Advanced correlation functionals in density

functional theory

Stefano de Gironcoli

SISSA

January 18, 2018



DFT introduction

vdW-aware functionals

ACFDT

RPA and RPA self consistent potential
beyond RPA, RPAx and its modifications

Stefano de Gironcoli Advanced correlation functionals in density functional theory



Introduction

Some Remarks on DFT Calculations

@ DFT is a formally exact theory for the MB problem

E = min, {Ts[n] + / Vexe(r)n(r) + 622 / W + Exc[n]}

Stefano de Gironcoli Advanced correlation functionals in density functional theory



Introduction

Some Remarks on DFT Calculations

@ DFT is a formally exact theory for the MB problem

E = min, {Ts[n] + / Vexe(r)n(r) + 622 / alr)nlr) | Exc[n]}

r=r'|

@ approximations for the exchange-correlation energy are
required for practical applications
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Introduction

Some Remarks on DFT Calculations

@ DFT is a formally exact theory for the MB problem

£ = miny { Tl + [ Vet + 5 [ 7O 6o}

@ approximations for the exchange-correlation energy are
required for practical applications

Local or Semi-Local LDA, GGA functionals

E = /dr eLDATn(0)] n(r)

E)f,’:.GA /dr schA [n(r), Vn(r)] n(r)

o LDA, GGAs succesfully predict properties of a wide class of
electronic systems
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Introduction

Some Remarks on DFT Calculations

Local or Semi-Local LDA, GGA functionals
B = / dr eEPA[n(r)] n(r)

ESGA — / dr £S5A [n(r), Vn()] n(r)

o LDA, GGAs succesfully predict properties of a wide class of
electronic systems but fail qualitatively in a number of
situations such as
weakly vdW bonded compounds,
strongly correlated materials (ex: Hy),
molecular dissociation in charged fragments (ex: LiH),
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van der Waals aware functionals

Truly non local functionals

In the last 10 years, starting from the very general Adiabatic
Connection Fluctuation-Dissipation Theory formulation of DFT
(see later), Langreth and coworkers developped a truly non local
functional form aiming at describing vdW interaction.

M.Dion, H.Rydberg, E.Schroder, D.C.Langreth and B.l.Lundqvist, Phys.Rev.Lett. 92,
246401 (2004).
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van der Waals aware functionals rVV10

An efficient integration

Roman-Rerez Soler interpolation scheme 1
If it's possible to express the complex density dependence
onr, r' via a single q(r) ( and q(r') ) function then ...

B = %f/n(-r)@(q(r),q(r’), lr — ' n(r')drdr’®

(g1, G2.712) = 3 D(qas qa.712) Palq1) Polg2) B

@,

1
B =33 [ [ 0utr)blagunlr — DOt dri’
a,f

= Y Y 0L (G045, 1)) Ou(r) = () Pulg(r)

a3 G

The vdW energy can be expressed as a sum of simple 3d integrals
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van der Waals aware functionals rVV10

Glycine polymorphes

Enthalpy (mRy)
Enthalpy (mRy)

0 2 4 6 8 10 0 2 4 6 8 10

Pressure (GPa) Pressure (GPa)

R.Sabatini, E.Kucukbenli, B.Kolb, T.Thonhauser, and SdG, J. Phys. Cond. Matt. 24,
424209 (2012).

Stefano de Gironcoli Advanced correlation functionals in density functional theory



van der Waals aware functionals rVV10

several Non-local Functionals

Ca

. LDA/GGA 6

wo in E? ELDA/ error
9h dr A .

VdWDF %[kp(wuﬁ)@:?’“] with ;o =0.09131  S_A+PW+RPBE- 18.5%
h An LDA . < ac

VAWDF2 5 [kr(l 4+ ps")35el with 40 =020963  SLA+PW+RPWS6- 60.9 %

VAWDF-09 jmk (14 ps?) with g1 —0.22 SLA+PW+RPBE- 10.4 %
2

w10 %Jr( ’12 Vit b = 00080 SLA+PW+RPWS6+PBC 10.7 %
P m

vdWDF — functional can exploit the Roman-Perez Soler interpolation
Vv10 - functional does not fulfill the needed conditions
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van der Waals aware functionals

