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Keywords: Cam-Clay plasticity; softening behavior; pressure-sensitive yield criteria; non-

associative plasticity; quasistatic evolution; rate independent dissipative processes; viscosity

approximation.

AMS Subject Classi¯cation: 74C05, 74L10, 34D15

1. Introduction

The modi¯ed Cam-Clay model has been introduced in the engineering literature on

soil mechanics as a conceptual tool to understand the irreversible deformations

experienced by ¯ne grained soils (clays) upon loading, see Refs. 8�11. One of the

interesting features of this model is that, depending on the loading conditions, the

stress�strain response may exhibit a hardening or a softening behavior. Further-

more, it is an important example of nonassociative plasticity, for which a satisfactory

mathematical theory is only partially developed.7

We restrict our attention to the spatially homogeneous case in dimension n, with

no volume forces. The system is driven by a time-dependent a±ne boundary con-

dition wðt;xÞ, whose symmetrized spatial gradient Ewðt;xÞ is independent of the

space variable x and is denoted by �ðtÞ. In this situation, the displacement uðt;xÞ
coincides with wðt;xÞ and the unknowns are the elastic part eðtÞ and the plastic part

pðtÞ appearing in the additive decomposition of the strain Euðt;xÞ ¼ eðtÞ þ pðtÞ, as
well as a scalar internal variable zðtÞ, which describes the time evolving yield surface.
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The stress �ðtÞ is determined by the elastic part of the strain through the usual

relation �ðtÞ ¼ CeðtÞ, where C is the tensor of elastic moduli.

One ingredient of the model is a closed convex cone K � M
n�n
sym � ½0;þ1Þ, where

M
n�n
sym is the space of symmetric n� n matrices. It is assumed that K contains the

half-line f0g � ½0;þ1Þ. The stress is constrained by the inclusion �ðtÞ 2 KðzðtÞÞ,
where for every � 2 ½0;þ1Þ we de¯neKð�Þ :¼ f� 2 M

n�n
sym : ð�; �Þ 2 Kg. The interior

of Kð�Þ is the elastic domain corresponding to the value � of the internal variable,

while its boundary @Kð�Þ is the yield surface. In the typical applications, @Kð�Þ is a
suitable ellipsoid in the space M

n�n
sym .

The other ingredients of the model are the evolution laws for pðtÞ and zðtÞ,
resulting in the system

eðtÞ þ pðtÞ ¼ �ðtÞ; �ðtÞ ¼ CeðtÞ 2 KðzðtÞÞ;
_pðtÞ 2 NKðzðtÞÞð�ðtÞÞ;
_zðtÞ ¼ trð�ðtÞÞtrð _pðtÞÞ;

8>><
>>: ð1:1Þ

where NKð�Þð�Þ denotes the normal cone to Kð�Þ at �. The nonassociative nature of

the problem is due to the fact that the equation for _z in (1.1) does not depend on K. In

view of the hypotheses on K, we have the monotonicity condition �1 < �2 ) Kð�1Þ �
Kð�2Þ. Therefore, if _zðtÞ > 0, the set KðzðtÞÞ expands leading to a hardening

response. On the contrary, if _zðtÞ < 0, the set KðzðtÞÞ shrinks leading to a softening

response. In the usual applications we have trð�Þ � 0 for every � 2 Kð�Þ, which
re°ects the compressive conditions typical of soil mechanics. Therefore, by the third

line in (1.1), the hardening or softening behavior is determined only by the sign of

trð _pÞ. An energetic approach to a class of rate-independent plasticity problems which

present only a softening behavior has been proposed in Ref. 3.

To deal with the instabilities of the softening regime, we propose a viscosity

approximation2,4 to (1.1). Denoting the minimal distance projection of � onto Kð�Þ
by �Kð�Þð�Þ, for every " > 0 we consider the unconstrained system

e"ðtÞ þ p"ðtÞ ¼ �ðtÞ; �"ðtÞ ¼ Ce"ðtÞ;
_p"ðtÞ ¼ N "

Kðz"ðtÞÞð�"ðtÞÞ;
_z"ðtÞ ¼ trð�Kðz"ðtÞÞð�"ðtÞÞÞtrð _p"ðtÞÞ;

8>><
>>: ð1:2Þ

where N "
Kð�Þð�Þ :¼ 1

" ð�� �Kð�Þð�ÞÞ is the usual approximation of the normal toKð�Þ.
A viscosity solution ðeðtÞ; pðtÞ; �ðtÞ; zðtÞÞ to (1.1) is de¯ned as a left continuous map

which, for almost every time t, is the pointwise limit of a sequence ðe"ðtÞ; p"ðtÞ;
�"ðtÞ; z"ðtÞÞ of solutions of (1.2).

In this paper, we study in detail the case where Ce ¼ e for every e 2 M
n�n
sym , so that

�ðtÞ ¼ eðtÞ and �"ðtÞ ¼ e"ðtÞ. Moreover, we assume that Kð�Þ is the closed ball

centered at � 1
n �I with radius 1ffiffi

n
p �, namely,

Kð�Þ ¼ � 2 M
n�n
sym : �þ 1

n
�I

����
���� � 1ffiffiffi

n
p �

� �
; ð1:3Þ

1644 G. Dal Maso & A. DeSimone



where I is the identity matrix inM
n�n
sym . The fact that all the elements in the interior of

Kð�Þ are negative de¯nite re°ects the fact that the material can only sustain com-

pressive stresses.

Given a constant a0 > 0, and a matrix e0 2 M
n�n
sym with trðe0Þ ¼ 0 and je0j ¼ 1, we

consider the special loading path

�ðtÞ ¼ �a0
1

n
I þ t

1ffiffiffi
n

p e0; ð1:4Þ

and the initial conditions e"ð0Þ ¼ eð0Þ ¼ �a0
1
n I and z"ð0Þ ¼ zð0Þ ¼ z0. Then e"ðtÞ

and eðtÞ have the form

e"ðtÞ ¼ � 1

n
x"ðtÞI þ

1ffiffiffi
n

p y"ðtÞe0 and eðtÞ ¼ � 1

n
xðtÞI þ 1ffiffiffi

n
p yðtÞe0;

for suitable scalar function x"ðtÞ; y"ðtÞ;xðtÞ; yðtÞ satisfying x"ð0Þ ¼ xð0Þ ¼ a0 and

y"ð0Þ ¼ yð0Þ ¼ 0, while the constraint �ðtÞ 2 KðzðtÞÞ becomesffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxðtÞ � zðtÞÞ2 þ yðtÞ2

p
� zðtÞ:

Since the initial condition must satisfy this constraint, we assume that 0 �
a0 � 2z0. Then the solution is given by

x"ðtÞ ¼ xðtÞ ¼ a0; y"ðtÞ ¼ yðtÞ ¼ t; z"ðtÞ ¼ zðtÞ ¼ z0; ð1:5Þ
in the interval ½0; t0�, where t0 satis¯es

