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SUMMARY

Stress—dilatancy relations have played a crucial role in the understanding of the mechanical behaviour of
soils and in the development of realistic constitutive models for their response. Recent investigations on the
mechanical behaviour of materials with crushable grains have called into question the validity of classical
relations such as those used in critical state soil mechanics.

In this paper, a method to construct thermodynamically consistent (isotropic, three-invariant) elasto-
plastic models based on a given stress—dilatancy relation is discussed. Extensions to cover the case of
granular materials with crushable grains are also presented, based on the interpretation of some classical
model parameters (e.g. the stress ratio at critical state) as internal variables that evolve according to
suitable hardening laws. Copyright © 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In recent years, granular materials whose mechanical response is affected by changes of internal
micro-structure induced by the loading process have attracted considerable attention, from the
point of view of both theory and experiment. These include, in particular, materials with crushable
grains [1-4], weak rocks or cemented aggregates whose bonds suffer progressive degradation due
to applied loads and other physico-chemical mechanisms [5-11] and structured clays [12, 13].

In view of the expected strong non-linearities, a detailed understanding of the behaviour of
such materials seems necessary for reliable quantitative predictions of their mechanical response
in engineering applications, such as: (i) stability of natural slopes and open cuts, sece e.g.
Reference [14]; (ii) tunnelling and underground excavations, see e¢.g. Reference [15]; (iii) driven
piles in calcareous soils, see e.g. References [16-18]. In addition, research on these materials
offers an opportunity to assess critically and to reconsider some of the central hypotheses
underlying continuum theories developed for soils and, in particular, critical state soil mechanics
(CSSM). The key question to be addressed is: how do grain crushing and debonding affect the
macroscopic properties of a granular aggregate? From the point of view of CSSM, this amounts
to asking how the evolution of the micro-structure affects yield surfaces, flow rules and
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74 A. DESIMONE AND C. TAMAGNINI

hardening laws. There are many complementary angles of attack to this question. One of them,
explored, e.g. in Reference [20], is to try and deduce macroscopic constitutive equations from
micromechanical consideration of some underlying microscopic process. Another, more
macroscopic possibility is to probe experimentally the limits of applicability of existing
theories, to single out those macroscopic parameters which are sensitive to changes of
microstructure, and to identify the new ingredients that are needed to capture the macroscopic
fingerprints of the microscopic processes. The experimental background of our present study
[19], together with Reference [21], give an example of this second approach.

An extensive experimental campaign on Pozzolana Nera (PN), a weak pyroclastic rock from
the region South—East of Rome, has revealed a number of peculiar features in the mechanical
properties of this material that may be attributed to the changes of the internal structure induced
by loading [19]. PN is an extremely polydisperse granular material, as shown in Figure 1. Bonds
and grains are made of the same constituents, so that grain crushing and bond breaking are two
complementary aspects of the same destructuration phenomenon. The material does crush at
rather small loads, as shown in Figure 2. This results in observed stress—dilatancy curves which
are at odds with one of the most basic ingredients of CSSM models, namely, the existence of a
well defined one-to-one relation between dilatancy and stress ratio at yield [22].

To place this discussion into context, let us recall that a stress—dilatancy relation is an identity
of the type

n, =2 = o) (1)
)
linking the ratio n of deviatoric to volumetric components of the stress at yield and the dilatancy
d =& /e’ ie. the ratio between volumetric and deviatoric components of the plastic
deformation rate. Relationships of this kind have played a fundamental role in understanding
and interpreting the observed behaviour of granular materials, see e.g. References [24-27], as
well as in the formulation of constitutive models within CSSM. In particular, setting ®(d) =
M —d in (1), one obtains
D py_yg )
Py

defining the original Cam—Clay model, see, e.g. Reference [28].
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Figure 1. Scanning electron micrographs of Pozzolana Nera at increasing magnification factors (adapted
from Reference [19]): (a) magnification 180x; and (b) blow-up of circled area in (a), at 1800x .
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Figure 2. Quantitative and visual evidence of grain crushing in Pozzolana Nera: (a) grading curves before
and after TX compression tests at increasing confining stress (after Reference [19]); and (b) thin section of
grains crushed after shear (adapted from Reference [23]).

In hindsight, that a relation like (1) should fail in a material with crushable grains is not too
surprising. Equation (2) expresses the fundamental fact that, in order to shear a dilatant
material (d <0), one has to apply extra shear stress to overcome the work that pressure expends
against the increase of volume. Dilation is due to rearrangements of the internal micro-
structure, with increase of void ratio for an initially dense material, and decrease for an initially
loose specimen. No material can dilate forever: the hardening laws of Cam Clay are such that an
asymptotic state (the critical state, defined by the condition d = 0) is always reached under
monotonic shearing. At critical state, the void ratio has reached a characteristic steady value,
and the frictional behaviour of the granular assembly (in particular, the stress ratio at critical
state, M) depends only on the intrinsic properties of the solid skeleton (say, the size distribution,
the shape, and the angularity of the grains), and not on its initial relative density.

The argument above shows, however, that if a material has crushable grains, then parameter
M should be thought of as a quantity able to evolve with the changes of grading induced by the
loading process. This is the key idea behind a constitutive model proposed in Reference [21] to
explain the observed stress—dilatancy curves in PN. Let us assume, for the sake of the argument,
the existence of a virgin state for the intact material and of a fully degraded state for the material
which has undergone grain crushing and debonding. At each instant of a loading process
starting from the virgin state, the current state of the material is intermediate between the virgin
and the fully degraded state, and it may be described through the use of internal variables which
evolve during the loading process. In particular, parameter M evolves, typically decreasing as
the grains crush. Each intermediate state is characterized by a one-to-one (e.g. linear as in (2))
relationship between d and 7, while the dn, paths traced upon loading result from the material
spanning with continuity different intermediate states. This may give rise to stress—dilatancy
relations which are not one-to-one, as observed in PN, see Figure 3.

