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Abstract

The problem of quasistatic evolution in small strain associative elastoplasticity
is studied in the framework of the variational theory for rate-independent processes.
Existence of solutions is proved through the use of incremental variational prob-
lems in spaces of functions with bounded deformation. This approach provides a
new approximation result for the solutions of the quasistatic evolution problem,
which are shown to be absolutely continuous in time. Four equivalent formulations
of the problem in rate form are derived. A strong formulation of the flow rule is
obtained by introducing a precise definition of the stress on the singular set of the
plastic strain.

1. Introduction

In this paper we study quasistatic evolution problems in small strain associative
elastoplasticity. More precisely, we consider the case of a material that displays
linear and isotropic elastic behavior, and whose plastic response is governed by
the Prandtl-Reuss flow rule, without hardening (perfect plasticity). Perfect plas-
ticity is a classical model in mechanics, which has played a crucial role in the
understanding of irreversibility and nonlinearity associated with the emergence of
plastic deformations. Its relevance is that of a conceptual tool. Quantitatively accu-
rate predictions of the response of any given material typically require the resolution
of other nonlinear phenomena that occur between the elastic and the plastic regime.

Usually, the problem is formulated as follows (in a domain 2 C R”"). The
linearized strain Eu, defined as the symmetric part of the spatial gradient of the
displacement u, is decomposed as the sum Eu = e+ p, where e and p are the elas-
tic and plastic strains. The stress o is determined only by e, through the formula
o = Ce, where C is the elasticity tensor. It is constrained to lie in a prescribed
subset KK, of the space M” X" of nxn symmetric matrices, whose boundary 9K is

sym
referred to as the yield surface.
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Given a time dependent body force f (¢, x), the classical formulation of the
quasistatic evolution problem in a time interval [0, 7] requires finding functions
u(t, x), e(t, x), p(t, x), o(t, x) that satisfy the following conditions for every ¢ €
[0, T] and every x € Q:

(cfl) additive decomposition: Eu(t, x) = e(t, x) + p(t, x),

(cf2) constitutive equation: o (¢, x) = Ce(t, x),

(cf3) equilibrium: —divo (t, x) = f(¢, x),

(cf4) stress constraint: o (¢, x) € K,

(cf5) associative flow rule: (§ — o (¢, x)):p(z, x) < 0 forevery & € K,

where the colon denotes the scalar product between matrices. Condition (cf5) is
also referred to as the maximum plastic work inequality (see [7]). The problem is
supplemented by initial conditions at time + = 0 and by boundary conditions for
t €[0,T],x € 0%, of the form u(¢, x) = w(t, x) on a portion [y of the boundary,
and o (t, x)v(x) = g(¢t, x) on the complementary portion I'{, where v(x) is the
outer unit normal to 92, w(¢, x) is the prescribed displacement on I'¢g, and g(¢, x)
is the prescribed surface force on I'y.

For clarity, we focus our discussion on the case where K is a cylinder of the
form K = K + RI, where [ is the identity matrix and K is a convex compact
neighborhood of 0 in M';", the space of trace free n xn symmetric matrices. This
example results in yield criteria (often used for metals), which are insensitive to
pressure, such as the ones of Tresca and von Mises (see, e.g. [14]). Thus con-
dition (cf5) implies that p(r, x) € M} and it is not restrictive to assume that
p(t, x) € M.

Introducing the normal cone Nk (£) to K at &, the support function

H(§) :=supé&:¢,
cek
and the subdifferential d H (&) of H at &, the flow rule (cf5) can be written in the
equivalent forms (see, e.g. [7] & [10] (Chapter 4)):

(cf5’) normality: p(z, x) € Nk (op(t, X)),
(cf5”) dissipation pseudo-potential formulation: op (¢, x) € dH(p(t, x)),
(cf5”") maximal dissipation: H(p(t, x)) = op(t, x):p(t, x),

where op (¢, x) denotes the deviator of o (¢, x) (see Section 2.1).

In the engineering literature, quasistatic evolution problems of the type consid-
ered above are approximated numerically by solving a finite number of incremental
variational problems (see [16, 24], and more recently [5, 18, 25]). The time interval
[0, T] is divided into k subintervals by means of points

O=t,?<t,§<-~-<t,’c‘71<t,]:=T,

and the approximate solution u}'{, ef{, p}'{ at time t,i is defined, inductively, as a
minimizer of the incremental problem

min  {Qe) +H(p — pi 1) — (L)), (1.1)
(u,e,p)eA(w(ty))
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where
Qle) = %/ Ce(x):e(x)dx,
Q
H(p) 1=/QH(P(X))dx,
(L) |u) :=/ f(t,x)u(x)dx—l—/ g(t,x)u(x)dH"_l(x), (1.2)
Q I

H"~Lis the (n — 1) dimensional Hausdorff measure, and A(w(z)) is defined, at this
stage of the discussion, as the set of triples (u, e, p), with Eu(x) = e(x) + p(x)
for every x € €2, such that u satisfies the prescribed Dirichlet boundary condition
at time ¢, i.e., u(x) = w(t, x) for every x € I'g. Finally, the stress at time t,i is
obtained as a,ﬁ x) ;= (Ce,i x).

Since ‘H has linear growth, problem (1.1) has, in general, no solution in Sobo-
lev spaces. This is very natural from the point of view of mechanics, owing to
the phenomenon of strain localization. In the absence of hardening, solutions can
develop shear bands, where shear deformation concentrates. Seen from a macro-
scopic perspective, shear bands can be thought of as sharp discontinuities of the
displacement (slip surfaces). They cannot be resolved by Sobolev functions, but
they find a natural mathematical representation if plastic deformations are allowed
to take values in spaces of measures (see [28]).

These remarks lead naturally to a weak formulation of the problem, where the
displacement u belongs to the space BD(S2) of functions with bounded defor-
mation, whose theory was developed in [17, 30, 13, 29], and the plastic strain p
belongs to the space M (2UTo; M) of M*"- valued bounded Borel measures
on QU INy.

In accordance to the theory of convex functions of measures developed in [9]
and [29] (Chapter II, Section 4), we define the functional H(p) in the weak formu-
lation of problem (1.1) as

H(p) :=f H(p/Iphdlpl.
QU

where p/|p| is the Radon-Nikodym derivative of the measure p with respect to its
variation |p|, while A(w(t,i)) is defined, here and henceforth, as the set of triples
(u, e, p),withu € BD(Q),e € L*(; M5, p € Mp(QUT; M73"), and Eu =
e + p on €2, subject to the relaxed boundary condition p = (w(t,i) —u)OvH!
on I'p. In the last formula, © denotes the symmetric tensor product.

Boundary conditions of this kind are typical in the variational theory of func-
tionals with linear growth (see, e.g. [29, 8]). The mechanical interpretation of our
condition on [y is that if the prescribed boundary displacement is not attained,
a plastic slip develops at the boundary, which has a strength proportional to the
difference between the prescribed and attained boundary displacements.

In the case p;:l = 0, the weak formulation of problem (1.1) was studied in
detail at the beginning of the 1980s (see [30, 2, 13, 29, 1]). With respect to this body
of work, it is important to emphasize a change of perspective. The model we study
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(Prandtl-Reuss plasticity) explicitly takes into account the history of plastic defor-
mation. Setting p};_l = 0in (1.1) makes the problem oblivious to the accumulation
of plastic strain. This is the so-called Hencky theory of plasticity, in which elastic
unloading, following plastic loading, is incorrectly resolved (see [11, 28]).

However, we can rely on the results of the above mentioned papers to solve
problem (1.1) in the general case (Theorem 3.3), provided a safe-load condition is
satisfied. We then define the piecewise constant interpolations

up(t) =l , ex(t) :=¢e\, pp(t):=pt, ox(t):=o0f,

where i is the largest integer such that 7/ < 7.

The aim of this paper is to introduce a weak definition of continuous-time
quasistatic evolution in the functional framework u € BD(S2), e € LZ(Q; MZ’;‘,;‘ s
p € My(QQUTy; M"DX”), o€ L% ngxn;’), and to prove that, up to a subsequence,
the discrete-time solutions ux (t), ex(t), px(t), ox(t), obtained by solving the weak
formulations of problems (1.1), converge to a continuous-time solution u (), e(t),
p(t), o(t), provided max; (t,i — t,i_l) — 0ask — oo.

Our definition fits the general scheme of continuous-time energy formulation
of rate-independent processes developed in [22, 23, 19-21, 15]. Based on the work
presented in these papers, for every time interval [s, 7] contained in [0, T'] we intro-

duce the dissipation associated with H, defined by

N

Dy (p; s, 1) = sup [ D Hp(t)) — pltj-1) :
j=1
s =105 h §...§tN=t,NeN}.
The general definition proposed in [15] reads in our case as follows: a quasistatic
evolution is a function ¢ — (u(r), e(t), p(t)) from [0, T] into BD()xL?
(2; Mg’yx,,’,’) X M (22U T'o; M) which satisfies the following conditions:
(qsl) global stability: for every t € [0, T] we have (u(t), e(t), p(t)) € A(w(z))
and

Q(e() — (LM u() = Q) + H(g — p(1)) — (L@D)|v)

for every (v, 1, q) € A(w(?));
(qs2) energy balance: the function 7 — p(r) from [0, T'] into M} (2 U To; M)
has bounded variation and for every ¢ € [0, T]

Q(e(t)) + Dy (p: 0, 1) — (L(1)|u(t))
t
= Q(e(0)) — (L(0)[u(0)) +f0 {{o(IEW(s)) — (L(s)l(s))} ds

t
0

- / (L(s)lu(s)) ds
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where o (t) := Ce(t), dots denote time derivatives, the first brackets (-|-) in
the first integral denote the scalar product in LZ(Q; M’;yxj), while the other
brackets (-|-) are defined as in (1.2).

The main result of our paper is the proof of the existence of a quasistatic evo-
lution satisfying the prescribed initial conditions (Theorem 4.5), provided that a
uniform safe-load condition is satisfied.

A different formulation of the problem in rate form was proposed in [12] and
[28], where an existence result is proved by a visco-plastic approximation. It turns
out that our definition is equivalent to the one considered in those papers (Theo-
rem 6.1 and Remark 6.3). Therefore, the existence result is not new, but our proof
is completely different and leads to a different approximation scheme for the solu-
tions (Theorem 4.8). This different approximation scheme may prove useful in the
construction and analysis of algorithms for the numerical solution of the prob-
lem. Moreover, it shows that this problem can be included in the general theory
developed in [19, 15].

Our proof is obtained by considering the discrete time solutions u(t), ex(t),
pi(t), ox(¢), and by showing that they satisfy an approximate energy inequality
(Lemma 4.6), which is similar to [15] (Theorem 4.1). This allows us to apply the
generalization (Lemma 7.2) of the classical Helly Theorem proved in [15] (Theo-
rem 3.2), and to extract a subsequence, independent of # and still denoted py, such
that py(r) — p(r) weakly* in M, (Q U To; M) for every ¢ € [0, T].

Extracting a further subsequence, possibly depending on ¢, we may assume
that uy (t) — u(t) weakly* in BD(2) and ¢ (r) — e(t) weakly in L*(L; M’Y’yxn? .
We prove (Theorem 3.7) that (u(z), e(t), p(t)) satisfies the global stability condi-
tion (gs1). Since there exists at most one (i, ¢) € BD(Q2)x L>(Q; Mg’;‘nﬁl), such that
(u, e, p(t)) satisfies (qs1) (Remark 3.9), we have ui(r) — u(t) and ex () — e(t)
for the same subsequence (independent of ¢) for which pi () — p(?).

One of the inequalities in the energy balance (qs2) is then proved by passing to
the limit in the approximate energy inequality obtained for the discrete-time solu-
tions, while the opposite inequality follows (Theorem 4.7) from the global stability,
by adapting the proofs of [15] (Theorem 4.4) and [6] (Lemma 7.1).

The second part of our paper is devoted to the regularity of solutions and to
the comparison of our definition of quasistatic evolution with other definitions in
rate form. We prove (Theorem 5.2) that if the data of the problem are absolutely
continuous functions of time, then for every quasistatic evolution the functions
t— u(t),t — e(t),t — p(t),and r — o (t) are absolutely continuous on [0, T']
with values in BD(S2), L2(2; MIEr), My (2 U To; M), L2(S2; M), respec-
tively. Moreover, we establish a pointwise estimate for the time derivatives of these
functions which implies that if the data of the problem are Lipschitz continuous on
[0, T'], then the same is true for ¢ +— u(t), t — e(t),t — p(t),and t — o () (see
Remark 5.4).

Similar arguments prove that ¢ > e(¢) and ¢ — o (¢) are uniquely determined
by their initial conditions (Theorem 5.9), while elementary examples in one dimen-
sion show that, in general, this is not true for ¢ +— u(¢) and ¢t — p(t) (see [28]
(Section 2.1)).
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The results on the regularity of solutions in time, which arise because of the
convexity of the problem, appear to be unusual in the context of rate-independent
evolution problems. They should be contrasted with the situation occurring in the
quasistatic growth of brittle cracks (see [6]), where the regularity of solutions is
much worse. The mechanical interpretation of this difference is that, while slip
surfaces evolve continuosly in time if the data are continuous, cracks may evolve
much less regularly.

The regularity results described above allow us to write the energy balance (qs2)
as balance of powers (Proposition 5.6): for a.e. r € [0, T']

(e®]e(®)) + H(p() = (LOi(0)) + (o O Ew(n)) — (LO)|w(D)) .

We then show that our definition of quasistatic evolution is equivalent to four differ-
ent sets of conditions, expressed in rate form (Theorems 6.1 and 6.4). The first
can be interpreted as the weak formulation, in the spaces BD(2), L?(Q; M),
Mp(QU T M), L2(S2 ML) of the five conditions (cf1)—(cf5) considered in
the classical presentation of the problem; the second takes into account the weak
formulation of maximal dissipation (cf5”); the third coincides with the definition
considered in [28]; and the fourth (Theorem 6.4 and Remark 6.5) presents a strong
formulation of the normality rule in either of the two forms (cf5’) and (cf5”).
This last formulation requires a precise representative of op(¢) defined |p(r)|-a.e.
on Q U I'y. If K is strictly convex, this representative is obtained as the limit of

averages of op(¢) (Theorem 6.6).

2. Notation and preliminary results

2.1. Mathematical preliminaries

Measures. The Lebesgue measure on R” is denoted by £", and the (n — 1)-dimen-
sional Hausdorff measure by " ~!. Given a Borel set B C R” and a finite dimen-
sional Hilbert space X, M (B; X) denotes the space of bounded Borel measures
on B with values in X, endowed with the norm ||| := |u|(B), where |u| €
My (B; R) is the variation of the measure u. For every u € My, (B; X) we consider
the Lebesgue decomposition u = u® 4+ u*, where u is absolutely continuous and
w* is singular with respect to the Lebesgue measure £”.

If u* = 0, we always identify u with its density with respect to the Lebesgue
measure £". In this way, L! (B; X) is regarded as a subspace of Mj(B; X), with
the induced norm. In particular, we have u € L'(B; X) for every u € M, (B; X).
The indication of the space X is omitted when X = R. The L” norm, 1 £ p < oo,
is denoted by || - || ,. The brackets (-|-) denote the duality product between conjugate
L? spaces, as well as between other pairs of spaces, according to the context.

