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Abstract

We obtain an explicit formula for the relaxation of the free-energy density for
nematic elastomers proposedByapoN, TERENTIEV& WARNER (Phys. Rev. &7
(1993), 3838—-3840). The proof is based on a characterization of the level sets of the
relaxed energy. In particular, the construction uses only laminates within laminates
and it identifies those deformations that correspond to simple laminates.

1. Introduction

Solid-to-solid phase transformations are often related to surprising mechanical
properties of materials and their promising technological applications. Inspired
by the success of the mathematical theory for crystalline microstructure in shape-
memory alloys [BJ1,BJ2,CK], we present in this paper the analysis of a model of
nematic elastomers, polymeric materials that undergo an isotropic-to-nematic phase
transformation. The local order in the material that is established in the nematic
phase gives rise to a unique combination of elastic and optic features in the system
with applications such as a novel design of bifocal contact lenses and light-guiding
substrates for integrated optics.

The macroscopic response of materials displaying fine internal structures is
governed by the so-called relaxed or effective ené#dy defined by

. 1
WI(F) = inf -
pewbo@:r3) |2

@(x)=Fx ondQ

/ W(De(x))dx,
Q

whereW is the free energy of the system, because the material is free to choose
locally an (asymptotically) optimal microstructure to realize a given deformation
gradientF'. For simplicity we assume in the following th#t > 0 and thatk =

{X € M®3 : W(X) = 0} is not empty. The set of all affine deformations with
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approximately zero energy is then characterize&l§§ = {X : W9(X) = 0}. In
this paper we derive an explicit formula both i6F¢ and for the effective energy of
nematic elastomers. Our results follow from the analysis of the family of functions

P 14 14
Al(f) - )\2(5) + )‘3(5) —3 if detF =1,

W(F) = 1 Y2 V3 Q)
+00 else,

which includes the free energy for nematic elastomers [BTW] as a special case for
p = 2. Herep € [2, 00) andA1(F) £ 12(F) £ A3(F) are the singular values

of F, i.e., the eigenvalues afF” F)¥/2. Moreover,y1, y2, y3 € R are constants

that satisfy 0< y; < y» < y3 andy1y2y3 = 1. The requirement that the energy

be infinite if the determinant of the deformation gradient is different from one
models (in mathematical abstraction) the incompressibility of the elastomer. The
main result in this paper is the following theorem.

Theorem 1. Thereexistsafunctiony : Ri — R whichisconvex and nondecreas-
ing in its arguments such that

WI(F) = ¥ (Amax(F), Amax(cof F)) if detF =1,
+oo else.

We provide an explicit formula fog in (14).

The fundamental difference in the analysis of phase transformations in crys-
talline materials and in the polymers we consider lies in the fact that, due to material
frame indifference and isotropy of the high-temperature phase, the energy density
W and the sek depend for polymers only on the singular values of the deformation
gradient. In fact,

K= |J SO03(re1®e1+ y2e2®ez+ y3e3® ea)

{e1,e2,e3}€€

={FeM>3. detF =1, ,(F)=y,i=123},

where€ denotes the set of all orthonormal base®Réf Thus the seK is much
larger than the corresponding sets in the analysis of crystalline materials which are
typically finite unions of sets of the form $@ U with U € M®*3 symmetric and
positive definite.

The paper is organized as follows. We introduce important notation in Section 2
and characterize all affine deformations with approximately zero energy in Section
3. The idea behind the proof of Theorem 1 is presented for a two-dimensional model
in Section 4 and the details are carried out in the three-dimensional case in Section
5. We finally present in Section 6 the relaxation result for the free-energy density
describing nematic elastomers.
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2. Preliminaries

We begin with some notation which we use throughout the paper.rnthe
dimensional Euclidean space is denoted®y with scalar productiu, v) and
norm [u|?2 = (u, u). We write R, for the set of all nonnegative real numbers,
R = RU {400}, andM™*" for the space of all reat x n matrices. lfn = n, then
cof F is defined to be the matrix of alk — 1) x (n — 1) minors of F' that satisfies
FT cof F = (detF)I, whereFT is the transposed matrix &f and/ the identity
matrix in M >",

The following notions of convexity are fundamental for our analysis. A function
f: M™" — Ris said to be polyconvex if there exists a convex funcgamhich
depends on the vectdd (F) of all minors of F such thatf (F) = g(M(F)). In
particular, ifm = n = 2, thenf(F) = g(F,detF), and ifm = n = 3, then
f(F) = h(F, cof F, detF), where the functiong : R®> — R andi : R?® - R
are convex. The function is called quasiconvex if there exists an open dongain
with [0€2| = 0 such that the inequality

f f(F)dx §f f(F + Dyp)dx
Q Q

holds for all F € M™*" and allg € W&’“’(Q; R™), whenever the rigNht-hand
side exists. It follows that the foregoing inequality holds for all doma&nwith