VV10 functional

BVVIO(r 1) — 31 ot
’ 2m? gg'(g+ g') k(r) = 3mb (q—) ’

g = wo(r)R: + k(r)

wi B | Vn dmne?
w2 =C =) |— W=
o R RN (mz) n ¢ m
wo(r) o
2(r) = R
z(r) k) +1

3el 1 1
- 2 1.3/27.13/2 "
22 k3/2k/ (et /%Z,>

DYV ) =
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van der Waals aware functionals rVV10

VV10 — rVV10 functional

]

YV py — _ 2 ok
) = o2 a9 k(r) = 3mb (ql) ’

T

5 . 4 .
, Wi R B2 | Vn o dmwne?
wo=\wi+ L, w,=C—])|— wy =
g3 g m? n r m
wolr)
Z(I') = LRZ + 1 1.2 kK
k(r) T 0]
1 5 el
o , S 09
BVVIOG ) = 3e _ ‘1 _ 1 ok : T T 1
H 22 k.d/lkdd/l P 0.0 05 1.0 1.5 20
a0 R (Angstrom)
4 15
CEEX
i g:s) > Max k/k' —— Min k/k'
2 O B
0 20 40 60 80 100
Rho %

Stefano de Gironcoli Advanced correlation functionals in density functional theory



van der Waals aware functionals

rVV10 functional

, 3e 1
SVVIO( oy — _ 2 nd
) = R g+ 9) k(r) = 3mb (q”—r)r

g = wo(r)R: + k(r)

.2
2 _ dmne

1413

k/k'
" il |H|||I|I||||I|||||
VVi0,. 3e
D rr) = ———F 557 T T T T 1
(r:7") 2?2 k3/2kr3/2 0 o 10 5 20
R (Angstrom)
+— Max k/k' —S— Min k/k'
T T T T |
20 40 60 80 100
34 1 1 Rho %
PVVIO.,. s o€
P’ (r,7") =

C2m2 R32RPR (qR2 + )¢ R? + 1) (g2 + ¢ R +2)
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van der Waals aware functionals rVV10

VV10 vs rVV10

A@VVIO _ (I)VVIO( CI)TVVl()(

r,r') —

r,r')

01 nn D2

The error in the kernel is small except when the density itself is very small !
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van der Waals aware functionals rVV10

rvVV10 validation = ydwore

rvvio
S22 - hydrogen bonded S22 — Mixed complexes S22 — dispersin dominated
- 7 e—
— e "
Adenine-thymine WC (C1) = Phenol dimer (C1) [} Adenine-thymine (C1) =
1 N ] dole-b (C\;
— ) Indole-benzene w
2-pyridone-2-aminopyridine (C1) [ Indole-benzene (Cs) == i I
. N e
[ — Emmmm Uraci dimer (C2) stacked [
Uracil dimer (C2h) planar famzene dimer (C2v) (t-shaped) = 1 e
i =] 4 — Pyrazine dimer (Cs) %
e e
F ide dimer (C2h =} Benzene-HCN (Cs) = n =
ormarmide dimer ( )_ = i ©IBenzene dimer (C2h) parallel !
E— == -
Formic acid dimer (C2h) mmmmmm  Benzene-NH3 (Cs)i [ Benzene-CH4 (C3) ‘:"
1 ) =] = n
H20 dimer (Cs) (=] Benzene-H20 (Cs) 1 C2H4 dimer (D2d) |]
| b 1 N 5]
NH3 dimer (C2h) L. C2HA-C2HZ (C2v) = CH4 dimer (D3d) !
= i = i
—— M s T T T T
20 40 00 10 12 08 04 00 2.0 1.5 1.0 -0.5 0.0
35
w10 £ EX+cRPA
S0 m w10 m MP2
25 VAW-DFZ = PBE-D3
= PBE+TS-vaW.

o o

Mean Absolute Error (%)
S

«

Hﬂﬁ‘_ Cm HHI‘I‘- H

H-bond Dispersion Mixed Overall

R.Sabatini, T.Gorni, SdG, Phys. Rev. B 87, 041108 (2013).
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van der Waals aware functionals rVV10

rvVV10 applications

Noble gas dimer are classical examples 0 Argon dimer

of dispersion dominated systems where o
the quality of different functionals can g 5
be explored. =
3 -10
]
a & =15 <
T 2 . — Exp.
T 04 b L% == DXX/RPA =+= RevPBE
& oLt — W10 === WI0
25 o —— vdW-DF2 - -~ vdW-DF