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða0 � z0Þ2 þ t20

p
¼ z0. This corresponds to the

elastic regime (see Fig. 1).

x

y

θ0

z0a0

t0

(x(t),y(t))

Fig. 1. The elastic regime. The thick line segment is the trajectory of ðxðtÞ; yðtÞÞ in the time interval ½0; t0�.
The circle represents the yield surface in the ðx; yÞ plane, which remains constant in this time interval.
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After time t0 the solution exhibits a plastic behavior. To study the solution for

t > t0 we introduce polar coordinates

x"ðtÞ � z"ðtÞ ¼ �"ðtÞ cos �"ðtÞ;
y"ðtÞ ¼ �"ðtÞ sin �"ðtÞ;

(
xðtÞ � zðtÞ ¼ �ðtÞ cos �ðtÞ;
yðtÞ ¼ �ðtÞ sin �ðtÞ;

(
ð1:6Þ

with �"ðtÞ > 0 and �ðtÞ > 0 and we consider the angle �0 2 ½0; �� (see Fig. 1) such that

a0 ¼ z0 þ z0 cos �0 and t0 ¼ z0 sin �0: ð1:7Þ
To study the instabilities due to softening, it is convenient to introduce a fast time

s :¼ 1
" t. By contrast, the standard time t will be called slow time. In certain time

intervals the problem has no singularities and the evolution can be studied using the

slow time. The limit system in this case is called the system of the slow dynamics and

is studied in Sec. 3. It is used to describe the limit behavior in the hardening regime

(Sec. 5.1) and in some cases of softening (Secs. 5.2 and 5.3).

When singular behavior occurs in the softening regime, we use the fast time s. The

corresponding limit system is called the system of the fast dynamics and is studied in

Sec. 6. It is formally obtained by rescaling time in (1.2) according to s ¼ t
" and is used

to determine the transfer map at a jump point t1 � t0, de¯ned as the map

ð�ðt1�Þ; �ðt1�Þ; zðt1�ÞÞ 7! ð�ðt1þÞ; �ðt1þÞ; zðt1þÞÞ;
where þ and � refer to left and right limit, respectively (see Fig. 2). More precisely,

the right limit ð�ðt1þÞ; �ðt1þÞ; zðt1þÞÞ is given by the asymptotic value for s ! þ1
of the solution ð�fðsÞ; �fðsÞ; zfðsÞÞ of the system of the fast dynamics (6.30) whose

limit as s ! �1 is given by ð�ðt1�Þ; �ðt1�Þ; zðt1�ÞÞ.
The behavior of the system in the plastic regime depends on the initial condition

ð�0; z0Þ at time t0 given in (1.7). If 0 � �0 <
�
2, then we are in the hardening regime.

The viscosity solution ð�ðtÞ; �ðtÞ; zðtÞÞ is continuous in time, is the uniform limit of

the viscosity approximations ð�"ðtÞ; �"ðtÞ; z"ðtÞÞ on compact sets, and satis¯es

�ðtÞ ¼ zðtÞ for t 2 ½t0;þ1Þ;
_�ðtÞ > 0 and _�ðtÞ > 0 for t 2 ½t0;þ1Þ;

lim
t!þ1�ðtÞ < þ1 and lim

t!þ1�ðtÞ ¼
�

2
:

If �
2 < �0 � �, then we are in the softening regime and the viscosity solution ð�ðtÞ;

�ðtÞ; zðtÞÞ may be discontinuous at a time t1 � t0 depending on the initial conditions

ð�0; z0Þ. The jump at the discontinuity time is determined by the transfer map

considered above and satis¯es the inequalities 0 < �ðt1þÞ ¼ zðt1þÞ < �ðt1�Þ ¼
zðt1�Þ and �

2 < �ðt1þÞ < �ðt1�Þ.
Three possible behaviors occur, according to the phase diagram illustrated in

Fig. 3. A crucial role is played by the separation line z ¼ zsð�Þ, whose explicit formula

is given by (3.4), by the critical line z ¼ rcð�Þ, described in (3.6), and by the critical

point ðzc; �cÞ where the two lines meet, given explicitly in (3.3) and (3.5).
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Fig. 2. Transfer map in the ð�; �Þ plane. The solid rectilinear grid is transformed into the dotted curvi-

linear grid, the solid thick line is transformed into the dashed thick line, and the dotted line remains ¯xed.
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Fig. 3. Phase diagram in the ð�; �Þ plane. Dark gray region (including the thick line): initial data ð�0; z0Þ of
the plastic regime with continuous evolution. Light gray region: initial data with discontinuity time t1 > t0.

White region: initial data with discontinuity time t1 ¼ t0.
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(a) If either �
2 < �0 � �c and z0 � zsð�0Þ, or �c � �0 � � and z0 � rcð�0Þ, then the

viscosity solution ð�ðtÞ; �ðtÞ; zðtÞÞ is continuous in time (see Figs. 4–6), is the

uniform limit of the viscosity approximations ð�"ðtÞ; �"ðtÞ; z"ðtÞÞ on every com-

pact subset of ½t0;þ1Þ, and satis¯es

�ðtÞ ¼ zðtÞ for t 2 ½t0;þ1Þ;
_�ðtÞ < 0 and _�ðtÞ < 0 for t 2 ½t0;þ1Þ;

lim
t!þ1�ðtÞ > 0 and lim

t!þ1�ðtÞ ¼
�

2
:

(b) If either �
2 < �0 � �c and z0 > zsð�0Þ, or �c < �0 < � and z0 � zsð�0Þ, then the

viscosity solution ð�ðtÞ; �ðtÞ; zðtÞÞ is discontinuous at t ¼ t0. Moreover the sol-

ution ð�ðtÞ; �ðtÞ; zðtÞÞ is the uniform limit of the viscosity approximations

ð�"ðtÞ; �"ðtÞ; z"ðtÞÞ on every compact subset of ðt0;þ1Þ. It satis¯es
�ðtÞ ¼ zðtÞ for t 2 ðt0;þ1Þ;

_�ðtÞ < 0 and _�ðtÞ < 0 for t 2 ðt0;þ1Þ;

lim
t!þ1�ðtÞ > 0 and lim

t!þ1�ðtÞ ¼
�

2
:

π
2

3π
5

7π
10

4π
5

10

15

π
2

3π
5

7π
10

4π
5

10

15

(zc, θc)

z
=

z s
( θ

)

Fig. 4. Trajectories in the ð�; �Þ plane for �0 ¼ 9
10 � and 12 di®erent values of z0 < zsð�0Þ. Solid lines:

trajectories of ð�ðtÞ; �ðtÞÞ ¼ ð�ðtÞ; zðtÞÞ (slow dynamics). Dashed lines: trajectories of ð�fðsÞ; �fðsÞÞ (fast

dynamics). Dotted lines: trajectories of ð�fðsÞ; zfðsÞÞ (fast dynamics).
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Finally, the viscosity approximations ð�"ðtÞ; �"ðtÞ; z"ðtÞÞ are uniformly close to a

rescaled version of ð�fðsÞ; �fðsÞ; zfðsÞÞ in a suitable right neighborhood of t0.