If the relative topology of B is locally compact, by Riesz representation the-
orem (see e.g. [27] (Theorem 6.19)) M, (B; X) can be identified with the dual of
Co(B; X), the space of continuous functions ¢:B — X such that {|¢| = ¢} is
compact for every ¢ > 0. The weak* topology of My (B; X) is defined using this
duality.
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Matrices. The space of symmetric nxn matrices is denoted by M{ . It is endowed
with the euclidean scalar product §:¢ = tr(§¢) = ) ; ;&ij¢ij and with the cor-
responding euclidean norm |£| := (&:£)!/2. The orthogonal complement of the
subspace R/ spanned by the identity matrix / is the subspace M'I’)X” of all matrices
of MLy, with trace zero. For every & € M7, the orthogonal projection of § on
RI is %tr(é)l , while the orthogonal projection on M';*" is the deviator &p of &, so
that we obtain the orthogonal decomposition

1
§=¢ép+—(ré)I.
n

The symmetrized-tensor product a © b of two vectors a, b € R" is the symmet-
ric matrix with entries (a;b; + a;b;)/2. It is easy to see that tr(a ®b) = a-b,
the scalar product of @ and b, and that |[a © b|* = %|a|2|b|2 + %(a -b)2, so that
lallbl < la©b] < lallb.

Functions with bounded deformation. Let U be an open set in R”. For every u €
LY(U; R"), let Eu be the My, -valued distribution on U, whose components are
defined by E;ju = %(Dj u; + Dju ). The space BD(U) of functions with bounded
deformation is the space of all u € LY(U: R™), such that Eu € My (U; M 3™, Tt

sym
is easy to see that BD(U) is a Banach space with the norm
llully + 1 Eu|ly -

It is possible to prove that BD(U) is the dual of a normed space (see [17, 30]).
The weak™ topology of BD(U) is defined using this duality. A sequence uy con-
verges to u weakly* in BD(U) if, and only if, uy — u weakly in L' (U; R") and
Euy — Eu weakly* in My, (U, M?yxrjf). Every bounded sequence in BD(U) has
a weakly™* convergent subsequence. Moreover, if U is bounded and has Lipschitz
boundary, every bounded sequence in B D(U) has a subsequence which converges
weakly in L= (U; R") and strongly in L?(U; R") for every p < n/(n — 1).
For the general properties of BD(U) we refer to [29].

In our problem, u € BD(U) represents the displacement of an elasto-plastic
body and Eu is the corresponding linearized strain.

2.2. Mechanical preliminaries

The reference configuration. Throughout the paper 2 is a bounded connected open
set in R" with C? boundary. We suppose that the boundary 9€2 is partitioned into
two disjoint open sets I'g, I'1 and their common boundary 0T"g = 9T"; (topological
notions refer here to the relative topology of 0€2). We assume that

Iy # 9, (2.1
and that

aTg = oI, is C? regular, (2.2)
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i.e. for every x € aI'g = ATy there exists a C? diffeomorphism defined in an open
neighborhood of x in R" which maps 92 to an (n — 1)-dimensional plane and
al'p = aI'1 to an (n — 2)-dimensional plane.

On I'yp we will prescribe a Dirichlet boundary condition by assigning a function
w € HY2(y; RY), or, equivalently, a function w € H!(R"; R"), whose trace on
o (also denoted by w) is the prescribed boundary value. The set I'j will be the
part of the boundary on which the traction is prescribed.

Every function u € BD(S2) has a trace on 0%, still denoted by u, which
belongs to L'(dQ; R™). If uy, u € BD(RQ), ux — u strongly in LY (Q; R"), and
|Eukllt — |Eull1, then uy — u strongly in L'(3$2; R™) (see [29] (Chapter 11,
Theorem 3.1)). Moreover, there exists a constant C > 0, depending on 2 and Iy,
such that

lulli,e = Cllulliry + CllEull,o (2.3)

(see [29] (Proposition 2.4 and Remark 2.5)).

We shall frequently use the space M (2 U I'p; I\\/I[”DX”), which is the dual of
Co($2U Tp; M"). The latter space can be identified with the space of functions
in C(; M';*") vanishing on T';. The duality product is defined by

<f|,u> ::/ ‘[:d/,l, = Zf Tij d,l,Lll (24)
QU i QUINy

for every T = (t;;) € C(Q; M/)") and every p = (i;5) € Mp(S2U To; M.

The set of admissible stresses. Let K be a closed convex set in M, which will
represent a constraint on the deviatoric part of the stress. Its boundary is interpreted
as the yield surface. We assume that there exist two constants rx and Rg, with
0 <rg £ Rg < 00, such that

{EeMpy" |§|Srk} CK C{ eMy™ |5 < Rk} (2.5)
It is convenient to introduce the convex set
Kp(Q) = {r € LX(; M) : t(x) € K forae. x € Q).
The set of admissible stresses is defined by

K(Q) :={o € L>(: M"X") : op € Kp(Q)}.

sym
The support function H:M;" — [0, 400 [ of K is given by

HE) :=supé&:¢. (2.6)
cek

It turns out that H is convex and positively homogeneous of degree one. In partic-
ular, it satisfies the triangle inequality

HE+) S HE+HQ).
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From (2.5) it follows that

rl§] = H(E) = Rgl§| 2.7)

for every & € M';".

For every i € Mp(§2 U T'o; My let /|| be the Radon-Nikodym deriv-
ative of u with respect to its variation |@|. Using the theory of convex func-
tions of measures developed in [9], we introduce the nonnegative Radon measure
H(n) € Mp(§2U ), defined by H (1) := H(u/|uD)|pl, ie.

H(u)(B) i=/l;H(M/|MI)dIMI (2.8)

for every Borel set B C € U I'g. Finally, we consider the functional
H:Mp(2UTo; M) — R defined by

H(w) := H(n)(QUTy) = / H(p/Iul) dlpm] . (2.9)
QU

Using [9] (Theorem 4) and [29] (Chapter II, Lemma 5.2) we can see that H (u)

coincides with the measure studied in [29] (Chapter II, Section 4). Hence

H(p) = sup{(t|p) : T € Co( U To; M) N Kp ()}, (2.10)

and H is lower semicontinuous on M} (€2 U I'g; M';") with respect to weak™ con-
vergence. It follows from the properties of H that H satisfies the triangle inequality,
ie.

HOA A+ 1) = HO) +H(w) (2.11)
for every A, u € Mp(Q2 U To; M.

The elasticity tensor. Let C be the elasticity tensor, considered as a symmetric

positive definite linear operator C: My, — M. We assume that the orthogonal

subspaces M})" and R/ are invariant under C. This assumption is equivalent to say-
ing that there exist a symmetric positive definite linear operator C p:M7,"* — M';"
and a constant ¥ > O such that

C¢ :=Cpép +x(tré)l (2.12)

forevery & € Mg’;,,’l'. Note that when C is isotropic, we have C& = 2uép +« (tré)1,
where > 0 is the shear modulus and « is the modulus of compression, so that
our assumptions are satisfied.

Let O:M?X" — [0, 400 [ be the quadratic form associated with C, defined by

sym

1 1
Q@wzzuf=56ﬁu@+gma?

It turns out that there exist two constants a¢c and B¢, with 0 < a¢ < Be < 400,
such that

aclél* £ Q&) < Belel? (2.13)
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for every & € MIIX". These inequalities imply

sym
IC&| = 2Bclé]. (2.14)

It is convenient to introduce the quadratic form Q:L?(Q; M"¢") — R defined
by ’

Q(e) :=/Q(e)dx
Q

for every e € L2(; M2y, It is well known that Q is lower semicontinuous on

L2(S2 M%), with respect to weak convergence.

The prescribed boundary displacements. For every ¢t € [0, T'], we prescribe a

boundary displacement w(t) in the space H'(R"; R"). This choice is motivated by

the fact that we do not want to impose “discontinuous” boundary data, so that, if the

displacement develops sharp discontinuities, this is a result of energy minimization.
We also assume that

t — w(t) is absolutely continuous (2.15)

from [0, T] into H'(R"; R"), so that the time derivative ¢ > 1) (¢) belongs to
L'([0, T]; H'(R"; R")), and its strain t —> E1(r) belongs to L' ([0, T]; L*>(R";
My;,)). For the main properties of absolutely continuous functions with values in
reflexive Banach spaces we refer to [4] (Appendix).

Body and surface forces. For every ¢ € [0, T'] the body force f(t) belongs to the
space L"(2; R"), and the surface force g(t) acting on I'y belongs to L*°(T"; R").
We assume that

t — f(t) and t — g(¢) are absolutely continuous (2.16)

from [0, T]'into L"(2; R™) and L*°(I"1; R"), respectively, so that the time deriv-
ative t — f(¢) belongs to LY([0, TT; L"(2; R™)), the weak™ limit

o 8(8) —g(0)
0 = wlim £

exists for a.e. r € [0,T], and r — |g(t)|loo belongs to L' ([0, T]) (see Theo-
rem 7.1).

Throughout the paper we will also assume the following uniform safe-load
condition: there exist a function ¢ — o(¢) from [0, T] into L?(2; ngxn;’) and a
constant & > 0 such that for every ¢ € [0, T']

—divo(r) = f(t) a.e.on 2, [o()v] =g@)on Ty, (2.17)
and

op(t,x)+§ €K (2.18)
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for a.e. x € Q and for every & € M';" with |§| < «. In these formulae op (7, x)
denotes the value of op(¢) at x € €, and the trace [Q(t)v] of o(t)v on I'y is
interpreted in the sense of (2.24) below. We also assume that

t — o(t) and r — op(t) are absolutely continuous (2.19)
from [0, T into L2(2; M’;yx,;’) and L*°(Q2; M';"), respectively, so that the time
derivative t — o(t) belongs to L1 ([0, T; L*(; M),

— t
eo&) =ep® ) ass >t (2.20)

s —1

weakly* in L*°(; M;") for ae. t € [0,T], and t +— [|0p(?)]loo belongs to
L'([0, T]) (see Theorem 7.1).

2.3. Stress and strain

Given a displacement u € BD(2), and a boundary datum w € H'(R"; R"),
the elastic and plastic strains e € L*(Q; M) and p € Mp(Q U To; M)
satisfy the equalities

EFu=e+p in 2, 2.21)
p=w—-u)OvH" " only. (2.22)

Therefore, we have e = E“u — p® a.e.on Q and p* = E*u on Q. Since tr p = 0, it
follows from (2.21) that divu = tre € L?(2) and from (2.22) that (w —u) -v = 0
H"1-a.e. on I'g. The stress o € L?(Q2; M) is defined by

sym

0 :=Ce=Cpep +«tre.

The stored elastic energy is given by
Qe) = / Q(e)dx = 3(ole).
Q

Givenw € H'! (R"™; R™), the set of admissible displacements and strains for the
boundary datum w on I'¢ is denoted by A(w): it is defined as the set of all triples
(u, e, p),withu € BD(Q),e € L2(2; M), p € Mp(2UT0; M), satisfying
(2.21) and (2.22).

We shall also use the space Ilr,(S2) of admissible plastic strains, defined as
the set of all p € M;(Q2 U I'o; M';") for which there exist u € BD(Q), w €
HY(R"; R"), and e € L*(Q; M;'yxrg') satisfying (2.21) and (2.22), i.e. (u, e, p) €
A(w).

We now prove a closure property for the multi-valued map w +— A(w).

Lemma 2.1. Assume (2.1) and (2.2). Let wi be a sequence in H' (R"; R") and let
(ug, ex, px) € A(wy). Assume that uy — uo weakly™ in BD(R2), ey — eco Weakly
in L*(Q; MIX?), pr = poo weakly* in My(R U To; MI™), wi — woo weakly in

HY(R™; R"). Then (oo, €00, Poo) € A(Woo).
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Proof. Since I'g is open in 9€2, there exists a bounded open set U in R”, such that
I'p = U N0, and we define Q:=QuUU.

Fork =1,2,...,00let ity € BD(Q) be defined by i1y = uy a.e. on Q2 and
iy = wg a.e. on U\ Q. Then,

Euy = Euy on 2,
Euy = (wk—uk)Gv’H”_l only,
Eiiy = Ewy onU\Q, (2.23)

(see e.g. [29] (Theorem 2.1 and Remark 2.3)). Since wy — uj is bounded in
L' (Io; R") by the continuity of the trace operator the sequence Eiiy is bounded
in Mb(Q M’;)Xn;l) As iy — U weakly in L! (Q R™), we conclude that ity — il
weakly™* in BD().

Fork=1,2,...,00lete, € L2(Q M?yx,;’) be defined by ¢; = ey a.e.on Q and

ér = Ewga.e.on U\Q, andlet py € My($2: M) be defined by px = px on QUT
and py =0on U \5. Then ej converges to e, weakly in Lz(fz; M”"x"y Since the

sym

restrictions to U I'y of functions in Co(2; M3 belong to Co(2U Tg; M),

we also find that j; converges to poo weakly* in M ($2; M.

As (ug, ex, px) € A(wy) for k < oo, by use of (2.23), we obtain Euy =
& + pr in Q. The convergence properties already proved for (iix, &, px) show that
Eiiee = @ + poo in Q. Consequently, (2.23) for k = oo implies that
(Ucos €0y Poo) € A(Woo). O

The traces of the stress. If o € L2(€2; M"*") and dive € L%(2; R"), then we

sym
can define a distribution [o, v] on 92 by

(lovll¥)aq: = (diva|y) + (o |EY) (2.24)

for every ¥ € H'(2; R™). It turns out that [0, v] € H~Y23$; R") (see e.g. [29]
(Theorem 1.2, Chapter I)). We will consider the normal and tangential parts of [0 v],
defined by

[ov], == ([oVv] -v)v, [av]ﬂ‘ = [ov]— ([ov] -v)v. (2.25)
Since v € C1(8$2; R"™), we obtain [o V], [ov]f; € H_1/2(8§2; R™). If, in addition,
op € L°(Q; My, then [ov]} € L>®(3Q; R") and

I Tov]E llocna < fnounoo, (2.26)

(see [13] (Lemma 2.4)).
Stress-strain duality. Let

2(Q) = {o € L2(Q; M) s dive € L"(Q;R"), op € L®(Q; My™)} .

sym

Ifo € X(R2),theno € L"(Q; M’;‘Xn?) for every r < oo by [13] (Proposition 2.5).

For every u € BD() with divu € L"®~D(Q), we define the distribution
[op : Epu] on Q2 by

(lop:Epul |¢p): = —(divo|pu) — %(traltp divu) — (oclu®Ve) (2.27)
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for every ¢ € C2°(2). It is proved in [13] (Theorem 3.2) that [op:Epu] is a
bounded measure on 2 whose variation satisfies

|lop:Epul| < llopllecl Epul ~ in . (2.28)
Moreover
[Vop:Epu]l = ¥ [op:Epu] in Q (2.29)
for every ¢ € C!(R), and
lop:Epul® = op:Efu a.e.in Q
(see [1] (Corollary 3.2)). We define the measure [UDIE%] on 2 by
[O‘DZE%M] :=[op:Epul’ = [op:Epul —op:Efu.
By (2.28), we have
| [O’DZEBL{] | < lloplleol Eputl in Q. (2.30)

This shows, in particular, that if ¢, & satisfy the same properties as o, u, and
op = 6pae.onQ, Eju = E}i in Q, then [GD:EfDu] = [6D:E})ﬁ] in Q.
We define

(op|Epu): = [op:Epu] (), (op|Epu): = [op:Epu] (),

so that (op|Epu) = {op|E{u) + {op|ELu). If o — o weakly in L2(S2 M?;j,’f ,
div oy — div o weakly in L"(2; R"), and (o) p is bounded in L*°(€2; M';*"), then
or — o weakly in L"(€2; M) for every r < 400 (see [13] (Proposition 2.5))

sym
and

([lox) p:Epullp) — (lop:Epulle),

([0 p:Epu]lp) — ([op:Epu]l9) (2.31)
for every ¢ € C(R) (see [13] (Theorem 3.2), the proof of which gives the result
also in the case of weak convergence).

