Basic Band Structure Concepts




Crystals: periodic boundary conditions, Bravais lattices,
Reciprocal Lattice, Brillouin Zone, Bloch Theorem.

Energy in an infinite solid: PlaneWave expansion,
Ewald sums, BZ sampling.

Band structure of materials: metal, insulators, partial
occupations, ( fictitious ) temperature

All-electrons vs Pseudopotential methods

Cohen-Bergstressen empirical pseudopotential,
Norm-Conserving PP, Ultra-Soft PP, PAW




Infinite Solid with Periodic Boundary Conditions

Real crystals are finite in size and can present many defects
(vacancies, impurities, ...). However many properties of a
solid, the bulk properties, can be studied in the ideal model

of an infinite crystal where an elementary unit (one or more
atoms) is repeated throughout space.

The resulting periodicity greatly simplifies the problem.
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Infinite Solid with Periodic Boundary Conditions

In three dimensions the infinite periodic solid is defined by
three fundamental lattice vectors ai, a2, a3, and by the positions
of the atoms in the unit cell (nat = # of atoms in the unit cell).

The general atom position Rioen iS given by
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NB: atoms at the same position Ts in different unit cells are of
the same atomic kind.




Born-von Karman Periodic Boundary Conditions

It is convenient to view the infinite solid as a three dimensional
thorus containing N = N1 x N2x N3 cells with periodic boundary
conditions. Crystal sums are finite, wfc are normalized.

The limit of large Ni is understood.




Crystal lattice

A regular array of atoms periodically repeated in space

1

The crystal structure is defined by

1) Bravais lattice : regular periodic arrangement of points
in space defined by the primitive translation vectors (cell shape)

R, = nia; + neas + n3as




Crystal lattice

A regular array of atoms periodically repeated in space

1

The vectors R=ni ai + nz az + nz as are the direct lattice vectors;
they define the crystal lattice. Translation by any lattice vector
leaves the crystal unchanged. This is by far the most important
symmetry of the crystal => Bloch Theorem.

Notice that this symmetry only applies to infinite crystals (or crystals
with BvK periodic boundary conditions) which is why they have
been introduced !




Primitive unit cell
Any shape that repeated by lattice vectors covers the space.
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- can be defined by three fundamentale lattice vectors a1, a2, a3

three lenghts (a,b,c) and three angles ( a, 3, )
- contains exactly one lattice point

- 1 the choice of primitive vectors is not unique !!
- volume of the primitive cell is independent on that choice
Q:8_1°(ag><ag)

cell (the region closer to the origin than to any
“stry, other lattice point) is the most symmetric choice




FCC

Wigner-Seitz cell

Figure 4.15

The Wigner-Seitz cell for the body-centered cubic Bravais
lattice (a “‘truncated octahedron™). The surrounding cube is a
conventional body-centered cubic cell with a lattice point at
its center and on each vertex. The hexagonal faces bisect the
lines joining the central point to the points on the vertices
(drawn as solid lines). The square faces bisect the lines joining
the central point to the central points in each of the six neigh-
boring cubic cells (not drawn). The hexagons are regular (see
Problem 4d).

Figure 4.16

Wigner-Seitz cell for the face-centered cubic Bravais
lattice (a “rhombic dodecahedron™). The surrounding
cube is not the conventional cubic cell of Figure 4.12,
but one in which lattice points are at the center of the
cube and at the center of the 12 edges. Each of the 12
(congruent) faces is perpendicular to a line joining the
central point to a point on the center of an edge.

BCC




Crystal lattice

A regular array of atoms periodically repeated in space

The crystal structure is defined by

1) Bravais lattice : regular periodic arrangement of points
in space defined by the primitive translation vectors (cell shape)

R, = nia; + nqas + nsas

2) Basis : position of the atoms in the primitive cell

o RV =[r - ma -
e R =[T2 - ma; -

R,SLS) — T3 T Ni1A71

- Noag + n3as

- N3as

- N3as




Crystal = Bravais Lattice + basis

NaCli

fcc + basis

Graphene
hexagonal + basis




Crystal Symmetry

Il symmetry of the crystal goes beyond translational invariance
=> point group operations !!
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Crystal Symmetry
Il symmetry of the crystal goes beyond translational invariance

=> point group operations !!

The complete group of coordinate transformation of a crystal
(its space group) is smaller than the space group of its lattice
The presence of more than one atom in the unit cell can only
reduce the number of symmetry operations of the lattice.

32 point groups

230 space groups: 73 symmorphic, 157 non-symmorphic

14 Bravais lattices: 7 crystal systems




14 Bravais Lattices grouped in 7 crystal systems

CUBIC

a=b=c
c=p=y=90°

TETRAGONAL

a=bzc

ORTHORHOMBIC

azbhesc
a=p=y=90°

HEXAGONAL TRIGONAL
a=bsc a=b=c
o=p=90° P o= p=y=90°
v =120°
MONOCLINIC 4T of Unit Cell
es nit Ce
a# b * g[]ﬂ P C YIE= Primitive
o=y= I = Body-Centred
B+ 120° ‘ F = Face-Centred

C="Side-Centred

TRICLINIC 3
azbzc P 7 Crystal Classes
o peye90° —» 14 Bravais Lattices
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Primitive vs conventional cell

Conventional cells are often used instead of the primitive cell

primitive cell conventional cell

ey e e

|
|
|
fcc lattice I
|

.
e S —

v

e

a; = g(o, 1,1) a; = a(1,0,0)