15| = 0. Finally, f is rank-one convex if — f(F + tR) is a convex function
forall F, R € M"*" with rank(R) = 1. For extended real-valued functions, poly-
convexity implies both quasiconvexity and rank-one convexity, but quasiconvexity
does not imply rank-one convexity. ff is finite-valued,f : M"*" — R, then we
have

f convex = f polyconvex = f quasiconvex= f rank-one convex

If £ is not polyconvex, then the polyconvex envelgff€ of f is the largest poly-
convex function less than or equal fo The quasiconvex and the rank-one con-
vex envelope are obtained analogously and denoted96yand £ respectively.
Based on these notions of convexity, we define semiconvex hulls of compact sets
K c M"™ ", The set

KP¢ = {F : f(F) < sup f(X) forall f: M™" - R polyconvex}
XeK

is called the polyconvex hull ok. The quasiconvex hulk9¢ and the rank-one
convex hullk "® are defined analogously by replacing polyconvexity in the definition
of KP€ by guasiconvexity and rank-one convexity respectively. Finally, we define
the lamination convex hull oK by allowing all extended real-valued, rank-one
convex functions in the definition at'®,

K'® = {F . f(F) < sup f(X) forall f: M™*" — R rank-one conve>}.
XeK
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Equivalently, the lamination convex hull can be defined by successively adding
rank-one segments, i.e.,

oo
i=0

wherek © = K and

KD = kO U{F=aF+ A~ WF:F, F2€ KY,
rank(F1 — F2) = 1, A € (0, 1) }.

The relations between the different notions of convexity imply the inclusions
ch - K'c - Kac C KPC (2)

We frequently use the two subseté? and K @, which we informally describe
as barycentres of simple laminates and of laminates within laminates supported
on K, respectively. See [Pe] for the definition of laminates, [Dc] and [M] for a
discussion of all the different notions of convexity and their relations, and [B1, B2]
for convexity and regularity properties of frame-indifferent and isotropic functions.

If W : M"™*" — R is a given function and& ¢ M3*3, then we say thalt/ (F)
is obtained by averaginy with respect to a simple laminate supportedonf
F € K@ and if there exisk € (0,1) and F1, F» € K with rank(Fy — F») = 1
such that

F=AF+(1—M)F and W(F)=AW(F)+A—-MDW(F). (3)

Similarly, we say thatV (F) is obtained by averaging with respect to a laminate
within a laminate supported ok if F € K@ and if the following assertion is
true: There exisfFy, ..., Fa € K andiy, ..., 4 € [0,1] suchthatiy + 1o £ 0,
A3+ A4+ 0,21+ ... +44 =1, rankF1 — F») = 1 and rankF3 — F4) < 1.
Moreover, if we define

G M gy 2 B oG 5 g
1= 1 25 2= 3 4,
A+ A2 AL+ A2 A3+ g A3+ Ag
thenrankG1 — G2) = 1, and
4 4
F = ZA,»F,» and W(F) = ZA,-W(Fi). (4)
i=1 i=1

Our relaxation result in Section 5 is based on the construction of optimal laminates
for which the resulting value foW is minimal.
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3. Affine defor mations with approximately zero energy

We begin with the characterization of the $€1°. In the next proposition we
use the convention thaly = A3, A4 = A1 and&y = &3, &4 = &1 and we write
A(F) = {Al(F), r2(F), A3(F)} for the set of the singular values 6f

Theorem 2. Assumethat 0 < &; < & < &3 with £16263 = 1 and that
K={FeM>3: detF =1, 4;(F)=¢§,i=123).
Then the sets M; defined by
M; = {F e M>3: detF =1, & € A(F),
A(F)\ (&} C [min{& 1, & 11}, maxX(§ 1. &1} 1}
are contained in K™ for i = 1, 2, 3. Moreover,
KO =M if &6=6 and KD=Mz if &=2¢.
Remark 1. In general the inclusioM; U M U M3 ¢ KD is strict.

Proof. To prove the first part of the theorem, we assume thatl, and we write
M = M. The argument is analogous fore= 2 andi = 3. The assertion of the
proposition is now equivalent t < K where

M = {F e M3 detF = 1, 21(F) = &1, A2(F), Aa(F) € [&2, &1}

Let F € M. SinceQFR € M, forall 9, R € SOQ) andF € M, we may
suppose thaf is diagonal,F = diag(&1, u2, u3), With o, usz € [£2, £3]. Note
thatuousz = &263 since detF = 1. There is nothing to prove ifo = & or uz = &3,
since the condition dgt = 1 implies in this case thaf € K. Following [WT,
DSD] we show that there exists, fap, u3 € (§2, £3), ad > 0 (which depends on
2 andus) such that

F* =diagé, F¥) e K where F* = Ha £
0 us
Then
FtT—F =2e;®e3 and F=31F"+31F k@,
We define

2
ot = (FHyTRE= [ M2
+8up pi+ 82

The eigenvalues® of C* are the solutions of

det(CE —11) = 1 — (u3 + 3+ 8% + udué =0,
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and the requirement that defined by

t

i_“%+ﬂg+82i stuz+82o o,
- 2 ( 2 ) — MaH3

be equal t&2 leads to

1
5=g\/$32—u§\/532—lt§>0- ®)

Sincer 1~ = p2u3 = £2£2, this choice ob also yields ~ = &2 and we conclude
that for the value o given in (5) the matrice’* are contained irk and this
proves the first assertion of the theorem.