The goal of this paper is to place the model proposed in Reference [21] on a
thermodynamically sound basis. We do this in two steps. First, we focus on the thermodynamic
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Figure 3. Stress—dilatancy relation for a material with crushable grains: (a) conceptual sketch; and
(b) experimental evidence for Pozzolana Nera (after Reference [19]).

structure of models of soil behaviour which are consistent with a given (one-to-one) stress—
dilatancy relation. This will lead to the proposal of a general method to construct (three-
invariant, isotropic) models which stem from such relations. Later, we extend the range of
validity of this approach to deal with the case of crushable grains, for which more complex
stress—dilatancy relation are to be expected.

Given the complexity of the phenomena involved at the microscopic level, it seems advisable
to ensure thermodynamic consistency at the macroscopic level, by relying as much as possible
on a thermodynamically consistent formulation of flow rules and hardening laws. Moreover,
rather than being interested in fitting specific sets of data, we are after sharp predictions of
qualitative features and trends which can be used as conceptual benchmarks. For these reasons,
we place ourselves in the tighter environment of associative models, with respect to both flow
rules and hardening laws. Non-associativity can easily be brought back if so required by
experimental evidence, as in Reference [21].

The paper is organized as follows. We review the essentials of rate-independent elasto-
plasticity in Section 2, mostly to fix notation. In Section 3 we specialize to the associative case,
discussing two dual formulations: direct (i.e. based on yield surfaces and flow rules) and dual
(i.e. based on a dissipation potential). The two formulations are summarized in Boxes 1 and 2.
Their equivalence, given by Equation (47), is the main result of this section. The flexibility
gained by moving back and forth between direct and dual formulation is used in Section 4 to
propose a method to construct three-invariant isotropic models consistent with a given stress—
dilatancy relation. The method is summarized in Box 3. Given the relevance of stress—dilatancy
relations for the subject matter of this paper, their conceptual status with respect to direct and
dual flow rules is reviewed in Section 4.5. Finally, in Section 5, a specific choice of yield function
is made, and hardening laws are proposed to describe the impact of debonding and grain
crushing on the predicted macroscopic response.

Throughout the paper, the stress tensor and all the related quantities are effective stresses as
defined by Terzaghi, unless otherwise stated. The usual sign convention of soil mechanics
(compression positive) is adopted throughout. Direct notation is used to represent vector and
tensor quantities. Following standard notation, for any two vectors v, w € R?, the dot product is
defined as: v-w = vw;, and the dyadic product as: [v ® w]; := v;w;. Similarly, for any two
second—order tensors X,y, X -y := x;y; and [X ® Yl = Xk
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2. FLOW THEORY OF RATE-INDEPENDENT ELASTO-PLASTICITY

We start with the additive decomposition of strain

g=—1(Vu+vu') (3)
where u is the displacement, into elastic, reversible part £° and plastic, irreversible part gP:
ge=¢"+¢P 4)

In addition, we introduce an array of strain-like internal variables & describing changes of the
microstructure of the material (associated with, say, hardening, debonding, grain crushing, etc.),
and define a generalized plastic strain

o= (gP, &) ®)

For the free energy density ¢ = (g5, &), assuming that elastic moduli are not affected by
microstructure changes, the following additive decomposition holds:

Y, &) = Yo (&%) + yP(8) (6)
The stress-like variables, work-conjugate to € and & are thus
o) - L. - - )
and they define a generalized stress A
A=(o,%) ®)
We assume that (7), is invertible and write
£=E&m ©)
for the inverse. The dissipation inequality reads
6-t—Yy=06-+y-&E=2>0 (10)

where 2, the dissipation (in fact, the volumetric density of the rate of dissipation), can also be
written as

I =A-a (11)
The yield function is
S(o,%:8) = F(A;§) <0 (12)

where { are hardening parameters which, contrary to those contained in 7, have no
corresponding work-conjugate strain-like variables. The evolution laws for &P and & are the
flow rules

& = jr(o, 1;0) (13)

& = jh(o. 2:0) (14)

Note that the plastic flow direction tensor r is typically defined in terms of the gradient of a
scalar function g, known as plastic potential, so that Equation (13) is often written as

& =?g—g(6,x;C) (15)
(¢}
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The evolution laws for the hardening parameters { are called hardening laws
{=—j2(6.%:0) (16

Note that the flow rule for & induces an evolution law for . This is also a hardening law which
takes, however, the special form

2,/,P 2,/,P
e
Defining the symmetric tensors of hardening moduli
oW :
D0 =g D = D) (18)
and the tensor of elastic moduli
Ut
¢ = de&se (19)
we get the relations
6 =D —¢P) (20)
L =—7D;h 2n
Plastic flow is governed by the Karush-Kuhn-Tucker (KKT) conditions
720, /=0 (22)

(recall that, by definition, f'<0), implying that plastic flow (y >0) can occur only at yield
(f = 0). In a time interval in which it does not vanish, the plastic multiplier } is obtained from
the consistency condition f = 0, leading to

f<0, if =0 (23)
so that
o . o o
>0 == = =.£=0 24
7 = f= %6 °t3 oy X+ x 24
Using expressions (16), (20), (21) for &, &, §, and in view of the flow rule (13), (24) implies
of
)= 2
7= <ac > (25)
whenever y does not vanish, where the plastic modulus
S f s
K,==L. -D,h+ = 26
P DTt T Tt (26
is assumed to be strictly positive. Plugging (25) into (13) and substituting in (20) we get
D¢ if =0
6= 27)
D%®g if >0
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where

DW:DV—;<D%®Dﬁg (28)

b oo

3. ASSOCIATIVE PLASTICITY: YIELD FUNCTION AND DISSIPATION POTENTIAL

The flow rules are said to be associative if

0
r(e,%:8) =5 /(6. 1:0) (29)
c
0
h(o,%:0) = ™ ACHHS) (30)
%
so that
) .of
p_ 5L 1
€ P 3D
. . Of
—n 2
=iy (32)
or, in a more compact form
. . OF
a=jay (33)
The hardening law for y becomes
. of
=—9D,(x)=— 34
x vﬂmw (34)
By analogy, the hardening law for ( is said to be associative if it can be expressed in the form
; . of of
=) DO 2 2= D)2 35
(=1 DO 2= DO (33)

The plastic modulus takes now the expression

of of o of o o
= LD, 4 D2 =
06 0o "oy Oy o oC
while formula (25) for the plastic multiplier § is unchanged. Note that, in the associative case, K,
is certainly positive, provided that the tensors of elastic and hardening moduli D°, D,, and D¢
are positive definite. Positivity of D¢ and D, is guaranteed if Y and y are strictly convex.