1 atom/cell a 4 atoms/cell
as = 5(1,0, 1) as = a(0,1,0)
ag — g(l,l,()) az — CL(0,0, 1)




Reciprocal Lattice

Besides the Bravais lattice it is useful to introduce its dual
the reciprocal lattice

Defined by = RL = {Gl|exp(+iG-R)=1VR € BL}

if R, = nia; + neas + n3as

then G,, =miby +mobs + msbs

with a; -b; = 270, 2T
! J * b1 = ——ao X ag

: ()

_'f 7 ) b 27T
A = w Shi 9 = ——ag X a1

_ A

o N/ N 2T

b3 — —aj X A




Reciprocal Lattice

- points defined as &,,, = m1by

- spacing in the RL is inversely proportional to the spacing in the BLJ
- the primitive cell contains exacly one G point

- the choice of primitive cell is not unique but defined by the choice
made for the direct lattice
(2)°

- the volume of the primitive cellis . —p, . (by x by) =
()




Brillouin Zone o
XBZ is the Wigner-Seitz cell of the

reciprocal lattice

*Obtained by bisecting with perpendicular
planes the vectors connecting nearest
neighbor lattice points Vi
X Shape of BZ reflects symmetry of the
direct lattice i *

7

.’ Reciprocal

“Best” primitive cell ttice cell

XAny point of the first BZ is closer
to a given lattice point than to any
other

*Bragg scattering

Brillouin\zone




BODY CEMNTERED CUBIC

FACE CENTERED CUBK

HEXAGONAL

SIMPLE CUBIC




External potential

Electrons in a crystal are not free but subject to the strong
potential from the periodically arranged nuclei

Crystal structure Band structure

N

The electronic band structure arises in response to the
periodic potential




Kohn-Sham equations in a periodic solid

Periodic solid: atoms in periodically repeated positions

hQ

2m

—V* + Vewt(r) + Vi (r) + Vie(r) | ¢xo(r) = kv i (T)

Veat (1) = Y Vi(lr—(R+7))  Vil(r) = —

is periodic, hence so is p(r) = Vi (r), V(1)




Periodic effective potential

The effective potential represents the effect of the ions on the
electrons and has the same periodicity of the crystal

Vir+R)=V(r)

can be expanded in plane waves COMPATIBLE with the
periodicity of the crystal

Z V(G,)exp(iGy, - 1)




Bloch Theorem

k € BZ is a good quantum number to label the
eigenfunctions of a periodic crystal

Tr : Tro(r) = ¢(r + R)  is a symmetry op.
VR [Hks,Tr]=0 = ¢(r+R)=a(R) ¢(r)
TR = ThRer — a(R)a(R")=a(R+R)
a(R) =e*® with ke BZ
dxi(r + R) = "oy i (r)
BvK boundary conds:

mq mo ms
k=-—b;+-—by+-——b . =0,1,....N; — 1
N, 1+N2 2+N3 3, M

There are as many k points in the BZ as cells in the BL




Bloch Theorem

k € BZ is a good quantum number to label the
eigenfunctions of a periodic crystal

dki(r + R) = "oy (r)

Crystal periodicity imposes that the crystal wavefunctions
are linear combinations of PWs with wave-vector k+G

z(k—l—G)r

Px,i(r) = Z ck,i(G) Ty Z cki(G)(rlk + G)

G

Wavefunctions are PWs modulated by a periodic function
k
¢k,i(r) = e’ ruk,z’(r)

1Gr
with g i(r) = > ai(G)

manifestly periodic

e
G_ \/V




To salue Pe problew-a bass sl 1§ whodweesl

m_ovdar to exparo wev&&c%-w (in Bloch forw)
Ni

= 2. c\c"u' bﬁf‘) :
=) ' s bagal Pouctoun

= !——as*-—ex—{gaw O —CcOe f)ﬁc— QA~+

‘--’

C’

qu,_c, b\ﬂv\%_S wHAe euaemobeue.s (,,ob\@m _**0 W‘a“\“x y‘oo““-'.

e *r_ mg,_ N C L
______Z‘f Hee = & G "’7 cf“:a S
4=

g J—"‘—"“u-\r

-- “:) B 4w 8§ M———
Scd . bﬂ‘) l bGC) > *




A waloval che-'ce ‘!;e-r a PM’OD‘L'& .S)/SF"@»'- 'S
%me‘n ‘oy %e P‘éve K/&ue. peve  sef

- R L t(tc-f-G)Y
b()c\— M e
—

m.&_éeln,,éb _+wm, b?_+ ™, .@“______ .;__ "8 '-'—“?‘t'r‘or, 4'_:_____________
_vee'pvocdl  lakee Jec Fo— S o

QJ-)S &uw aan mﬁn«u{-& (guel C’—O‘MP@-E) e—ri'f»toc?,ouck _
______ BR%s sof., A ﬁml—e bage set 3 :@fecf'eof Y@?On—-\ﬂ%

/\ua\ < 494-,,};? B o

2\M

TIH s ceveqal d.o(\)ém{a%as ke )

= T¥ s unbiesed 1 has e sawe _g{aaH:if re.co&_,l-.aw

‘v CUCH Yy poavd‘ aof Lot Wy c.ov#» %u\ra_":"@""‘ o

& Q@ be jwproved Edﬂai)'__&md .r,y;\‘-eu—a {-\r:alf,y .[o';,

- @Q_&'vg Ecutoff

* Halbrix olevments ave vevi Siuple Yo Fleolzte




Lad H&"WX o CnTe  av e u&vy Srmpl& Yf"OCZ?fQ_u/aE

‘h_vz—[—-g’}—'{a (e+2&) J
<K‘+G 2“‘ e co!