It remains to prove the characterization/of if two of the parameters in the
description ofK coincide. Without loss of generality we assume that &> < &3,
and we have to prove th&t® c M;. Suppose thus thd@t € K™ \ K and choose
F1, F» € K such that there existsiae (0, 1) anda, n € R3, a, n + 0 with

F =M1+ A—-A)F>, F1—Fob=a®n.

SinceQFR € K, for all 0, R € SO3) and F € K, we may choose? and
R € SQO(3) such thatFl = QFR € K is diagonal, F = diag(&s, £1, £1). We
define analogously, = Q>R € K, F = QFR € KU, @ = Qa andii = R n.
Then

F=AF+Q—-0F, FIl-FH=0®7.

The plane spanned by the unit vectess= (0, 1, 0) andes = (0, 0, 1) intersects
the plane{w eR3: (w, ) = O} with normal# at least in a one-dimensional line
through the origin parallel to some unit vecioe S?. This implies

0= (7, v)d = (@@ Mv = (F1 — Fo)v = &1v — Fov,
and therefore is an eigenvector of1 and F, with corresponding eigenvalug.
ConsequentlyF'v = &v and
2(F) = Amin(F) = min|Fe| < |Fv| = &.
ecS?

To prove thatt is the smallest singular value @, let ()" denote the convex,
nondecreasing function— ()™ = max{t, 0}. Then the functions

+
g1(F) = (SUIOIFel —$3> )

ecS?
1 +
g2(F) = (sup| cof Fe| — —)
ecS? El
are polyconvex, andsinde e KW c KPCwe deduce.; (F) e [ &1, £3]. Therefore
M(F)=& and & =min{g, &3} < 2a(F) < As(F) < max(é, ).

We obtainF € M;. The matriced” andF have the same singular values, and hence
F € M. This concludes the proof of the theorent
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The foregoing theorem implies immediately a formula for the set of all approx-
imately zero-energy deformations for the density (1) (see [DcT] for results for sets
defined by singular values in arbitrary dimensions).

Coroallary 1. Assumethat 0 < y1 < y» < y3 with 1723 = 1 and that
K={FeM>3: detF =1, ,;(F) =y, i =1,23}.
Then
K® = k'° = k' = g9 = gPC, (6)
and these sets are given by
[FeM®3: detF =1, i (F) €[y, v3l, i =1,2,3}. 7

Remark 2. A formula for the convex hull ok can be found in [Do]. Not surpris-
ingly, convk N {F € M3<3 : detF = 1} + KPC. This is due to the fact that
the lower bound on the singular values in the descriptiok &f follows from the
polyconvex condition cof Fe| < y; ~Lforalle € S2.

Proof. Let. A be the set given in (7). Since dét= 1, we have

Amin(F) = A (F) = t 1 @)
min(F) = A1(F) = Amax(COf F) — Az(Cof F)’

and therefore we may rewrite the definition.dfas
A={F e M>®: g1(F) £0, g2(F) £0, g3(F) £ 0},
whereg, andg, were defined in the proof of Theorem 2 and
g3(F) = (detF — 1)2.

The functionsg; are polyconvex, henc&P¢ C A. It only remains to prove that
A € K@ We then find by the chain of inclusions (2) th&P® ¢ K@ < KP°
and Equation (6) is thus an immediate consequence. SNER < A, for all
Q R € SOB) andF € A we may assume that € A is a diagonal matrix,

= diag(ua, 2, p3) With y1 = pua = 2 = pg = y3. If y2 = g = y3, then
<8

M3~ T M3 -

and

By Theorem 2,
Ml = {F e M3X3 : detF = 1, )\l(F) =",

. 2V3 2V3
da(F) =min | 222, ), da(F) = max| 22, M3}}
u3 M3



188 ANTONIO DESIMONE & GEORG DOLZMANN

is contained iRk @, Now y1 < puq < o < % since

Y2V3
25— & weuzsyys & y1= 1

If y2r3 < u3, thenig(F) = pgfor F e My while for y2y3 > u3 we have
r2(F) = usz for F € M1. Another application of Theorem 2 with= 3 ori = 2,
implies that

[FeM®3: ,(F)=w, ) cmP c k@,

Suppose now thaty = w1 < w2 < puz < y2. Thenyy = % < y2, and we
conclude from Theorem 2 that

M3z = {F e M3 : detF =1, A3(F) = y3,
: Y1y2 y1y2
Ja(F) = min {ug, 221, 250F) = max|pua, —}}
H1 2%}

is contained ink (V. In this situation,% < 2 < us < ys, since

Yiy2
T Spu2 & yiypSpipe & p3 S s,

and we can apply Theorem 2 once more (with 1 ori = 2) to deduce
[FeM®®: detF =1, ;;(F) = i, i =1,2,3} < M < k@.
This concludes the proof of the corollaryo
Corollary 2. Assumethat 0 < &1 < & < &3 with £16263 = 1, and let
K ={F e M®3: detF = 1, \(F) = &1, A2(F) = &2, A3(F) = &3}

Assume that g : M3*3 — R depends only on the singular values of its argument
and that g is rank-one convex. Then

g(F) < g(diagéy, &2, £3)) for all F e KP°.