We now define a duality between X (€2) and I, (£2). Given o € X(£2) and
p € M, (), we fix u € BD(Q), e € L2 (Q; M), and w € H'(R"; R"),

sym
satisfying (2.21) and (2.22). We then define a measure [op:p] € Mp(2 U I'g) by
setting

[op:p]l :=op:p® + [op:Epu] = [op:Epul —opep on <,
[op:p] = [ov]‘f‘ c(w—u)H"! onTy,
so that
{[op:plle) = (lop:Epullg) — (opieple) + (lovly lp(w — u))r, (2.32)

foreveryp € C (), where (-]-)r, denotes the duality pairing between L*(T'g; R")
and L'(I'g; R™). Using the previous remarks, it is easy to see that the measure
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[op:p] does not depend on the choice of u, e, and w. It follows from the definition,
and from (2.26) and (2.30), that

[op:pl* =op:p® ae.onQ, [op:p]’ =[op:Efu] onQUT,
[[lop:p]| Slloplleclpl on QUTy, |[op:p]* | = lloplleclp®l on QUTY .

(2.33)
Moreover, (2.29) implies that
[(Vop:pl =¥ [op:p] inQUTy (2.34)
for every ¥ € C'(S). Using the definitions, we can deduce that
(lop:plle) = (¢ op|p) (2.35)

for every o € C1(Q; M) and every ¢ € C!(), where the duality used in the

sym
right-hand side is defined in (2.4). Using the continuity properties given by (2.33),
we can prove by approximation that (2.35) also holds for every o € C(€2; My,
nxn
sym

andevery ¢ € C (Q). Therefore, for everyo € C (Q; M
we obtain

) andevery p € I, (£2)

[ep:pl =o0op:p on QUTIy, (2.36)

where the right-hand side denotes the measure defined by

(op:p)(B) = /

opidp =) f oij dpij (2.37)
B i /B
for every Borel set B C 2 U I'y.

If o — o weakly in Lz(Q; M’s’yx,,’,‘), div oy — divo weakly in L"(2; R"), and

(ox) p is bounded in L>°(£2; M';*"), then using (2.24)—(2.26) and (2.31), we obtain

([lor)p:pllp) = (lop:plle) (2.38)

for every ¢ € C(Q).
Finally, for every o € £(£2) and p € I, (£2), we define

(op|p) := [op:p] (2 U o)
= (oplp) + (op|Efu) + ([ov]y |w — u)r,

= (oplEpu) — (oplep) + ([ov]y [w — u)ry (2.39)

where u € BD(Q), e € L(S2; M), and w € H'(R"; R") satisfy (2.21) and
(2.22).

We are now in a position to prove an integration by parts formula for stresses
o € X(2) and displacements u € B D(£2), involving the elastic and plastic strains
e and p.
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Proposition 2.2 (Integration by parts). Assume (2.1) and (2.2). Let 0 € 2(2),
feL"(RY), g e L°(; RY), andlet (u, e, p) € A(w), withw € H'(R"; R").
Assume that —dive = f a.e. on Q and [ov] = g on T'y. Then

(oplp) + (ole — Ew) = (flu —w) + (glu — w)r, , (2.40)

where (-|-)r, denotes the duality pairing between L°°(I'1; R") and LY(T; R).
Moreover,

(lop:pll@) + (0:(e = Ew)lp) + (o|(u —w) © Vo)
= ([l —w)) + (gl — w))r, (2.41)

for every ¢ € C1(Q).
Proof. By [13] (Theorem 3.2 and Propositions 3.3 and 3.4) we have

(divolev) + ([op:Epvle) + Litrole divv) + (o|v O Vo)
= ([ov]} lpv)r, + (glo v)r, (2.42)

for every ¢ € C'(Q) and every v € BD(2) with divv € L*(Q) and v-v = 0
H"l-a.e. on I'y. By (2.32) we have

(lop:plle) + (0:(e — Ew)|p) + (o|(u — w) © Vo)
= ([op:Ep(u — w)] ) + Htr ol div(u — w))
+ol(u —w) O V) — ([ov]i I — w))r, - (2.43)

If we apply (2.42) with v = u — w we obtain

(lop:Ep(u — w)] ) + Ltrole div (u — w))
+o|(u —w) O V) — ([ov]i lp — w))r,
= (flpu —w)) + (glo@ — w))r, . (2.44)

Equality (2.41) now follows from (2.43) and (2.44). To obtain (2.40) it is enough
totake ¢ = 1in (2.41). O

In order to show the connection between the duality (2.39) and the functional
‘H defined in (2.9), we need the following approximation result.

Lemma 2.3. Let U be a bounded open set in R" with the segment property, let K
be a closed convex subset of M"*", and leto € L"(U; M"*™), 1 < r < 400, with

sym?’ sym
dive € L"(U;R") and o (x) € K for a.e. x € U. There then exists a sequence

ox € C®(U; M?yxﬂ’l‘) such that oy, — o strongly in L" (U, M?yx,{l‘) divoy — dive

strongly in L™ (U; R"™), and oy (x) € K for every x € U.
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Proof. Since U is bounded and has the segment property, there exists a finite open
cover (U;),i = 1,...,m,of U and a corresponding sequence of nonzero vectors
y; such that, if x € U N U; for some i, then x +ty; € U for0 < ¢t < 1 We set
Up:=Uandyg:=0.Fori =0,... , mandk = 1,2, ... theopensetU,i ={x €
U; : x + (1/k)y; € U} contains U N U;. We define J,f(x) =0 + (1/k)y;) for
every x € U,i. Let (V;),i =0, ... ,m,be an open cover of U, such that Vi cc U;
for every i. Since UNV; Cc U ,i for every i and k, we can find a mollifier xp,i of
class C2°(R") such that the convolution o} x ¥ is well defined in a neighborhood
of UNV; and

log * ¥ — o lrunv; =

(2.45)
Idiv o} i — divalll,uny, <

| o= = =

As K is closed and convex, we have O']i * w,i (x) € K for every x in a neighborhood
of UN Vi. .

Let (¢;),i =0, ... ,m, be a C* partition of unity for U subordinate to (V;),
and let

m
o = Z%‘(U;i * )
i=0

Then oy is of class C in a neighborhood of U and oy (x) € K forevery x inaneigh-
borhood of U. Since o; — o strongly in L" (U N V;; M{ ") and divo;, — divo

sym

strongly in L2(U N V;; R"), from (2.45) and from the identity
m
divo := Z(goi dive 4+ o V),
i=0

we can deduce that op — o strongly in L" (U; My,7) and div o — div o strongly
in L"(U;R"). 0O

The following proposition provides a variant of (2.10) expressed by using the
duality (2.39).

Proposition 2.4. Let p € I, (S2). Then
H(p) Z [op:p] on QUT (2.46)
forevery o € () N K(2), and
H(p) = sup{(op|p) 1 o € T(Q)NK(R)}. (2.47)

Moreover, if g € L°(I'1; R") and there exists ¢ € X (QQNK () such that [Qv] =g
on Ty, then

H(p) = sup{{op|p) : 0 € (L) NK(Q), [cv] =g on T'1}. (2.48)



Quasistatic Evolution Problems in Perfect Plasticity 253

Proof. Let o € X(Q2) N K(R2). To prove (2.46), it is sufficient to show that

(H(p)lp) Z (lop:p]le) (2.49)

for every ¢ € C(RQ) with ¢ > 0 on Q. By Lemma 2.3 there exists a sequence
(o3) in C*(Q; M"X™) N IC(RQ), such that oy — o strongly in L™ (2; M”X") and

sym sym

div oy — div o strongly in L"(2; R"). By (2.6), (2.8), and (2.35) we obtain

(H(p)lp) 2 ([(or)p:p11e)

and (2.49) follows from (2.38). This concludes the proof of (2.46).
From [29] (Chapter II, Section 4) we have

H(p) = sup{{oplp) : 0 € CR"; M5, NK(RQ), suppo NT' =@}

sym
This equality, together with (2.35) and (2.46), implies (2.47) and (2.48) with g = 0.

Letgp € C°(R) besuchthat 0 < ¢ < 1,¢(s) =0fors < 1,and ¢(s) = 1
for s 2 2. For § > 0 we consider the function s(x) := ¢(%dist(x, I'1)) defined
for every x € Q. Leto € () N K() be such that [cv] = 0 on I'y. Then,
os := Yso+(1—vs)o € T(RL)NK(RQ) and [o5v] = g on I'1. Moreover, by (2.34)
we have

((es)plp) = (lop:pl|vs) + {ep:p] 11 — ¥s) .

Since the right-hand side converges to (op|p) as § — 0, equality (2.48) follows
from the equality already proved for g = 0 and from (2.46). O

3. The minimum problem

In this section we study in detail the minimum problem used in the incre-
mental formulation of the quasistatic evolution. The data are the current values
po € Ilr,(£2) of the plastic strain and the updated values w € H'(R": R"),
f e L"(2;R"), and g € L*®(I'1; R"), of the boundary displacement and of the
body and surface loads. The total load £ € BD(2)' is defined by

(Llu) = (flu) + (glu)r (3.
for every u € BD(L2). By solving the minimum problem

(M’E‘I;l)ienA(w){Q(e) + H(p — po) — (Llu)}, (3.2)

we get the updated values u, e, and p of displacement, elastic and plastic strain.
For the existence result we will assume the following safe-load condition: there
exist o € L*(2; M) and & > 0 such that

sym
—divo = f a.e.on Q, [Qv] =gonly, (3.3)

and
op(x)+§ €k (3.4)

for a.e. x € , and for every § € M) with |§] < a.
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3.1. Existence of a minimizer

We begin by proving two technical lemmas concerning the safe-load condition.

Lemma 3.1. Let w € H'(R"; R"), f € L"(Q;R"), g € L®(T1; R"), and let L
be defined by (3.1). Assume (2.1), (2.2), (3.3), and (3.4). Then,

(Llu) = (ole) + {op|p) — (el Ew) + (Llw)
for every (u, e, p) € A(w).

Proof. The result follows from the definition (2.39) of the duality product (op|p),
and from the integration by parts formula (2.40). O

The following lemma shows the coerciveness of the functional H(p) — (op|p)-

Lemma 3.2. Let f € L"(; R"), g € L®(';; R"), 0 € L*(Q; M), and e > 0.
Assume (2.1), (2.2), (3.3), and (3.4). Then,

H(p) — (eplp) Z alplh (3.5)
for every p € I, (£2).
Proof. By Proposition 2.4 we have

H(p) — (eplp) = sup{{op —oplp) : 0 € T() NK(2)}
Z sup{(tplp) : T € (), ITplleo S .

From (2.35) it follows that
H(p) — (eplp) Z sup{(tp|p) : T € CP(Q M), lltpllee < @},

where the duality product in the right-hand side is defined by (2.4). The conclusion
now follows from standard arguments in measure theory. O

We are now in a position to prove the existence of a solution to (3.2).

Theorem 3.3. Let w € H'(R";R"), pg € T, (Q), f € L"(2%R"), g € L™
(T'1; R™), and let L be defined by (3.1). Assume (2.1), (2.2), (3.3), and (3.4). Then,
the minimum problem (3.2) has a solution.

Proof. By Lemma 3.1 the minimum problem (3.2) is equivalent to

min  {Q(e) — (ele) + H(p — po) — (eplp — po)}. (3.6)
(u.e.p)eAw)

in the sense that these problems have the same solutions. Let (u, ek, px) € A(w)
be a minimizing sequence. By Lemma 3.2

H(pk — po) — (eplpk — po) Z el pk — poll1
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while (2.13) gives

ac 2 1 2
Qex) — (olex) 2 7||f3k||2 - %”Q”2~

Therefore, the sequences e and py are bounded in L2($2; M) and in Mp,(Q2 U

sym
To; M), respectively. Since Euy = ex + p in €, it follows that Euy is bounded
in Mj, (Q; M%), Since (w — ux) ©v'H"~! = py is bounded in Mj(Fo; M),

sym
the traces of uy are bounded in L!(I'y; R"). Therefore, uy is bounded in BD(S2)
by (2.3). Up to extracting a subsequence, we may assume that u; — u weakly* in
BD(R), ex — e weakly in L?(Q2; M), py — p weakly* in M, (UT; M.

sym
By Lemma 2.1 we obtain (u, e, p) € A(w). By lower semicontinuity

Q(e) — {ele) = likrggéf{Q(Ek) — (olex)}. (3.7
To conclude we just need to show that
H(p = po) = (eplp — po) < liminf{H(px — po) — {eplpk — po)}. (3.8)

To this aim, let ¢ € C®°(R) be suchthat 0 < ¢ < 1, ¢(s) =0 fors < 1, and
¢(s) =1fors = 2. Let§ > 0 and y¥s(x) := ¢(%dist(x, I'1)) for every x € Q.
Since the measure H(px — po) — [op:(pk — po)] is nonnegative on Q U I'g by
(2.46),

HWs(pr — po)) — ([ep:(px — po)] 1¥s) < H(pk — po) — (eplpx — po)  (3.9)

for every § > 0. The integration by parts formula (2.41) gives

([ep:(pk — PO)] 1¥s) = —(0:(ex — Ew)|¥rs) — (ol (ur — w) @ Vs)
+(f1¥sur — w)) — ([ep:po] |¥s) -

Passing to the limit as k — oo, and using (2.41) again, we deduce that
(p — =1 : — . 3.10
(lon:(p = po)] 1¥s) = lim ([ep:(px = po)] 1¥:s) (3.10)
By (3.9), (3.10), and the lower semicontinuity of H, we obtain
HWs(p — po)) — ([ep:(p — po)] 1vs) < lim inf{H(px — po) = (en|px = po)}-

Passing to the limit as § — 0, we finally obtain (3.8).
Since (ux, ek, px) is a minimizing sequence and (u, e, p) € A(w), by (3.7) and
(3.8) we conclude that (u, e, p) is a minimizer of (3.6). O
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3.2. The Euler conditions

We now derive the Euler conditions for a minimizer of (3.2) in the special case
p = po-

Theorem 3.4. Let w € H'(R"; R"), f € L"(Q; R"), g € L®°(I'1; R"), and let L
be defined by (3.1). Suppose that (u, e, p) is a solution of (3.2) with po = p, and
let o := Ce. Then o € L?>(S2; M"X") and

sym

1
—H(g) = (oln) — (L|v) = (oplnp) + ;(tYUIdiV v) — (L]v)
< H(—q) (3.11)
for every (v, n, q) € A(0).

Proof. Letus fix (v, 1, g) € A(0). Forevery ¢ € R, the triple (u + v, e+¢n, p+
£q) belongs to A(w), and hence

Qe +en) + H(eq) — e{L]v) = Qle) for every ¢ € R.
Using the positive homogeneity of H we obtain
Qe+ en) + eH(Eq) F e(Llv) = Qle) for every ¢ > 0.
Taking the derivative, with respect to ¢ at ¢ = 0, we get
(o) +H(g) — (Llv) 2 0, —{on) + H(=¢) + (Llv) 2 0,
which implies (3.11). 0O

The following proposition shows that o satisfies the Euler conditions obtained
in Theorem 3.4 if, and only if, it satisfies the stress constraint and the equilibrium
condition on €2, as well as the boundary condition on I';.

Proposition 3.5. Assume (2.1) and (2.2). Let o € L*(Q; M?yxn’f), f e L"(2;R"),
g € L®(';RY), and let L be defined by (3.1). The following conditions are
equivalent:

(@) —H(q) = (o|n) — (L|v) = H(—q) for every (v, 1, q) € A(0);
b)o e Z(QNK(Q), =dive = f a.e.on 2, and[ov] = gonT.

Proof. Assume (a) and let v € H!(£2; R") with v = 0 H"~! a.e. on ['y. Since the
triple (v, Ev, 0) belongs to A(0), from (a) we obtain

(@|Ev) = (flv) = (glv)r, =0. (3.12)

Since this is true, in particular, for v € C°(€2; R"), we conclude that —dive = f
on , hence divo € L"(€2; R"). Using the distributional definition (2.24) of [o V],
from (3.12) we also obtain [cv] = g on I'y.
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Letn € L*(Q; M’5"). Regarding —7 as an absolutely continuous measure on
Q U Ty, the triple (0, n, —n) belongs to A(0), thus from (a) we obtain

—H(=n) < (opln) = H) .