<lcté| V() | k+ G _h.__fv(\——) "{6'6’.:#% = V(G -6)

B Allgens e  oso 0110 FFT o go b&cff?&:-o( fé}_‘HﬂM

betoeer divect audd veu(h—oca/( &pac,e,

Vlvu(ﬂ =="5e Wf“)—m’. A=A

o B e W - e 5 1 e—

(H ) («+e> “’““CP;  (xey Plers)
S e vcacpcfv = LV‘P] (&) -
o R e /AN |

AN

Dual Space Formalzsm




Bloch Theorem

2

[_h_VZ + Veff(r)] Pko (T) = kv Pko(T)

2m

2 i
(k+G| - —V3k+G) = —|k+ G dg.c
2m, 2m

1 . /
<k—|—G|‘/€ff‘k—|—G'/> — v/vveff(r)e—’l/(G—G )I‘dr

1 : /
B E/QVeff(r)e‘z(G‘G “dr = Verp(G - G)

h2
) [% k + G|*dg,a + Vers (G — G’>] Cko (G') = ek i (G)




Band Structure

Energy states available to the electrons: €;

W 7T
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Metal Semiconductor Insulator
Al Si C

Fermi Energy Er
Energy of highest occupied state (T=0)

- each completely filled band contains 2 electrons/cell -




Band Structure

Energy states available to the electrons: €; x

o 0 ¢ 9 & O O ® o—¢ e “9 O ° o ¢ e
Metal Semiconductor Insulator
Al Si &
band gap band gap

Overlapped bands <[ eV ~ 5 eV




Charge Density of infinite periodic solid

p(r) =2 Z | Preo (1))
kv

e—|—i(k—|—G)r
¢ v\I') = Cko (G
where ko (T) %: ko(G) /Y

is normalized in the whole crystal volume

p(r) = N Z \&kv(r)|2
kfz: - o Ti(k+G)r
where Pro(r) = EG: ko (G) NS

is normalized in the unit cell volume




BZ integrals

2100 = (f )z
=) fre™® = (f)pz=fo

Assuming f(k) has the full symmetry of the crystal
if we can find a point where f(K)=<f> we only need
to compute the function f in that single point !

e A. Baldeve schi Phys. Rev. B 2 52/2 (1973)
“ngu—\/geue_ Dofu . ~!~L|Q .B\r "ou[m ZGHe_




Z (i-’-,-:"o) ! I3 -Cp.s(kaﬂ) cos(hy‘lr) +
ReXgr : 1 = Lcol () cos (ka ) +

cos (i, 1) t:os(ktlr)j . &

Za. (x1,02) 1 6 [cos(2ru) +

Ces (!‘l‘k‘_) o
ikz C-Og(erkz) j <

2, (fn25,2%) 36 24 [cos(oric)-cos(miy) cosfing) 4
ms(”h)-cos{'fﬂy)-w!(‘?“r.j-;
w?ﬁrk,,) -COS(.T\'P) .w:fﬁ'ﬁkj],8

_____ : )
Y the Sﬁ[b«s C-)‘,_—,:(u‘)--o/ Ci;(u) o R szs('k"}-—-o

lnqs NO S-o&.!hohs .
= k% (0.6223,0.2353 0)

colves Gzz(k") =0 6[;(3(‘) o guol mi'mzes l@zs(x‘)[




BZ intearals |
how oue cau improve w.nt  meau-vale .2

G-} %(*J G G zfe)
K- (0.6228,0.23530) 4 o o £
! - ~ O o
Kf("? 9 ) -
' - >
k= (4:%°%) 1 2 o
A ARPIY £ o0 e, ®

Actually it is zero up to >~ !

* D\, Chadl: od M. Cohen
s Phes. Rev. B8 574 ((973)

USPQCIO.’ Pot'lﬂ‘s v Me .Bh'”ou.'l-: Zone .




e A. Baldeve schi Ph},s Rev. Bz 52/2 (:9;3)
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* D\, Chadi gnel M. Cofven
Plgs. Rev. B8 574¥ //973)
"Specunf Pot'H‘S (W 7‘40. .Bh”ou - Zowe

o Hd. Hohkhots{- aud j..b chk
Phye. Rew B 13 5188 (1976 )

Peuef %m*g {6\- Bh ”ounn ZOHQ ;h/earAADH.S

«> ), Chadi and M Colhew
f:tuy_g Qou ¢ /6 IF &6 (f977)
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dD Rk ool M1 Moukhovs?
Plys. Rev. B 16 1748 (19%7)
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S.L. Comimghan, Phys Rev B Lo, 4388 (1974)
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1
szk:f(k) — <f>BZ

BZ integrals

fk)=> fre™® = (f)pz=fo
R

A regular grid of k-points with

exactly upto R

maxr —

2m 1

Ak = — — integrates

a N

_ Na (in a cubic system)