Proof. Corollary 1 implies that" € KPeif and only if F € K@ . We now have
from the definition ofK'® that

g(F) < supg(X) = g(diagér, &2, £3)),
XekK

and this proves the assertion of the corollarg
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4. The construction for a two-dimensional model problem

Before we present the relaxation result in three dimensions, we describe the
ideas behind the construction for the corresponding two-dimensional energy density
given by

P 14
M) 22D o it detr = 1,

=1 V2 9)
400 else,
where O< y1 < y2, y1y2 = 1, andp € [ 2, 00). Sincer1 = A—lz andy; = y—lz, we
may rewrite the energy as
p p
2 2B 5 i getr =1,
f(F)y={ 22(F) Y2
+00 else.

The key idea in the three-dimensional case is analogous: we first eliminftan
the formulae byr, = les and then use the identity (8) betwekgi,(F) and
Amax(Cof F).

The density (9) is only finite on the curvai, = 1 in the (i1, A2) plane and
converges to infinity as, tends to infinity. It is easy to see that the function

= (2 + () -2

A V2
has a minimum at
. A
W=y, with (—)p} - (ﬁ)p‘ -1 (10)
yo/ la=ax A A=A

andg(1*) = 0. Therefore

K={FeM??: f(F) =0} = |F e M®?: detF = 1, 12 = y»}.
The construction of the relaxed energy now proceeds in three steps:
(1) Finding an upper bound for f'c.

(2) Establishing thafis polyconvex; this implieg?z fre= fprc

(3) Showing thatf% < f = fPS since polyconvexity implies quasiconvexity for
extended real-valued functions, we conclude fffat= f9¢ = fPC

We briefly discuss the first two steps in the proof, since the calculations are more
transparent in the two-dimensional case, and illustrate the strategy we use in the
demonstration of the three-dimensional result. The third step is identical in the

two-dimensional and the three-dimensional situation.
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Sep 1: Finding an upper bound f.
The arguments in the proof of Theorem 2 show that

KW =K"= K%=KP°={F e M®?: detF =1, Ap(F) < A*}.

Moreover, for allF € K9\ K there exist pairgs, F1) and (1 — s, F2) with
F1, F» € K and ranKF, — F») = 1 such that

F=sF1+Q—-s)F, and f(F1)=f(F2)=
This implies
fF) Ssf(F)+ A —s)f(F2) =

and suggests the definition

0 if A2 S A%, detF =1,
F(Fy=1 f(F) if A2 = A*, detF = 1, (11)
+oo if detF + 1.
In the three-dimensional situation we use an analogous construction also for values

of f different from zero, and obtain an upper bou}ﬁby characterizing (parts of)
its level sets.

Sep 2: Establishing that }7 is polyconvex.
Motivated by (11) we define

0 if s < A%,
Y(s) = {

(22)F + (35)" =2 ifs=zan

It is easy to see thak is convex and nondecreasing since

g1 1/2
l”/(s):_pp);zl—i_p >0 & séyzz(g) — )
Vz 1

This implies that the functiof (F) : M?*2 — R given by
Vi (F) = xﬁ( SUI?IF€|> = Y (Amax(F))
eeS

is convex orM?*2 and therefore polyconvex (see the proof of Proposition 3 below).
We now define the functiow, : M2*2 — R by

0 ifr=1,
Wy (F) = I1(detF) where I1(t) =
oo else.
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ThenWs; is polyconvex and

if a2 S A%, detF =1,

Vi(F) + Wo(F) = 1 () +(32)" — 2 if 222 3", detF =1,

+00 else.

It follows from AqA2 = 1 for detF = 1 thatf = W1 + W5 is a polyconvex
function. The arguments in the proof of Theorem 4 in Section 5 apply also in the
two-dimensional setting and we rediscover tifas in fact the relaxation for the
two-dimensional model, see [DSD].