T T T T
35 4.0 4.5 5.0 5.5
Distance (A)

Graphite cel parameters (A)

a ©
c vdW-DF 2.48 7.19
vdW-DF2 2.47 7.06
rvvio 2.46 6.72
exp 2.46 6.71

R.Sabatini, T.Gorni, SdG, Phys. Rev. B 87, 041108 (2013).
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van der Waals aware functionals rVV10

Phonons in Graphite

1600

14004 o os.oreaa ovan
1200 -] . : :‘T‘v.:,:, EEI
ﬁ 1000 ~
5 800 -
£
g 600 Stiff intralayer
£ modes
400 —
200 —
0 T T T
G K M G
LDA vdW-DF vdW-DF2 rvv1o
MAE (cm-1) 39.86 24.57 28.29 18.29
MARE (%) 3.21 1.85 2.04 1.36

Comparison of DFPT results at high symmetry points

R.Sabatini, E. Kucukbenli, C.H. Pham, SdG, Phys. Rev. B 93, 235120 (2016).
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van der Waals aware functionals rVV10

Phonons in Graphite

= Vo Lo LDA
g
ke
= 140 4 (o
E 120 e,
g Soft interlayer modes
§ 4o Tos
§D 20 4
0 s T T T
G A G A
LDA vdW-DF vdW-DF2 rvvio
MAE (cm-1) 5.50 13.50 10.00 7.50
MARE (%) 10.51 28.17 22.50 13.63

R.Sabatini, E. Kucukbenli, C.H. Pham, SdG, Phys. Rev. B 93, 235120 (2016).
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van der Waals aware functionals rVV10

vdWDF functionals

@ Calculations with vdW-aware functionals are now possible and
efficient.

@ Implemented in the Quantum ESPRESSO suite of codes

@ including forces, stress, phonons etc.

[
O ESPRESSO
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ACFDT Deriva
RPA and RPA Self-Consistent Potential

ACFDT functionals Beyond Random Phase Approximation

DFT introduction

vdW-aware functionals
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RPA and RPA self consistent potential
beyond RPA, RPAx and its modifications
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

ACFDT Derivation

Full-Interacting Hamiltonian

H=T+W+vee = [VU) n(r)
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

ACFDT Derivation

Full-Interacting Hamiltonian
H=T+W+vee = [VU) n(r)
Non-Interacting (Kohn-Sham) Hamiltonian

Hiks = Ts+vks = |0g2), n(r)
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

ACFDT Derivation

Full-Interacting Hamiltonian
H=T+W+vee = [V) n(r)
Non-Interacting (Kohn-Sham) Hamiltonian
Hks = Ts +vks = |®R2), n(r)

One can introduce fictitious systems with scaled interaction AW which
connect the KS (A = 0) with the fully interacting system (A = 1)

Adiabatic Connection

Hy =T+ AW+,

A=0 __

Vext — VKS
A=1

Vext = Vext

na(r) = (WE2[A(r)|WS®) = n(r)

v
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

ACFDT Derivation

According to Hellmann-Feynman theorem

dE dH v
d; (W, A\\m <wA|W|wA>+/drn()%

Integrating over A between 0 and 1

Evy = Ergt /0 dX (WA | W[Wy) + / dt n(r)[Vew(F) — vis(F)]

With the usual decomposition of energy functional

Evy=T.+ Eyt Et / dr n(r)veu(r)

Ex—o=T; -‘r/dl’ n(r)va(r)

we end up with

1
Ey + Exc :/ d\ <\U>\|W|\U>\>
0
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

ACFDT Derivation

(WA W[Wy) = /drdr - 2)(r,r’)

nD(r,¢') = (67(r)6A(r))x + n(r)n(r )— 3(r —')n(r)

Stefano de Gironcoli Advanced correlation functionals in density functional theory



ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

ACFDT Derivation

(WL WV, = /drdr - 2)(r,r’)
nD(r,¢') = (67(r)6A(r))x + n(r)n(r )— 3(r —')n(r)

using the Fluctuation-Dissipation Theorem
Density Fluctuations = Energy Dissipation i.e. Im[x]

nf\2)(r, r)=— /ODC %X,\(r, v'; iu) + n(r)n(r') — 6(r — ¥')n(r)
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