The tensor of tangent (elasto-plastic) moduli is given by

1 of of
ep __ e e - e
D?® =D —p (D 0 ®D _66> (37)

K, = D¢ (36)

showing that, whenever the flow rule for €P is associative, D is symmetric. If, in addition, also
the hardening laws are associative, the symmetry property is carried over to the algorithmic
moduli consistent with the Backward Euler closest-point projection algorithms widely used in
computational plasticity, see Reference [29].

Associativity confers to the flow theory of rate-independent elasto-plasticity a very rich
structure through the use of convex duality. Rather than using a formulation based on a yield
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function in stress space which delivers flow rules for the conjugate strain-like variables, one may
start from a dissipation function 2 depending on the rates of strain-like quantities, and derive
the conjugate stress-like variables through differentiation. Thermodynamic consistency is thus
guaranteed by the properties of . This is a key achievement of the French School, [30-33], see
also References [34-36]. The same format has been first used in Soil Mechanics in Reference
[37]. The advantages of ensuring thermodynamic consistency in the constitutive modelling of
soils has been emphasized by Houlsby [38, 39] and implemented in a number of concrete models
of soil behaviour, see e.g. References [40—42].

To illustrate the use of convex duality, let us start from the yield function F of (12) in which
we drop, for simplicity, the dependence on {, and let us denote by .o7 the set of admissible & and
by .o7* the set of admissible A. Assume that the yield locus

A = {A e /% F(A)<0} (38)

defined by F is a closed convex set containing the origin, and define the indicator function of 4
as

0 ifAex
Ly(A) = { (39)

+00 otherwise

The flow rule (33) can be written as
& € 0l (A) = Ny(A) (40)

where 074 (A) is the subgradient of 7, at A and N, (A) is the normal cone to %" at A, see e.g.
References [36, 43, 44]. The identity in (40) is a classical result of convex analysis. Note that, if A
is on the boundary of %", then (40) expresses normality of & to 6.#°, while if A is in the interior of
A, then (40) implies that & = 0. Consider now the Legendre—Fenchel transform of 7,

(Ly)*(&) = sup {A-a—Iy(A)} =sup A-a (41)
Ae/* Aex”

It is easy to show' that, in fact, (I»)* is the dissipation function
(L) (&) = 2(3) (42)

A fundamental result of convex analysis®, relating the subgradients of a function and of its
Legendre transform, then implies that

deNy(A) = AedZ(@) (43)

This shows that the associative flow rule & € N (A) for a leads to the prescription A € 0%(a) for
the conjugate stress variable A.

TIndeed, if & = 0, then both (I+)*(&) and Z(é) vanish. If instead &0, then by normality
A =argmax A-a
- Aet
is such that & € N4 (A) and both (1,,)*(&) and Z(&) equal A - &. The physical interpretation of this result, obtained by
comparing Equations (41) and (42), is that associative plastic flow obeys the principle of maximum dissipation.
YWe are using convex duality, i.e. the fact that if /* is the Legendre transform of a convex function f, and if &f* and of
are their subgradients, then

¥ edf(x) = xedf* ()
see, e.g. Reference [17].
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To illustrate the reverse path, let & be a given dissipation function. We assume that Z(a) is a
gauge, i.e. a non-negative, convex, lower-semi-continuous, positively homogeneous function of
degree one vanishing at the origin. Define the set

H ={Aed*: A-a<P(a)} (44)

which is a closed, convex subset of .«/* containing the origin. Note that on 6.#°, A - & matches
9(a1), hence A is a yield stress, while in the interior #° of #°, A - &< Z(&) hence # is the elastic
domain. " can be interpreted as the zero sublevel set of a yield function F by choosing any F
such that {A : F(A)<0} = . For given 4, there is an arbitrariness in the selection of F which
can be eliminated through a canonical choice, see Reference [36]. We can now invoke a standard
result of convex analysis which guarantees that the Legendre—Fenchel transform of a gauge is
the indicator function of a closed convex set containing the origin. In fact, the Legendre
transform of the dissipation function is the indicator function of 4~

(D) (A) = Ly (A) (45)
By convex duality, Equation (43), we can conclude that
AcoZ(@) = deNy(A) (46)

i.e. if one prescribes an evolution process in which the stress-like quantities A are derived from
the dissipation function 2, then the conjugate strain-like variables & evolve according to the
associative flow rule & € N (A).

The paths from classical (i.e. based on yield locus and normality rule) to dual (i.c. based on a

dissipation potential) formulations of associative plasticity, and vice versa, are summarized in
Boxes 1 and 2. For 04" smooth, and if & is smooth away from & = 0, we can rewrite (43) in the

Box 1. From yield-locus-based to dissipation-based formulation.

F yield function
H =A:FA)<0 elastic domain and yield locus (a closed convex set
containing the origin)
0 ifA e
Iy(A) = indicator function of 4
+00 otherwise
(I)* (@) = supyey A-a Legendre—Fenchel transform of 7,
() = (Iy)* (&) dissipation function

02*(A) = 0I,(A) = Ny(A) from convex analysis (N, (A) normal cone to # at A)

aeNy(A) = Aedd(a) from convex duality
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Box 2. From dissipation-based to yield-locus-based formulation.

9 dissipation function (a gauge)

A=A A-a<Y(q) elastic domain and yield locus (choose F such
that A : F(A)<0= X"

Ly (A) = (2)(A) Legendre—Fenchel transform of &
07*(A) = 0L, (A) = Ny(A) from convex analysis
AeoZ(@) = aeNy(A) from convex duality

simpler form

o _ .
AY = a@(d) A

0
¥ =79 —F(A 47
LT AW (47)

A=Ay
where Ay is a yield value for A, i.e. such that F(Ay) = 0. This is the key result of this section
with respect to the further developments of this paper. The identity on the right side of the
equivalence sign in (47) is the classical associative flow rule, according to which the generalized

plastic strain rate is parallel to the gradient of the yield function F, hence normal to the yield
surface {F = 0}. We will refer to the left side of (47) as the ‘dual’ (of the) flow rule.