5. Construction of the relaxed energy

After these preparations, we describe in this section the analysis of the three-
dimensional case. The construction becomes particularly transparent if we con-
sider W on the set{detF = 1} as a function of two variables in th@max(F),
Amax(cof F))-plane, see Fig. 1. In order to simplify notation, we wsite: Amax(F)
andr = Amax(cof F). With this abbreviation, the region in tiig 7)-plane, on which
W is finite, is bounded by the two curves= /s andr = s2. This is due to the fact
that detF' = 1 implies

1
and Amin(F) 2

Amax(cof F) = D
max )\‘%’]ax(F)

Amax(F) =
max )\Zmin(F)

)»min(F)’

In the three-dimensional situation, the single valtign Section 4 is replaced by
two curves in the phase plane along which two terms in the energy are equal, see
(10). They are determined from

PN p p p p p
(2) =) =) = (2) =(m) =(5)
V1 V2 V2A1A3 V2 V2A1A3 V3

and these two conditions are equivalent to

1/2 1/2
Amax(COf F) = (?) \/m or t= (E) s
1

V1
and
hmax(COf F) = 2232 (F) or =222
V3 V3
respectively. In what follows we write
y*=ﬁ<l and ™5 ="-1 (12)

V3 Y1
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Amax(COf F) ‘
E;
S
I3
wy, L/
1
" E, Es

1 \& Amax(F)

Fig. 1. The phase diagram for the relaxed energy.

We now define the following sets of matrices:

L =F e M®3: detF = 1, Amax(F) < y3, Amax(COf F) < =

1
1 = {F e M®*3: detF = 1, Amax(cOf F) > —,

)
Vl’

Y1

y*)‘ﬁqax(F) < Amax(cof F) < kfnax(F) },

I3 = {F e M®3: detF =1, Amax(F) Z v3,

Vima(F) £ hmax(C0f F) £ VTimax(F)].

S = {FeM3X3: detF = 1,

VI hma(F) < Amax(0f F) £ v 320 F) .

These sets of deformation gradients correspond to deformations for which the ma-
terial has a liquid-like (L), an intermediate, solid-liquid-like (1), and a solid-like
(S) behaviour; see our discussion in Section 6. With some abuse of notation we
denote by L, S,4, and k also the corresponding subsets in ther)-plane which

are formally given by replacingnax(F) by s andimax(cof F) byt in the foregoing
definition. See Fig. 1 for a sketch of these curves and domains in the phase plane.

We now deduce in Propositions 1 and 3 the results corresponding to Steps 1

and 2 in Section 4.
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Proposition 1. Suppose that W is given by (1) with 0 < 31 < y» < y3 and
y1y2ys = 1. Let

0 if Fel,
M (F)\? Y1 p/2_ .
_ () +2(fm) -3 ifFen,
W(F) =1 W(F) ifFesS, (13)
Aa(F)\? vs \?_ g3 ;
(*5%2) +2(Fm) -3 iftrens
+o00o ese

Then W' < W. Moreover, for all matrices F e L the function W is obtained by
averaging with respect to laminates within laminates, and for all matrices F €
I1 U I3 by averaging with respect to simple laminates. In both cases, there are
pairs (A, F;)i=1,.. n) With N(F) < 4 satisfying (3) or (4) respectively, such
that W(F) = W(F;), i.e, thematrix F and the matrices F; are contained in the
level set {X : W(X) = W(Fy)).

Proof. The proofis based on several applications of Theorem 2, which we describe
for the regions L, { and k separately. There is nothing to show for the region of
solid behaviour since the relaxed energy coincides there with the original energy.
Moreover, the assertion is an immediate consequence of Propositiof 2fdr =
K9, sinceW' is rank-one convex an = 0 onkK.

Suppose now thak € I3. We may assume without loss of generality tliat
is diagonal,F = diag(u1, n2, 13), With 0 = 1 = pz < pzanduz = ys.
Consider the line parallel to theaxis through the pointus, 1/11), and let(s, 7)
be the intersection point of this line with the curfee /T*s), i.e.,5 = uz and
7 = /T* 3. This point in the phase plane corresponds to th&set all matrices
G with the corresponding singular valueand ¥z, namely

K ={G e M>3: detF = 1, 21(G) = £1, 22(G) = &, 43(G) = pa},

where
1 I
&1 = — and & = .
VT s 13

The idea behind the subsequent estimates is to show, based on Theorem 2, that the
matrix F is contained in the quasiconvex hull &f. We first observe that

1 o<y VT (yz>1/2 L,
=816 = =\ — = U3,
VANITE: V13 41 Vi3
since the last inequality is equivalent;téyg < Mg. Moreover,F € I3 implies that
1 1 1 VI

— < JT*uz & Spr & w2 .
w1 VT*us 13 /M3
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Consequently; < u1 < u2 < &, and we conclude from Theorem 2 and Corol-

~

lary 2 thatF € K and

p/2 p
W'(F) < W(diagé1, &2, u3)) = 2<£) + (E) _3

as asserted.

