
EXC of DFT



Kieron Burke, “Perspective on density functional theory” JCP 136 (2012) 150901

Exchange-Correlation functionals



Jacob's ladder of Density Functional Theory

® John P. Perdew 



Jacob's ladder of Density Functional Theory



Rev. Mod. Phys.  61, 689 (1989) 



It is useful to introduce a ficticious system 
             of non-interacting electrons

HK:

This defines Exc 
 

KS:

The energy becomes



Self-consistent equations [Kohn-Sham, 1965]

It is as simple as a Mean-field approach but it is exact !

is not known exactly → approximations



 n(r) is a smooth and simple function of r, so...



… F[n] is a very non trivial functional of n(r) !



Simple approximations to Exc are possible
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 Local Density Approximation

The simplest approximation is LDA that exploits 
nearsightedness of the electronic matter
                                                  W. Kohn, PRL 76,3168 (1996) 

Analogous to the Thomas-Fermi approximation for the
Kinetic Energy term but applied to the much smaller
Exchange-Correlation  term

In many cases it works 
very nicely  



 Local Density Approximation

From accurate DMC data
Ceperley-Alder PRL 45, 566 (1980)

The simplest approximation  is LDA that exploits 
nearsightedness of the electronic matter
                                                  W. Kohn, PRL 76,3168 (1996) 



Total Energy expression in DFT



Magnetism needs to be explicitly accounted 



Local Spin Density Approximation (LSDA)

- Electrons have spin +/- ½ bohr magneton

- Spin is treated as a scalar quantity (this is approximate)
- Two spin states often referred to  as “up”    and “down” 

- up-up xc interaction is different from up-down
        depends on  both        and

- Two auxiliary sets of eqs for the two spin components       
    

         In magnetic systems 



Kohn-Sham,  Phys Rev 140, A1133 (1965)



Gunnarsson-Lundqvist,  Phys Rev B 13, 4274 (1974)



LDA/LSDA describes well a variety of materials and 
materials properties (amenable to an el. GS description) 

- energetics, phase stability, defects thermodynamics

- equilibrium geometries of complex systems

- response functions to external perturbations
     static dielectric constants
     piezoelectric constants
     elastic constants

- within the adiabatic approximation lattice dymamics 
  is a ground state property
     vibrational properties
     defect diffusion
     thermodynamic properties

A good Ground State theory



Local Spin Density Approximation (LSDA)

P Ballone, C Umrigar, P Delaly, PRB 45, 6293 (1992)

for jellium spheres



Local Spin Density Approximation (LSDA)

P Ballone, C Umrigar, P Delaly, PRB 45, 6293 (1992)

for jellium spheres



First Ionization Energies

Jones & Gunnarsson



 s-p  Transfer Energies



 s-d Transfer Energies



M Lazzeri & SdG, Surf Sci 402-404,715 (1998) 





M.Lazzeri  (SISSA PhD 1999)









W(110) Surface



Surface Phonons : HAS data



Surface Phonons : EELS data

The deep anomaly
present in the HAS
spectra is not detected
by EELS





C. Bungaro
(SISSA PhD 1996)



electronic properties of W (110) surfaces



P. Pavone, SB, SdG, PhysRevB  57,10421 (1998)



P. Pavone, SB, SdG, PhysRevB  57,10421 (1998)

Entropy-driven
Phase Transition



---------------------------------------------------------



















What is down there ?



Main Phases

NiFe (sol)

MgWustite: (MgFe)O   +

Pv:               (MgFe)SiO3

Olivine:       (MgFe)2SiO4

NiFe (lq)

Fe/Mg ~ 10%

130 25 Gpa330



Preliminary Reference Earth Model

Siesmic data allow to map sound velocity profiles inside Earth

Upper Mantle, Lower Mantle, Outer Core (lq), Inner Core





Lower Mantle: Theory vs PREM

Pyrolite:
  80% pv
  20% mw

BB Karki, RM Wentzcovitch, SdG, SB, Science 286, 1705 (1999)



BB Karki, RM Wentzcovitch, SdG, SB, Science 286, 1705 (1999)





First Row Dimers

exp LSD exp LSD exp LSD

H2 1.40 1.45 4.75 4.81 4400 4277

Li2 5.05 5.12 1.06 1.01 351 347

Be2 4.71 4.63 0.11 0.50 294 362

B2 3.04 3.03 3.08 3.93 1051 1082

C2 2.35 2.36 6.31 7.19 1857 1869

N2 2.07 2.08 9.91 11.34 2358 2387

O2 2.28 2.31 5.23 7.54 1580 1563

F2 2.68 2.62 1.66 3.32 892 1075

Req (a.u.) BE (eV) freq(cm-1)
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From L(S)DA

to GEA

The Gradient Expansion Approximation (GEA)

Contrary to big hopes results were worse than LDA !





