
Chern classes of K ∗ are determined by the choice of r and the
bundle is not even “numerically split”.

Conjecture: they don’t exist! WIP with Jarek Buczynski and
Grzegorz Kapustka.



The case d = 4: Westwick’s mysterious example

“The matrix

W =

0BBBBBBBBBBBBBB@

0 0 0 0 0 0 0 a b 0
0 0 0 0 0 0 a b 0 c
0 0 0 0 0 −a b 0 c d
0 0 0 0 a b 0 c d 0
0 0 0 −a 0 0 c −d 0 0
0 0 a −b 0 0 d 0 0 0
0 −a −b 0 −c −d 0 0 0 0
−a −b 0 −c d 0 0 0 0 0
−b 0 −c −d 0 0 0 0 0 0
0 −c −d 0 0 0 0 0 0 0

1CCCCCCCCCCCCCCA
is skew symmetric, has zero determinant and is of rank ≥ 8 when
any of a, b, c or d is nonzero. It therefore represents a
4-dimensional space.” [Westwick ’96]

Where did he get it from???
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Westwick instanton

0 // E (−2) // O10
P3

W // OP3(1)10 // E (3) // 0,

with E := Knorm = K (2), so that (c1(E ), c2(E )) = (0, 2).

E (2) is gg; taking a section we get info on E . In particular:

I H0(E ) = 0, so E is stable.

I H1(E (−2)) = 0, so E is an instanton bundle of charge 2.

Literature [Hartshorne ’78, Newstead ’81, Costa-Ottaviani ’02] on moduli
space MP3(2; 0, 2)  the “Westwick instanton” is in the most
special orbit under natural action of SL(4).

This is all very nice. But where is the matrix???
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Where is the matrix?

Take again the sequence, twisted by OP3(−2)

0 // E (−4) // OP3(−2)10
W (−2) // OP3(−1)10 // E (1) // 0



Where is the matrix?

Take again the sequence, twisted by OP3(−2), split it into 2 ses:

0 // E (−4) // OP3(−2)10
W (−2) //

((QQQQQ
O10

P3 (−1) // E (1) // 0

F
((QQQQQQQ

77oooo

0

55kkkkkkkk
0

and compute cohomology.

We get an isomorphism

H0(E (1)) ' H2(E (−4)),

and all other cohomology groups vanish.
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Here it is!

Our sequence ↔ a distinguished element β ∈ Ext2(E (1),E (−4))
that induces an iso H0(E (1)) ' H2(E (−4)).

Via the iso Ext2(E (1),E (−4)) ' HomDb(P3)(E (1),E (−4)[2]) we

look at β as a morphism in Db(P3).

Decompose C := Cone(β) w.r.t the standard exceptional collection
(Beilinson!). The non-degeneracy condition forces the 2-term
complex to have the form:

C : O10
P3 (−2)

∂−→ OP3(−1)10

and E (−4) as its kernel.

So ∂ = W (−2): we found the matrix!
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Necessary cohomological conditions

We can play this game for any (admissible) value of r .

We have a distinguished element β ∈ Ext2(E ( r
4 − 1),E (− r

4 − 2))

For all integers t, p, the composition of the boundary maps in
cohomology gives maps (cup product!):

µp
t : Hp

(
E

( r

4
− 1

))
→ Hp+2

(
E

(
− r

4
− 2

))
.

The distinguished element β induces “some” non-degeneracy
conditions on µp

0 and µp
1 .

These conditions are thus necessary...
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The cohomological conditions are sufficient

...and they are also sufficient!

Theorem A. [B-Faenzi-Mezzetti]
Let r be a fixed integer of the form 12s or 12s − 4, s ∈ N.
Let E be a rank 2 vector bundle on P3, with c1(E ) = 0 and

c2(E ) = r(r+4)
48 .

There exists a matrix A of linear forms, having size r + 2, constant
rank r , and E (− r

4 − 2) as its kernel, if and only if there exists
β ∈ Ext2(E ( r

4 − 1),E (− r
4 − 2)) that induces “some”

non-degeneracy conditions.

Moreover the matrix is necessarily skew-symmetrizable.

Problem: the conditions are hard to check!
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Simplifying the conditions

Theorem B. [B-Faenzi-Mezzetti]

I Let E be as in Theorem A. If E has natural cohomology,
“some” non-degeneracy conditions means only “two”
conditions.

I If E is a general k-instanton, with k = r(r+4)
48 , then the “two”

conditions reduce to a single condition:

H0
(
E

( r

4
− 1

))
' H2

(
E

(
− r

4
− 2

))
.

Idea: study structure of graded module H2
∗(E ) = ⊕t∈Z H2(E (t))

Problem: the condition is hard to check!
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Instantons of charge 2 and 4

Theorem C. [B-Faenzi-Mezzetti]

I Any 2-instanton on P3 induces a skew-symmetric matrix of
linear forms in 4 variables having size 10 and constant rank 8.

I General 4-instantons on P3 induce a skew-symmetric matrix of
linear forms in 4 variables having size 14 and constant rank 12.

NTS: ∃ an elt β ∈ Ext2(E ( r
4 − 1),E (− r

4 − 2)) inducing the
non-degeneracy condition H0(E ( r

4 − 1)) ' H2(E (− r
4 − 2)).
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NTS: ∃ an elt β ∈ Ext2(E (a),E (b)) inducing the
non-degeneracy condition H0(E (a)) ' H2(E (b)).

Idea: prove that there is a surjection

Ext2(E (a),E (b))� H0(E (a))∗ ⊗ H2(E (b)),

using the min free resolution of the instanton E .
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New examples and explicit computations

All in all, we obtain:

I a continuous family of examples of 10× 10 matrices of rank 8,
all non-equivalent to Westwick’s one;

I a continuous family of new examples of 14× 14 matrices of
rank 12.

I A Macaulay2 algorithm capable of constructing infinitely
many explicit examples of 14× 14 skew-symmetric matrices of
constant rank 12 in 4 variables from 4-instantons.

Algorithm for 10× 10 matrices? WIP/future project with D.
Faenzi, E. Mezzetti and P. Lella.
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Thank you :)