Letus fix§ € M';". Since for every Borel set B C 2 we can take n(x) = 1p(x) &,
we deduce that

—H(—&) S op(x):£ S H®E) forae. x € Q.

Therefore, op(x) € dH(0) for a.e. x € Q. As 9H(0) = K (see e.g. [26] (Cor-
ollary 23.5.3)), op(x) € K for ae. x € Q, hence op € L*(Q; M) and
o € K(R).

Conversely, assume (b) and let (v, 1, ¢) € A(0). By Proposition 2.4

—H(=q) = {oplg) = H(q) . (3.13)
From the integration by parts formula (2.40) we get

(oplg) = —(oln) + (flv) + (glv)r,
so that (a) follows now from (3.13). 0O

The following theorem summarizes the results obtained thus far on the Euler
conditions.

Theorem 3.6. Assume (2.1) and (2.2). Let w € HY(R"; R"), f e L"(2;R"Y),
g € L®(Q2; RY), let (u, e, p) € A(w), let 0 := Ce, and let L be defined by (3.1).
The following conditions are then equivalent:

(a) (u, e, p) is a solution of (3.2) with po = p;
(b) —H(q) = (oln) — (L]v) = H(—q) for every (v, n, q) € A(0);
©)o e Z(QR)NK(RQ), —divo = f a.e.on R, and [ov] = gonT}.

Proof. The implication (a) = (b) was proved in Theorem 3.4. The converse is
true by convexity. The equivalence (b) < (c) was proved in Proposition 3.5. O

Theorem 3.6 immediately gives a stability result with respect to weak conver-
gence of the data.

Theorem 3.7. Assume (2.1) and (2.2). Let wy, fi, gk be sequences in H' (R"; R™),
L"(2; R™), L>®(2; R™), respectively, let Ly be defined by (3.1) with f = f; and
g = g, and let (uy, ex, pr) € A(wg). Assume that uy — us weakly™ in BD(2),
ex — eso weakly in L*(S2; M%), Pk = Poo weakly*™ in Mp(Q2 U To; M,
Wy — Weo weakly in H'(R™"; R™), fiv — foo weakly in L"(S2; R™), gx — goo
weakly* in L*°(2; R"™), and let Lo be defined by (3.1) with f = foo and g = goo.

If

Qlex) — (Llug) = Q) + Hig — pr) — (Lklv) (3.14)
for every k and every (v, n, q) € A(wg), then (Uso, €co, Poo) € A(Woo) and
Q(exo) — (Looluco) = Q) +H(g — poo) — (Loolv) (3.15)

for every (v, 1, q) € A(weo).
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Proof. First, we note that (4o, €00, Poo) € A(Wso) by Lemma 2.1. Let oy, := Cey
and 0 := Ceo. If (3.14) holds, then ug, ek, pr, wi, fi, gk satisfy condition (a)
of Theorem 3.6. By condition (c) of Theorem 3.6 we have o € X (2) N (),
—divoy = fr a.e.on &, and [oxv] = gr on ;.
Since e — en weakly in L2(2; M), 0k — 0o weakly in LY (9; My)-

As K () is closed and convex in L2(2; M"X") we deduce that o, € K(2). Since
—divoy = fr ae.on Q and fi —~ fxo weakly in L"(2; R"), —divow = foo
a.e. on 2. Hence, 0o € X(2). Moreover, from (2.24) it follows that [oyv] —
[cxV] weakly in H=120Q: RY). As [oyv] = gronTyand g — goo weakly™ in
L*°(2; R"), we conclude that [0noV] = goo on I'y. Therefore, o, €cos Poos Woos
Jfoos 8oo satisfy condition (c) of Theorem 3.6. Inequality (3.15) follows now from
condition (a) of Theorem 3.6. O

3.3. Continuous dependence on the data

We complete our study of the solutions (u, e, p) of the minimum problem (3.2)
for the special case p = pg by proving the continuous dependence, in the norm
topology, of u and e on the data pg, w, f, and g. In particular we prove a Holder
continuous dependence of e on pg. If ¥ — (u(t), e(t), p(t)) is a quasistatic evo-
lution according to Definition 4.2 below, this continuity estimate is not enough
to deduce that ¢ + e(¢) has bounded variation from the fact that ¢ — p(¢) has
bounded variation. However, it allows us to prove that ¢ + e(¢) is continuous,
except for a countable set of values of 7, which is an important ingredient for an
elementary proof of Theorem 4.7.

Theorem 3.8. Fori = 1,2 let w; € H'(R"; R"), f; € L"(Q; R"), g; € L®(I'y;
R™), and let L; be defined by (3.1) with f = f; and g = g;. Suppose that (u;, e;, pi)
is a solution of (3.2) with pg = p;, w = w;, L = L;, and let

1/2
w12 = lIp2 — pilli + Ilp2 — pilly/
+I 2= filla + g2 — g1lloo,ry + |1Ewz — Ewyll2.

Then
lea —etll2 = Crwia, (3.16)
|Eus — Euill; £ Cro12, (3.17)
luz —uilly = C3 (w12 + lw2 — will2), (3.18)

where C1, Co, and C3 are positive constants depending only on Rk, ac, Bc, 2,
and I'g.

Proof. Let v := (ur — wn) — (u; — wy), n := (ex — Ewy) — (e — Ewy), and
q ‘= p2 — pi1.Since (v, n, q) € AP(0), by Theorem 3.4 we obtain

—H(p2 — p1) = (Cetln) — (f1lv) — (g1lv)r,
(Cezln) — {f2lv) — (gzlv)rl S H(p1—p2).
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Adding term by term, and using (2.7), we obtain
(Cle2 —enlex —e1) = (Clex — en)|Ewz — Ewn) + (f2 — filv)
+(g2 — gi1lv)r, +2Rkllp2 — pill1-
By (2.13) and (2.14), this implies
2acllez —eill3 £ 2Bcllex —eill2 [Ewz — Ewill2

+f2 = filla Illn/@-1)
+llg2 — gilloo,ry IVll1,ry +2 R llp2 — pilli- (3.19)

Since the embedding of BD(2) into L™/ =1 (Q; R") is continuous, there exists
a constant A1, depending only on €2, such that

lvlln/m-1) < Arllvllh + Ay | Evllr . (3.20)
By (2.3) there exists a constant C > 0, depending only on 2 and I, such that
Ivllt = Clvll,rg + CIIEV] (3.21)
Since p» — p1 = —vOVH" ! on Iy,
Iolliry < V21p2 = pilli.- (3.22)

As Ev = (e2 — e1) + (p2 — p1) — (Ewa — Ewq), by the Holder inequality we
obtain

IEvIl < £(2)"Pllez — erll2 + 1 p2 — pills
+L" (Y| Ews — Ewr |2 . (3.23)
By (3.20)—(3.23) there exists a constant Ay, depending only on €2 and I'g, such that
lvlln/m-1) = Az llez —etll2 + A2 lIp2 — pilli + A2 |[Ewy — Ewll2. (3.24)

Since the trace operator is continuous from BD(2) into L'(3Q; R"), there
exists a constant By, depending only on €2, such that

lvlli,r, < Billvlli + BrllEv] .

From this inequality, and from (3.21)—(3.23), we deduce that there exists a constant
B>, depending only on €2 and I'g, such that

lvllir, = Ballez —eilla+ Bz llp2 — pillt + B2 [|[Ewy — Ewy 2. (3.25)
Therefore (3.19), (3.24), and (3.25) imply that
2ac llez — e1ll3
S2Bcllex —eill2 |[Ewy — Ewilla + A2 [ f2 — filla lle2 —etll2
+A2 1 f2 = filla lp2 — pillt + A2 1 f2 — filln |1 Ewz — Ewill2

+B2lg2 — gilloo,Ty lle2 —etll2 + B2 182 — &1lloo,ry 1P2 — P11
+B3 g2 — gilloo,1y 1 Ewz — Ewill2 +2 Rkl p2 — pill1,

which yields (3.16) by the Cauchy inequality.
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As Eu; = e; + p; in Q by (2.21), by the Holder inequality we obtain
|Euz = Eully < £(2)2le2 —etlla + l1p2 = pilli

so that (3.16) gives (3.17).
Since p» — p1 = [(wr — wi) — (w2 — u1)] ©@ v H" ! on 'y, we have

lua — urlliry < llwa — williry + V2 Ip2 — il -

The continuity of the trace operator from H L(Q: R") into LY (32; R™) implies that
there exists a constant M, depending only on €2, such that

luz = il € M wz —willa +M | Ewz — Ewill2 + V2 p2 = pillr.-
By (2.3) there exists a constant C, depending only on €2 and I'y, such that

lus —uilli < Clluz —uilli,ry + C |Euz — Euilh

< CM|ws—wila+CM|Ews — Ewil
+V2C|Ip2 = pilli + C | Euz — Euy s .

Inequality (3.18) now follows from (3.17). O

Remark 3.9. Theorem 3.8 implies that if (i1, e, po) and (12, €3, po) are solutions
to problem (3.2) with the same w, f, and g, then u; = u, and e; = e a.e. on Q.

4. Quasistatic evolution

We now consider time-dependent boundary conditions w(#) satisfying (2.15),
as well as body and surface forces f(¢) and g(¢) satisfying the regularity assump-
tion (2.16) and the uniform safe-load condition (2.17)—(2.19). For every ¢ € [0, T']
the total load £(¢) € BD(S2) applied at time ¢ is defined by

(L)) :== (f@)u) + (g@)|u)r, 4.1)
for every u € BD(S2).

Remark 4.1. From (2.16) it follows that the weak™® limit

L) := w* — lim —E(S) —£O

s—>1 s —1
exists in BD(R) for a.e. t € [0, T], and that
(L)) = (fO)lu) + (GO, (4.2)

foreveryu € B D(S2). Therefore, the function ¢ — (ﬁ(t)lu(t)) belongs to L'([0, T1)
whenever ¢ — u(t) belongs to L>°([0, T']; BD(2)).
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From (2.17)—(2.19) we find that o(t) € X(2) for a.e. t € [0, T'] and
—divo(t) = f(t) ae.on Q, [6()v] = &) onT.

Furthermore, owing to (2.38), we can prove that for every p € TIlp,(R2), the
function s — (op(s)|p) is differentiable at each t € [0, T] where o(¢) exists
and (2.20) holds with the derivative given by (0p(¢)|p). This implies that ¢ +—
(op(®)|p(t)) is measurable for every simple function ¢t +— p(¢) from [0, T] into
Mp(2UTo; M) with p(r) € M, () forae. t € [0, T]. By approximation we
conclude thatf — (op(t)|p(t)) belongs to L' ([0, T']) whenever t — p(t) belongs
to L([0, TT; Mp(S2U To; M'5")) and p(r) € T, () forae. ¢ € [0, T].

A function p:[0, T] — M(22 U Tp; M) will be regarded as a function
defined on the time interval [0, T'] with values in the dual of the separable Banach
space Co(§2 U I'o; M), Therefore, for every s,¢ € [0, T'] with s < 1 the total
variation of p on [s, 7] is defined by

N
Vipi s,y =sup | 3 Ip(t)) = ptj-nlh
j=1

=)
Il
S
A
A

...gtN:t,NeN].

By (2.10) all results proved in the Appendix with X = M, (Q U I'p; M), ¥ =
Co(2UTo; M), and K = Kp(2) N Co(2 U Tp; M) can be applied to H.
The H-variation of p on [s, ¢], which will play the role of the dissipation in the
time interval [s, ¢], is denoted Dy (p; s, t) and is defined by

N
Dr(pi s.1) = sup { Y H(p(t)) = pltj-1)

j=1
s=t0§t1§...§tN=t,NeN}.

4.1. Definition of quasistatic evolution
We are now in a position to introduce the following definition.

Definition 4.2. A quasistatic evolution is a function ¢t — (u(t), e(t), p(t)) from
[0, T] into BD(2)x L*(; M7, x Mp(2 U To; M7") which satisfies the fol-
lowing conditions:

(qsl) global stability: for every t € [0, T] we have (u(¢), e(t), p(t)) € A(w(t))
and

Qe(®) — (LDOu®) = Q) + H(g — p(1) — (LDOIv)  (4.3)

for every (v, n, q) € A(w(t));
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(qs2) energy balance: the function ¢ — p(¢) from [0, 7] into Mp(Q U To; M)
has bounded variation and for every ¢ € [0, T]

Q(e®) + Dy (p; 0, 1) — (L) |u(n))
t
= Q(e(0)) — (L(0)[u(0)) +/0 {{o(IEW(s)) — (L(s)[w(s))} ds

! .
—fo (L()u(s))ds 4.4)

where o () := Ce(?).

Remark 4.3. Since the function 7 — p(¢) from [0, T] into M(2 U To; M)
has bounded variation, it is bounded and the set of its discontinuity points (in the
strong topology) is at most countable (see e.g. [4] (Lemma A.1)). By Theorem 3.8
the same properties hold for the functions ¢ + e(¢) and ¢ + o (¢) from [0, T'] into
L2(S2 M’;yxn’f), and for the function ¢ — u(t) from [0, T'] into B D(S2). Therefore,

t +— e(t) and  — o (1) belong to L([0, T]; L*($2; M"X")), and t — u(r) be-

sym

longsto L ([0, T1; BD(2)).Ast — Eu(r) belongsto L' ([0, T1; L2(Q2; M*X"))

sym
and 1 — w(r) belongs to L([0, T1; H'(R"; R")), the integrals in the right-hand
side of (4.4) are well defined (see Remark 4.1).

The following theorem gives an equivalent formulation of conditions (qs1) and
(qs2), which uses the function ¢ — @(¢) introduced in the uniform safe-load con-
dition of Section 2.2.

Theorem 4.4. Assume (2.1), (2.2), (2.7), (2.12), (2.13), and (2.15)—(2.19). Then, a
function t — (u(t), e(t), p(t)) from [0, T] into BD(Q)XLZ(Q; M Xy x My, (2 U

sym
To; M5 is a quasistatic evolution if, and only if, it satisfies the following condi-
tions:

(gs1’) for every t € [0, T1we have (u(t), e(t), p(t)) € A(w(t)) and

QA(e(®)) — (o(D)]e(®))
< Q) — (e®In) +H(g — p(®) — (ep®)lg — p(®)) (4.5

for every (v, 1, q) € A(w(1));
(qs2') the function t > p(t) from [0, T into Mp(2 U To; M'y") has bounded
variation and for every t € [0, T']

Q(e®) + Dy (p; 0,1) — {e(®)le(®) — Ew(t)) — (ep(D)|p®))
= Q(e(0)) — (2(0)]e(0) — Ew(0)) — {ep(0)|p(0))
t
+/ (0 (s)|Ew(s))ds
0

t
—/0 {{e()le(s) — Ew(s)) + (ep(s)|p(s))}ds, (4.6)

where o (t) := Ce(t).
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Proof. The equivalence of conditions (gs1) and (gs1’) follows from Lemma 3.1.

As the functions ¢ — f(¢),t — g(¢), and ¢t — w(¢) are absolutely continuous
from [0, T]into L"(£2; R™), L°°(I"1; R™), and H! (R*; R™), respectively, the func-
tion 7 — (L(t)|w(t)) is absolutely continuous on [0, T'] and its time derivative is
given by ¢ — (L@ |w®)) + (L) (). It follows that

!
/0{(£(S)|w(S)) + (L) |w(s))} ds = (L(O)|w(@)) — (LO)w(0). (4.7)
By Lemma 3.1 we have

(LD)|v) = (e(®)n — Ez) + {ep(1)lq) + (L(1)|z) (4.8)

forevery t € [0, T],z € H'(R"; R"), and (v, , g) € A(z). Taking the derivative
with respect to ¢ (see Remark 4.1), we obtain

(L) = (0®)n — Ez) + (0p(D)]g) + (L(1)z)

fora.e.r € [0, T, for every z € H'(R"; R"), and every (v, 1, ¢) € A(z).
If conditions (gsl) or (gs1’) hold, then by Remark 4.3 the function ¢
(u(), e(t), p(t)) belongs to L*°([0, T]; BD(Q)x L2(2; M"X"yx M, (2 U T;

sym

Mann)).As (u(t),e(t), p(t)) € A(w(t)) forevery t € [0, T],

(L)) = (0(D)]e(r) — Ew(®) + (@p )| p)) + (L®)|w(®))

for a.e. t € [0, T']. Therefore, (4.7) implies that

t
fo {L() u(s)) + (L(s)i(s))} ds
= (L(1)|w(1)) — (L(0)|w(0))

t
+/0 {{e(®)]e(s) — Ew(s)) + (op(s)|p(s))}ds .