(c) If �c < �0 � � and rcð�0Þ < z0 < zsð�0Þ, then the viscosity solution ð�ðtÞ; �ðtÞ;
zðtÞÞ is discontinuous at a time t1 > t0 (see Figs. 4–6). Moreover, the solution

ð�ðtÞ; �ðtÞ; zðtÞÞ is the uniform limit of the viscosity approximations ð�"ðtÞ;
�"ðtÞ; z"ðtÞÞ on every compact subset of ½t0; t1Þ [ ðt1;þ1Þ. It satis¯es

�ðtÞ ¼ zðtÞ for t 2 ½t0; t1Þ [ ðt1;þ1Þ;
_�ðtÞ < 0 and _�ðtÞ < 0 for t 2 ½t0; t1Þ [ ðt1;þ1Þ;

lim
t!þ1�ðtÞ > 0 and lim

t!þ1�ðtÞ ¼
�

2
:
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Fig. 5. Graph of �ðtÞ in the plastic regime t > t0 for a0 ¼ 2 and eight di®erent values of t0 and z0.

Quasistatic Evolution for Cam-Clay Plasticity 1649



Finally, the viscosity approximations ð�"ðtÞ; �"ðtÞ; z"ðtÞÞ are uniformly close to a

rescaled version of ð�fðsÞ; �fðsÞ; zfðsÞÞ in a suitable right neighborhood of t1.

Further details on the mechanical interpretation of the behavior of the solutions

are given in Sec. 8 using Cartesian coordinates ðxðtÞ; yðtÞÞ, see Figs. 7�9.

Extensions to general K and general loading conditions in the spatially uniform

case, and extensions to spatially non-uniform solutions will be considered in other

forthcoming papers.

2. Formulation of the Problem and General Results

Let K be a closed convex cone in M
n�n
sym � ½0;þ1Þ. For every � 2 ½0;þ1Þ we de¯ne

Kð�Þ :¼ f� 2 M
n�n
sym : ð�; �Þ 2 Kg:

Each set Kð�Þ is closed and convex, and we have

Kð�Þ ¼ �Kð1Þ for every � 2 ½0;þ1Þ: ð2:1Þ
We assume that Kð1Þ is bounded and that 0 2 Kð1Þ, hence

0 2 Kð�Þ for every � 2 ½0;þ1Þ; ð2:2Þ
and

j�j � MK� for every ð�; �Þ 2 K; ð2:3Þ
for a suitable constant MK < þ1.
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Fig. 6. Graph of �ðtÞ in the plastic regime t > t0 for a0 ¼ 2 and eight di®erent values of t0 and z0.
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For every closed convex set C � M
n�n
sym let �C : Mn�n

sym ! C be the minimal dis-

tance projection onto C. It follows from (2.1) that

�Kð�Þð�Þ ¼ ��Kð1Þ
1

�
�

� �
ð2:4Þ

for every � > 0 and every � 2 M
n�n
sym .

The following result will be used to prove the existence of a solution to the system

(1.2) governing the viscous approximation of the original problem (1.1).

Lemma 2.1. The map ð�; �Þ 7! �Kð�Þð�Þ from M
n�n
sym � ½0;þ1Þ into M

n�n
sym satis¯es

the Lipschitz estimate

j�Kð�2Þð�2Þ � �Kð�1Þð�1Þj � j�2 � �1j þ 2MK j�2 � �1j ð2:5Þ

for every ð�1; �1Þ; ð�2; �2Þ 2 M
n�n
sym � ½0;þ1Þ.

Proof. It is enough to prove the estimate for ð�1; �1Þ; ð�2; �2Þ 2 M
n�n
sym � ½0;þ1Þ

with 0 < �1 � �2. Since �Kð�2Þ has Lipschitz constant 1 on M
n�n
sym , from (2.3) and (2.4)

we obtain

j�Kð�2Þð�2Þ � �Kð�1Þð�1Þj

� j�Kð�2Þð�2Þ � �Kð�2Þð�1Þj þ j�Kð�2Þð�1Þ � �Kð�1Þð�1Þj

� j�2 � �1j þ �2�Kð1Þ
1

�2
�1

� �
� �1�Kð1Þ

1

�1
�1

� �����
����

� j�2 � �1j þMK j�2 � �1j þ �1 �Kð1Þ
1

�2
�1

� �
� �Kð1Þ

1

�1
�1

� �����
����:

To prove (2.5) it is enough to show that

�1 �Kð1Þ
1

�2
�1

� �
� �Kð1Þ

1

�1
�1

� �����
���� � MK j�2 � �1j: ð2:6Þ

As 0 < �1 � �2, we have

�Kð1Þ
1

�1
�1 �

�2 � �1
�1

�Kð1Þ
1

�2
�1

� �� �

¼ �Kð1Þ
1

�2
�1 þ

�2 � �1
�1

1

�2
�1 � �Kð1Þ

1

�2
�1

� �� �� �

¼ �Kð1Þ
1

�2
�1

� �
:

Quasistatic Evolution for Cam-Clay Plasticity 1651



Since �Kð1Þ has Lipschitz constant 1 on M
n�n
sym , we obtain

�Kð1Þ
1

�2
�1

� �
� �Kð1Þ

1

�1
�1

� �����
���� � �2 � �1

�1
�Kð1Þ

1

�2
�1

� �����
���� � MK

�2 � �1
�1

;

which gives (2.6).

Let us ¯x � 2 W 1;1
loc ð½0;þ1Þ;Mn�n

sym Þ. For every " > 0 system (1.2) is equivalent to

" _e"ðtÞ ¼ " _�ðtÞ � Ce"ðtÞ þ �Kðz"ðtÞÞðCe"ðtÞÞ;
" _z"ðtÞ ¼ trð�Kðz"ðtÞÞðCe"ðtÞÞÞtrðCe"ðtÞ � �Kðz"ðtÞÞðCe"ðtÞÞÞ:

(
ð2:7Þ

Lemma 2.2. For every " > 0 and for every initial condition e"ð0Þ ¼ e0 and z"ð0Þ ¼
z0 � 0 system (2.7) has a unique solution de¯ned for every t 2 ½0;þ1Þ.
Proof. As the right-hand sides are locally Lipschitz with respect to e and z by

Lemma 2.1, it is enough to prove that for every T > 0 there is a constant MT > 0

such that je"ðtÞj � MT and jz"ðtÞj � MT for every t 2 ½0;T �. Since 0 2 Kð�Þ for every
� 2 R by (2.2), we have jCe"ðtÞ � �Kðz"ðtÞÞðCe"ðtÞÞj � jCe"ðtÞj � �Cje"ðtÞj and

j�Kðz"ðtÞÞðCe"ðtÞÞj � jCe"ðtÞj � �Cje"ðtÞj for every t 2 ½0;þ1Þ. Therefore, given

T > 0, from the ¯rst equation in (2.7) we have

je"ðtÞj � AT þ �C
"

Z t

0

je"ðsÞj ds for every t 2 ½0;T �:

with AT :¼ je0j þ
R T

0
j _�ðsÞj ds. It follows from the Gronwall inequality that

je"ðtÞj � AT exp
T�C
"

for every t 2 ½0;T �:

Then the second equation in (2.7) allows easily to obtain a constant MT > 0 such

that jz"ðtÞj � MT for every t 2 ½0;T �.
Lemma 2.3. For every " > 0, e0 2 M

n�n
sym , and z0 > 0 the solution ðe"; z"Þ of (2.7)

with initial condition e"ð0Þ ¼ e0 and z"ð0Þ ¼ z0 satis¯es z"ðtÞ > 0 for every t 2
½0;þ1Þ.
Proof. Suppose by contradiction that there exists t0 2 ð0;þ1Þ such that z"ðt0Þ ¼ 0.