Monkorst-Pack meshes

Regular equispaced meshes in the Brillouin Zone

(4,4,4) shifted (4,4,4) unshifted

a4




Monkorst-Pack meshes

Symmetry is exploited in order to reduce the number of
inequivalent points to be considered

p(7) =;\‘Wg )| / ) /

P =X |, (7)) -

n,k n,S.k,,




Brillouin Zone integration

In insulators the quantity to be integrated is smooth
across the BZ (exponentially localized Wannier functions)

insulator
p(r) = %Z i (1)
pr) =23 [Win(r — R)[? Zh 4
R,m e

*The integral is computed exactly if the WF are localized
inside the SuperCell corresponding to the k-point grid




Brillouin Zone integration

Sampling at the Gamma point (isolated molecules, clusters)

Sampling on a regular grid (Baldereschi,Chadi-Cohen,
Monkhorst-Pack)

In metallic systems, the function to be intergrated is
sharply varying across the Fermi surface. Integration can
be improved by introducing a finite (ficticious) temperature.

insulator metal

/X \
, \ |/

A

A




Brillouin Zone sampling

In metals the quantity to be integrated is discontinuous
due to the presence of the Fermi surface

Copper

/1)

TR

\




Brillouin Zone sampling

‘Integration is improved by introducing a finite (ficticious)
temperature. [Fermi-Dirac, Gaussian, Methfessel-Paxton,
Marzari-Vanderbilt]

. Copper
/ \f]
O
© (O]
9. ¥ Qg
. 190Rp Db o ¢
IR 08 O TRQ &k
3T : -
s ==
10 00000000000600¢ //
C
1 ________________
:
g 05 =
fn,k 1

— 1—|—exp[,8(sn’k—sF)]




plr) = - D Her i) 0 (1))

The step function makes the integral badly convergent

PN

SHE) —s P&

e I

~

Q\m

43(6)=56 -1

- o i

The larger is o the smoother is the function and therefore
smaller is the number of k-points in the grid needed to
integrate accurately




plr) = - D Her i) 0 (1))

The step function makes the integral badly convergent

PN

SHE) —s P&

e I

~

Q\m

;g(e):S(ﬁ) '.ﬂlrg ; @)=l

- o i

Unfortunately, the larger is o the more the function differs
from the original one and the integral deviates from the
o — 0 limit that corresponds to the physical situation.




SELJGA'QJ SMQQ*?'\'V\q ﬂuwcjﬂ‘ov‘s have beeu, ‘PT‘OFOJ—W’

71®)= 6%) = F mptar«epler

CrAusSHav o awel Ho’ PR3 g}sﬂb[fg&ﬂ

Stx) = A -exf (%) Jirl= e

S ey,

&

6(1039\% bwmes o/ HOMrol./s
'feJ ess auo{ F&xgh PQBéo 35’15(’989/

Mo Zzax el Va\ﬂolevblu PR-L Ez 3236(’339)

...K

D)= .(3(7) dy M)z = & * ptk)
-0




SMEARING FUNCTIONS

e Fermi-Dirac

HG, smearing function A
" 1 & 1
0=0.7 eV [ é(z) = : =
) () et +e*+2’ s et +1

[ o=KgT; T=300K = o =0.026eV

e (Gaussian

§(z) = - e~ /2 0(z) = %(1 + erf(z/V?2))

e Hermite Polynomial x Gaussian (HGy) :

smeared density of states | .
for Lead | i M.Methfessel and A.Paxton, PRB 40, 3616 (1989).
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THE ENERGY
Kohn-Sham (KS) kinetic energy functional

Teln] = /;Ei:n(e)de — /VKS(r) n(r)dr
, — & ~ Ep — &
= 5 |- g B i) + o ()

01(z) = [*__ yb(y)dy

Total Energy

Eiot = Ts[n] + Fgge + / Vo(r)n(r)dr + E;on

KS equations

B _a
~%V + Vo(r) + Vigze(r) — Ei] ¢i(r) =0
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dEtot
do

. 8Etot
o
00 EE—E
~ — EZ o C -~
2291(€FU )=/d€na(€)/ yo(y)dy

_ i o2k+1 Ck+1 ™
s (2k + 1)!  de2k

where ¢, = [2%*6(z)dx

positive definite smearing functions

(Fermi-Dirac, Gaussian): ¢; # 0

~ =0 C 2
Eior = EZ5Y — —zln(sp)a

non positive definite smearing functions, (HG1): ¢; =0

_— :0 c 'y 4
Eiot = E{;" — 3n (er)o




Brillouin Zone sampling

‘Integration is improved by introducing a finite (ficticious)
temperature. [Fermi-Dirac, Gaussian, Methfessel-Paxton,
Marzari-Vanderbilt]

725 1 . CQ
- — ~ po=0_ s N 4
E e tot 4' n (gF)O-
Z 7.26F s
E -7.27;r fy
: \ _ C1
- \ ~ o=0 2
—T,ZE&U I 1 L lfD 1l i i 50 ~ Etot - ?n(gF)O-
o [eV]

FIG. 1. Total energy per atom of fcc-Pb crystal as a function of
the smearing linewidth and for two different smearing functions: the
Hermite-Gaussian function of order 1 (solid line) and the simple
Gaussian function (dashed line).
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Step 1 : defining V ext

Qstruct V_ED

guess rho_in ¢

compute V_KS

diagonalize H_KS

compute rho_out

mix to get
new rho_in

compute forces, stress,
and other properties




The external potential

Electrons experience a Coulomb potential due to the
nuclei.

This has a known simple form.