The equivalence of conditions (gs2) and (gs2’) now follows from this equality
and (4.8). 0O

4.2. The existence result

The following theorem is the main result of the paper.

Theorem 4.5. Assume (2.1), (2.2), 2.7), (2.12), (2.13), and (2.15)—(2.19). Let
(uo, €o, po) € A(w(0)) satisfy the stability condition

Q(eo) — (L(0)|uo) = Q(e) +H(p — po) — (L(0)|v) (4.9)

for every (u,e, p) € A(w(0)). Then, there exists a quasistatic evolution t +>
(u(t), e(r), p(t)) such that u(0) = uo, e(0) = e, p(0) = po.
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Theorem 4.5 will be proved by a time discretization process. First, fix a sequence
of subdivisions (#;)o<; < of the interval [0, T'], with

O=t,?<tkl<-~-<tllc‘71<t,f=T, (4.10)
li - h=o. 4.11
Jim max (=4 1D

Fori =0, ..., k, we set w,i = w(t,i), f,f = f(t,i), g,i = g(t,i), Li = E(t,i), and

o = o). o _
For every k, we define uj, e, and p, by induction. We set (ug, e,?, p,?) =
(uQ, eo, p(_)), which by assumption belongs to A(w(0)). Fori =1, ..., kK we define

(uy, ey, pp) as asolution to the incremental problem

min  {Qe) +H(p — pi=") — (Lhlu)}. 4.12)
(u,e,p)eA(wy)

The existence of a solution to this problem is proved in Theorem 3.3. We recall that
by Lemma 3.1 the minimum problem (4.12) is equivalent to

min  {Q(e) — (atle) + H(p — pi ") — (@Dplp — pi ). (4.13)
(u,e, p)eA(wy)

Moreover, by the triangle inequality (2.11), the triple (u};, e};, pf{) is also a solution
of the problem

min ~ {Q(e) + H(p — py) — (Lilu)}. (4.14)
(u,e,p)eA(wy)

Fori =0,...,k we set o,i = (Ce}'{, and for every ¢t € [0, T] we define the
piecewise constant interpolations
w(t) =y, e(t) =ep,  pr@)i=pp, ox(t) =0,
we@) ==wy, fi@) = fi, &) =g, (4.15)
Li(t) ==Ly, o) =gy,

where i is the largest integer such that t,i < t. By definition, (ug(t), ex(¢), pr(t)) €
A(wg (1)), and by (4.14) we have

Qer(t) — (LeMux () = Q) +H(g — pr(®) — (L (D) (4.16)
for every (v, 1, q) € A(wi(?)).
4.3. The discrete energy inequality

‘We now derive an energy estimate for the solutions of the incremental problems.
Note that a remainder §; is needed because the integral terms which appear in the
right-hand side of (4.17) provide only an approximate value of the work done by
the external forces.
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Lemma 4.6. There exists a sequence 8y — 0% such that for every k and every
te[0,T]

Qlex (1)) — {ar()lex(t) — Ewi (1))

+ Y M@= P = lenlp — P )

0<p <t

Zi
< Q(ep) — (0(0)]eg — Ew(0)) — /0 k(Q(S)Iek(S) — Ew(s)) ds

tl
+/k(0k(5)|Ew(S)>dS + o, @.17)
0

where i is the largest integer such that t,i <t

The integrals in the right-hand side of (4.17) can be written as
ko ST R j-1
A (0(9)lex(s) — Ewg(s))ds =Y (of —of 'lej  — Ewi ),
j=1
t , SRR j-1
/O<ak(s)|Ew(s)>ds=Z<ok |Ewj — Ew]”),

j=1

where the sums involve only the values of o(¢) and w(¢) at the discretization

points t,f . This is the main difference between inequality (4.17) and those con-
sidered in [15] (Theorem 4.1).

Proof of Lemma 4.6. We have to prove that there exists a sequence §; — 07 such
that

Q(eh) — (o} lel — Ew})

+ ) {Hp; — Py = (eplpi — pp N

r=1

ti
< Q(eo) — (0 (O)]ey — Ew(0)) — /O “o@)ler(s) — Ewg(s)) ds

I
+/ (o ()| Eb(s)) ds + 8 (4.18)
0
for every k and everyi =1, ... , k.
Let us fix an integer r with 1 < r < i, and let v := uzfl — w,r;l + wy

and n := ez_l - Ewlz_1 + Ewj. Since (v, 1, p;_l) € A(wy), by the minimality
condition (4.13) we obtain

Q(ep) — (ekler) + H(pp — pp~ ") = (epplpk — i 1)
S Qe+ Ewp — Ew Y — (ofley ' + Ewf — Ew; ), (4.19)
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where the quadratic form in the right-hand side can be developed as
Q(e; ' + Ewp — Ew) 1)
= Q(e; ) + (o Ew — Ew[ ") + Q(Ewj — Ew;™"). (4.20)

From the absolute continuity of w with respect to  we obtain

k

i
wy — w) ! =/ () dt,
1

where we use a Bochner integral of a function with values in H'(R"; R"). This
implies

A
sz—sz_lzf (Ew(ndr, (4.21)
I

where we use a Bochner integral of a function with values in L?(R"; My By
(2.13) and (4.21)

1

2
Qe - Eu ™) < pe( [ IED@ ) “22)
t

r

From the absolute continuity of o with respect to t we obtain

(Q,’c|e,r(_1 - Ew,t_l)
1 1 1 t]: 1 1
= (o leg — Ewy” >+/71<é(t)|e,’<‘ — Ew, Ydr. (4.23)

.
Iy

By (4.19)-(4.23) we obtain

Q(e}) — (ofley — Ewg) +H(pp — pi=H — ((@p)plpf — pi Y

{
< Qe — (o e = EwgTh — / {eWleT! = EwgThdr

.
I
t

t’: r—1 . . 2
+ [ pn@)d+ pe( [ 1E00 )
0 0

.
I

< Qe = (o e = EwgTh — [ {eWleT = EwgThdr

i
oo i )

+/_ 1(ak |Ew(t))dt+wk/ |Ew(t)|2dt, (4.24)
.

r—1
I

where

i
wy = max Ew(t)|,dt — 0,
¢ = pc m <k/,r—1 |Edb )2

by the absolute continuity of the integral. Now iterating inequality (4.24) for
1 <r i, we get (4.18) with 8 1= wy fOT lEw()|2dt. O
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4.4. Proof of the existence theorem

We are now in a position to prove Theorem 4.5.

Proof of Theorem 4.5. Let us fix a sequence of subdivisions (#! )<, < of the inter-
val [0, T satisfying (4.10) and (4.11). For every k let (u}, ¢}, pi),i = 1,...  k,be
defined inductively as solutions of the discrete problems (4.12), with (ug, e,?, p,(()) =
(1o, €0, po), and let uy (1), ex(t), pr(t), ox(t), wr (), fi(t), gk(t), Lx(1), 0k(1) be
defined by (4.15).

Let us prove that there exists a constant C, depending only on the constants «,
Bc, and «, and on the functions eq, t — w(t), and ¢ +— o(¢), such that

sup llexl2=C  and  V(pi;0,T)=C (4.25)
1€[0,T1

for every k. As t — w(¢) and t +— o(¢) are absolutely continuous with val-
ues in H'(R"; R") and L%(; M;’}fn’,’), respectively, the functions 7 — ||Ew(¢) |2
and r — |o(2)]2 are bounded on [0, T'], and the functions ¢ > | Ew(¢)||2 and
t — ||6(¢)||2 are integrable on [0, T']. This fact, together with (2.13), (2.14), (3.5),
and (4.17), implies that

t€[0,T]

acllex®I3 = sup lle®ll2 sup |Ew®l2+e Y lpp—pp '
T t€(0,T]

0<ty <t
T T
< sup JeOla( [ Ie)lads +26c [ 1EOG)Iads + swp flo®l2)
t€[0,T] 0 0 te[0,T]
T
+ sup IEw@I: [ 166)12ds + Bclleoll + ezl
te[0,T] 0
e O) 21 Ew(O)]2 + & (4.26)

for every k and every t € [0, T]. The former inequality in (4.25) can now be
obtained by using the Cauchy inequality. As for the latter, by (4.26) and the first
inequality in (4.25), we deduce that

S pi-pi ' EC 4.27)

0<tf <t

for every k and every t € [0, T]. Since t +— pi(¢) is constant on the intervals
[t - 17 [, the estimate (4.27) is equivalent to the second inequality in (4.25).

By the generalized version of the classical Helly theorem given in Lemma 7.2,
there exist a subsequence, still denoted py, and a function, p: [0, T] — Mp(Q U
To; M'5*"), with bounded variation on [0, T'], such that py (1) — p(t) weakly* in
My(Q U TTo; M) forevery ¢ € [0, T1.

Since by (4.25), |lex(®)|l2 £ C and ||pr(t)|l1 £ C for every k and every ¢,
following the same argument used in the proof of Theorem 3.3, we can deduce that
uy(t) is bounded in B D(£2) uniformly with respect to k and ¢. Let us fix t € [0, T].

There exist an increasing sequence k; (possibly depending on ¢) and two functions
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u(t) € BD(RQ) and e(r) € L*(2; M"X") such that ug;(t) — u(t) weakly* in

sym

BD(S2) and ex; (1) — e(r) weakly in L2(S2 M?;‘,ﬁ). By (4.16), we can apply The-
orem 3.7 and we find that the triple (u(¢), e(¢), p(¢)) is a solution of the minimum

problem

R 1QM) + Hig — p0) — (LDIV)) 4.28)

By Remark 3.9 there exists a unique (1, e) € BD(2)x L2($; M?yx,,’f) such that
(u, e, p(t)) is a solution to (4.28). Therefore, the convergence result holds for the
whole sequence, i.e., ug(#) — u(t) weakly* in BD(R2) and e (t) — e(t) weakly
in L2(Q2; M.

Let us now show that the function ¢ — (u(t), e(t), p(t)) is a quasistatic evolu-
tion, satisfying (#(0), e(0), p(0)) = (uo, €o, po). The initial condition is fulfilled,
since ug (0) = ug, ex(0) = e, pr(0) = po for every k. In (4.28) we already proved
that (u(¢), e(t), p(t)) satisfies (4.3) for every ¢t € [0, T'].

It now remains to prove the energy balance (4.4), or equivalently (4.6). By
Theorem 4.7, proved below, it is enough to establish the energy inequality

Qle(®)) — {eM]e(®) — Ew(t)) + Dx(p; 0,1) — {op(®)|p(1))
< Q(e(0)) — (0(0)|e(0) — Ew(0)) — (op(0)|p(0))
t
—i—/ (o ($)|Ew(s))ds
0

t
—/0 {{(o(s)le(s) — Ew(s)) + (op(s)|p(s))}ds . (4.29)

Let us fix ¢ € [0, T]. As in the proof of Theorem 3.3, let § > 0 and y¥5(x) :=

¢(§dist(x,F1)) for every x € , where ¢ € C®°(R),0 < ¢ < 1, ¢(s) =0
for s < 1, and ¢(s) = 1 for s = 2. Since the measure H(p; — P/Z_l) —

r

[QD(tlf):(p,t — pk_l)] is nonnegative on 2 U ['g by (2.46), we obtain

HWs(pp — Py~ ")) — (lep@D):(pf — Py D11Ys)
S HpE — oy —lepUDIps — pi ) (4.30)

foreveryr = 1,...,i. Since t — pi(t) is constant on the intervals [t,:_l, t,ﬁ [, we
have

DrWspi; 0,0 = Y HWs(pp—pi '),

0<tf <t

so that the lower semicontinuity of the dissipation (see (7.2)) gives

Dy(ysp: 0.0) < liminf Y~ HWs(pf — P 4.31)

0<ty <t
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It is convenient to write:
i
> e (py — pi~ DIvs)

r=1

== (lep) —enty™)):py  11ws) + (lon(th): pillvs)

r=1
—([en(0):po] 1¥s) - (4.32)

Since t +— o(t) and t +— f(¢) are absolutely continuous from [0, T] into
L2(€2; M™%y and L (2; R™), respectively, by (2.41) we obtain

sym

i([(em(r,t) —on = 1)

r=1

i i
= /(;k(f'(S)Ws(uk(S) — wi(s))) ds — /0 A(Q(S)Wa(@k(s) — Ewg(s))) ds

li
—/Ok(é(S)l(Mk(S) —wi(s)) O V) ds .
Passing to the limit as £k — oo and using (2.41) again, we obtain
i '
tlim > {[@nt) = e n:pp | 1ws) = /0 ([en():p)]1vs) ds.
r=1

(4.33)

Analogously, we can show that
tim ([onh:pt] 19s) = ([en®:p®)] 1) (4.34)
k—00
Combining (4.30)—(4.34), we obtain

Dy p: 0.1 — {[op@):p@)] ¥s)
+{[ep©:pO)] 1¥s) + /0 ([00(s):p(s)] 1¥s) ds

1
< liminf H(p! — r—1y _ Mol — r—1 ,
< limin ;{ Pk = k™D = len DIk — p” )
and passing to the limit as § — 07, we conclude that

t
Dy(p; 0,1) — (QD(t)IP(t)>+(QD(0)|P(O)>+/0 (0p(s)|p(s)) ds

< lim inf ;{H(pz — P = lepDIpp — M) (4.35)
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For every s € [0, t] we have oy(s) = Cex(s) — Ce(s) = o(s) weakly in
L2(S2 M?yxng’). As ox(s) is bounded in L%(; M?;(n?) uniformly with respect to
k and s, we can pass to the limit in (4.17) as k — oo and we obtain (4.29) from

(4.35) and from the lower semicontinuity of Q. O

As in [15] (Theorem 4.4) and [6] (Lemma 7.1), the energy inequality (4.29)
together with the global stability (qs1’) imply the exact energy balance (gs2’).

Theorem 4.7. Assume (2.1), (2.2), (2.7), (2.12), (2.13), and (2.15)~(2.19). Let
t— (u(t), e(t), p(t)) be a function from [0, T into BD(2)x L*(; Mg‘;fn’:)be
(Q U Io; My") satisfying the stability condition (qs1’) in Theorem 4.4. Assume
that t — p(t) from [0, T into My(2 U To; M) has bounded variation. Then

foreveryt € [0, T]

Q(e(r)) — (e(M)le(r) — Ew(1)) + Dy (p; 0, 1) — {ep ()| p(1))
t
Z Q(e(0)) — (0(0)]e(0) — Ew(0)) — (op(0)| p(0)) +/0 (0 ()|Ew(s))ds
t
—/0 {(e(s)le(s) — Ew(s)) + (ep(s)|p(s))}ds (4.36)

where o(t) = Ce(t). If, in addition, (4.29) is satisfied, then the exact energy
balance (qs2') holds.