4. ISOTROPIC FLOW RULES AND YIELD CRITERIA FROM
A STRESS-DILATANCY RELATION

The goal of this section is to show how specific forms of the flow rule and of the yield function
can be inferred from experimental observations. Our primary experimental input comes from
stress—dilatancy relations, which are commonly recorded in the experimental testing of
geomaterials. Our method consists of deducing the yield locus from the combination of a stress—
dilatancy relation with a dual flow rule, and it is applied to the derivation of a class of isotropic,
three-invariant models.

4.1. Isotropy

We restrict our attention to isotropic models. Although this framework may prove too
restrictive to capture such effect as stress-induced or inherent anisotropy, or to reproduce
correctly the response to cyclic loading, it has the advantage to keep the mathematical structure
of the model to an acceptable level of complexity. In many cases this may be the most
reasonable compromise between the competing requirements of ‘generality’ and ‘tractability’ of
the theory, in the spirit of, e.g. critical state models for fine-grained soils [22, 28, 45], or the
works of Lade [46] and Nova [47—49] for coarse-grained soils. In fact, application of hardening
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elasto-plasticity to the numerical solution of practical engineering problems remains, at present,
mostly confined to isotropic models. The assumption of isotropy brings in the following
consequences:

(1) the strain- and stress-like internal variables &, y, { all consist of n-tuples of uncorrelated
scalar quantities, i.e.

§= & (k=1,...,n) (48)
x=1ut (k=1,....m) (49)
C=1Gy (k=1....,n) (50)

(i1) the dissipation function & depends on the plastic strain rate tensor ¢P only through its
invariants, 1.e.

ZCRIEEZCRAENS (51)
where
tr(éP3)
[tr(e2)]?
are the invariants of the plastic strain rate tensor &P, éP = dev(gP) is its deviatoric part,
and 0, is the Lode angle of &P,

(iii) the yield function (and the plastic potential, if any) depends on the stress tensor ¢ only
through its invariants, i.e.

1/2
@ =tr(®"), &= Etr(é‘ﬁ)} ., z =sin(30,) = V6 (52)

[, 1:0) = f(p.q. 2, 1:0) (53)
where
tr(s®)
[tr(s>)?
s = dev(o) is the stress deviator and 6 is the Lode angle of the stress tensor o;
(iv) the flow rules (15) and (31) imply the coaxiality between the stress and plastic strain rate

tensors, see, e.g. Reference [50].
(v) due to (iv), expression (10) for & can be written as

D = piP + qiPcos(0 — 0,) + - & (55)

1 3 1/2
p=3te). q= {E tr(s2)] , z=sin(30) =6 (54)

At yield, the stresses can be obtained from the dual flow rule (47), i.e. by differentiating the
dissipation function. In the isotropic case, we obtain from (55)

P 1 09 0y
Py =Dy(E), 6, z) = 3 tr (@) = o (56)
3 1/2
qy = Qy(éga &, z;) = |:§ tr(Sf,)] (57
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tr(si)

zy = 2,(&, &P, z,) = \/67
V ) ( s ) [tr(si)]3/2

(58)

where

4.2. Dependence on Lode angles
In order to develop a full three-invariant formulation, we will restrict attention to situations in
which function 2, of (58) is of special form. We assume that z, depends only on z,, i.e.

zy = £(z.) (59)
and that Z is invertible:

Zg = 21:(2}’) (60)

These assumptions turn out to be satisfied under relatively mild restrictions for the specific

functional form (53) assumed for the yield surface, and are verified in a very large class of elasto-

plastic models for soils. Essentially, the assumption is consistent with yield functions of form
(61), giving rise to a convex yield locus. This is detailed in the following two propositions.

Proposition 4.1
An associative flow rule with a yield function of the form

f(p.q.2,%:0) f(p,Mq(Z), % C> (61)

where M (z) is a scalar function of the third invariant of the stress tensor z, implies that the third
invariant of the plastic strain rate tensor z, depends only on z.

Proof
The general definition of z., Equation (52);, requires the evaluation of the scalar invariants
tr(éP?), tr(éP3) of éP. In view of (61), and of the associative flow rule (31), we have

o do oz o

_JN9, T=E_9 g B 62
2qdc " oz06  og D1 T BY (62)
where ¢* = ¢/ M(z) and
oq* oq oq* 0z
B =—— ==
""" g0 ' 0z (63)

are two symmetric second order tensors, both coaxial with ¢, which are homogeneous functions
of degree zero in ¢ and independent of the specific choice for the yield function f. It follows that

2
(@) = <ﬁ) by (64)
oq*
-\ 3
tr(eP?) = (1) by (65)
oq*
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where, since B; and B, commute, the scalar functions b; and b, are given by
= tr(B} + B3 + 2B By) (66)

= tr(B] + 3B?B, + 3B;B} + B3) (67)

In principle, b; and b, could depend on the stress tensor through both second and third
invariant. However, since B; and B, are homogeneous of degree zero in 6, so have to be both b,
and b,. Thus, dependence on ¢ is ruled out. In fact, a lengthy but otherwise straightforward
calculation shows that, for every possible choice of the yield function f,

ne i)

B 3 5 M/ 2 M/ 2 22 M/ 3
b2_4M3{2_9(1_Z)ﬁ_27Z(1_Z)(ﬁ +27(1 — z%) 573 (69)
Thus, plugging (64) and (65) into Equation (52);, we obtain
. ba(2)
Zo = Z(z2) = /6 ———— 70
@) f[bl(z)]3/2 (70)
as claimed. O

Remark 4.1

Proposition 4.1 can be extended to the case of a non-associative flow rule (15), provided that the
plastic potential g has the same dependence on ¢ and z as the one assumed for the yield function
f, see Equation (61).