ACFDT Derivation

(WA W[Wy) = /drdr - 2)(r,r’)
nD(r,¢') = (67(r)6A(r))x + n(r)n(r )— 3(r —')n(r)

using the Fluctuation-Dissipation Theorem
Density Fluctuations = Energy Dissipation i.e. Im[x]

nf\2)(r, r)=— /ODC ﬂx,\(r, v'; iu) + n(r)n(r') — 6(r — ¥')n(r)

™

Exchange-Correlation Energy from ACFDT

1 0
Be= —% | dA/drdr'|rjr/| {/0 dux>\(r,r';iu)+7r6(r—r’)n(r)}

Stefano de Gironcoli Advanced correlation functionals in density functional theory



ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

ACFDT Derivation

1 1 1 ]
Exc = - ! ,; ] —r
27r/0 d)\/drdl’ v {/0 dux(r,v'; iu) + wo(r r)n(r)}

Replacing x with xo the exchange energy is recovered.
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

ACFDT Derivation

1 1 1 ]
Exc = - ! ,; ] —r
27r/0 d)\/drdl’ v {/0 dux(r,v'; iu) + wo(r r)n(r)}

Replacing x with xo the exchange energy is recovered.
The correlation energy can thus be separated

Adiabatic connection formula for correlation energy
I . .
E.= —2/ d)\/ duTr{v¢ [xa(iv) — xo(iuv)]}
T Jo 0

xa(iu) = xo(iu) + xa(iu)[Mve + f(iu)]xo(iu)
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

Adiabatic Connection Fluctuation-Dissipation Theory

An exact definition for the correlation energy :

E. = —% 01 d\ /drdr' 1 {/000 du [xx(iu) — XKS("U)]}

r—r|

where x,(iu) is given by

xa(iv) = xks(iv) + xa(iu) [Ave + fie*(iu)] xks(iuv)
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

Adiabatic Connection Fluctuation-Dissipation Theory

An exact definition for the correlation energy :

E. = —% 01 d\ /drdr' 1 {/000 du [xx(iu) — XKS("U)]}

r—r|

where x,(iu) is given by

xa(iv) = xks(iv) + xa(iu) [Ave + fie*(iu)] xks(iuv)

ADVANTAGES LIMITATIONS
@ a practical way to calculate @ computationally very
xc-energy (almost) exactly demanding
@ theoretical framework for a o f.. needed
systematic development of
functionals
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ACFDT Derivation
RPA and RPA Self-Consistent Potential

ACFDT functionals Beyond Random Phase Approximation

DFT introduction

vdW-aware functionals

ACFDT

RPA and RPA self consistent potential
beyond RPA
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

Random Phase Approximation (RPA)

Random Phase Approximation: £ =0

XRA = x0 + xo[Moc xR
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

Random Phase Approximation (RPA)

Random Phase Approximation: £ =0

RPA

XRA = xo + xo[Moc] XA

@ We can define a generalized eigenvalue problem

Xo(iu) lwa(iu)) = aa(iu)ve |wali))

RPA

a _
XRA = x0 + Axovex¥ = xfPwa) = —— vt
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

Random Phase Approximation (RPA)

Random Phase Approximation: £ =0

RPA

XRA = xo + xo[Moc] XA

@ We can define a generalized eigenvalue problem

Xo(iu) lwa(iu)) = aa(iu)ve |wali))

RPA

a _
XRA = x0 + Axovex¥ = xfPwa) = —— vt

= A-integration is done analytically

1

E. = o ), " du > {aa(iv) +In(1 — aq(iu))}
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

Iterative diagonalization of xq

@ The Kohn-Sham (non-interacting) response function

xo(r,v; iu) = Z(fl _ 6)¢T(r)¢1(r)¢j(l’ )oi(r')

— € — €+ Iu
ij

@ Matrix elements of yq are efficiently computed by
Density Functional Perturbation Theory :
S.Baroni, A.DalCorso, P.Giannozzi, and SdG, Rev.Mod.Phys. 73, 515 (2001)

An(r) = /Xo("a r')AVsce(r)dr = 2Re{ > WAM}

i€occ.

{—;;V2 + Vks(r) —ei — iu} Ai(r) = —AVscr(r)yi(r)
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

Hydrogen dimer dissociation

i I PR S |
0.7 0.72 074 0.76 0.78 0.8 0.82

~ Ay B 1
5 o
= 2 ===
L AT T
m
EXX/RPA@OEP
22 -+ EXX/RPA@PBE | _|
) --- EXX/RPA@LDA
— PBE 1
— LDA
24 4
s | s | s | s | s
1 15 2 25 3

Ay A

Dissociation behaviour correctly described
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

Importance of a self-consistent potential

ERFA has been computed so far as a post-scf correction...