Proof. Letus fix t € (0, T]and let (s} )o<;<, be a sequence of subdivisions of the
interval [0, ¢] satisfying T

0=s,?<s,i<-~-<s,/§_l<s,]f=t, “4.37)
li P _sihy=0. 4.38
Jim. ]ggk(sk S ) (4.38)

Foreveryi =1,... ,kletv := u(s,i)—w(s,i)+w(s,i_l) andn := e(s,’;)—Ew(s,i)—l—
Ew(s; ™). Since (v, 7, p(s})) € A(w(s ")), by the global stability (4.5), we have

Qle(si™M) — (o(si Hlelsi™) < Qle(sh) — (Ew(s)) — Ew(s;™)))
—(o(s; ™ Dle(sp) — (Ew(s) — Ew(sy ™))
+H(p(sh) — plsi)

—(op(sp DIpGsh) — plsi™h). (4.39)

The first term in the right-hand side can be written as

Q(e(s)) — (Ew(s)) — Ew(si 1))
= Q(e(s))) — (0 (SDIEw(s)) — Ew(sy ™ H) + Q(Ew(s)) — Ew(sp ™).
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Now, following the same argument used in both (4.23) and the proof of the last
inequality in (4.24), from the previous equality and from (4.39), we find that there
exists a sequence w; — 07 such that

Qe =l Dlets;™) = Ews™h) = len(siHIp(i™)

< Q(e(s)) +H(p(sh) — p(si1) — (o(sh)le(sh) — Ew(sh))
. . t . . [ .
—{op(shIp(sh) + fo (6(s)le(sh) — Ew(s)) ds + /0 op(s) p(sL) ds
_/iil(o(s,i)|Ew(s))ds + oy /:1 |Ew(s)ll2ds .
Sk Sk

On [0, t] we define the piecewise constant functions
e(s) i=e(sp),  EWi(s) = Ew(sp), P(s) = plsp), Trls) =0 (sp),

where i is the smallest index such that s < s,i. Since ) ; H(p(s,i) — p(s,":l)) <
Dw(p; 0, 1), iterating the last inequality for 1 < i < k we obtain

Q(e(0)) — (2(0)]e(0) — Ew(0)) — {ep ()] p(0))

S Qe() + Du(p; 0,1) — (ee(r) — Ew(®)) — (ep()|p D))

t

t
+ /0 6()[e(s) — ETi(s)) ds + fo () Be(s)) ds
t
- / @) Eb(s)) ds + 5 (4.40)
0

where §; 1= wyi fOT |Ew(s)|l2 ds. By Remark 4.3, the set of discontinuity points
of the functions s — p(s), s — e(s), and s — o (s) is at most countable, and
1Pk ()1, llex(s)|l2, and [« (s)|l2 are bounded uniformly with respect to s and
k. Therefore, (4.38) implies that py(s) — p(s) strongly in M(2 U I'o; M'5"),
er(s) — e(s)and o (s) — o (s) strongly in L2(%; M;’yxn’;) fora.e.s € [0, t]. Now,

(4.36) follows from (4.40) by the dominated convergence theorem. O

4.5. Convergence of the approximate solutions

For every k, let (u};, e};, pf{), i = 1,...,k, be defined inductively as solu-
tions of the discrete problems (4.12), starting from (ug, eg, p,?) = (uo, €0, po). Let
up(t), ex(t), px(t), or(t) be defined by (4.15). Also let t — (u(t), e(t), p(t)) be a
quasistatic evolution. Assume that

pr() = p(t) weakly™ in M}, (2 U T'o; M';") (4.41)

for every ¢t € [0, T']. The following theorem shows, in particular, that stresses and

elastic strains of the approximate solutions converge strongly in L2(£2; M)



272 GIANNI DAL MASO, ANTONIO DESIMONE & MARIA GIOVANNA MORA

Theorem 4.8. Under the hypothesis of Theorem 4.5, assume that the plastic strain
of the approximate solutions satisfies (4.41). Then, ex(t) — e(t) and oy (t) — o (t)
strongly in Lz(Q; M" X"y Moreover,

sym

. —1 —1
Jim. > HpE = P = e Ipe — )
0<y <t

t
=Dn(p: 0,1) — {ep(®)|p(1)) + (ep(0)|p(0)) +/0 (op(s)Ip(s))ds (4.42)

foreveryt € [0, T].

Proof. By the discrete energy inequality (4.17) for every ¢ € [0, T] we have

Qex®) + Y {H(p = piH = lep@DIPk — pi )

0<tf <t
= Q(EO) —(0(0)leo — Ew(0)) + (Qk(t)lék(t) — Ewg (1))

1
I

ll
—/Ok(@(S)IEk(S) - Ewk(S))dS+/0 (ok () Ew(s))ds + 6k, (4.43)

where 6y — 0 and i is the largest integer such that t,i < t. By the energy balance
(4.6) we also have

t
Q(e(1) + Dy (p: 0.1) — (ep®)|p(®)) + {ep(0)[p(0)) +/0 (op(9)Ip(9)) ds
= Q(eo) — (0(0)|eg — Ew(0)) + (o(t)le(r) — Ew(r))

t t
—f (0(s)]e(s) — Ew(s))ds +[ (o (s)|Ew(s))ds . (4.44)
0 0
In the proof of Theorem 4.5 we found that ex (f) — e(#) and oy (#) — o (¢) weakly
in L2(; Mg?;ngf), and that ||ex(¢)||2 and ||og(¢)||2 are bounded uniformly with re-
spect to ¢t and k. Moreover, gx(t) — o(t) and Ewg(t) — Ew(t) strongly in
L2(Q; M?yxng‘). Therefore, the right-hand side of (4.43) converges to the right-hand

side of (4.44), implying

timsup { Q) + 3 (1P = pi") =t I — pi ]

0<tf <t

< Q(e(®) + Du(p; 0,1) — {ep(®Ip®)) + (op(0)| p(0))
+ /Ot (op(s)Ip(s))ds.
By the lower semicontinuity of Q and by (4.35), we obtain (4.42) and
Q(ex (1)) — Q(e(1)),

which gives the strong convergence of the strains ey (f), and consequently of the
stresses oy (1) = Cer(r). O
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5. Regularity and uniqueness results

In this section we prove that every quasistatic evolution ¢ — (u(t), e(t), p(t))
is absolutely continuous with respect to time, and that the functions 7 + e(¢) and
t — o (t) are determined uniquely by their initial conditions.

5.1. Regularity

For the general properties of absolutely continuous functions with values in
Banach spaces we refer to [4] (Appendix) for the reflexive case, and to the Appen-
dix of the present paper for the case of the dual of a separable Banach space.

Ift — ¢(¢) and ¢t — v(¢) are absolutely continuous from [0, 7] into M} (2 U
To; M) and BD(R), respectively, we define

—ql(t t
i) = w —im L9799 sy w* —lim M. (5.1)
s—1 s —1 s—1
By Theorem 7.1 ¢(¢) and v(¢) are defined for a.e. + € [0, T], the function
t — H(q(t)) is measurable, and

t
Dr(g: 0.1) = /0 H(g(s)) ds (5.2)

forevery r € [0, T].

Remark 5.1. If we apply (7.4) to the absolutely continuous function ¢ +— ¢(t),
with X = M,(Q U To; M), Y = Co(Q2 U I'p; M), and K = {p € Co(Q2U
Lo; M) ¢ [l¢llee < 1}, forace. ¢ € [0, T] we obtain
q(s) —q(®)
)l = lim | £

— (5.3)

By the definition of weak™ convergence in B D(£2), it follows from (5.1) that
for a.e. t € [0, T] we have (v(s) — v(t))/(s — t) — 0(¢) strongly in L'(Q; R")
and (Ev(s) — Ev(t))/(s —t) — Ev(t) weakly* in M (2; M?VX,,’,‘) as s — 1.

If we apply (7.4) to the absolutely continuous function ¢t +— Ewv(¢), with X =
My (2; M3 Y = Co(2; MPXM) and KK = {¢ € Co(2; M3y @ |lolloo < 1},

sym sym sym
for a.e. t € [0, T] we obtain

IEO®1 = lim Hw”

The above implies that for a.e. r € [0, T'], the trace of v(¢) is the strong limit in
L' (392; R™) of the traces of (v(s) — v(r))/(s — 1) as s — t (see [29] (Chapter 11,
Theorem 3.1)). In other words, the time derivative of the trace of v(¢) is the trace
of the time derivative of v(¢). Therefore, using (4.1) and (4.2), we can prove by a
standard argument that

d .
E(ﬁ(t)lv(t)) = (LOv(D) + (LD)|v(1)) (5.4)

forae.t € [0, T].
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The next proposition deals with the absolute continuity of the functions ¢ +—
e(t),t — p(t),and ¢ — u(r) from [0, 7] into L2(S2; M5, Mp(S2UTo; M),
and B D(S2), respectively.

Theorem 5.2. Assume (2.1), (2.2), (2.7), (2.12), (2.13), and (2.15)—(2.19). Let t >
(u(), e(t), p(t)) be a quasistatic evolution. Then, the functions t +— e(t), t +—
p(t), and t — u(t) are absolutely continuous from [0, T] into LZ(Q; Mg‘y"n? R

Mp(2 U I'o; MIy"), and BD(Q), respectively. Moreover, for a.e. t € [0, T] we
have

le®ll2 = Crllle®l2 + lop O lloo + IEW®12) (5.5)
Pl = C2(le®ll2 + llep M llee + I EwD)]12) (5.6)
IEa@®) [ = C3(llo®) 2 + lop D) lloo + IEW(1)[l2) (5.7

el = Callo®ll2 + lop®lloe + IEW D N2 + W @®)]2) . (5.8)

where C1 and C; are positive constants depending on Rk, ac, Bc, o, sup; ||o(®)ll2,
sup, |le(t) |2, and sup, || p(t) |1, while C3 depends also on 2, and C4 also on 2 and
Ip.

Proof. Since H(p(nn) — p(11)) £ Dy(p; t1, 1), by the energy equality (4.6) we
obtain after an integration by parts,

Hom)le(n)) — Hot)let)) + H(p(tz) — p(t1))
< (o(t)le(t2)) — (o(t)le(t1)) + (op ()| p(t2)) — (op(t)|p(t))

4]
—/ {{o(s)le(s)) + (op(s)Ip(s)) — (o (s) — o(s)|Ew(s))}ds (5.9)
41

for every t1, t» € [0, T] with t; < 1. Now consider the functions v := u(t) —
u(ty) — (w(tr) —w(t)), n :=e(tr) —e(t)) — (Ew(tz) — Ew(ty)), and the measure
q := p(tp) — p(ty). Since (v, 1, g) € A(0) and (u(t1), e(t1), p(t1)) is a solution of
the minimum problem (3.2) with pg = p(#;) and £ = L(#1), by Theorem 3.4 and
Lemma 3.1 we obtain
—{o(r1)le(r2) — e(t1)) + (o(t1)]e(r2) — e(t1)) + {op(t1) | p(r2) — p(11))
+o () — o(t)|Ew(tr) — Ew(t)) = H(p(t2) — p(t1)),

so that (5.9) implies

Hom)le(n)) — Ho@let)) — (ot le(tz) — e(tr))
< (0(t2) — o(t)le(t2)) + (op(t2) — op(t)|p(t2))

%)
—(a(tl)—Q(tl)le(tz)—Ew(m»—/ (0(s)le(s)) ds
1

19}

5}
4 / (o) p(s)) ds — / (0 (s) — o(s)| Evb(s)) ds .
n

n
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Therefore,
$(Cle(tr) — e(t))le(t2) — e(11))

n
< / (0 (s) — o (1) Eti(s)) ds + / (o(s)le(t2) — e(s)) ds
1 t
1

5}
15 I 2
+/ <QD(S)IP(I2)—p(S)>dS—/ (o(s) —o(r)|Ew(s)) ds .
n 5]

By (2.13) and (2.14), we obtain

15}

aclle(t2) — el < 2/3@/ lle(s) —e(t)ll2 [Ew(s)|l2ds

n

5]
+/ lo(s)ll2 lle(r2) — e(s)ll2ds
t
1t2
+/ lop($) o Ip(12) — p(s)ll1 ds
n

5}
+/ lo(s) — o)l IEw(s)ll2ds.  (5.10)
4]

By Lemma 3.2, for every 11 < s < 1p, we have

alp(t2) — p()l = H(p(t2) — p(s)) — (ep ()| p(t2) — p(s)),

therefore, inequality (5.9) with 1; = s implies
2lp() — POl € Ho©)le) — 1o ) + @m)len) — e(s))
Ho(i2) — 0(5)1e(s) + (@p(t2) — 2p(s) p(s))
-/ " le) + @p Ol di
+/:2<U(l) — oM |Ew())dt.

We observe that sup, [0 (1) |2, sup; l[op(1)]loc, sup; [le(1)]|2, and sup, [ p(t)||1 are
finite (see Remark 4.3 for e(¢)). In the rest of the proof, C will denote a positive
constant, with a value that can change from line to line, depending on these suprema
and on the constants ac, B¢, «. The previous inequality implies that

Ip(r2) = p(s)l1

= C(lle(r2) — e(®)ll2 + lle(2) — e($)ll2 + llop(t2) — on($)lloo)

%)
+C/ {lo®ll2 + llop @ lloo + IEW(2) 2} dt .
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Therefore, for every t; < s < 17,

Ip(t2) — p(s)llt = C lle(r2) — e(s) ]2
15}

+C | {lle®ll2 + llep (Do + IEw() ]2} d1 . (5.11)

n

By (5.10) and (5.11), using [le(t2) — e(s)]l2 = [le(t2) — e(t)ll2 + lle(s) — e(t1)]l2,
we deduce that

lle(r2) — e(t) 13
5]

= Clle(r2) — e(t1)||2/ {lle@) 2+ llop($)lleo} ds

n

n
+C/ {lo)ll2 + llop($)lleo + I Ew(s) 2} le(s) — e(tr)ll2 ds
1

15}

2
+C( | 6@+ 100® oo + | E(s) 2} ds )

3]

By the Cauchy inequality,

) 1 16} 2
IIe(tz)—e(t1)||2§/ v (o) ||€(S)—€(t1)||2ds+(/ V(s)ds)
n 131
where

V(s) := Cle®ll2 + lep () lloo + I Ew(s)ll2) -

We can now apply a version of the Gronwall inequality, proved in Lemma 5.3 below,
which gives

3 (o
le(2) — el < Ef ¥(s)ds
141
5]

A

C/ {lo)ll2 + lop($) oo + I Ew(s) 2} ds .
1

This implies that t — e(t) is absolutely continuous from [0, T'] into LA(Q; M?yx,,’l’
and that ¢(r) satisfies (5.5).

Using the absolute continuity of # — e(#) and (5.5), inequality (5.11) with
s = 11 yields the absolute continuity of ¢ — p(¢) and (5.6).

From the decomposition Eu(t) = e(t) + p(t), it follows that t — Eu(t) is
absolutely continuous from [0, T'] into Mp(£2; Mg'yxng') and Eu(t) = e(t) + p(1)
for a.e. t € [0, T]. Inequality (5.7) is an easy consequence of this decomposition.
It now remains to prove that r — u(¢) is absolutely continuous from [0, 7] into
L! (2; R™), and satisfies (5.8). By (2.3), there exists a constant C > 0, depending
on 2 and I'g, such that

lu2) —u()l = Cllu(2) —u)lhry + C |Eu(ty) — Eu(t)|1 . (5.12)
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Using (2.22) and the continuity of the trace operator from H 1(€: R") into L' (32;
R"™), we obtain that there exists a constant M, depending on €2, such that

lu(t2) — u))lhry £ V21p(t2) = pt)lli + Mllw(t) — w2
+M||Ew(tz) — Ew(t1)ll2. (5.13)

Ast — w(t), t — Eu(t),and t — p(t) are absolutely continuous from [0, T']
into H1(2; R™), Mp(§2; M"Y, and M, (2U To; M), respectively, inequalities

sym
(5.12) and (5.13) imply that # +— u(t) is absolutely continuous from [0, T'] into
L'(€2; R") and (5.8) is satisfied. O

The version of the Gronwall inequality contained in the following lemma allows
us to conclude the proof of Theorem 5.2.

Lemma 5.3. Let ¢: [0, T] — [0, +00[ be a bounded measurable function and let
¥ [0, T] — [0, 400[ be an integrable function. Suppose that

t t 2
s0? < [ swvwrds+ ([ voras) (5.14)
0 0

foreveryt € [0, T]. Then,

3 t
$(1) < 5/ (s)ds
0

foreveryt € [0, T].

