
Advanced DFT



- Adiabatic Connection Formalism
- Exact Exchange

- Fluctuation-Dissipation for Correlation (vdW aware)

   - RPA, RPAx, …   

  - Sharp-Horton, Talman-Shadwick,Sham-Shlueter, KLI

- ISI Interaction Strength Interpolation
- SCE Strictly Correlated Electrons
  - Kolmogorov optimal transport dual formulation

- General Variational Formulation

- LIISA Locally Interpolated Interaction Strength Approx

- Lieb-Oxford Bound
- Virial Theorem and Scaling Relations
- Unambiguous Energy Densities

- Homogeneous Electron Gas: HF, RPA, Wigner Crystal



- Adiabatic Connection Formalism
- Exact Exchange

- Fluctuation-Dissipation for Correlation (vdW aware)

   - RPA, RPAx, …   

  - Sharp-Horton, Talman-Shadwick,Sham-Shlueter, KLI

- ISI Interaction Strength Interpolation
- SCE Strictly Correlated Electrons
  - Kolmogorov optimal transport dual formulation

- General Variational Formulation

- LIISA Locally Interpolated Interaction Strength Approx

- Lieb-Oxford Bound
- Virial Theorem and Scaling Relations
- Unambiguous Energy Densities

- Homogeneous Electron Gas: HF, RPA, Wigner Crystal



Pierre C Walter

Hohenberg - Kohn  Theorem



Hohenberg and Kohn Theorem

The GS density can be uses as basic variable to describe 
the status of a quantum many-body system.

All properties of the system are therefore functionals of 
the GS density.
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Still there are innoncent-looking densities that are NOT 
pure-state or ensemble V-representable.

is not well grounded



The original HK theorem is obtained for densities that 
are GS densities of some potential V ... 
These densities are named V-representable

It can be shown that very reasonable densities are not 
V-representable...

Levy's constrained search formulation of DFT
                         M Levy PNAS 76, 6062 (1979); M Levy, PRA 26, 1200 (1982)
                       EH Lieb Int.J.Q.Chem 24, 243 (1983)
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In 1 dimension let's set 

For an extension to 3D see for instance 

N-representable densities

The inf exists if the set of                    is not empty

G Zumbach and K Maschke, Phys Rev A 28, 544 (1983); 29, 1585 (1984)
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The original HK theorem is obtained for densities that 
are GS densities of some potential V ... 
These densities are named V-representable

It can be shown that very reasonable densities are not 
V-representable...

Levy's constrained search formulation of DFT
                         M Levy PNAS 76, 6062 (1979); M Levy, PRA 26, 1200 (1982)
                       EH Lieb Int.J.Q.Chem 24, 243 (1983)

The extension                                                                     

 is defined for all N-representable densities 

Then what ?

Is a convex set, actually an Hilbert space

 and                              is a convex functional !



Hohenberg and Kohn Theorem and Legendre transform

Consider the structural stability problem: 

Volume V and pressure P are equally legitimate variables to 
describe the status of the system, each with its own 
thermodynamic potential, linked by a Legendre transform

An analogy with a well known case...
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In QM potential V(r) determines the GS density n(r)

Performing the Legendre transform

The GS density n(r) determines the potential V(r)

Hohenberg and Kohn Theorem and Legendre transform



Fractional Particle Number

 with         a mixed particle number Density Matrix   

It is well defined if                 is convex w.r.t. particle number 

For Coulomb systems it is believed to be the case



Fractional Particle Number



Fractional Particle Number

molecules dissociate in 
neutral fragments

if

In general the fragments
have integer charges 
for the exact functional



Finite Temperature DFT
ND Mermin Phys Rev 137, A1441 (1965)

The DFT functional is therefore

and the variational principle becomes

It may be convenient to think of the               limit



HK Theorem: take home messages

- for fixed integer number of particles and fixed interaction 
it is possible to define a universal functional of the density 
for all N-representable densities and this functional F[n] is 
the Legendre transform of the functional E[V].

- the definition can be extended to non integer number of 
electrons and/or to finite temperature.
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     Kohn  -   Sham equations

Lu JWalter
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It is useful to introduce a ficticious system 
             of non-interacting electrons

HK:

This defines Exc 
 

KS:

The energy becomes



Kohn-Sham equations

- interacting system

- non-interacting system



Self-consistent equations [Kohn-Sham, 1965]

It is as simple as a Mean-field approach but it is exact !

is not known exactly → approximations



Formal expression for Exc[n]
via coupling-constant integration

 

 

non-interacting electrons

interacting electrons



 

 

thanks to Hellmann-Feynman theorem ….

pair correlation function for interaction 



 

 Exc

Exchange-correlation hole



(if need be think of it as the               limit)

 with 

 is variational w.r.t. isodensity perturbations

clearly

 but also

and



Exc



EH[n]

Ex [n]{
----------------

Ec[n]



THE END