R s e B T B e e e AN
[1
50| Be, |
M\

< M

= L

(] i .

RSN I (L N e S .~

= L Jp—

=) — -

(2 | T e

-] L ot

c

E L

e -50F

L2 r

e L

o

& L

5 L

§-100_—

2.7 o———e ExwmPAGGaA | 008
r . . == EXXRPAGLDA o]
i N o+ EXXRPAGHE Lol
L A—— & EXX/RPA@PBEQ | -0.10 2 25 3 35 4 a5 s
qsolbee v v e P T T
2 25 3 3.5 4 4.5 5
R (A)

H.V. Nguyen, and G. Galli, J.Chem. Phys.132, 044109 (2010)



ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

RPA correlation potential

ve(r) = 5Ec can be calculated via an OEP costruction

5VK5(",) ;o -1 N OEc /
/5va ) < onr) O _/XO ) Vs

requires the knowledge of

daq(iu)
6 Vks(r)

where a, is an eigenvalue of the generalized eigenvalue problem
and is a second order derivative of the KS energy w.r.t. the
eigenpotential w,

aait) = (walit) xo(iv)|ewa(iu)) = 2Re{ ) <w,~|wa|Aw%>}

i€occ.
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ACFDT Derivation
RPA and RPA Self-Consistent Potential

ACFDT functionals Beyond Random Phase Approximation

The derivative of the energy w.r.t the effective potential

Applying the 2N+1 theorem, after some manipulations (iu = 0)
030 = D (DUPIGVisAUF) — (BUFIAGT)(Wi]6 Vs i)

i€occ.
+ ) (wiloVis| APy + c.c.
i€occ.
where
h2
[—2mv2+VKs(l’)—€i] DY) = —walr)()
2
{—;V2—|—VK5(I‘)—E,} APi(r) = —wa(r) Ay (r)

+AYF () (Yilwalti)

@ The cost is affordable: Obtaning 5\;;KESC(") costs only twice E.
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

Beryllium dimer dissociation

=—a EXX/RPA@PBE
-4.18 =—s EXX/RPA@LDA | —
+—+ EXX/RPA@XOEP,

x  EXX/RPA@XOEP,
o+—e EXX/RPA@OEP

z
T 4191 B
&
£
5
E
e
420 -
401 . | . 1 . I . | . I .
2 25 3 35 4 45 5

pene )

The effect of the self-consistent potential is very important
In scf RPA Beryllium dimer is only metastable...
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ACFDT Deriva
RPA and RPA Self-Consistent Potential

ACFDT functionals Beyond Random Phase Approximati

DFT introduction

vdW-aware functionals

ACFDT

RPA and RPA self consistent potential
beyond RPA, RPAx and its modifications
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

Beyond Random Phase Approximation

Random Phase Approximation: £} =0

XA = x0 + xolwex§
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

Beyond Random Phase Approximation

Random Phase Approximation: £} =0

XA = x0 + xolwex§

Avc is not the only term in the kernel linear in A
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

Beyond Random Phase Approximation

Random Phase Approximation: £} =0

XA = x0 + xolwex§

Avc is not the only term in the kernel linear in A

1 A 00 ) ]
B = A~ o [ [ duTr (ve bulin) — xolio)]} =
T Jo 0

= \E, + 0()\?)
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

Beyond Random Phase Approximation

Random Phase Approximation: £} =0

XA = x0 + xolwex§

Avc is not the only term in the kernel linear in A

1 A 00 ) ]
B = A~ o [ [ duTr (ve bulin) — xolio)]} =
T Jo 0
= \E, + 0()\?)
\
§2E)
A XC 2
fo= Srin My + o(A\9)
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ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

Beyond RPA: including exchange kernel

From Exact Exchange : ) = \f,
XA = Xo + xol\ve + My
E) = \E, - / d,u/ duTr vc (1)(iu) — Xo(iu)} } +
77

L SN () _
o7 ), d,u/o duTr {’UC [xu(/u) X} (/u)}}
= \E + EQ + AP,
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ACFDT Derivation
RPA and RPA Self-Consistent Potential