Let e�" be the solution of the Cauchy problem

" _e �
"ðtÞ ¼ " _�ðtÞ � Ce�"ðtÞ;

e�"ðt0Þ ¼ e"ðt0Þ;

(
ð2:8Þ

and let z�" :¼ 0. Then ðe�"; z �
"Þ would be a solution to (2.7) with e�"ðt0Þ ¼ e"ðt0Þ and

z�"ðt0Þ ¼ z"ðt0Þ. Since the right-hand side of (2.7) is locally Lipschitz with respect to e

and z by Lemma 2.1, by uniqueness we would have z"ðtÞ ¼ z�"ðtÞ ¼ 0 for every

t 2 ½0;þ1Þ, which contradicts the assumption z"ð0Þ ¼ z0 > 0.
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For the rest of the paper we assume that C� ¼ � for every � 2 M
n�n
sym and thatKð�Þ

is the closed ball centered at � 1
n �I with radius 1ffiffi

n
p �, namely,

Kð�Þ ¼ � 2 M
n�n
sym : �þ 1

n
�I

����
���� � 1ffiffiffi

n
p �

� �
; ð2:9Þ

where I is the identity matrix in M
n�n
sym . In this case �"ðtÞ ¼ e"ðtÞ and Eq. (2.7)

simpli¯es to

" _e"ðtÞ ¼ " _�ðtÞ � e"ðtÞ þ �Kðz"ðtÞÞðe"ðtÞÞ;
" _z"ðtÞ ¼ trð�Kðz"ðtÞÞðe"ðtÞÞÞ trðe"ðtÞ � �Kðz"ðtÞÞðe"ðtÞÞÞ:

(
ð2:10Þ

Moreover, the projection onto Kð�Þ is explicitly given by

�Kð�Þð�Þ ¼ � 1

n
�I þ �þ 1

n �I

maxfj�þ 1
n �Ij; 1ffiffi

n
p �g

1ffiffiffi
n

p �:

Let us ¯x e0 2 M
n�n
sym with trðe0Þ ¼ 0 with je0j ¼ 1. In the rest of the paper we

consider �ðtÞ of the form

�ðtÞ ¼ � 1

n
aðtÞI þ 1ffiffiffi

n
p bðtÞe0; ð2:11Þ

with a and b in W 1;1
loc ð½0;1ÞÞ. In this case �"ðtÞ and e"ðtÞ take the form

�"ðtÞ ¼ e"ðtÞ ¼ � 1

n
x"ðtÞI þ

1ffiffiffi
n

p y"ðtÞe0; ð2:12Þ

where the absolute values of the scalars 1ffiffi
n

p x"ðtÞ and 1ffiffi
n

p y"ðtÞ represent the norms of

the spherical and deviatoric components of the stress, respectively. Moreover (2.10) is

equivalent to the system

" _x"ðtÞ ¼ " _aðtÞ � ðx"ðtÞ � z"ðtÞÞ þ
z"ðtÞðx"ðtÞ � z"ðtÞÞ

u"ðtÞ
;

" _y"ðtÞ ¼ " _bðtÞ � y"ðtÞ þ
z"ðtÞy"ðtÞ
u"ðtÞ

;

" _z"ðtÞ ¼ z"ðtÞ þ
z"ðtÞðx"ðtÞ � z"ðtÞÞ

u"ðtÞ
� �

x"ðtÞ � z"ðtÞ �
z"ðtÞðx"ðtÞ � z"ðtÞÞ

u"ðtÞ
� �

;

8>>>>>>><
>>>>>>>:

ð2:13Þ
where

u"ðtÞ :¼ max z"ðtÞ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx"ðtÞ � z"ðtÞÞ2 þ y"ðtÞ2

pn o
:

The corresponding viscosity solution ðeðtÞ; pðtÞ; �ðtÞ; zðtÞÞ will be given by

�ðtÞ ¼ eðtÞ ¼ � 1

n
xðtÞI þ 1ffiffiffi

n
p yðtÞe0 and

pðtÞ ¼ 1

n
ðaðtÞ � xðtÞÞI þ 1ffiffiffi

n
p ðbðtÞ � yðtÞÞe0;
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where xðtÞ, yðtÞ, and zðtÞ are left continuous with respect to t and x"ðtÞ ! xðtÞ,
y"ðtÞ ! yðtÞ, and z"ðtÞ ! zðtÞ for a.e. t 2 ½0;þ1Þ.

Passing to polar coordinates through (1.6), system (2.13) becomes

" _�"ðtÞ ¼ "ð _aðtÞ cos �"ðtÞ þ _bðtÞ sin �"ðtÞÞ
� ð�"ðtÞ � z"ðtÞÞþðz"ðtÞð1þ cos �"ðtÞÞcos2�"ðtÞ þ 1Þ;

"�"ðtÞ _�"ðtÞ ¼ �"ð _aðtÞ sin �"ðtÞ � _bðtÞ cos �"ðtÞÞ
þ ð�"ðtÞ � z"ðtÞÞþz"ðtÞð1þ cos �"ðtÞÞ cos �"ðtÞ sin �"ðtÞ;

" _z"ðtÞ ¼ ð�"ðtÞ � z"ðtÞÞþz"ðtÞð1þ cos �"ðtÞÞ cos �"ðtÞ;

8>>>>>>>>><
>>>>>>>>>:

ð2:14Þ

where ð�Þþ denotes the positive part. The polar coordinates of a viscosity solution are

denoted by ð�ðtÞ; �ðtÞ; zðtÞÞ. They are continuous from the left and ð�"ðtÞ; �"ðtÞ;
z"ðtÞÞ ! ð�ðtÞ; �ðtÞ; zðtÞÞ for a.e. t 2 ½0;þ1Þ.