Proof. Let us fix tp € [0, T] and let yp := (f(;o v(s) ds)z. For every ¢ € [0, 7]
we define V(¢) := fot ¢(s) ¥ (s)ds. Thus V is absolutely continuous on [0, #],
¢ )2 < V(1) + y forevery t € [0, 1], and V(£) < ¥ (1)(V () + yo)'/? for a.e.
t € [0, tp]. Integrating between 0 and ty, we get 2(V (#9) + )/0)1/2 < 2)/01/2 +

W (s)ds = 3 [ ¥ (s)ds. By (5.14) we have ¢(to) < (V (1) + y0)'/?, so that
the previous inequality gives 2 ¢ (fp) < 3 foto Yv(s)ds. 0O

Remark 5.4. Estimates (5.5)—(5.8) imply that if t — w(¢), t +— o(t), and ¢t +—
op(t) are Lipschitz continuous from [0, T'] into the spaces H LR R"), L2(Q;
My, and L (€2 M7, respectively, then the functions ¢ +— u(r), 1 +—

e(t), t — p(t) are Lipschitz continuous from [0, 7] into the spaces BD(£2),
L2(§2; M%), and Mp(2 U To; M), respectively.

sym

The following lemma will be crucial in the rest of the paper.
Lemma 5.5. Assume (2.1), (2.2), and (2.15). Let t +— u(t), t — e(t), t — p(t) be
absolutely continuous functions from [0, T into BD(S2), L%(Q2; R™), and Mj,(QU

Lo; M5, respectively. Assume that (u(1), e(t), p(t)) € A(w(t)) for every t €
[0, T]. Then, (u(t), é(t), p(t)) € A(w(t)) fora.e. t € [0, T].

Proof. It is enough to apply Lemma 2.1 to the difference quotients. O
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Owing to the following proposition, we can differentiate the energy balance
(4.4) and obtain a balance of powers: the rate of change of stored energy plus the
rate of plastic dissipation equals the power of external forces.

Proposition 5.6. Assume (2.1), (2.2), (2.7), (2.12), (2.13), and (2.15)—(2.19). Let

t—(u(t), e(t), p(t)) be anabsolutely continuous function from [0, T | into B D(£2) x
L2(§2; MPX"yx My, (2 U T M'5") and let o (1) := Ce(t). The following condi-

sym
tions are then equivalent:

(a) for everyt € [0, T]
Q(e(1) + Dy (p: 0, 1) — (L) |u(®))
= Q(e(0)) — (L(0)|u(0)) + /0 o @IEDE) — (LGN ds
- fo (L@l ds

(b) fora.e. t €0, T]

(o (De®) +H(P@) = (0O Ew®)) — (LON@)) + (L)) ;
(c) fora.e. t €[0,T]

(o (1) — oM)e®) + H(P®) = (ep®)|pM)) + (0 (1) — o) Ew(1)) ;

(d) foreveryt € [0, T]

t
Qe(r)) + fo (H(3()) — {op(s)|p(s))) ds
t
— Q) + [0 (e()Ié()) + (0(s) — 0(5)| Etb(s))) ds .

Proof. Using (5.2) and (5.4) we obtain (b) by differentiating (a), and (a) by inte-
grating (b). Similarly, we obtain (c) by differentiating (d), and (d) by integrating (c).
The equivalence between (b) and (c) follows from Lemmas 3.1 and 5.5. O

Condition (d) of Proposition 5.6 allows us to prove an estimate of the quantities
sup, |le(?)|l2 and sup, || p(¢)||1 in terms of the data of the problem.

Proposition 5.7. Assume (2.1), (2.2), (2.7), (2.12), (2.13), and (2.15)~(2.19). Let

t = (u(t),e(t), p(t)) be a quasistatic evolution. Then,

T
sup [le()]2 = Cy {||€(0)||2 + sup Jlo(®ll2 +/ lo@) 2 dt
1€[0,T] t€[0,T] 0

T
+/0 |Ew(t)|l2 dt ] (5.15)
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and

sup lp@®l = IpO) + C2 {I|€(0)||2+ sup o3
1€[0.T] 1€[0.7]

+(lfHMOMdQ +(A H&MUMdOZ}, (5.16)

where C1 is a positive constant depending only on ac and B¢, while Cy depends
also on a.

Proof. By Theorem 5.2, the function ¢ — (u(t), e(t), p(t)) is absolutely continu-
ous from [0, 7] into BD(2)xL2(Q; M"*")yx Mp(2 U Tp; M), Since

sym

t = (u(t),e(t), p(t)) satisfies (qs2) in Definition 4.2, it satisfies conditions (a)
and (d) of Proposition 5.6. After an integration by parts, we obtain from (d)

t
Q(e()) +/0 {H(p(s)) = (ep()p())} ds — (o(t)]e(r))
t
= Q(e(0)) +/O {{o(s) — o) Ew(s)) — (o(s)le(s))} ds — (2(0)]e(0)) .

By (2.13), (2.14), and (3.5) for every ¢ € [0, T'] we have

t
mﬂdm@+aﬁﬂﬁwmds

< BcleOl3+2 sup llo®)l suIJ]IIe(t)Ilz

t€[0,7] tel0

+ 5[ng Ile(t)||2/ {2Bc I1Ew(s)l2 + lo(s)ll2}ds
te

T
+ sup IIQ(t)Ilzf IEws)2ds,
1€[0.T] 0

which implies (5.15) and (5.16) by the Cauchy inequality. O

Remark 5.8. Let r — (u(t), e(t), p(t)) be a quasistatic evolution. By Proposi-
tion 5.7, estimates (5.5)—(5.8) are satisfied with constants Cj, ..., C4 depending
only on the data of the problem. More precisely, C; and C, depend on Rk, ac, Bc,

o sup, llo®ll2. [y oM ll2dr, fy IEW@)2dt, le(0) ]2 and || p(0)]1, while Cs
also depends on €2, and C4 also depends on €2 and I'y.

5.2. Uniqueness of stress and elastic strain

We now prove that ¢ +— e(¢) (and, consequently, ¢ — o (¢)) is determined
uniquely by its initial condition.
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Theorem 5.9. Assume (2.1), (2.2), (2.7), (2.12), (2.13), and (2.15)—(2.19). Let
t = (u(),e), p)) andt — (v(t), n(t), q(t)) be two quasistatic evolutions,
corresponding to the same data t +— w(t), t — f(t), and t — g(t), and let
o(t) := Ce(t) and t(t) := Cn(t). If e(0) = n(0), then e(t) = n(t) for every
t € [0, T). Equivalently, if 0 (0) = t(0), then o (t) = t(t) foreveryt € [0, T].

Proof. By Theorem 5.2 the functions t — (u(t),e(t), p(¢)) and t — (v(z),
n(t), q(t)) are absolutely continuous. By condition (c) of Proposition 5.6 we have

(o(1) —o(n]e(r) — Ew(r)) + H(p(1)) = (ep®)|p(@)), (5.17)

(t@) — o) — Ew()) + H(G (1)) = (ep®)q (1)) . (5.18)
From the global stability condition (4.3) and from Theorem 3.6, it follows that for
every t € [0, T] we have 7(t) € X(2) N (), —divt(t) = f(t) a.e. on 2, and
[t(r)v] = g(¢) on';. By Lemma 5.5 we have (i1(¢), é(¢), p(t)) € A(w(t)) for a.e.
t € [0, T]. Therefore, from Proposition 2.4 we have H(p (1)) = (tp(t)|p(t)). By
(5.17), this implies

(o (1) —o(0)]e(t) — Eb () + ([zp(t) — op ()] 1p(1)) £0.
As div(t(t) — o(1)) = 0a.e.on Q and [(z(r) — o(1))v] = 0 on T'; by (2.17) and
Theorem 3.6, this inequality is equivalent to
(o) —T@)]e(r) — Ew(t)) =0,

in view of the integration by parts formula (2.40). Analogously, from (5.18) we
obtain

(@) —o @) — Ew(n) =0
Summing these two inequalities we find that
(Cle(®) —n@Nle@) —n(®) =0

hence,

((C(e(t) —n(®)le®) —n@®) =0

If ¢(0) = n(0), then ((C(e(O) —n(0))|e(0) — n(0)) = 0, thus for every t € [0, T']
(C(e(t) —n(®))]e(®) —n()) < 0, which is equivalent to e(t) = n(f) by (2.13). O

6. Equivalent formulations in rate form

Letr — (u(t), e(t), p(t)) be a quasistatic evolution. Suppose, for a moment,
that p(r) € L%(S; M), and denote the values of p(¢) and op(r) at x € Q by
p(t, x) and op(t, x), respectively. We recall that the normal cone N (&) to K at
& € M/;*" is defined in the following way: if & € K, then Ng (£o) is the set of
matrices £ € M,", such that £:(§ — &) < 0 forevery § € K; if & ¢ K, then
Nk (&) := @. In this section, we want to prove that

p(t,x) € Ng(op(t, x)) fora.e. x € Q, 6.1

which represents the classical formulation of the flow rule.
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6.1. Weak formulation
By the definition of N, it is easy to see that (6.1) is equivalent to
(op(t) —tp|p(1)) 20 (6.2)

for every T € X(2) N K(2) with [tv] = g(¢) on I'}. Indeed, the fact that (6.1)
implies (6.2) is straightforward. To prove the converse implication, it is enough
to consider test functions of the form t = ¢ & + (1 — @) o, with ¢ € C°(RQ),
0<¢p<l,and & € K.

Note that the variational inequality (6.2) makes sense, even if p(¢) is only a
measure, since in any case p(t) € I, (£2) by Theorem 5.2 and Lemma 5.5. Thus
the duality product (op(t) — tp|p(¢)) well defined by (2.39). We will regard (6.2)
as the weak formulation of inclusion (6.1) when p(r) € Mj(Q U To; M.

The following theorem collects three different sets of conditions, including
(6.2), and expressed in terms of the time derivatives p(t), é(¢), and u(¢), which are
equivalent to the conditions considered in Definition 4.2.

Theorem 6.1. Assume (2.1), (2.2), (2.7), (2.12), (2.13), and (2.15)—(2.19). Let
t = (u(),e(t), p(t)) be a function from [0, T] into BD(Q)XLz(Q; M?yx,,’f)x

My(Q U To; M) and let (1) := Ce(t). The following conditions are then
equivalent:

(@) t — (u(t), e(t), p(t)) is a quasistatic evolution;
) t — (u(), e(t), p(t)) is absolutely continuous and
(bl) for every t € [0, T] we have (u(t), e(t), p(t)) € A(w(t)), o(t) €
Y(R)NK(Q), =divo () = f(t) a.e.on Q, and [oc(t)v] = g(t) on Ty,
(b2) for a.e. t € [0, T] we have

H(p@) = (op®)|p(1));

©) t = (u(t), e(t), p(t)) is absolutely continuous and
(cl) foreveryt € [0, T] we have (u(t), e(t), p(t)) € A(w(t)), o(t) € Z(2)N
K(Q), =divo (t) = f(t) a.e. on 2, and [o (t)v] = g(t) on Ty,
(c2) for a.e. t € [0, T] we have

(op(®) —plp(1)) 20

for every T € X(2) N () with [tv] = g(t) on Ty;
(d) t — (u(t), e(t)) is absolutely continuous and
(d1) for every t € [0, T] we have o (t) € £(2) N K(2), —divo (t) = f(t)
ae.on, andlo(t)v] =gt)onTy,
(d2) for a.e. t € [0, T] we have

(t —o®]e®) + (divt —diva®)]u(®)) = ([(r — o @)v]w®))se

Jor every T € X(2) N KC(2) with [tv] = g(t) on Ty, where (-|-)yq de-
notes the duality pairing between H~'/?(32; R") and H'/?(32; R™),

(d3) for everyt € [0, T] p(t) = Eu(t) —e(t) on QL and p(t) = (w(t) —
u(t)) @vH""!on Iy.
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Note that in conditions (b) and (c) the duality products (op (t)| p(t)) and (op (t)—
Tp|p(t)) are well defined by (2.39), since p(¢) € I1r,(£2) by Lemma 5.5, and o (1),
T € X(Q).

Proof of Theorem 6.1. We first prove that (a) < (b). We already proved, in
Theorem 5.2, that every quasistatic evolution is absolutely continuous. Moreover,
Theorem 3.6 shows that (b1) is equivalent to the global stability condition (qs1) of
Definition 4.2. By Proposition 5.6, it only remains to prove that, for an absolutely
continuous function r — (u(t), e(t), p(t)) satisfying either (b1) or (gs1), condition
(b2) is equivalent to the balance of powers

(oc@e®) +H(p) = (o OIEw(r)) — (LO|w()) + (LO)]a())  (6.3)

for a.e. t € [0, T]. Since (u(t), e(t), p(t)) € A(w(t)) for a.e. t € [0, T] by
Lemma 5.5, condition (b2) is equivalent to (6.3) in view of the integration by parts
formula (2.40).

We now prove that (b) < (c). It is enough to show that, if (b1) is satisfied, then
(b2) < (c2). Condition (c2) is equivalent to

(ep®)]p(1)) Z sup{(tplp(1)) : T € () NK(RQ), [tv] =g(r) on I'i}.

Since o () € X(RQ2) N K(RQ) and [o(z)v] = g(¢) on '} by (bl), the opposite
inequality is trivial, thus (c2) is equivalent to

(op@)|p(1)) = sup{(tp|p(1) : T € () NK(K), [tv]=g@®) on I'1}.

This last condition is equivalent to (b2) by Proposition 2.4.

Finally, we prove that (c) < (d). We observe first that (d3) and the absolute
continuity of ¢ > (u(t), e(t)) imply that # +— p(¢) is also absolutely continuous
and (u(t), e(t), p(t)) € A(w(t)) for every ¢t € [0, T']. It remains to prove that if
(cl) is satisfied, then (c2) < (d2).

By (2.24) we have

[z —o@)v]w())se = (divt —dive ()|w(r)) + (T — o ()| Ew(r)) .
Therefore, (d2) is equivalent to
(t —o)|e@) — Ew(t)) + (divt —divo () |u(t) — w(t)) 2 0. (6.4)

Since (u(t), e(t), p(t)) € A(w(t))fora.e.t € [0, T]by Lemma5.5,and [(t — o (¥))
v] = 0 on I'1, condition (c2) is equivalent to (6.4) as a consequence of the integra-
tion by parts formula (2.40). 0O

Remark 6.2. By Proposition 2.4, the measure H(p(t)) — [op(t):p(¢)] is
nonnegative on Q2 U I'g, so that (b2) of Theorem 6.1 implies

H(p(1)) = [op():p(1)] on2UTy. (6.5)

Remark 6.3. Condition (d) of Theorem 6.1 is the weak formulation of the
quasistatic evolution problem for perfectly plastic materials, proposed in [12] in a
slightly different form, and analysed in [28].
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6.2. Strong formulation and precise definition of the stress

Let us return to the classical formulation (6.1) of the flow rule, which makes
sense if p(t) € LZ(Q; M”DX” ). It can be written in the equivalent form

P, x)
[p(, x)]
When p(t) € Mp(2UTg; M'[’)X"), we can consider the Radon-Nikodym derivative

p(t)/|p(t)| of p(r) with respect to its variation | p(¢)|, which is a function defined
[p(®)]- a.e. on Q U T'y. We note that

€ Nk (op(t, x)) for L™ -a.e. x € {|p(t)| > 0}.