It only remains to consider the cagee |1, where we may assume that=
diag(ue1, u2, 13) with w1 < 1. In this case we consider the line parallel to the
s axis through(ues, 1/11) and consider the intersection point of this line with the
curve(s, y*s2) at(1/4/y*u1, 1/11). Here the goal is to show thétis contained
in the quasiconvex hull of the set

K = {G e M3 detF =1, 11(G) = u1, A2(G) = &, A3(G) = 53},

where
N 1
2= and &= =
M1 YUl
We now know that
1/2
< (72 21 A% < 1
ms| =] —== =8 Sfh=—F—0x,
V& M1 M1 Y K1

since the first inequality is equivalent g < y1y2. In addition,

1 NG 1
yuds — o Yo < =p2 & UBE ———.
n1 VI T paps y*ua

Theorem 2 and Corollary 2 thus imply thate K® with

p p/2
W'(F) < W(diag(u1, &2, &3)) = (&) " 2(&) 3
71 M1

The proof of the proposition is now complete

We can state the foregoing proposition equivalently by saying that

We(r) < ¥ (Amax(F), Amax(cof F)) if detF =1,
+00 else,
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wherey : RZ — R is given by

if (s,1) € Ep,

p
> + 2(y1t)P/? — if (s,) € 11 UEy,

N (14)
< ) (_) _3 ifsesS
yas V3
P
) (_) _3 if (s.1) € I3 UEs.

Here we denote by & E;, and E the following domains in the phase plane (see
Fig. 1):

§|H§|I—‘
~

G
(

‘<|rn

—[0V3]X[ }
r=

El—{(Y 1) : i t2s }
Vl
Ez ={(s.0): s Zy3, 1t < s}

The next proposition is the key ingredient in the proof of the polyconvexity of
W, sincey is a finite extension ofV which coincides withi¥ for all matrices in
{F e M®3: detF = 1}.

Proposition 2. The function v defined in (14) is convex and nondecreasing in its
arguments.

Proof. In order to simplify the notation we define the three functions
g1:BBUl1 > R, g:S—> R, g3:E3Ulz3—>R
by
gi(s,t) = — + 2(y1t)?
vt
1 s\’
e = () + () (—) -
yit yas V3
p/2
g3(s, 1) = <i> +2<@> -3
V3 s

We first prove thats is continuous. To see this, it suffices to consiglem o (EzUl 3)
anda(E1 U l1). If s = y3, thengs(ys, t) = 0, and along the curve= +/T*s we

have
1 p/2 1 p/2 s\7
g2(s, 1) = ( ) + < ) + (—) — 3 = g3(s,1).
y1y2s Y1y2s V3
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1
Similarly, g1<s, —) = 0 and along the curve= /t/y* we obtain
¢!

1\” ¢ p/2 " p/2
T O Y
vt Y2y3 y2v3

In order to prove thats is nondecreasing, we calculate

Dgi(s,1) = (O, P pylp/th/z_l)’

pt? psPt p ptP~t
DgZ(Sat)z (_ 13 1 P s P ol D 3
Vo sP V3 vy tP Vo sP
p/2

-1
. PY3 ps?
Dg3(S, 1) = (— Sm + }/—3{7’ 0)

From these formulae we obtain

1 3p/2

o520 o 2> (_> ,
%!

2 t\"

0582(s,) 20 & 5P 2> (ﬁ) ,

dg2(s,) 20 & °P = (T'*s)P,

3p/2

05g3(s, 1) 20 & $3/2> 302

All these inequalities are satisfied in the domains of the functignand we con-
clude thaty is nondecreasing in its arguments. We now showithigtcontinuously
differentiable. Since

1
0583(y3, 1) =0, 3,g1<s, —) =0,
V1

we only need to check this along the curves: +/T*s andr = y*s2. A short
calculation shows that

1/2 1/2
Dgz<s, (%) ﬁ) = Dga(s. 1), Dgz((g) Vi, t) = Dgi(s. 1),

and this establishes the differentiability of the functibn

It remains to prove the convexity af. It is clear thatgs and g3 are convex
since the functions — s7 ands — s~¢ are convex o for ¢ = 1. We find for
g2 that

p(p+DtP  p(p—1)sP? _part
D%gy(s, 1) = vy v 2. -1 73 v srt 2
ptP™ p(p+1)  plp—DtP~

yzpsp-HL yll’tp+2 yzpsp
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and thus the determinant of the matrix of the second derivatives is given by

Pp+ D25 pEPT2 pA(p® - Dygs"? | pAp = D12
spt242 y22[7s2p+2 tp+2 52 :

1 *
By assumption; < yT and thus forp > 2 and(p — 1)2 > 1,
S
P2 — D2 r2 per-2 y pPyPir=2 B 2202

2 2 = 2 PP -
s J/211752;7+2 Ky V3 Vo tPs2
Since also(D?g)11 > 0, we conclude thag, is convex on its domain and this

finishes the proof of the propositionO

Proposition 3. Assume that v : ]R{Er — R is given by (14). Then the function
Wy : M3*3 - R, given by

W1 (F) = ¢ (kmax(F), Amax(cOf F))
is polyconvex.
Proof. By definition, W1 is polyconvex if there exists a convex function
g M3 x M3 xR > R
such that¥, (F) = g(F, cof F, detF). We define
g(X,Y,68) = 1/1( sup|Xel, sup|Ye|>.
ees? ees?