Let us ¯x a0 and z0, with 0 � a0 � 2z0 and z0 > 0. In the rest of the paper we

study the special (strain controlled) loading path

aðtÞ :¼ a0 and bðtÞ :¼ t; ð2:15Þ
and the initial conditions

x"ð0Þ ¼ a0; y"ð0Þ ¼ 0; z"ð0Þ ¼ z0: ð2:16Þ

2.1. The elastic regime

The solution of (2.13) with loading path (2.15) and initial conditions (2.16) remains

in the elastic regime in an interval ½0; t0�, where t0 :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z 2
0 � ða0 � z0Þ2

p
is the only

positive number such that ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða0 � z0Þ2 þ t20

q
¼ z0: ð2:17Þ

More precisely we have

x"ðtÞ ¼ a0; y"ðtÞ ¼ t; z"ðtÞ ¼ z0; ð2:18Þ

for every t 2 ½0; t0�. Indeed in this interval the functions de¯ned by (2.18) satisfy the

inequality
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx" � z"Þ2 þ y2

"

p
� z", so that the system reduces to

" _x"ðtÞ ¼ " _aðtÞ;
" _y"ðtÞ ¼ " _bðtÞ;
" _z"ðtÞ ¼ 0;

8>><
>>: ð2:19Þ

which is trivially satis¯ed by (2.15) and (2.18). Therefore the viscosity solution

satis¯es

xðtÞ ¼ a0; yðtÞ ¼ t; zðtÞ ¼ z0; ð2:20Þ

for every t 2 ½0; t0�.
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2.2. The inelastic regime

After time t0 the solution exhibits a plastic behavior. To study the solution for t > t0
we use (2.14), which in case (2.15) becomes

" _�"ðtÞ ¼ " sin �"ðtÞ � ð�"ðtÞ � z"ðtÞÞþðz"ðtÞð1þ cos �"ðtÞÞcos2�"ðtÞ þ 1Þ;
"�"ðtÞ _�"ðtÞ ¼ " cos �"ðtÞ þ ð�"ðtÞ � z"ðtÞÞþz"ðtÞð1þ cos �"ðtÞÞ cos �"ðtÞ sin �"ðtÞ;
" _z"ðtÞ ¼ ð�"ðtÞ � z"ðtÞÞþz"ðtÞð1þ cos �"ðtÞÞ cos �"ðtÞ:

8>><
>>:

ð2:21Þ
By (2.17), there exists a unique �0 2 ð0; �Þ such that

z0 cos �0 ¼ a0 � z0; z0 sin �0 ¼ t0: ð2:22Þ
By elementary geometric considerations we have

0 � a0 < z0 )
�

2
< �0 � � and z0 < a0 � 2z0 ) 0 � �0 <

�

2
: ð2:23Þ

By (2.17), (2.18) and (2.22) we have

�"ðt0Þ ¼ z0; �"ðt0Þ ¼ �0; z"ðt0Þ ¼ z0: ð2:24Þ
Subtracting the third equation from the ¯rst one in (2.21) we obtain the following

di®erential equation for the di®erence �"ðtÞ � z"ðtÞ:
"ð _�"ðtÞ � _z"ðtÞÞ ¼ " sin �"ðtÞ � ð�"ðtÞ � z"ðtÞÞþw"ðtÞ; ð2:25Þ

where

w"ðtÞ :¼ z"ðtÞð1þ cos �"ðtÞÞ2 cos �"ðtÞ þ 1: ð2:26Þ
From (2.21) for every t 2 ½t0;þ1Þ we obtain

"�"ðtÞ _w"ðtÞ ¼ �"z"ðtÞð1þ cos �"ðtÞÞð1þ 3 cos �"ðtÞÞ cos �"ðtÞ sin �"ðtÞ
� ð�"ðtÞ � z"ðtÞÞz"ðtÞð1þ cos �"ðtÞÞ3 cos �"ðtÞv"ðtÞ; ð2:27Þ

where

v"ðtÞ :¼ z"ðtÞð1þ cos �"ðtÞ � 3 cos2 �"ðtÞÞ � ð�"ðtÞ � z"ðtÞÞ cos �"ðtÞ:
If a0 ¼ z0, then �0 ¼ �

2 and, in this case,

�"ðtÞ :¼ z0 þ " 1� exp � t� t0
"

� �� �
; �"ðtÞ :¼

�

2
; z"ðtÞ :¼ z0; ð2:28Þ

is the explicit solution of (2.21) with initial conditions (2.24). Then the viscosity

solution obtained by taking the limit as "! 0 satis¯es

�ðtÞ ¼ z0; �ðtÞ ¼ �

2
; zðtÞ ¼ z0 for every t 2 ½t0;þ1Þ: ð2:29Þ

Lemma 2.4. If �0 6¼ �
2, then �"ðtÞ 6¼ �

2 for every t 2 ½t0;þ1Þ.
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Proof. Suppose �0 6¼ �
2 and suppose that there exists � 2 ½t0;þ1Þ such that

�"ð�Þ ¼ �
2. Let �

�
" be the solution of the Cauchy problem

" _��"ðtÞ ¼ "� ð��"ðtÞ � z"ð�ÞÞþ;
��"ð�Þ ¼ �"ð�Þ:

(

Then the triple

��"ðtÞ; � �"ðtÞ :¼
�

2
; z �"ðtÞ :¼ z"ð�Þ;

would be a solution of (2.21) which satis¯es the Cauchy condition

��"ð�Þ :¼ �"ð�Þ; � �"ð�Þ :¼ �"ð�Þ; z �"ð�Þ :¼ z"ð�Þ:
By uniqueness we must have �"ðtÞ ¼ ��"ðtÞ ¼ �

2 for every t, which contradicts the fact

that �"ðt0Þ ¼ �0 6¼ �
2. This concludes the proof of (2.4).

Lemma 2.5. If 0 � �0 <
�
2, then 0 < �"ðtÞ < �

2 for every t 2 ðt0;þ1Þ. If �2 < �0 � �,

then �
2 < �"ðtÞ < � for every t 2 ðt0;þ1Þ.

Proof. Assume 0 � �0 <
�
2. From the second equation in (5.12) it follows that

_�"ðt0Þ > 0. Therefore the inequalities 0 < �"ðtÞ < �
2 are satis¯ed in a right

neighborhood of t0. If they do not hold for every t 2 ½t0;þ1Þ, by Lemma 2.4 we

can consider the ¯rst � 2 ðt0;þ1Þ such that �"ð�Þ ¼ 0. Then _�"ð�Þ � 0. As 0 <

�"ðtÞ < �
2 for every t 2 ½t0; �Þ by Lemma 2.4, from the second equation in (2.21) we

obtain �"ðtÞ _�"ðtÞ � cos �"ðtÞ > 0 for every t 2 ½t0; � � and �"ð�Þ _�"ð�Þ ¼ 1. As

�"ðt0Þ ¼ z0 > 0, by continuity we have _�"ðtÞ > 0 for every t 2 ½t0; � �. This contradicts
the inequality _�"ð�Þ � 0, and concludes the proof of the ¯rst implication. The second

one is proved in the same way.

Lemma 2.6. We have �"ðtÞ > z"ðtÞ for every t 2 ðt0;þ1Þ.
Proof. We deduce from (2.25) that, if �"ðtÞ ¼ z"ðtÞ for some t 2 ½t0;þ1Þ, then

_�"ðtÞ � _z"ðtÞ ¼ sin �"ðtÞ > 0, where the inequality follows from (2.28) and Lemma 2.5.