For a single atom it is




Periodic potential

=) D> Villr—R—7l)

S R

V(G) = %/v>:>:VS(|fr‘—R—Ts\)exp(—iGr)dr
S R

, exp(—tG(R + 75))
:;/V‘/S(\r])exp(—z@r)dr ; NO

Y = NS




Periodic potential

=>" Y Vi(lr—R—7))

S R

V(G) = %/v>:>:VS(|fr’—R—Ts\)exp(—iGr)dr
S R

: exp(—tG(R + 75
:;/Vvs(\"“’)eXp(—zGr)dr Y p( N<Q + 7))

R

= : exp(—1GTs)
ES:/VVS(‘TD@XP(—ZGT)CZT .
=D ViG] Si(G

S
atomic form factor crystal structure factor




nuclear potential

The Coulomb potential due to any single atom is

7 e? Arre?

Vnuc(|7“|) — " Vnuc(|G|) = —Z 5
G]

7]

The direct use of this potential in a Plane Wave code
leads to computational difficulties!




Problems for a Plane-Wave based code

Core wavefunctions:
Sharply peaked close
to nuclei due to deep
Coulomb potential.

Valence wavefunctions:
Lots of wiggles near nuclei
due to orthogonality to
core wavefunctions

-

High Fourier components are present

i.e. large Kkinetic energy cutoff needed

T1g ~ ]_/Z

2T

2
Fcut =~ <—> ~ 4077

T1s
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An analogy!
« “Dummy cops” used by many law-enforcement agencies!

« Don't care about internal structure as long as it works
right!

« But cheaper!!

« Obviously it can't reproduce all the
functions of a real cop, but should
be convincing enough to produce
desired results....

e 2 Shobhana Narasimhan, JNCASE
’ WA




Solutions for a Plane-Wave based code

Core wavefunctions: Valence wavefunctions:
Sharply peaked close Lots of wiggles near nuclei
to nuclei due to deep due to orthogonality to
Coulomb potential. core wavefunctions

Don't solve for 1 Remove wiggles from
core wavefunction valence wavefunctions

Replace hard Coulomb potential
by smooth PseudoPotentials

This can be done on an empirical basis by
fitting experimental band structure data ..




Empirical PseudoPotentials

V(G) =) Vi(lG]) Ss(G)

6._.
VS VsS VS 5-[
3
Si —0.21 40.04 +0.08 4=
Ge —0.23 40.01 +40.06 3
Sn —0.20  0.00 +40.04 L
w1
Cohen & Bergstresser, =0 2
PRB 141, 789 (1966) -1 5 o0
-0 L3
-3
g -
s S LB
L r X K

F1c. 1. Band structure of Si.

transferability to other systems is problematic




Let'

h2

2m

-
-

.. In the frozen core approximation:

hZ

2m

ab initio Norm Conserving PseudoPotentials

s consider an atomic problem ...

7 e?

vQ
7]

e’ / |: Y /,,?.,‘ d'r’ + vxc[/)(r)]] pi(r) = €i @i(r)

IO(T) = Po (T) + pC(T)

A4 (7 o (1
vQ_I_e _ = 4 P (T) dST/ _|_€2 P (T) dBT/
I AT =
Fvaclpa(r) + o] (1) = i)
(r) and pc(r) do not overlap significantly:

Ve Pu(T) + pe(T)] & Vaelpo(7)] + Vaelpe(r)]




ab initio Norm Conserving PseudoPotentials

.. hence

with V2 2(|r]) = € (_Z +/ pe(r’) d3r’) + Ve [pe(T)]

with a Coulomb tail corresponding to Z, = Z2 — N fgm

or in case of overlap we have (non-linear core correction)

v+ ¢ [P o) 0] i) =

2m

=]

V22 (r]) = € (——+/’r_r,‘d3r’>




ab initio Norm Conserving PseudoPotentials

VZ]ZS(\TD is further modified in the core region so that the
reference valence wavefunctions are nodeless and smooth and
properly normalized (norm conservation) so that the valence
charge density (outside the core) is simply:

= Z o (1) .

The norm-conservation condition ensures correct electrostatics
outside the core region and that atomic scattering properties
are reproduced correctly

4/R|<>r“d o1 [r2lo(r) P2 L 1 ()
s ) rodr = 27 |r n
0o 7 e Y|

this determines_transferability
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An example:

[-dependent

Hamann, schlueter & Chiang, PRL 43, 1494 (1979)




An example:

100
8-0 WE MD
6.0 |-

40 |-

1=2
20 \ E g
00 i | | 1

-20 1

-407
-60

LOGARITHMIC DERIVATIVES ¢/ ¢ (r=30au.)

e

Hamann schlueter & Chiang,
N PRL 43, 1494 (1979)

a0}
20F 1=0
0.0 J

20| '
10
50|

3.0[— |

-1.2 -8

ENERGY (au)

FIG. 2. Energy dependence of logarithmic derivatives
at ¥ =3.0 a.u. for Mo ab initio full-core atomic wave
functions (broken lines) and pseudo wave functions (sol-
id lines) as shown in Fig. 1.




ab initio Norm Conserving PseudoPotentials

semilocal form

lma:c

V25 (rr") = V() (r — ') + ) AVilr)a(Ir| — [ Pur,7”)

where Pj(r,r") ZYlm r)Y; (r") projects over L= 1(1+1)

m

V*e(lr|) is local with a Coulomb tail Z, = Z — NE .