It follows that for all matricesX1, X», Y1, Y2 € M3*3, scalarssy, 82 € R and
A e[0,1]

g(AM(X1, Y1, 81) + (1 — 1)(X2, Y2, 82))

= 1//( sup|(AX1+ (1 —2)Y1)el, sup|(A X2+ (1 — X)Yz)e|>

eeS? eeS?

< w(x sup|Xie| + (1 — A) sup|Yie|, 2 sup|Xae| + (1 — 1) sup|Y2e|>

eeS? eeS? eeS? eeS?

= W(k< sup|Xiel, SUPIX26|> +(1- A)( sup|Yiel, SUDIY26|>>

ecS? ecS? ecS? eeS?

< Mﬂ( sup|Xiel, SuI0|Y1«?|> +1- /\)W( sup|Xzel, 5UP|Y2€|)

ecS? ecS? ecS? ecS?

= Ag(X1, Y1, 81) + (1 — Mg(X2, Y2, 82).

Here we used the triangle inequality for the norm and the factfthanondecreas-
ing in the first inequality, and the convexity ¢f for the second inequality. This
establishes the polyconvexity &f; and concludes the proof.o
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Theorem 3. The rank-one convex and the polyconvex envelope of W coincide and
are given by

WC(F) = WPE(F) = ¥ (Amax(F), Amax(COf F)) if detF =1,
oo ese

Proof. We define
0 ifr=1,

Wy(F) = I[1(detF) where I1(t) =
oo else.

Then VT/(F) = Wy (F) + Wa(F) is a polyconvex function which is finite only on
the set{ F € M®3: detF = 1}. This implies that

1 1
MF) = Amin(F) = ————— d »fF)=———"7—
1) min(F) Amax(cof F) an 2(F) Amin(F)Amax(F)
whenever the energy is finite. In view of the definitiorm/of
0 if FelL,
Amin(F) ) y1 \PP2 :
(Rmt) 4 o( L) 3 iR el
W(F)={ W(F) if FeS,
Amax(F) )" va_\"/? -
(*m542) 25 l) -3 fF el
+o00 else,

and a comparison with (13) shows tHét= W < W'c. Therefore
Wrc§ W: Wg Wpc§ Wrc’

and hence equality holds throughout this chain of inequalities. This proves the
assertion of the theorem.o

The final step is to prove that the quasiconvex envelop® a$§ equal to the
polyconvex and the rank-one convex hull. This does not follow automatically since
guasiconvexity does not imply rank-one convexity for extended real-valued func-
tions. To close this gap, we use an explicit construction based on the following
result byMULLER & SVERAK.

Lemma 1l ([MS99], Lemma 4.1)Let X be given by
Y ={FeM™" . M(F)=t},

where M isaminor of F ands & 0. Let V beanopensetin X, let F € V¢, and
let ¢ > 0. Then there exists a piecewise linear map u : Q C R" — R™ such that
Du € V' ae inQ and

|{x: Du(x) ¢ V}| < el€l, u(x) = Fxon 9.
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Theorem 4. The quasiconvex envelope of W,

. 1
W¥F) = inf —
pewl=@:r3) |2

@(x)=Fx on 92

/ W(Dy(x))dx,
Q

is equal to the rank-one convex and the polyconvex envel ope and given by

W) — ¥ (Amax(F), Amax(cof F)) if detF = 1,
+00 else,

where v is given by (14).

Proof. We have to construct, for ali € M3*3 with detF = 1 and for alls > 0 a
functiongr 5 € W (Q; R®) such thatpr s = Fx ondQ and

/ W(Dgr s)dx < [QIWPY(F) + O),
Q

whereO(§) — 0 asé — 0. This impliesW9(F) < WPE(F), and sinceWwPC is
guasiconvex, we conclud&9c = WP,

We give the proof for the situation th#itP¢ is obtained fromW by averaging
with respect to laminates within laminates. It follows from Proposition 1 that there
exist pairs(;, F;)i=1... 4 such that

4
F=ZAiE, and WPSF)=W(F),i=1,...,4
i=1

Moreover,F € K@ wherekK = {Fi, F, F3, F4}. We choose
T ={F e M*3: detF = 1},
and define fo$ > 0
Vs =|F e X: distF, K) <8}, ws =sup|W(X) : X € Vs} — WP(F).

SinceW is continuous orE we havews — 0 asé — 0. Lemma 1 guarantees the
existence of a piecewise linear map s : @ — R3with Dor 5(x) € V{¢a.e. and

prs(x) = FxondQ, and |{xeQ: Dypsx) ¢ Vs}| <4lQl

Therefore, ifM is an upper bound foW on V1,
/ W(Dgrs)dx < |{Dgr.s(x) € Vs}|(WPF) + 5) + SM|Q|
Q
< |QUWPSF) + [Q(ws + M),

The assertion of the theorem follows&s> 0. O
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6. Perspectives for nematic elastomers

Nematic elastomers are rubbery solids which combine the entropic elasticity of
a network of cross-linked polymeric chains with the peculiar optical properties of
nematic liquid crystals, see Fig. 2 for a sketch. These features have already attracted
considerable attention in the chemical and physical literature and more recently also
in the mathematical literature from the point of view of continuum mechanics, see
[ACF,DS].