Since �"ðt0Þ ¼ z"ðt0Þ, we conclude that �"ðtÞ > z"ðtÞ for every t 2 ðt0;þ1Þ.
Lemma 2.7. For every t 2 ðt0;þ1Þ the following properties hold:

�"ðtÞ > 0; ð2:30Þ
0 � �0 <

�

2
) _�"ðtÞ > 0 and 0 < �0 < �"ðtÞ <

�

2
; ð2:31Þ

�

2
< �0 � �) _�"ðtÞ < 0 and

�

2
< �"ðtÞ < �0 < �; ð2:32Þ

0 � �0 <
�

2
) _z"ðtÞ > 0 and z"ðtÞ > z0; ð2:33Þ

�

2
< �0 � �) _z"ðtÞ < 0 and 0 < z"ðtÞ < z0: ð2:34Þ
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Proof. By Lemma 2.5 from the second equation in (2.21) and from (2.24) we obtain

(2.30)�(2.32). Implications (2.33) and (2.34) can be obtained from Lemmas 2.3, 2.5,

and 2.6, using the third equation in (2.21).

Lemma 2.8. Assume �
2 < �0 < �. Then �"ðtÞ � �"ðsÞ þ " whenever t0 � s � t.

Proof. Let us ¯x s � t0 and 	 > 0. If the inequality

�"ðtÞ � �"ðsÞ þ ð1þ 	Þ" ð2:35Þ

is not satis¯ed for every t � s, let � be the ¯rst time after s with �"ð�Þ ¼
�"ðsÞ þ ð1þ 	Þ". Then _�"ð�Þ � 0. From the ¯rst equation in (2.21) we obtain

" _�"ð�Þ � "� ð�"ð�Þ � z"ð�ÞÞ. By (2.34) and by the de¯nition of � we have

" _�"ð�Þ � "� ð�"ðsÞ þ ð1þ 	Þ"� z"ðsÞÞ, so that Lemma 2.6 gives " _�"ð�Þ � �	",
which contradicts the inequality _�"ð�Þ � 0. This proves that (2.35) holds for every

t � s. The conclusion can be obtained by taking the limit as 	 ! 0.

3. The Slow Dynamics

In this section, we study in detail the behavior of the solutions to the system of the

slow dynamics.

3.1. The trajectory of the slow dynamics

In this subsection, we study the equation

r 0ð�Þ ¼ rð�Þ rð�Þð1þ cos �Þ sin �
rð�Þð1þ cos �Þ2 þ 1

; ð3:1Þ

which describes the trajectories followed along the slow dynamics.

Lemma 3.1. Every solution of (3.1) with rð��Þ > 0 for some �� 2 ½0; �� is de¯ned for

every � 2 ½0; �� and satis¯es rð�Þ > 0 for every � 2 ½0; �� and r 0ð�Þ > 0 for every

� 2 ð0; �Þ.
Proof. Since the null function is a solution of the equation, if rð�Þ is a solution of

(3.1) and rð��Þ > 0 for some ��, then rð�Þ > 0 for every � by uniqueness. Therefore,

the right-hand side of (3.1) is positive for � 2 ð0; �Þ, which implies that r 0ð�Þ > 0 on

this interval.

To prove the global existence in the whole interval ½0; ��, it is not restrictive to

assume �� 2 ð0; �Þ. The positivity and monotonicity of rð�Þ imply that ½0; ��� is

contained in the maximal domain of existence of rð�Þ. To study the problem for

� > �� we consider the inequalities

0 < �
�ð1þ cos �Þ sin �
�ð1þ cos �Þ2 þ 1

<
� sin �

1þ cos �
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for every � > 0 and every � 2 ð0; �Þ. Using an elementary comparison argument we

deduce that the maximal domain of existence of rð�Þ contains ½��; �Þ and

rð�Þ � rð��Þ 1þ cos ��

1þ cos �
for every �� � � < �:

By (3.1) this inequality yields

r 0ð�Þ � rð�Þrð��Þð1þ cos ��Þ for every � 2 ½��; �Þ;

and this implies that � belongs to the maximal domain of existence of rð�Þ.
Let 
c be the unique negative solution of the equation 1þ 
� 3
2 ¼ 0, i.e.


c :¼ � 1

6
ð

ffiffiffiffiffi
13

p
� 1Þ ’ �0:43425 . . . ; ð3:2Þ

and let

�c :¼ arccos 
c ’ 2:0200 . . . : ð3:3Þ
We consider the function zs : ½�2 ; �� ! ½274 ;þ1� de¯ned by

zsð�Þ :¼ � 1

ð1þ cos �Þ2 cos � for � 2 �

2
; �

� �
; zs

�

2

� �
:¼ zsð�Þ :¼ þ1; ð3:4Þ

and we de¯ne

zc :¼ zsð�cÞ ¼
61

18
þ 19

18

ffiffiffiffiffi
13

p
’ 7:1947 . . . : ð3:5Þ

We shall see that the graph of zs plays the role of separation line between initial data

leading to the slow dynamics and those leading to the fast dynamics.

Finally, let

rcð�Þ be the solution of ð3:1Þ with Cauchy condition rcð�cÞ ¼ zc: ð3:6Þ
Lemma 3.2. We have rcð�cÞ ¼ zsð�cÞ and rcð�Þ < zsð�Þ for every � 2 ½�2 ; �cÞ [ ð�c; ��.
Proof. By direct computation for every � 2 ð�2 ; �Þ we obtain

z 0
sð�Þ ¼ � ð1þ 3 cos �Þ sin �

ð1þ cos �Þ3 cos2 � ;

zsð�Þ
zsð�Þð1þ cos �Þ sin �
zsð�Þð1þ cos �Þ2 þ 1

¼ � sin �

ð1þ cos �Þ3 cos �ð1� cos �Þ ;

so that in the interval ð�2 ; �Þ the inequality

z 0sð�Þ > zsð�Þ
zsð�Þð1þ cos �Þ sin �
zsð�Þð1þ cos �Þ2 þ 1

¼ � sin �

ð1þ cos �Þ3 cos �ð1� cos �Þ ð3:7Þ

is equivalent to

1þ cos �� 3 cos2 � > 0:
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Therefore (3.7) is satis¯ed � < �c, and the opposite inequality holds for � > �c. Since

rcð�cÞ ¼ zsð�cÞ by (3.6), the inequality rcð�Þ < zsð�Þ for � 6¼ �c follows from a

comparison argument.

Lemma 3.3. Assume that

�c < �0 � � and rcð�0Þ � z0 < zsð�0Þ: ð3:8Þ
Let r0ð�Þ be the solution of (3.1) with Cauchy condition r0ð�0Þ ¼ z0. Then there exists

�1 2 ½�c; �0Þ such that

r0ð�1Þ ¼ zsð�1Þ and r0ð�Þ < zsð�Þ for � 2 ð�1; �0�: ð3:9Þ
If z0 > rcð�0Þ, then �1 > �c; if z0 ¼ rcð�0Þ, then �1 ¼ �c.