AVi(|r|) islocal in the radial coordinate, short ranged
and l-dependent

lmaa:

@VZzEld)y =V (a—d)+ D AVillal,1d')Pla. q)

=0
“sig,0 1S a full matrix ! NO use of dual-space approach




ab initio Norm Conserving PseudoPotentials

from semilocal form ...

lmaa:

V22 (rr') = VIe(lra(r — ') + Y AVi(lr)o(|r] = 1) Pi(r, )
1=0
.. to Kleinman-Bylander fully non-local form

maa:

V£S< ) Vloc(’T’ T o T _I_ > > |5lm Dl <5lm‘r>
[=0 m=-—I

V*(|r]) islocal with a Coulomb tail Z, = Z — N2,

(7| Bim) = AVi(r)¢1(7)Yim(r)  are localized radial functions
such that the transformed pseudo acts in the same
way as the original form on the reference config.

One has D; = <¢1\AVZ|¢Z>_1




ab initio Norm Conserving PseudoPotentials

Kleinman- Bylander fully non-local form

ma:n

VES = vie(|r))o(r — 1) +§‘ S‘ (r| Bim) Dy (Bim|r")

[=0 m=-—I

V'(|r]) islocal with a Coulomb tail Z, = Z — N¢ _

(1| Bim) = AVi(r)¢1(1)Yim(r)  are localized radial functions
such that the transformed pseudo acts in the same
way as the original form on the reference config.

One has D; = (¢|AV|é;) "

The pseudopotential reduces to a sum of dot products

maa:

Va2 1) = VP4 (Jr]) (r|) +L L 7| Bim) Di (Bim|?)

=0 m=-—I1




ab initio Norm Conserving PseudoPotentials

Kleinman-Bylander fully non-local form

maa:

VES = vie(|r))o(r — 1) +§‘ S‘ (r| Bim) Dy (Bim|r")

[=0 m=-—I

The KB form is more efficiently computed than the original
semi-local form.

By construction it behaves as the original form on the
reference configuration ... but ... there is no guarantee that
the reference configuration is the GS of the modified
potential.

When this happens the pseudopotential has GHOST states
an-d should not be used.




ab initio Norm Conserving PseudoPotentials

Desired properties of a pseudopotential are

- Transferability (norm-conservation, small core radii,
non-linear core correction, multi projectors)

- Softness (various optimization/smoothing strategies,
large core radii)

For some elements it's easy to obtain “soft” Norm-Conserving
PseudoPotentials.

For some elements it's instead very difficult!

Expecially for first row elements (very localized 2p orbitals)
and 1% row transition metals (very localized 3d orbitals)




Norm-Conserving PseudoPotentials
basic literature

<1970 empirical PP. es: Cohen & Bergstresser, PRB 141, 789 (1966)

1979 Hamann, Schlueter & Chang, PRL 43, 1494 (1979), ab initio NCPP
1982 Bachelet, Hamann, Schlueter, PRB 26, 4199 (1982), BHS PP table
1982 Louie, Froyen & Cohen, PRB 26, 1738 (1982), non-linear core corr,
1982 Kleinman & Bylander, PRL 48, 1425 (1982), KB fully non local PP

1985 Vanderbilt, PRB 32, 8412 (1985), optimally smooth PP

1990 Rappe,Rabe,Kaxiras,Joannopoulos, PRB 41, 1227 (1990), optm. PP
1990 Bloechl, PRB 41, 5414 (1990), generalized separable PP

1991 Troullier & Martins, PRB 43, 1993 (1991), efficient PP

1990 Gonze, Kackell, Scheffler, PRB 41, 12264 (1990), Ghost states

1991 King-Smith, Payne, Lin, PRB 44, 13063 (1991), PP in real space




Ultra Soft PseudoPotentials

In spite of the devoted effort NCPP’s are still “hard”and
require a large plane-wave basis sets (Ecut > 70Ry) for

first-row elements (in particular N, O, F) and for transition
metals, in particular the 3d row: Cr, Mn, Fe, Co, Ni, ...

1.4

(a)

A 4 Copper 3d orbital
‘ ' nodeless

WY(r) (k)

(au)

(au)

FIG. 1. Pseudo wave functions (a) in real space and (b) in
Fourier space, for the copper 3d eigenstate, generated by the
! HSC method (dashed line) and by the present approach (solid
A ! line). The pseudo wave functions are normalized to unity.
G

-004 L A l

6 7 8 9 10
r (au) k ~Ry )

RRK]J, PRB 41,1227 (1990)




Ultra Soft PseudoPotentials

Even if just one atom is “hard”, a high cutoff is required.

UltraSoft (Vanderbilt) PseudoPotentials (USPP) are devised
to cher_gome such a problem.

Oxygen 2p orbital
nodeless

FIG. 1. Oxygen 2p radial wave function (solid line), and cor-
responding pseudo-wave-functions generated using HSC (dotted
line) and current (dashed line) methods.