Invertibility of the function Z, is guaranteed if the trace of the yield locus on the deviatoric
plane is a convex curve, as proved below.

Proposition 4.2
Assume that the yield locus { f = 0} is convex, so that each deviatoric section is convex and, in
particular, the curve defined by the following parametric representation:

z+> {R(z)cos O(z), R(z)sinBO(z)} ze[-1,1] (71)

where

RE) =24 ©@) =[x +sin"' ()]
and ¢(z) is defined implicitly by the equation
70y i) =0 for Ly given)
M(zy Fo50 0550
is convex. Then the function Z, is invertible.
Proof
Equation (71) gives the representation of the deviatoric section € of the yield locus at p = pg in

polar co-ordinates (note that ® = n/3 4 0) (Figure 4). The unit vector normal to the curve
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N =(cosO_, sin® )
P € €

0=0+m/3
0. =6_+m/3
e e

Figure 4. Deviatoric section of the yield surface at p = py. In view of symmetry, only the sector with Lode
angle 0 € (—n/6,7/6), i.e. ® € (1/6,7/2) is shown.

(which has the direction of the deviatoric part of the plastic strain increment) is given by

Np = (cos O, sin @;), O, = g—i— 0, (72)

Denoting arc-length by s, one has that the curvature x of € is given by

k) = L0, = S0, (73)

s ds
see Reference [51]. For the convex curve %, x(s) has a fixed sign (say, strictly positive), hence
®,(s) is invertible. This shows that ¥ admits a parametrization in terms of the normal angle
0, =[r+ sinfl(zt.)] /3. This establishes a one-to-one correspondence between the parameter z in
(71) and z,, as claimed. O

The link between the Lode angles of stress and plastic strain rate introduced by Equations
(59) and (60) allows us to construct the yield locus section—wise. First, sections at z = const. can
be obtained by setting z, = const. in the appropriate derivatives of the dissipation function, see
Equations (56) and (57); second, the shape of the yield locus on the deviatoric plane can be
defined by prescribing function £ or its inverse Z, in Equations (59) and (60).

The homogeneity properties of & force p, and ¢, to be homogeneous functions of degree zero
in €P. Hence the functions p, and g, in Equations (56) and (57) are homogeneous functions of
degree zero in the invariants &0 and &P. In particular, we assume

Py = py,s(é) = 13}’(59 Z;) (74)
4y = qy(0) = Gy(3,z.) (75)
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in which the function 6, defined as
1 &

0=—— 76
cos(0 — 0,) &) (76)
is a generalization of the classical definition of the dilatancy
&
d = Py (77)

employed in axisymmetric stress and deformation states (for which 0 = 0,).

Equations (74) and (75) mean that the meridian sections of the yield locus (i.e. sections at
z = const.) can be parametrized by the dilatancy J. This is always the case for a convex yield
locus, as shown in the following proposition.

Proposition 4.3
Assume that the yield locus { f = 0} is convex, so that each meridian section is convex and, in
particular, the one at z = z; defined by the following parametric representation:

P q(p),  pE0, pmaxl (78)
where ¢( p) is defined implicitly by the equation

f<l’»ﬁa XOQCO> =0 for zo, %9, given

is a convex curve. Then each meridian section admits a parametrization in terms of the
dilatancy .

Proof

The proof follows from the same argument used in Proposition 4.2, i.e. that a convex curve can
be parametrized in terms of the normal angle. The unit normal vector N, to the meridian section
at z = zg is proportional to (&0, I'pé?), where I'g = cos[0(zy) — 0:(z0)], hence

N. = (sinQ,cosQ), Q:=tan" ' (79)

Thus, a parametrization in terms of the normal angle /2 — Q induces a parametrization in
terms of the dilatancy J (Figure 5). O

4.3. Construction of yield locus from stress—dilatancy and dual flow rule

For each fixed z,, Equations (74) and (75) define parametrically a 8 = constant section of the
yield locus

0 = {1y:(0), qy0(0)} (80)

We want to eliminate parameter ¢ from the previous expression, to obtain a representation of
the yield locus in the form

(py,Z) = qy, = q(py,z) (81)

In order to proceed, let us first notice that Equations (74) and (75) imply the existence of a
stress—dilatancy relation of the form

=L = s, z,) = ) (82)

V

Copyright © 2004 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2005; 29:73—-101



88 A. DESIMONE AND C. TAMAGNINI

Nz = (cos2, sinQQ)

Figure 5. Meridian section of the yield surface in ¢:p plane, for z =z,. The angle Q is defined by
Q = tan~!9, where ¢ is the dilatancy.

where 7 is the stress ratio ¢,/p, at yield and the third identity simply defines a shorthand
notation for function ®(J, z,). With (82), the dissipation function (55) can be rewritten as

D =Dy + 2 & =ZOTEE + 2§ (83)
where
Dp i=06-& = Z,(0)(z,)) (84)
is the plastic power density and
Z:(0) = 2(9, 2;) = py.o(9)[0 + P:(0)] (85)
I'(z,) = cos(60 — 6,) (86)

Expressions similar to Equation (83) above are discussed in Reference [52].
From (56) and (84), we have

07 09, 05

Py =58~ 35 o Z.(9) (87)
having used the fact that
More explicitly, differentiating (85) with respect to o
ZU(0) = [0 + @u(0)] 1, () + [1 + D] py..(d) (89)
we obtain from (87)
(0 + @)py, + Dpys =0 (90)

an ordinary differential equation (ODE) in the unknown function
0 pys(0) €3]
For each fixed z,, (90) may be solved and function (91) may be inverted to give
0 = d,(py) = 0(py, 2e) 92)
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Plugging this into (82), and assigning the function z, = z,(z), we obtain
qy = pyq)(é(Pya 2,(2)), z:(2)) = é(py, z) (93)

as desired. The procedure is summarized in Box 3.

In practice, since an experimental identification of the function z, = z,(z) is far from trivial,
we determine (93) for z, =z = +n/6 (uniaxial compression and extension, the two cases
accessible with the use of a standard triaxial apparatus), and then assign the dependence on z by
prescribing the function z — M(z) in (61) consistently with the requirement that the yield locus
should be convex, e.g. Reference [53].