Proof. Since r0ð�0Þ ¼ z0 � rcð�0Þ, by comparison we have r0ð�Þ � rcð�Þ for every

� 2 ð0; �Þ. In particular r0ð�cÞ � rcð�cÞ ¼ zsð�cÞ and r0ð�0Þ ¼ z0 < zsð�0Þ. Then (3.9)

is satis¯ed by the greatest point �1 of ½�c; �0Þ such that r0ð�1Þ ¼ zsð�1Þ. If z0 > rcð�0Þ,
then r0ð�Þ > rcð�Þ by comparison, and �1 > �c by Lemma 3.2. If z0 ¼ rcð�0Þ, then
r0ð�Þ ¼ rcð�Þ by uniqueness, and �1 ¼ �c by Lemma 3.2.

Lemma 3.4. Assume one of the following conditions:

�

2
< �2 � �c and z2 � zsð�2Þ; ð3:10Þ

�c < �2 < � and z2 < rcð�2Þ: ð3:11Þ

Let r2ð�Þ be the solution of (3.1) with Cauchy condition r2ð�2Þ ¼ z2. Then

r2ð�Þ < zsð�Þ for � 2 �

2
; �2

� �
: ð3:12Þ

Proof. Assume (3.10). Then (3.7) holds for every � 2 ð�2 ; �2Þ and r2ð�2Þ ¼ z2 �
zsð�2Þ, so that (3.12) follows from a comparison argument.

Assume (3.11). Since r2ð�2Þ ¼ z2 < rcð�2Þ, by uniqueness we have rð�Þ < rcð�Þ for
every � 2 R. In particular we have r2ð�Þ < rcð�Þ � zsð�Þ for every � 2 ð�2 ; �2Þ.

3.2. The system of the slow dynamics

In this subsection, we study the system

_�slðtÞ ¼ �slðtÞð1þ cos �slðtÞÞ cos �slðtÞ sin �slðtÞ
�slðtÞð1þ cos �

slðtÞÞ2 cos �slðtÞ þ 1
;

_�
slðtÞ ¼ �slðtÞð1þ cos �slðtÞÞ2 cos �slðtÞ þ cos �slðtÞ

�slðtÞð�slðtÞð1þ cos �
slðtÞÞ2 cos �slðtÞ þ 1Þ

;

8>>>><
>>>>:

ð3:13Þ

that will be satis¯ed during the slow dynamics. Let �c and zc be the constants de¯ned

in (3.3) and (3.6), and let zsð�Þ and rcð�Þ be the functions de¯ned in (3.4) and (3.6).
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Lemma 3.5. Assume 0 � �0 <
�
2 and let ð� sl

0 ; �
sl
0 Þ be the solution of (3.13) with

Cauchy conditions

� sl
0 ðt0Þ ¼ z0 and � sl0 ðt0Þ ¼ �0: ð3:14Þ

Then ð� sl
0 ; �

sl
0 Þ is de¯ned on ½t0;þ1Þ and

_� sl
0 ðtÞ > 0 and _�

sl
0 ðtÞ > 0 for t 2 ðt0;þ1Þ; ð3:15Þ

lim
t!þ1�

sl
0 ðtÞ < þ1 and lim

t!þ1�
sl
0 ðtÞ ¼

�

2
: ð3:16Þ

Proof. Let r0ð�Þ be the solution of (3.1) with Cauchy condition r0ð�0Þ ¼ z0, which is

de¯ned for every � 2 ½0; �Þ by Lemma 3.1. Let us consider the solution �[ðtÞ of the
autonomous equation

_�[ðtÞ ¼
r0ð�[ðtÞÞð1þ cos �[ðtÞÞ2 cos �[ðtÞ þ cos �[ðtÞ

r0ð�[ðtÞÞðr0ð�[ðtÞÞð1þ cos �[ðtÞÞ2 cos �[ðtÞ þ 1Þ ð3:17Þ

with Cauchy condition �[ðt0Þ ¼ �0. We observe that the right-hand side of (3.17) is

positive on ½�0; �2Þ and vanishes for � ¼ �
2. Then the theory of autonomous equations

guarantees that �[ðtÞ is de¯ned for every t 2 ½t0;þ1Þ, _�[ðtÞ > 0 for every

t 2 ½t0;þ1Þ, and �[ðtÞ ! �
2 as t ! þ1.

Let �[ðtÞ :¼ r0ð�[ðtÞÞ for every t 2 ½t0;þ1Þ. Then ð�[ðtÞ; �[ðtÞÞ is a solution of

(3.13) de¯ned on ½t0;þ1Þ. Since it satis¯es the Cauchy conditions (3.14), by

uniqueness we have ð� sl
0 ðtÞ; � sl0 ðtÞÞ ¼ ð�[ðtÞ; �[ðtÞÞ for every t 2 ½t0;þ1Þ. This implies

that _�
sl
0 ðtÞ > 0 for every t 2 ½t0;þ1Þ, and that � sl0 ðtÞ ! �

2 and � sl
0 ðtÞ ! r0ð�2Þ < þ1

as t ! þ1. Since r 00ð�Þ > 0 for every � 2 ð0; �Þ by Lemma 3.1, we obtain _� sl
0 ðtÞ ¼

r 00ð�[ðtÞÞ _�[ðtÞ > 0 for every t 2 ðt0;þ1Þ.
Lemma 3.6. Assume (3.8) and let ð� sl

0 ; �
sl
0 Þ be the solution of (3.13) with Cauchy

conditions (3.14). Then there exist t1 2 ðt0;þ1Þ, z1 2 ð0; z0Þ and �1 2 ½�c; �0Þ, such
that ð� sl

0 ; �
sl
0 Þ is de¯ned on ½t0; t1Þ and

lim
t!t1

� sl
0 ðtÞ ¼ z1; lim

t!t1
� sl0 ðtÞ ¼ �1; z1 ¼ zsð�1Þ; ð3:18Þ

lim
t!t1

_� sl
0 ðtÞ ¼ �1; lim

t!t1

_� sl0 ðtÞ ¼ �1; ð3:19Þ

_� sl
0 ðtÞ < 0 and _� sl2 ðtÞ < 0 for t 2 ½t0; t1Þ; ð3:20Þ

� sl
0 ðtÞ < zsð� sl0 ðtÞÞ for every t 2 ½t0; t1Þ: ð3:21Þ

If z0 > rcð�0Þ, then �1 > �c; if z0 ¼ rcð�0Þ, then �1 ¼ �c and z1 ¼ zc.

Proof. Let r0ð�Þ and �1 be as in Lemma 3.3, and let z1 :¼ zsð�1Þ. Let us consider the
solution �[ðtÞ of the autonomous equation (3.17) with Cauchy condition �[ðt0Þ ¼ �0.