1.0 2.0
Vanderbilt, PRB 41, 7892 (1991)




Ultra Soft PseudoPotentials

1 +

P1) Cu

4
p(r) = > [hi(r)?+ > > (Wil B0) Qi () (Bm¢i)
( T Im

where the “augmentation charges” are B ~

Qum(r) = &1 (r)¢m(r) — o1 (r)Pm(r)

’ 5l> are projectors
|§bl>are atomic states (not necessarily bound)

’¢l> are pseudo-waves (coinciding with ’¢l> beyond some core radius)

V;}> i\\»‘ﬁ&‘;;‘\ : v"
<%




Ultra Soft PseudoPotentials

PP __
Vo ) + Z 31) Dl (B
Orthogonality with USPP:

(3| Slps) = (slwos) + (Wl B i (B l1b5) =

[
where Qim = /le(r)dr

leading to a generalized eigenvalue problem

[HKS — 6‘@'5] WJ =0




Ultra Soft PseudoPotentials

There are additional terms in the density, in the energy, in the hamiltonian
in the forces, ...

E =Y (i|Ts + VUSPP ) + Epgaelp] = Xij (il Slp) — 6:5)
i ]

where  p(r) = Z i ()] + >: >:<¢z‘ﬁl>le(r)<ﬁm‘¢z>

1 Im
oF
sor 0 7 [His — &S] ) =0
h2
HKS — _%VQ + ‘/loc(r) =+ VHCBC(T) + ; |Bl>Dlm<6m|

rDlm — Dlom + / VHmc(r)le(T)dr




Ultra Soft PseudoPotentials

There are additional terms in the density, in the energy, in the hamiltonian
in the forces, ...

Electronic states are orthonormal with a (configuration dependent)
overlap matrix

The “augmentation charges” typically require a larger cutoff for the
charge density:

QE Input parameter: ecutrho (SYSTEM namelist)

Default value is ecutrho = 4 x ecutwfc (OK for NC PP)

For USPP a larger value ecutrho is often needed.




Bloechl, PRB 50, 17953 (1994)

Projector Augmented Waves
an all-electron method !

It is always possible to express the AE wic via augmentation
of a smooth (pseudo) wic using atomic reference states

= [} +Z(\¢l 60)) (Bild) = (1 +T)[)

where
Y) all-electron wave function

~

) pseudo wave function

{ o), l=1,..., Nproj} all-electron atomic partial waves

{ ¢l>al =1,.., Npmj} pseudo atomic partial waves

U160, 1=1,..., Np?“oj} localized projectors on the atomic
partial waves such that ( 5l‘§gm> — 57




Bloechl, PRB 50, 17953 (1994)
Projector Augmented Waves
an all-electron method !

It is always possible to express the AE wic via augmentation
of a smooth (pseudo) wic using atomic reference states

= [} +Z(\¢l 60)) (Bild) = (1 +T)[)

plctorlally

is a localized operator !

|¢1)'s and |¢;)'s coincide outside the core region
and we can truncate them
v«,,.%The 81)'s projectors are localized in the core region..




Bloechl, PRB 50, 17953 (1994)
Projector Augmented Waves
an all-electron method !

AE matrix elements of any operator can then be computed as
(WIA[Y) = @IA+THAQ+TD)) = (W]Af))
if the |3;) expansion is complete Z o) (B ~ I, .
for local operators (kinetic energy, potential,...) one can show
L= A+ 18) ((6ulAlom) = (il Aldm) ) (Bl
Im

and normalization of wfc is computed with

L= 1+ 3160 ) ({6116m) — (G1lém)) (B




Bloechl, PRB 50, 17953 (1994)
Projector Augmented Waves
an all-electron method !

AE results can be computed from the PS matrix elements
augmented by KB-like contributions that can be computed
from atomic AE and PS reference calculations.

WlAl) = @A) + D (@18 (@il Alom) = (il Aldm) ) (Bml)
Im

.00 060
o0 00
= A+ (- (a))




Bloechl, PRB 50, 17953 (1994)
Projector Augmented Waves
an all-electron method !

The charge density is therefore

s (M)]? = [s(r)]* + ) (5] Br) (cbz(r)cbm(fr) — cgz(r)(ﬁm(r)) (B |t;)
Im

oo oo
.. X
_ _|_Z at ~at(r))




Bloechl, PRB 50, 17953 (1994)
Projector Augmented Waves
an all-electron method !

The charge density is therefore

s (M)]? = [s(r)]* + ) (5] Br) (cbz(r)cbm(fr) — cgz(r)(ﬁm(r)) (B |t;)
Im

but it is convenient to add/subtract a compensating charge
so that the AE and PS atomic references have the same
Multipole expansion

. . -
oo Superion
o i,

& 3 —_—
e Ty A p—
it

W
\ {8 a:\ P
S—
L Mw“"
te ¢ €O

Z at ~at (T))




Bloechl, PRB 50, 17953 (1994)
Projector Augmented Waves
an all-electron method !

The charge density is therefore

i (r)|? = s ()12 + > (il B)Quin (r) (B 02)
Im
T Z@i’ﬁﬁ A1(r) P (1) (Brm i)
- Z GilB1) (A1) dm(7) + Qun(r) ) (Bl

. . -
o S
s QNP4 ; —_— |
N
., > 2 4 .
e m‘mw“"

Z at ~at )




Projector Augmented Waves
an all-electron method !

The different energy contributions so become

E.. _ :L'CP""Z ~a,t _|_ZEat

_I_ -
o0 00

— Etot + Z (E?ott _ E%t)

Eulpl = Eulp+ ) (0™ =) = Eulp) + ) _(EH[p"]

at| ~at

— bEp [P

Bloechl, PRB 50, 17953 (1994)

/)

- 2[5

= T[g] + > (T2 o] - T

/)




Bloechl, PRB 50, 17953 (1994)
Projector Augmented Waves
an all-electron method !