PO Pl
Pl () = 22
120) 5, )

when p(t) € L2(Q; M. It is tempting to consider the inclusion

for L"-a.e.x € {|p@)| > 0},

p(t)
[p(®)]

as a pointwise formulation of the flow rule in the general case p(t) € Mp(QL U
To; M'}')X"). There is, however, a problem owing to the fact that the left-hand side
of (6.6) is defined | p()|- a.e. on U I'g, while the right-hand side is defined only
L"-a.e. on Q. This difficulty is overcome in Theorem 6.4 below, by introducing a
precise representative 6p (¢, x) of op (¢, x), defined almost everywhere with respect
to the measure w(t) := L" 4+ |p(¢)]. A delicate point in the choice of this repre-
sentative is the fact that it must also satisfy an integration by parts formula (see
Remark 6.5). If K is strictly convex, this representative is essentially unique and
can be obtained, in €2, as the limit of the averages of op (see Theorem 6.6).

(x) € Nk (op(t, x)), (6.6)

Theorem 6.4. Assume (2.1), (2.2), (2.7), (2.12), (2.13), and (2.15)—(2.19). Let t —
(u(t), e(t), p(t)) be a function from [0, T into BD(S2)x L(£2; M?;j,’f) xXMp(QQU

Lo; M5, let o (1) := Ce(t), and let ju(t) := L" + | p(1)|. Then t — (u(t), e(t),
p(t)) is a quasistatic evolution if, and only if,

@)t — (u(t), e(t), p(t)) is absolutely continuous and
(el) foreveryt € [0, T]we have (u(t), e(t), p(t)) € A(w(t)),o(t) € ()N
K(Q), —divo (t) = f(t) a.e. on Q, and [o (t)v] = g(t) on Ty,

(e2) for a.e. t € [0, T] there exists 6p(t) € Lj7,)(S2U Io; M) such that

op(t) = op(t) L"-a.e. on Q, (6.7)
B
loo®:p0)] = (6o ) IHO] onQUT,  (68)
PO (o) e Nk @it ) for |p@)|-ae.
()
xeQUIy, (6.9)

where 6p(t, x) denotes the value of 6p(t) at the point x.
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Remark 6.5. Assume that r — (u(t), e(t), p(t)) is absolutely continuous. If (el)
holds, then we can prove using (2.41) that condition (6.8) of Theorem 24 is equiv-
alent to the following integration by parts formula: for every ¢ € C!(Q) we have

{(pop®]p®)
= (ol (e(t) — Ew(®))) — (o ()|(i(r) —w(1)) © Vo)
+H(f DOl Q@) —w®)) + (g®le @) — w))r,

where the duality product in the left-hand side is defined by (2.4).
Asp(®)/Ip@®)| = 1]|p(t)]-a.e.on QUIy, and Nk (§) = {0} if £ is in the interior
of K, we can deduce from (6.9) that for a.e. t € [0, T']

op(t,x) € 0K for |p(t)]-ae.x € QUTY. (6.10)
Using [26] (Theorem 23.5), we can prove that condition (6.9) is equivalent to

6p(t,x) e dH (éi—&(x)) for |p(t)]-ae.x € QUTy.  (6.11)

Since d H is positively homogeneous of degree 0, this is equivalent to the fact
that both of the following inclusions are satisfied:

6p(t, x) € IH(P()(x)) for £ ae. x € {|[p*(H)] > 0}, (6.12)

6p(t, x) € 0H (|§8\ (x)) for [p*(f)]-ae.x e QUTy.  (6.13)

Conditions (6.12) and (6.13) are the measure theoretic version of the formulation
(cf5”), based on a dissipation pseudo-potential (see the Introduction). Our termi-
nology is based on [7], where a further formulation is examined, based on the notion
of a maximally responsive multivalued map G, and expressed by a relation of the
form op(t, x) € G(p(t, x)). Since it is shown in [7] that compatibility with the
maximum plastic work inequality (cf5) leads to G = 0 H, we will not present a
separate analysis of the formulation based on maximal responsiveness.

Proof of Theorem 6.4. Assume that 1 — (u(t), e(t), p(t)) is a quasistatic evo-
lution. Then ¢ — (u(¢), e(t), p(t)) is absolutely continuous by Theorem 5.2 and
condition (el) is satisfied by Theorem 6.1.

Let A(t) C Qand B(t) C Q2 U I'g be two disjoint Borel sets, such that A(#) U
B(t) = QUTgand |p*(t)[(A®t)) = L*(B(t)) = 0. We define

op(t,x) :=op(t,x) for £L"-ae.x € A(?),
op(t,x) :=0oH ( ‘l,)(t) (x)) for |p*(¢)|- a.e. x € B(t),
[p(®)]

where 0o H (§) denotes the element of d H (§£) with minimum norm. Equation (6.7)
then follows from the definition of 6 () on A(z), and (6.13) follows from the
definition of 6 (¢) on B(t). To prove (6.12), it is enough to show that

op(t,x) € 0H(p*(1)(x)) for L"-a.e. x € {|p*(¥)| > 0}. (6.14)
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Taking the absolutely continuous parts in (6.5), We obtain that H (p?(t)) = op(t):
p?(t) L"-a.e. on . Since for £"- a.e. x € QL we have op(t,x) € K = dH(0) (see
e.g. [26] (Corollary 23.5.3)), we obtain op(r, x):§ < H (&) for every £ € M.
Therefore, for L"-a.e.x € Qwehaveop(t, x):(§ —p*(t)) < H(E)—H(p*(1)(x))
for every & € M';*", which implies (6.14).

To prove (6.8), we begin by proving the equality on A(¢). Since |p*(¢)| = 0 on
A(t), we have [op(£):p(¢)] = op(£):p®(r) on A(t) by (2.33). As 6p(t) = op(t)
L"-a.e.on A(t) and p(¢t) = p“(¢) on A(t), we conclude that

p(t)
[p(®)]

To prove the equality on B(t), werely on (6.5). Using the definition (2.8) of H (p(1)),
the proof of (6.8) will be complete if we show that

PO\ . @) o
H <m> = al)(t).m(t)| |p(t)]-a.e. on B(t).

But this equality follows from the definition of 6p(¢) on B(¢), using the Euler
identity

[op(®):p(t)] = op(t):p*(t) = <&D(t): ) |p(0)] on A(z) .

H(E) =& for every & € M';" and every ¢ € dH (§) .

This concludes the proof of (e2).
Conversely, assume (e). By (6.11), again using the Euler identity, for a.e. ¢ €
[0, T'] we obtain

p(0) ) . p(1) .

H|—=)=0p@{):— |p(t)]-a.e.on QUTYy.
(IP(I)I |p(0)]

From the definition (2.8) of the measure H (p(¢)), and from (6.8), we deduce that

H(p@)) = (op(t)|p(t)) for a.e. t € [0, T]. Therefore, t — (u(t), e(t), p(t)) is a

quasistatic evolution by Theorem 6.1. 0O

_For every r > 0 and every t € [0, T] we consider the function o’ (¢) €
C(2; M" X"y defined by

sym

1
r ——

o' (t,x): LB ND Jaennn o(t,y)dy. (6.15)

Since K is convex, we have o’ (f, x) € K for every x € Q.
If K is strictly convex, i.e. s £ + (1 — s) & is an interior point of K for every
0 < s < 1 and every pair of distinct points &1, &> € K, then H is differentiable at
all points & # 0 (see e.g. [26] (Corollary 23.5.4 and Theorem 25.1)) and we keep
the notation d H (§) for the gradient. Under this hypothesis, for a.e. ¢ € [0, T'] the
function 6p(¢) is uniquely determined w1 (z)- a.e. on Q U I’y by (6.7) and (6.11) as

op(t) =op(t) L"-ae.onQ, (6.16)

ont) = aH(ég;)

[p()|-a.e.on QU . (6.17)
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The following theorem shows that under the same hypothesis, 6p () can be obtained
in € as the limit of o}, (¢) as r — 0. This confirms the intrinsic character of the
precise representative introduced in Theorem 6.4.

Theorem 6.6. Assume (2.1), (2.2), (2.7), (2.12), (2.13), and (2.15)—(2.19). Assume
in addition that K is strictly convex. Let t — (u(t), e(t), p(t)) be a quasistatic
evolution, let u(t) := L" + |p(@)|, let o(t) := Ce(t), and let " (t) and 6p(t) be
defined by (6.15) and (6.17). Thus o},(t) — &p(t) strongly in LL(,)(Q; M) for
aet €]0,T]

Proof. This proof is inspired by the proof of [1] (Theorem 3.7). Since o7, (¢) con-
verge to op (¢) strongly in L1 (€2; M'}"") and ||o, () || oo is bounded uniformly with
respect to r, it suffices to prove that o, (t) — &p(t) strongly in Lllﬁ(t)l(U; M)
for every open set U CC . Let us fix U. Since ¢’ (t) — o(t) strongly in
L*(U; Mg'yxn;’), divo’ (1) — divo(¢) strongly in L" (U; R"), and o, (¢) is bounded

in L®(U; M5, by (2.38) we have

{[on@®:p]le) = (lop®):p)] l¢) (6.18)

forevery ¢ € Co(U) andfora.e.r € [0, T]. By (2.36) we also have [0}, (1):p(1) ] =
op(t):p(t) on U, where the right-hand side is defined by (2.37). By (6.5) we also
have [op(t):p(¢t)] = H(p(t)) on U. Therefore, the definition (2.8) of H(p(¢)) and
(6.18), together with the boundedness of o}, (¢), imply that

op(t):

p@) H( p@)

10] |p(z)|) weakly® in L5 (U) ~ (6.19)

forae.tr € [0, T].
Let us fix ¢ € [0, T] such that (6.10), (6.17), and (6.19) hold. Since o7, (¢) is
bounded in Lfg(l)l (U; M), there exists a sequence r; — 0 such that alr)" ) —

o* for some o* € Lf;’(t)l (U; M5™). From (6.19) we deduce that

| - ae.onl. 6.20
’ |p@)] <|P(f)|> [p(2)|-a.e. on (6.20)

Let us now fix & € M';". Since alr)j (t,x) € K = dH(0) for every x € U, we have
op (1):€ < HE) |p()]-ae.onU. As o) (1):E — 0*:& weakly* in LES ) (U), we
have also o*:6 < H (&) |p(t)|- a.e. on U. Taking (6.20) into account, we obtain

(e PO o 0N
o ~<§ |15(f)|> S H©$) H(Ip(t)l) |p(t)]-a.e.on U .

In view of the differentiability properties of H, this implies

oc*=0H (%) |p(H)]-a.e.on U .
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By (6.17) we deduce that o* = op(t) |p(¢)|- a.e. on U. Since the limit does not
depend on the sequence rj, we conclude that

op(t) — op(r) weakly™ in L{5 .y (U; M. (6.21)

Asop(t,x) € 3K for|p(t)]-a.e. x € U by Remark 6.5 and o, (¢, x) € K for every
x € U, the strict convexity of K can be used to improve the weak™ convergence in
(6.21), and to obtain strong convergence in Lll[?(t)l(U; M) (seee.g. [31]). O

7. Appendix

Let X be the dual of a separable Banach space Y. Let K be a bounded closed
convex subset of Y, containing the origin as an interior point, and let H:X — R
be its support function, defined by

H(x) := sup(x]y).
yekl

Since K is a bounded neighborhood of the origin, there exist two constants o and
B, with 0 < apy £ By < 400, such that

anllxllx £ Hx) £ Bullxlix forevery x € X . (7.1)

Given f:[0,T] — X and a,b € [0,T] with a < b, we denote the total
variation of f on [a, b] by

N
V(f:a,b) = sup {Z HOENICENIE

i=1

Q

Il
S
A
IN

_...§1N=b, NEN} ,
and we define the H-variation of f on [a, b] as

N
Vi (f;a,b) = sup { D OH(f W) — fEo))

i=1

aztogtli...gtNZb,NEN}.

From (7.1), it follows that
apV(f;a,b) = Vy(fia,b) = BuV(f:a,b).
Since H is weakly™ lower semicontinuous, we have
Vu(fia,b) < lim inf Vi (fi; a, b) (7.2)
whenever fi(t) — f(¢t) weakly* for every ¢ € [a, b].

We now prove a theorem about weak* derivatives of absolutely continuous
functions with values in X and their relationships with the notion of H-variation.
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Theorem 7.1. Let f:[0, T] — X be an absolutely continuous function. Then the
weak*-limit

s—>t e
exists for a.e. t € [0, T], and
H(f () = lim M (@) (7.4)
fora.e.t € [0, T]. Moreover, the function t +— H(f(t)) is measurable and
b
Vr(fia,b) = / H(f (@) dt (7.5)

foreverya,b € [0, Tl witha < b.

Proof. Let F be the linear span over Q of a countable dense set in Y. For every
y € F the map t — (f(¢)|y) is absolutely continuous on [0, T']. Therefore, there
exists a set Ny of measure zero, such that the limit

Dy (1) = lim (fs)— f@Dly)
s—t s —1
exists forevery t € [0, T\N,.Let V(¢) := V(f; 0, t). Since the function t — V()
is non-decreasing, it is differentiable for every r € [0, T]\ M, where M is a set
of measure zero. Let N be the union of M with the sets N, for y € F. Then,
LY(N) = 0, the derivative D, () exists for every y € F and every ¢t € [0, T]\N,
and

I(f () = FOIy)]

SVOlylly (7.6)
s — 1]

|Dy(2)| = lim

s—1

forevery y € F andeveryt € [0, T]\N. Now, fort € [0, T]\N, consider the linear

map y € F > D, (). This map is continuous by (7.6). Therefore there exists a
vector in X, which we call f(¢), such that

Dy(t) = (f(®)]y)

for every y € F. Using the density of F and (7.6) it is easy to show that the vector
f(¢) satisfies

Gl  tim SO = FOD)
s—>t s —1

for every y € Y and every ¢ € [0, T]\ N, thus (7.3) is satisfied.

We note that the function ¢t — H( f (#)) is measurable, since the map + —
(f (®)|y) is measurable forevery y € Y and H(f (1)) = supye,co(f'(t)|y),where Ko
is a countable dense subset of IC. Moreover,ifa =10 <H < ... S<itn_1 Sty =b
is a subdivision of [a, b], then

1

) = Fnly) = / (FOly)di < / MG di

ti—1
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forevery 1 <i < N and every y € K. Hence
ti .
Hf () — fti-) = / H(f (@) dt
ti—1

forevery 1 < i < N. Summing over i and taking the supremum over all subdivi-
sions, we obtain

b
Vi(fia, b) / H(f () dt . (7.7)

To show the converse inequality, we note that the function t — Vy/(f; 0, 1) is
non-decreasing. Therefore, it is differentiable for a.e. ¢ € [0, T'] and

dt

Let 79 € [0, T'] be a point where both f and Vy(f; 0, -) are differentiable. Since
'H is positively homogeneous of degree 1, we have

'y (f(t) - f(to)> < Vr(f:0.1) = Vu(f;0,0)

t—1y r—1

b
/ iVﬁc(f; 0,0)dt = Vy(f:a,b). (7.8)

for every ¢ # ty. Passing to the limit as ¢ — #y and using the weak*-lower semi-
continuity of H, we get

H(f (t9)) < liminf H (M)
=1 t — t()

élimpr(f(t)—f(to))

t—1 r—1
< Lysi0 1|
= dt A t=tg

for a.e. tp € [0, T]. We now integrate the first and the last term in the previous
inequality from a to b and we obtain (7.5) and (7.4) from (7.7) and (7.8). O

We conclude this appendix with a lemma that generalizes the classical Helly
Theorem for real valued functions with uniformly bounded variation, as well as
its extension to reflexive separable Banach spaces (see e.g. [3] (Chapter 1, Theo-
rem 3.5)).

Lemma 7.2. Let f;: [0, T] — X be a sequence of functions such that fi(0) and
V(fx; 0, T) are bounded uniformly with respect to k. Then, there exist a subse-
quence, still denoted fi, and a function f:[0, T] — X with bounded variation on
[0, T, such that fi.(t) — f(t) weakly* for everyt € [0, T].

Proof. It is enough to apply [15] (Theorem 3.2) with Y = X, R(¢) = V(¢) equal
to the corresponding unit ball, and 7 equal to the weak™ topology. O
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