Box 3. Yield locus from stress—dilatancy relation (two-invariant theory, 6, = 0, is recovered with
I' .= cos(d — 0,) = 1 and dropping subscript ).

&P .
= F;E Dilatancy
9 _ D,(0) Stress—dilatancy
)
Dy =Dye(0),  qy = q,:(9) Convexity of yield locus
D, =08 =X, (O Plastic power using stress—dilatancy
09, 00 .
Py =—L—5=3(5) Dual flow rule, Equation (87)
00 0&,
= [0+ ®]p,, + 1+ D]py. Equation (89), from %, = [§ + @] p, .
[0+@]p,, + ®p,. =0 ODE in J + p, ., from (87), (89)
d.(py) Inverse of 6 — p,,
qy = pyP.(6:(py)) Yield locus
Remark 4.2

The explicit expression of the plastic dissipation in terms of plastic strain rates can be obtained
by plugging the solution ¢ — p, () into expression (84) for &,. This becomes a function of the
plastic strain rates through 4, &, and z,

@P = p)f(éazg)[(s + (I)(a, ZF)]F(Z;‘)SE (94)

which can, in principle, be used to derive z, by differentiation with the use of the dual flow
rule (58).
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4.4. Examples

As an example, consider the linear stress—dilatancy relation

n:Mf%(S, o=m(M —n) 95)
i.e. a relation of the form (82), in which function @, is given by

D.(0) = D(0,z,) = M(z;) — %5 (96)
Here m and M are material parameters representing, respectively, the slope of the stress—

dilatancy line in the 0 : # plane and its intercept on the # axis. Substituting into the ODE (90), we
obtain

{M - %5 + 5} p;,’s — % D=0 97)
ie.
[mM + (m — 1)1 pl,, — pye =0 (98)
This is easily integrated to give
(0, 2;) = py [mTlﬁ o+ %] o ]), m#1 (99)

where p; is the value of p, corresponding to the maximal dilatancy 6 = mM compatible with (95)

and positivity of ¢g. Note that p, gives the intercept of the yield locus with the axis of isotropic

compression, and the yield locus must be a closed surface. Therefore the integration constant py,

which in principle should depend on z;, must in fact be independent of the Lode angle.
Inverting expression (99) giving p, as a function of 6 we obtain

m—1 2

) 1 M
o py,ze) = [(’i) ——] o m#l (100)

Ds m|lm-—1

and hence, substituting into (95),

m—1

g = M(zg)pyi[l - (’i) ] m#1 (101)
m—1 Ps

Remark 4.3
Define py as the value of p, corresponding to null dilatancy:

Po = Py(0,2)l5-0 (102)
Then the ratio between py and p;
1\/ =1
2o _ (—) (103)
Ps m

is independent of the Lode angle, provided that m is independent of z,.
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Remark 4.4
Assuming M independent of z,, and taking m = 1 in (95) gives the stress—dilatancy relation
KL V) (104)
Dy
of the original Cam—Clay model. The relation between p, and ¢ is, in this case,
0
() = ps ——1 105
p@ =peewp( 1) (105)

and the corresponding yield locus is obtained by taking the limit m — 1 in (101) leading to

gy = Mp,In (];7) (106)

A

The explicit expression (94) of the dissipation &, as a function of the plastic strain and strain
rates has been obtained in Reference [37] and is given by

Dy, = py(O)ME] = psexp <% — 1) MP (107)

Typically, it is assumed that p, = p,(eP) = p, exp(p (e — €P)) consistently with the classical (non-
associative) volumetric hardening law ps = pp,&P.

As a second example, we consider the model proposed in Reference [54] starting from the
stress—dilatancy relation

5:m(M—r])<l+a%) (108)

where a is a dimensionless (regularization) parameter, typically much smaller than one. The
corresponding yield function is

f =AM — p, (109)
where
A pg,0) =14 — 1 (110)
P& = TR M0 p
Bpg.0)=1+— 4 (111)
PED = TR MO
C = (1 —m)K — K») (112)
_m(l —a) B 4a(1 — m)
K .—72(1’”){1—&-1/1 7m(1—a)2} (113)
_md-a), f 4ad-—m)
K=3a m){1 : m(1 a)z} (114)
M(0) = [l + ¢2 sin(30)]" M. (115)
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and ¢, ¢; and n are material constants. The quantities ¢; and ¢, can be expressed as functions of
the ratio ¢y = M,/M,. between the values taken by the function M(f) in axisymmetric

extension (0 = —7n/6) and axisymmetric compression (0 = 7/6):
1 [1 +( )1/’1])1 1 _(CM)I/n (116)
== ¢ , =——
I M 2 L+ ()"

Equation (116) defines the dependence of the stress ratio at critical state on the Lode angle. It
has been proposed by van Eeckelen in Reference [53], where the conditions ensuring the
convexity of the deviatoric section of the resulting yield locus are also discussed.

4.5. Remarks on stress—dilatancy relations

We have made systematic use of stress—dilatancy relations, i.e. of relations of the form

n=L— @) (117)
)
or of the form
&P
5=§=A(n) (118)

Here, and throughout this subsection, we restrict our discussion to the axisymmetric case
[i.e. ' = 1 in (86)] for the sake of simplicity. The relevance of relations of this kind in describing
the observed stress-strain behaviour of geomaterials goes back a long way, see e.g. References
[24-27]. Stress—dilatancy relations have been measured experimentally for a wide range of both
natural and artificial granular materials, and they have been extensively used in the development
of constitutive models, see Box 4.

Relation (118) expresses the dependence of plastic strain rates from the current stress. Thus, it
is conceptually a flow rule. In fact, referring to the non-associative expression (15) for greater
generality, it is a relation of the form

—A ( ﬁ) (119)
g=0 p

Assuming that the set {g = 0} in the ¢ : p plane can be described as the graph of a function
P q(p)ie.

& 0g/dp

& 0g/oq

{(p.q) :2(p,g) =0} ={(p,q) : ¢ =q(p)} (120)
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Box 4. Yield functions and corresponding stress—dilatancy relations
(CC = original Cam—Clay; MCC = modified Cam—Clay).