ACFDT functionals Beyond Random Phase Approximation

Beyond RPA: including exchange kernel

From Exact Exchange : ) = \f,

XY = X0 + xolhwe + My
A (1) . .
E; = \E, 277/ d,u/ duTr vc (iu) Xo(/u)}}—k

1 ; du/o duTr {ve [x,.(iv) = x{P(iw)]| | =

= AE, + E(2) +APE

ER ~ o(N?) AQE_ , ~ o(\3)

all other terms in the xc-kernel are higher order.
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Calculating the Trace

E® = ,% 01 d\ /000 duTr {vc [XE\I)(/U) — Xo(iu)]}

N = xo + XV we + M xo
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Calculating the Trace

E® = ,% 01 d\ /000 duTr {vc [XE\I)(/U) — Xo(iu)]}

N = xo + XV we + M xo

consider the generalized eigenvalue problem

Xolve + flxolwa) = —aal=xollwa)  (wall=Xollws) = das

1
XE\1)|Wa> = WXO\%)
T (1) 1
rloe(x3” — xo)] = Z 1- 1-a {walxovexolwa)
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Calculating the Trace

1 oo
E® = _— d)\/ duTr {vc [XE\I)(/'U) - Xo(iu)] }
0 0
A = xo + X8 Prwe + Mo

consider the generalized eigenvalue problem

Xolve + flxolwa) = —aal=xollwa)  (wall=Xollws) = das

1
XE\1)|Wa> = WXO\%)
T (1) 1
r[UC(XA - XO)] = Z 1- 1- )\a <Woc|X0'UCX0|wa>

Performing integration over A

1 {wa|XoveXxolwa)
2 § —+
Eé ) _Z 0 du W {Log[l B aa(IU)] aa(IU)}
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Perturbation Theory (PT) along the adiabatic path

Only xo(ve + fc)xo is needed (and not f;) in the diagonalization

A = xo + A {xolve + Alxo} + o(A?)

dxf\l)
d\
A=0

Hy=T+ MW + v}, = Ho+ A(W — vy — vy) + o(A?)

xo[ve + flxo =

with
Ho = Ts + VKS(I’, t) =Ts+ VKS(r) + VP(rv t)
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Perturbation Theory (PT) along the adiabatic path

H'= = His + vp(r, 1) with  vp(r, £) = AV(r)e”

From standard time dependent PT
An(r; iu) = (So|A(r)]|AGLT + Ad{ )

[His — (Eo % iu)] |AS)) + AV|dg) =0

The generic response function matrix element is
= (APV|y|aC V) = / drde' APV (E)X(r, ¥ i) AV (F)

= /drAﬁV(r)Aan(r; i) = (0o AP V|AYD{T) + Avd{))
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Perturbation Theory (PT) along the adiabatic path

Switching on the AC perturbation: §V = W — vy — vy
5xP = (500|AP V| AT + A*D{T)) 4 (o] A% VISADST 4 sAY D))

[Hics — E)][0%o) + [5V — 6Eo] [90) = 0

[His — (Eo % it)] [SA“DSH)) + [5V — 6] |A* D)) + A V|5d4) =0

dx is the third derivative of the energy = must depend only on
first order correction of the wf (“2n+1" Theorem)

5P = (AP olt \6V|Aa Ny 4 (A% |svar el +
— [(a70fD|a0()) + (a70f| a0 | (@oldV|0o)+

+ (AP £ APOLT) | AV |5Dg) + (50| AP V|A“DST) + Ay
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Matrix element of xof X0

X = 13 (0pAP B T WA 6Ty + (0507 610 W g,a% 8L T))
ab

+ ij (6507 30 W62 0Ty + (9p0° L7 | Wpan% ()
- Z (682 LT IWIA% 0 65) + (AP ¢l 65| W 6,a% (7))
- Zb (650aIWIA7 ST A% 67y + (8P 60D A4 [ Wgpba)
+§<A%F;va — ol A%y — 3P G 1A% 6LT) (851 Vi — vxlda)
+3 (AP vy — oAl — §<A%£“|A%5:)><¢b|vx — uxl$a)
+i<6¢am‘*vm‘*¢§>> + Z<5¢a|aAbﬂV|A“¢£*)>
72 (662187 657) (0618 VIda) — 3662187 657)) (6147 V]65)
+Z<AB¢2*>|A“W5¢3> + Zm%gﬁ)mawwﬁ

=3P 6571562y (@al D% Vids) — S(AT 6L 562) (92l A% V)

ab ab
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Testing on the Homogeneous Electron Gas (HEG)

-0.04-

-0.08—

E.(Ry)

-0.16

-0.21- -
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Testing on the Homogeneous Electron Gas (HEG)

@ RPAx breakes down at low densities (beyond rs = 10)

—r=5
s
r=8
s
— r=10.6
s

[0l (@11)

-X(Q,u=0) (a.u.)