Finally the KS eigenvalue problem is as for USPP
Hrs —eilS] [¢hi) =0

with
h2
HKS — _%v _|_Ve )+Z‘5Z>Dlm<ﬁm’
where Im

— (@llém) — (Glm) = [ Qualr)ar
Dy = Diit, — Ditt, + / Ver £ (r)Qum (r)dr
Dt =] Ts + Vers|odm)
= (&1|Ts + Vessldm) +/ Verr(r)Qum (r)dr




Step 2 : initial guess for rho in

construct V_ext

Cuesg rho_i1;>

compute V_KS

diagonalize H_KS

compute rho_out

mix to get
new rho_in

compute forces, stress,
and other properties




Initial choice of rho in

Various possible choices, e.qg.,:

e Superpositions of atomic densities.
« Converged n(r) from a closely related calculation (e.qg.,
one where ionic positions slightly different).

« Approximate n(r) , e.g., from solving problem in a
smaller/different basis.

« Random numbers.




Initial choice of rho in

Various possible choices, e.qg.,:

« Superpositions of atomic densities.

« Converged n(r) from a closely related calculation (e.qg.,
one where ionic positions slightly different).

« Approximate n(r) , e.g., from solving problem in a
smaller/different basis.

« Random numbers.

Initial guess of wic

QE input parameter startingwfc

'‘atomic' | 'atomic+random' | 'random' | 'file'




Pseudopotentials in Quantum ESPRESSO

Go to http://www.quantum-espresso.org/
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25 May 2011 Version 4.3.1 of Quantum ESPRESSO is

available for download.

05 May 2011
The first GPU-enabled beta release
of Quantum ESPRESSO0 is available

for download. Quantum ESPRESSO is an integrated suite of computer codes for electronic-
01 April 2011 structure calculations and materials modeling at the nanoscale. It is based on
The new release, v.4.3, of the density-functional theory, plane waves, and pseudopotentials (both

Quantum ESPRESSO distribution is

R e AR norm-conserving and ultrasoft).

13 July 2010
Bugfix release v.4.2.1 of the
Quantum ESPRESSO distribution is
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Pseudopotentials for Quantum ESPRESSO

Click on the element for which the PP is desired

&
QUANTUMPESPRESSDO
HOME ::PROJECT ::WHAT CAN QE DO ::DOWNLOAD ::LEARN ::PSEUDO ::TOOLS ::
QE WIKI ::CONTACTS ::QUOTE ::LOGOS ::
PSEUDOPOTENTIALS Updated: Wed, 29 Jun 2011 10718:38 CEST
“ About
? Motes

He




Pseudopotentials for Quantum ESPRESSO

Name: Oxygen
Symbol: O

imm@c nun;ber:ﬂ_ i PSGUdOpOtthIaPS Ilame g'lVGS
tomic configuration: [He] 2s2 2p .

Atomic mass: 15.9994 (3) Informat]_on about

Available pseudopotentials:

£ (details) -exchange correlation functional

Perdew-Burke-Ernzerhof (PBE) exch-corr
Wanderbilt ultrasoft

author. ak -type of pseudopotential

Perdew-Burke-Ernzerhof (PBE) exch-corr
Rabe Rappe Kaxiras Joannopoulos (ultrasoft)

i el
Perdew-Burke-Ernzerhof (PBE) ¢
Fynjecing ugmenied Waies (K Perdew-Burke-Ernzerhof (FBE) exch-corr

| F (details) Rabe Rappe Kaxiras Joannopoulos (ultrasoft)
rel == full-relativistic

Perdew-Zunger (LDA) exch-corr
Rabe Rappe Kaxiras Joannopoulos (ultrasoft)

Perdew-Zunger (LDA) exch-corr
Rabe Rappe Kaxiras Joannopoulos (ultrasoft)

00 7
i yigtute ¢ 2




Atomic and V ion info for QE

QE input card ATOMIC SPECIES example:

ATOMIC SPECIES

Ba 137.327 Ba.pbe-nsp-van.UPF
Ti 47.867 Ti.pbe-sp-van ak.UPF
O 15.999 O.pbe-van ak.UPF

NOTE

should use the same XC functional for all pseudopentials.
ecutwfc, ecutrho depend on type of pseudopotentials used
(should test for system & property of interest).




DFT Total Energy in an infinite periodic solid

B(R) =i | T.[o] + 5 [Via(6)o(w)iv + Euclp) + [Volw)o(r)a|

—I_Eion (R)




DFT Total Energy in an infinite periodic solid

E(R >_mm{T#J - /vH<r>p<r>dr= Peclp). / VO“‘)”(”“}

N P QO 2
dr =1 2dr =1 E’i(m(R)
[ owpa =1~ [ o) 2
¢(r) = ¢(r)/VN

Ts|p] . 2 R 2 2
— = —N%;;mk“}‘ [m(ey

LDA
S = [ plr) b (o)




DFT Total Energy in an infinite periodic solid

S Exc
@ —min {Tjép] : % /Q Vi (r) p(r) dr- N(p ). /Q Vo(r)p(r)dr}
6(r)2dr = 1 [ |o(r)[2dr =  Bion(H)
V / Q2 N
o(r) - o(x) VN
o) = =S @) B2 g @y
kv kv

LDA
S = [ plr) b (o)




THE END
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