93

Model Yield function f n= o) o o0=A(n) A
Reference % —pln <£> M -9 M-y
[28] (CC) P
m—1

Reference % — lm—p{l - (L) ] M — lé m(M — 1)
[48] -m Ds m

Ki/C p-K»/C Lo 213 aM
Reference AMICBR/Cp — p E[Px(é) +4aM?*]2 + P,(9), mM —n)| 1 +—
[54] !

—A(2) p—p(L )= (1 — M — -
where 4 = 4 (M)’ B= B(M) where P,(0) = (1 —a)M p” o

Reference

av_ 2 M4 Yo - M
[45] (MCC) (=) =p(r = [+ M) 2 46 3 O =1+

we can rewrite (119) in the form

= a(%2)
q(p) (p

(121)

Integrating this ODE one can determine ¢ and hence the zero level set {g = 0} of the plastic
potential. In the associative case f = g, and the same procedure leads to the determination of the

yield locus { f = 0}. This is the approach most commonly used in CSSM.

Relation (117) expresses the dependence of yield stresses on the corresponding plastic strain
rates. Thus, it is conceptually a dual flow rule. More precisely, it is (57) which, in the

axisymmetric case, reads as

09,
08}

qy = py(D(é) =

(122)

Indeed, we have from (84) that 2, = Z(9)&?, where X = [0 + @] p,, and hence

07, 0 , )
= 2p(ZOE) =2(0) - )0

having used the fact that
00 1
=5
08} &

The right-hand side of (123) is in turn

[0 + @] py — pyo — {[0 + @] p, + P'p,}6 = p, @

because p, solves the ODE (90), hence proving the claim.

Copyright © 2004 John Wiley & Sons, Ltd.

(123)

(124)

(125)

Int. J. Numer. Anal. Meth. Geomech. 2005; 29:73—101



94 A. DESIMONE AND C. TAMAGNINI

Solution of the ODE (90) is anyway necessary to obtain ¢ as a function of p, and to arrive, by
substitution into (122), at the explicit expression of the yield locus as the graph of a function

Py — g,(p) in the g : p plane.

5. THE CASE OF SOILS WITH CRUSHABLE GRAINS

The general approach outlined above can be applied in a straightforward manner to the
development of associative plasticity models for granular materials undergoing grain crushing,
provided that the effects of grain crushing are accounted for by introducing a set of suitable
(scalar) internal variables as, for example, in Reference [21]. In fact, in the derivation of the yield
function from a given dilatancy rule, the internal variables play the role of constants. Therefore,
the procedure discussed in the previous sections can still be used to associate a family of yield
loci to the assigned family of stress—dilatancy curves, parametrized by such internal variables.

The starting point of the phenomenological plasticity model presented in [21] is the stress—
dilatancy relation (108), which, in the associative case corresponds to the yield function (109).
Available experimental evidence suggests that the ultimate value of the friction angle at constant
volume is an increasing function of the mean grain diameter (see, e.g. References [55, 56]), and
that the position of the virgin compression line (VCL), in the ¢, : In( p) plane, may also depend
on the mean grain diameter [3]. These effects have been taken into account by Cecconi et al. by
including the parameters M and m of Equations (113)—(115) in the set of internal variables, and
replacing the isotropic yield stress in compression, p,, with p, = bp,, where b>1 is an additional
internal variable which allows to describe a downward translation of the isotropic virgin
compression line as the material degrades. The evolution laws adopted for M, m and b are such
that these quantities vary monotonically with increasing plastic strain magnitude, from their
initial value to a final, ultimate value at a stable (asymptotic) state in which all grain-crushing
phenomena are ceased. In the following, the same concepts are used to develop a
thermodynamically consistent version of the same model.

5.1. Yield function and hardening laws
Following Reference [21], we adopt as yield function a slight modification of (109), namely,
10, 155 1003 p5) = AXV B pyy, — ps (126)

where py, y, and y,, represent the internal state variables,

1 1 xmq

A=1+— 127
Kl P ( )

~ 1 ymq

B=1+—>="— 128
K2 P ( )

and K, K>, and C = (1 — m)(K; — K3) are defined in terms of the material constants m and a
entering the stress—dilatancy equation (108) by Equations (113) and (114)

By comparing Equation (109) (with p; replaced by p.= bp,) with Equation (126) and
Equations (110)—(111) with Equations (127)—(128) it is immediately apparent that the two
quantities y, and y,, can be interpreted as the inverse of the internal variables » and M of the
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Cecconi et al. [21] model:

1 1
Lb = E’ M = i (129)

i.e. y, represents the ratio p;/p. between the yield stress in isotropic compression at the stable
state, ps, and the current yield stress in isotropic compression, p., while y,, is the inverse of the
stress ratio at the critical state in axisymmetric compression (0 = 7/6).

The evolution equations for the plastic strain rate are provided by the associative flow rule
(31). The model is completed by specifying hardening laws for parameters y,,, y;, and p;.

To endow the model with a thermodynamic structure, we consider the free energy function

U= (&) + Yar(Enn) + (&) (130)
where
Vo) = P(e, &) = (&%) + 3 Go(eS)’ (131)
Uar(Ea) = —alar + M (1= exp (—puéan)} (132)
M
11—
y(Ey) = =&, + —LO (1 — exp (—py &)} (133)

and function x/;(af,) is given by
. Kkpyexp(ey/K — 1) (e} =>K)
Y(ey) = 2 im s ’
pres + pr(e) = K)7/(2R) - (7<K)

In Equations (131)~(134), p,, K, Go, pass Lar0s Lmcos Py and 1, are material constants.”
The yield locus described by function (126) follows from a dissipation function of the form

(134)

D =Dy + 18 =ZuOTE)E + 1arbmr + 1480 (135)
Here X, = [0 + ®;] p, . where @, obtained from the stress—dilatancy relation (108), is given by
O, = J{[P}(0) + 4aM®]'? + P(5)} (136)
1

P.(0)=(1—-aM — %5 (137)

while y,, and y, are given by
I =~V €a) = Laroe = Untoo = Aar0) €XP(=parEu) (138)
b = —‘My(fb) =1-(- Xb,o) exp(—ppCs) (139)