The motivation behind the successful efforts to synthesize nematic elastomers
[FKR, KpF] was the attempt to reproduce the mesophases typical of a liquid crys-
tal within an amorphous, polymeric solid. The resulting physical system has the
translational order of a solid phase coupled to the orientational order of a nematic
phase. Soft deformation modes whose occurrence had been predicted by theory
[GL], were observed experimentally [KnF], in association with the appearance of
domain patterns with a characteristically layered texture. The formation of these
microstructures was explained by energy minimization in the framework of con-
tinuum models in [WB], [WT]. One of the proposed models [BTW] is based on
minimization of the free-energy density,

-1 .
ﬁ(rlﬁ[ |FJ2 — r—|FTn|2] _ 3) if det F = 1,
Werw(F,n) =1 2 r
+o00 otherwise.

Hereu andr are positive, temperature-dependent material constants, the rubber
energy scale and the backbone anisotropy parameter (i.e., the statistical average of
the ratio of the dimensions of a chain in directions parallel and perpendicui®r to
andn is the director describing the local directional order in the nematic phase. In
the isotropic phase, = 1, and the system is governed by the neo-Hookean energy
of the rubber. For temperatures below the transformation temperattrd,, and

Fig. 2. Sketch of the isotropic-nematic phase transformation in nematic elastomers.
They consist of cross-linked backbone chains to which nematic elements (rigid, rod-like
molecules) are attached. The nematic mesogens have a random orientation in the high-
temperature (isotropic) phase due to thermal fluctuations. A local alignment of the meso-
gens in the low-temperature (nematic) phase causes a stretch of the network in the direction
of n (indicated by the arrow in the right-hand figure) and a contraction in the directions
perpendicular to it.
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a minimization of the energy in leads to

1
E(H“[Af e 3), detF =1,
W(F) = min Wgrw (F,n) = 2 g
nes

+00 else.

Here we have chosen the stress-free state of the isotropic parent phase as reference
configuration rather than one of the stress-free states of the product uniaxial phase
asitis done in [BTW,WT].

The mathematical interest in this energy lies in its nonconvexity, caused by the
factor I/r < 1 in front of the largest singular value. Its expression is up to the
factor 5 identical to (1) with

— <7 and =—, =1,
Y1=V2= V3 Y NG

where the parametegs’ andI'™* have been defined in (12).
Our results in Sections 3 and 5, Theorems 2 and 4, imply immediately the
following result (see the phase diagram in Fig. 3):

Theorem 5. The relaxed energy W9 of the system is given by

0 ifFel
%(Te—/ 2 + P32 (F) — 3) ifFelg,
WIF) = P Amin(F)
W(F) ifFes,
+00 dse,
where

L = {F c M3><3 : detF =1, Amax(F) § r1/3}7

l1 = |F e M3 detF = 1, Amin(F)AZ(F) < r/2},

S ={Fe M3*3 : detF = 1, Amin(F)A25(F) = rl/z}.

The set K 9 of all affine, asymptotically zero-energy deformationsis equal to K 2.
Moreover, deformationsin KM and K @ can be realized by simple laminates and
laminates within laminates, respectively, and can be represented by

1
KO — {F e M>3: detF = 1, Amin(F) = 16 }
;
1
K@ — {F e M3 detF =1, 16 < Amin(F) = Amax(F) = ”1/3}~
r

Finally, therelaxed energyin |1 can be achieved by averaging with respect to simple
laminates.
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|
Amax(cof F)
1
S
r 1/6 .
1 L

1 ris Amax(F)

Fig. 3. The phase diagram for nematic elastomers. The phase boundary between the inter-
mediate phase and the solid phase is given/gy(F)A 32,4 (F) = r1/2.

From the expression ¥ %Citis clear that in the region (L) of the phase diagram
drawn in Fig. 3 the response of the system is completely soft, and only constrained
by incompressibility. Thus, in the region (L), the material behaves essentially like
a liquid. On the other hand, in the region (S) of the phase diagram, the expression
for the energy is very similar to the one describing a neo-Hookean rubber, hence
the material behaves like an elastic solid. In the intermediate regipih& energy
depends only on the smallest singular value of F (the dependence on the other
two singular values is indirect, through the incompressibility constraint). Thus the
material response is intermediate between a liquid-like and a solid-like one.

The significance of Theorem 5 from the point of view of continuum physics
is that it represents the first explicit relaxation result for an SO(3)-invariant en-
ergy related to solid-solid phase transitions. In particular, it allows one to explore
analytically and numerically realistic loading conditions and boundary value prob-
lems that involve microstructures whose characteristic features are not spatially
homogeneous. Numerical experiments with a thin sheet of a nematic elastomerin a
geometry for which experimental results are available in the literature are presented
in [CDD].
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