0.1

0.3 0.6 0.9 12

1.5
q/2k,

1.8 2.1 2.4

Stefano de Gironcoli Advanced correlation functionals in density functional theory



ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

modified exchange-correlation kernels

xXa(iu) = xo(iu) + xa(iu) [Mve + f(iu)]xo(iu)

Original kernel
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modified exchange-correlation kernels

xXa(iu) = xo(iu) + xa(iu) [Mve + f(iu)]xo(iu)

Original kernel
foe(it) = M (iu)

Approximate kernel 1 (inspired by work by Engel & Vosko)
fee(iu) = M(iu)[1 + xo(iu) M (iu)]
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modified exchange-correlation kernels

xXa(iu) = xo(iu) + xa(iu) [Mve + f(iu)]xo(iu)

Original kernel
foe(it) = M (iu)

Approximate kernel 1 (inspired by work by Engel & Vosko)
fee(iu) = M(iu)[1 + xo(iu) M (iu)]

Approximate kernel 2 (inspired by work by Furche)
fe(it) = A (iu)[1 + xrea (i) A (iv)] 7
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Testing on the Homogeneous Electron Gas (HEG)

@ modified fx kernels can be found that are well-behaved without
loosing much accuracy.

-0.03-
-0.06 |- -
E -0.09 |- — QMC .
e L/ oo RPA 1
e -0.12 RPAX =
j o—o RPAXEV 1
-0.15H RPAXFU|
018 -
E n 1 n 1 " 1 n | n L n 4
0 5 10 15 20 25 30

12F B
1 — QMC 1

= — RPAx

208 CRPAX 1

=0 — tRPAX

= — RPA

5 .

g

=0
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Testing on small molecules

- — RPA 1
1.6 RPAx ]
r — RPAXEV ]
r RPAXFU 1
3 — PBE 1
= -18F -
S ]
> L B
o0 i ]
E-z; ——
'C—'v - 4
‘5 - 4
= L ]
22k .
i H, |
24k .
L. A T R R N T R
0 1 2 3 4 5 6 7
R(H-H) [A]
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Testing on small molecules

Total Energy (Ry)
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F§
-38.5 i

]
-39:—
-39.5

~<RPA | 7
RPAX [ ]
+~=RPAXEV| -
RPAXFU| -
+— PBE

R(N-N) [A]
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Testing on small molecules: vdW-dimers

—
(=]

\l\\i‘\\\\\\\\\\\\\\l\\l\\ll\lllwll

n

(=]

'
h

T R R R e e e R e EmERE et S

Binding Energy [meV]
S

-15 -—-- PBE
+— RPA
=——= RPAX
-20 — Exp
VV10
25 LDA
-30 | | | | | 1 1
3.5 4 4.5 5 55 6 6.5 7

R(Ar-Ar) [A]
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Testing on small molecules: vdW-dimers

L L B L L BN

Binding Energy [meV]

L
U\
T T T T T T T T T T

|
:

~1

35 4 4.5 5 5.5 6 6.5
R(Kr-Kr) [A]

Stefano de Gironcoli Advanced correlation functionals in density functional theory



ACFDT Derivation
RPA and RPA Self-Consistent Potential
ACFDT functionals Beyond Random Phase Approximation

Testing on small molecules: vdW-dimers

LDA PBE RPA RPAx rVVI0O  Expt.