Clearly,

IMeoZImo> 00 1= 1002 000>0 (140)

¥ According to Equation (134), for &5 >K the free energy function (131) describes a pressure-dependent, hyperelastic
behaviour, with a constant shear modulus Gy and a bulk modulus K = p/&. For & <&, the stored energy function
reduces to the classical quadratic expression of linear elasticity. Equation (131) is a simplified version of the stored
energy function proposed by Houlsby, see e.g. Reference [39]. The minor modification introduced with the switch
condition (134) allows to extend the validity of the original model to the tensile stress range.
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In view of (34), we get from Equations (136) and(137) the associative hardening laws

of

I =P Untoo = Im) 5— (141)
M M \AM, M 5XM
. of
7y = 1 —yp) == 142
X =7 pPp( Ab)% (142)

Remark 5.1
In view of the additive structure of 1/ in (130), which uncouples the two hardening mechanisms,
tensor D:(&) = 0*YP /(€ ® 0E) is diagonal. Notice also that, since

@: oM gk /C BK/Cq71 B (143)
oq C
and
o - MAKl/C Bsz/C(Afl - B hH= iq (144)
Otm C X 09
we have
ian = pyg 2 g 8 (145)
‘M

This is a purely deviatoric hardening law showing that, within our associative model, the rate of
change of y,, is proportional to the distortional plastic power. On the other hand, from

a o
Uy, axicgrie [y lnd gy (146)
op pC
9
54 = AR/CBRICH>0 (147)
Lb
we get
ﬂ = £%+ig (148)
Oty 1s0P  ApOq
and, in turn,
, | .
T = pp——2 { pif + qil) (149)

N

Thus, in the associative case, the rate of change of y, depends on both the volumetric and the
deviatoric components of the plastic power. In particular, in axisymmetric conditions (I" = 1),
the rate at which % evolves is proportional to the plastic power. A consequence of the
associativity of the proposed hardening laws is that in an isotropic compression experiment
(g = 0), jar vanishes because &’ = 0.

Remark 5.2

The evolution laws (141) and (142) are consistent with the phenomenological hardening laws
employed in Reference [21] for M and b. They describe a monotonic decay of parameters M and
b from the initial values M, = (XM,O)_] and by = (;g,,,o)_1 to the final asymptotic values M., =
(;{Mm)_1 and by, = (;(,,700)_1 = 1 as grain crushing proceeds. Notice, however, that while in our
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approach the quantity m is a material constant, in Reference [21] m evolves together with M so
that

mM = const. (150)

Therefore, while in Reference [21] the dilatancy curves rotate in the J:# plane about a fixed
point as M varies, in the present model they are parallel with one another.

Finally, a hardening law for p; is needed. We will follow tradition, in assuming the classical

(non-associative) volumetric hardening law
Ds = P_\Pxég (151)

Here

1
A—&
where 4 gives the asymptotic slope (i.e. at y;, = 1) of the isotropic virgin compression curve in
the ¢, : In p plane.

(152)

Ps =

5.2. Application to Pozzolana Nera

As an example of the capability of the model to reproduce the observed behaviour of real
granular materials, we compare theoretical predictions with the experimental results obtained
from Reference [19] on Pozzolana Nera, in a series of drained triaxial compression tests at
different values of the confining stress.

The values of the material constants adopted in the simulations are summarized in Table I.

The initial values of the state variables assumed for each tests are given in Table II. Note that
a single set of internal variables has been used for all the simulations.

Figures 6-7 illustrate the comparison between model predictions and observed behaviour, in
the ¢:¢& and ¢,:¢, plane. Overall, a good qualitative and quantitative agreement between

Table I. Material parameters for the Pozzolana Nera.

K 0.002 a 0.001
Gy (kPa) 2.5 x 10 m 2.0
. (kPa) 400.0 o, 14.0
Ao 0.625 O 1.0 x 1073
cm 0.652 Pp 20x 1073

Table II. Initial state assumed in the simulations.

Po q0 Ps0 b0 M0
Test # (kPa) (kPa) (kPa) &) =)
PN020 214.0 0.0 1800.0 0.556 0.455
PNO035 357.0 0.0 1800.0 0.556 0.455
PN140 1404.0 0.0 1800.0 0.556 0.455
PN285 2840.0 0.0 1800.0 0.556 0.455
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predictions and measurements can be observed. In particular, the model appears to reproduce
well the transition between a fragile, dilatant behaviour at low confining stresses to a ductile,
contractant behaviour at high confining stresses. At high confining stresses, the model is capable
capture the experimentally observed slight reduction in the deviatoric stress at relatively large
deviatoric strains, due to the progressive increase of y,, (i.e. reduction of the slope of the critical

to
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Figure 6. Drained triaxial compression test: (a) experimental data; and (b) model predictions.
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Figure 7. Stress—dilatancy curves: (a) experimental data; and (b) model predictions.
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state line, M). As for the volumetric behaviour, the behaviour observed at low confining stress is
also captured quite well, whereas computed volumetric strains are sensibly overestimated at
small to moderate strains.

The stress—dilatancy curves from the same drained compression tests are plotted in Figure 7.
Here the experimental data on plastic dilatancy are those of Reference [19] and are obtained as
follows. It is assumed that axial deformations are entirely plastic, while volumetric plastic
deformations are obtained by subtracting from the measured total deformation the elastic
component calculated using the experimentally determined swelling coefficient (see Reference
[19], Equations (2) and (3)).

From the figure, it is apparent that the model is capable of reproducing qualitatively, and to a
certain extent also quantitatively, the characteristic shape of the experimental curves. In
particular, the model correctly predicts that, at all confining stresses, the peak of the stress ratio
n always precedes the point of minimum dilatancy 6. The predictions for the two tests at high
confining stresses are less satisfactory from a quantitative point of view, due to an
overestimation of the dilatancy in the initial part of the test. Even in this case, however, the
model captures correctly the shape of the observed stress—dilatancy curves, with the
characteristic backward bending before reaching the critical state conditions.
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