Formal expression for Exc[n]
via coupling-constant integration

 

 

non-interacting electrons

interacting electrons



 

 

thanks to Hellmann-Feynman theorem ….

pair correlation function for interaction 



 

 Exc

Exchange-correlation hole



 

 

Sum-rule:



 

 

G.Ortiz & P.Ballone
PRB 50, 1391 (1994)

of the homogeneous electron gas

the hole is localized around 
the probing electron



Local Density Approximation

replace the real xc hole with a model hole that
satisfies the sum-rule.





From L(S)DA

to GEA

The Gradient Expansion Approximation (GEA)

GEA xc-hole did not satisfy the sum rule !
=> no error cancellation to be expected 



Generalized Gradient Approximations modify/truncate 
the GEA xc-hole so that the sum-rule is satisfied !



From L(S)DA

to GGA

… not a unique recipe

A lot of work went in proposing and comparing new 
functionals

PW91, PBE, revPBE, RPBE …                    (Perdew,Burke)
BLYP                                                           (Becke)

A few functionals are widely used today

Such that the xc-hole sum-rule is satisfied !





PW91

PBE



 PBE



Gradient Corrected xc Potential





PW91 / PBE / RevPBE /RPBE     

different enhancement factors
in the inhomogeneous limit

It affects chemisorption energies, etc..  



Lieb-Oxford Bound (exact)
     → necessary condition

Local Lieb-Oxford Bound
           sufficient condition

GGA Exchange Energy





Binding energy is too high in LDA; GGA is closer but 
sometimes binds too weakly. Pure Hartree-Fock w/o 
correlation is terrible









Summary (LDA & GGA)











The high-throughput highway to computational materials design
S Curtarolo, GLW Hart, M Buongiorno Nardelli, N Mingo, S Sanvito & O Levy
                                                               Nature Materials 12, 191 (2013) 

SISSA PhD 1993





Miller experiment in atomistic computer simulations
AM Saitta, F Saija, PNAS 111, 13768 (2014)



Miller experiment in atomistic computer simulations
AM Saitta, F Saija, PNAS 111, 13768 (2014)

Formamide reaction network in gas phase and solution via a 
unified theoretical approach: Toward a reconciliation of different 
prebiotic scenarios.
F Pietrucci, AM Saitta, PNAS 112, 15030 (2015)

Synthesis of RNA Nucleotides in Plausible Prebiotic Conditions 
from ab lnitio Computer Simulations
A Perez-Villa, AM Saitta, et al., JPCLett 9, 4981 (2018)

SISSA PhD 1997
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to Meta-GGA

From GGA

Formulation is significantly more complicated and it is not 
widely used.
Still ...



Electron Localization Function

ELF can distinguish metallic (ELF=~0.5) from 
covalent (ELF=~1.0) regions of the electron density

Meta-GGA has the potential to treat in a different way
correlation in electronically different materials.



Problems with LDA / GGA functionals 

 Chemical accuracy (1 kcal/mol) is far. 

   - trends are often accurate for strong bonds (covalent, ionic,metallic)

   - weak bonds/small overlaps are problematic 

 Self interaction cancellation is only approximately 

  verified in LDA and GGA. 

  - molecular dissociation limit, TMO & RE and other atom-in-solid system.

 Van der Waals interactions are not taken into account 
  - occasional agreement with exp. from compensation of errors 



LDA and LSDA

GGA  : PW91, PBE, revPBE, RPBE, BLYP

META-GGA: PKZB, TPSS, 

SIC, DFT+U, hybrids

Van der Waals functionals

… to be continued





THE END
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