AI’Q
RQ(A) 3.39 3.99 3.84 3.5 3.75 3.76
Ep(meV) 31.0 6.1 8.3 11.1 13.4 12.4
wo(cm™) 58.3 234 268 30.8 323 31.2
KI’Q
RO(A) 3.67 433 411 4.06 4.01 4.01
Ep(meV) 36.6 6.7 11.7 14.0 17.7 17.4
wo(cm™?) 39.8 154  20.1 22.8 23.8 23.6
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A very difficult case: Beryllium dimer

BNl IR o o N L S B R R AR AR
75F 4
SOf— Bez B

E 250 £

—  0F - :

5 | 1

g ! g

=] :i

M -50F R E

= R < RPA ]

=] F o / +—— tRPAX ]

& -100F | : {RPAx|

ol ! — Exp ]
SEN i .. PBE E
E! ; VV10 ]
S1S0E ; E
SR P S N SRR N S NN

(&Y.
ror

S 3 35 4 45 5 55 6 65 7
R(Be-Be) [A]
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A less difficult case: Magnesium dimer

25f! -

I ]

L Mg, 1

~ | .l b

> 0 - —
o !

Eor :

g3 ! ]

) ]

5 2o | ]

= L 1
m B

0 [ ! ]

o | : ]

5 -50 B ! , N

£ | . tRPAx ]

/M I / —- PBE ]

| / rVV10 ]

150 / — &Xp .

i / ]

ST TR TS NI A I\' P T N T T TR RN N B W

7

35 4 45 5 55 6 65
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Difficult cases: Be and Mg dimers

. - . . "

PBE RPA RPAx tRPAx rVVI10 Expt

B82
RO(A) 246 240 2.49 2.46 244 245
Ep(meV) 3994 251 —13.1 20.0 387.7 1153
wo(cm™1) 336 293 221 231 326 276
Mg, .
Ry(A) 3.51 4.31 4.30 3.56 3.89
Ey(meV) 1371 22.3 30.9 131.1  52.57
wo(cm™) 1015 27.0 31.2 90.2 51.1
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Heteropolar dissociation: LiH

—_
L e

. =——=a RPAX

Binding energy [eV]
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Heteropolar dissociation: LiH

Total energy (Ry)

[ B
08 1.0 12 14
N+donH
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Heteropolar dissociation: LiH

__-01
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2,

= -0.2

O

g

= -0.3
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05k = EXX . i
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Heteropolar dissociation: LiH

KS potential
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ACFDT functionals
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Conclusions

@ ACFDT is a promising framework for a systematic generation of
improved functionals in terms of coupling constant strength.

@ RPA is the simplest approximation, not pathological but not very
accurate (in the HEG for instance)

@ RPAXx includes all linear coupling terms but becomes pathological at
low densities. There are well behaved and accurate modified kernels.

@ vdW interaction correctly accounted for.
@ Dissociation limit is well described for homopolar dimers
@ Weak vdW-covalent bonds in Beryllium dimer is problematic

@ Heteropolar dissociation still not satisfatory
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THANK YOU
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A systematic improvement for E,,

Root for a systematic improvement of E,(;

£M

XC,A

Hierarchy for E,.

2 = \E, +ZE’"+1)

(= AE) — (= £) — EXQ — @ —>Ec(73£—>f(3)-~-

c

(mH / du/ duTr UC "’)(iu)—xﬁbmfl)(iu)]}
X&m) - Xg\m 1) = X)\ [Amfc(m ]X)\
fm_ 1 dm [PER) 1 d” 02E!\
€ " mld\m | 5nén oo mldAim onon
I<m

A=0
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Calculating the Trace

Consider the generalized eigenvalue problem

Xo[ve + filxolwa) = —aa[=xollwa)  (wall=Xo]lws) = das

Multipling on the left by Ay{"xg?

/\X)\ )[UC ]X0|wa> = )\aaX )|wo¢>

1
1
08 = x0)lwa) = Aaaxlwa) = XD lwa) = T xolwa)

T~ xoll = 3 (1 1= ) (alovenalen)

[}

Performing integration over A

EEXX — _%/ du Z W {Log[1 — an(iu)] + aa(iu)}
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Perturbation Theory along Adiabatic Path

dE
(d)f\) :di<w’\|T+)‘W+V>\|w/\>/\ 0_<WO|W+(ddVAA)>\:0|w°>:
0

= (Wo|W|Wo) + [ n (dVA)A o == En+ Ex +/n (dVA)A:O

On the other hand
([ dF\ dV,
<dA>Azo+/"( dA>A:o

dE,
d\ /),
dF)
—= = Ey+ E,
(@), =&
Becouse of the stationarity of the functional E),

Hence

O0F),
57+V/\:0:> %[%]A:O+[%]A:0:O:>

= %[EH"‘ Ex] + [%})\:0 =0= [%])\:0 = TUH T Ux
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