By (3.9) the right-hand side of (3.17) is negative on ð�1; �0Þ and tends to �1 for
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�! �1. Then the theory of autonomous equations guarantees that there exists t1 > t0
such that �[ðtÞ is de¯ned for every t 2 ½t0; t1Þ, _�[ðtÞ < 0 for every t 2 ½t0; t1Þ, and
�[ðtÞ ! �1 as t ! t1.

Let �[ðtÞ :¼ r0ð�[ðtÞÞ for every t 2 ½t0; t1Þ. Then ð�[ðtÞ; �[ðtÞÞ is a solution of (3.13)

de¯ned on ½t0; t1Þ. Since it satis¯es the Cauchy conditions (3.14), by uniqueness we

have ð� sl
0 ðtÞ; � sl0 ðtÞÞ ¼ ð�[ðtÞ; �[ðtÞÞ for every t 2 ½t0; t1Þ. This implies that _� sl0 ðtÞ > 0

for every t 2 ½t0; t1Þ, and that � sl0 ðtÞ ! �1 and � sl
0 ðtÞ ! r0ð�1Þ ¼ z1 as t ! t1, where

the last equality follows from (3.9) and from the de¯nition of z1. Since r
0
0ð�Þ > 0 for

every � 2 ð0; �Þ by Lemma 3.1, we obtain _� sl
0 ðtÞ ¼ r 00ð�[ðtÞÞ _�[ðtÞ < 0 for every

t 2 ðt0; t1Þ. Inequality (3.21) follows from (3.9).

Finally, Lemma 3.3 guarantees that, if z0 > rcð�0Þ, then �1 > �c, and if z0 ¼ rcð�0Þ,
then �1 ¼ �c, and hence z1 ¼ zsð�cÞ ¼ zc.

Lemma 3.7. Assume (3.10) or (3.11), let t1 � t0, and let t
k
1 ! t1. Then there exists a

unique solution ð� sl
2 ; �

sl
2 Þ of (3.13) de¯ned on ðt1;þ1Þ such that

� sl
2 ðtk1Þ ! z2 and � sl2 ðtk1Þ ! �2: ð3:22Þ

Moreover,

lim
t!t1

� sl
2 ðtÞ ¼ z2 and lim

t!t1
� sl2 ðtÞ ¼ �2; ð3:23Þ

_� sl
2 ðtÞ < 0 and _� sl2 ðtÞ < 0 for t 2 ðt1;þ1Þ; ð3:24Þ

lim
t!þ1�

sl
2 ðtÞ > 0 and lim

t!þ1�
sl
2 ðtÞ ¼

�

2
; ð3:25Þ

� sl
2 ðtÞ < zsð� sl2 ðtÞÞ for every t 2 ðt1;þ1Þ: ð3:26Þ

Proof. Let r2ð�Þ be as in Lemma 3.4. By (3.12) we have

r2ð�Þð1þ cos �Þ2 cos �þ 1 > 0 for every � 2 �

2
; �2

h �
: ð3:27Þ

Let us consider the autonomous equation

_�]ðtÞ ¼
r2ð�]ðtÞÞð1þ cos �]ðtÞÞ2 cos �]ðtÞ þ cos �]ðtÞ

r2ð�]ðtÞÞðr2ð�]ðtÞÞð1þ cos �]ðtÞÞ2 cos �]ðtÞ þ 1Þ : ð3:28Þ

Since the right-hand side of this equation is negative on ð�2 ; �Þ and vanishes at �
2, the

theory of autonomous equations guarantees that there exists a unique solution �]ðtÞ
of (3.28) de¯ned for every t 2 ðt1;þ1Þ and such that �]ðtÞ ! �2 as t ! t1. Moreover,

�]ðtÞ is de¯ned for every t 2 ðt1;þ1Þ, _�]ðtÞ < 0, �
2 < �]ðtÞ < �, and �]ðtÞ ! �

2 as

t ! þ1. Let �]ðtÞ :¼ r2ð�]ðtÞÞ for every t 2 ðt1;þ1Þ. From (3.1) and (3.28) it

follows that ð�]ðtÞ; �]ðtÞÞ is a solution of (3.13) de¯ned on ðt1;þ1Þ and satis¯es

(3.23). Moreover, _�]ðtÞ; 0 for every t 2 ðt1;þ1Þ and �]ðtÞ ¼ r2ð�]ðtÞÞ ! r2ð�2Þ > 0 as

t ! þ1. Since �
2 < �]ðtÞ < �2 and �]ðtÞ :¼ r2ð�]ðtÞÞ, by (3.27) we have �]ðtÞ

ð1þ cos �]ðtÞÞ2 cos �]ðtÞ þ 1 > 0 for every t > t1, which proves (3.26).
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To prove the uniqueness, let ð�slðtÞ; �slðtÞÞ be a solution of (3.13) satisfying (3.22).

By uniqueness we have �slðtÞ 6¼ �
2 for every t. As �slðtÞð1þ cos �slðtÞÞ2 cos �slðtÞ þ 1 >

0 and cos �slðtÞ < 0 for t near t1, we deduce from the second equation in (3.13) that
�
2 < �slðtÞ < �2 and _�slðtÞ < 0 for every t 2 ðt1;þ1Þ. It follows that there exists rð�Þ
such that �slðtÞ ¼ rð�slðtÞÞ for every t 2 ðt1;þ1Þ and that rð�Þ satis¯es (3.1). Since
rð�slðtk1ÞÞ ! z2 by (3.22), we conclude that rð�Þ ¼ r2ð�Þ in a left neighborhood of

�2. This implies that �slðtÞ satis¯es (3.28). By (3.22), �sl and �] satisfy the same

Cauchy condition at t1, therefore �sl ¼ �] in a right neighborhood of t1. Since

�slðtÞ ¼ rð�slðtÞÞ, rð�Þ ¼ r2ð�Þ, and �]ðtÞ :¼ r2ð�]ðtÞÞ, we conclude that �slðtÞ ¼ �]ðtÞ
in a right neighborhood of t1. The equality is extended to all t 2 ðt1;þ1Þ by

uniqueness.

4. Behavior Near the Separation Line

In this section, we prove two technical lemmas which describe the behavior of the

solutions of the system near the points ðzsð�Þ; �; zsð�ÞÞ, �2 < � � �c, which correspond

to the separation line z ¼ zsð�Þ de¯ned by (3.4).

4.1. Behavior near the critical point

In this subsection, we study the behavior of the system (2.21) near the point

ðzc; �c; zcÞ, where �c and zc are the constants de¯ned in (3.3) and (3.5). Let w"ðtÞ be
the function de¯ned in (2.26).

Lemma 4.1. Let � � 1, let t1 2 ½t0;þ1Þ, and let �� be a sequence in ½t0;þ1Þ.
Assume that

j�� � t1j � �; ð4:1Þ

j�"ð��Þ � zcj þ j�"ð��Þ � �cj þ jz"ð��Þ � zcj � �; ð4:2Þ

for " small enough. Then there exist three constants �1 > 0, �2 > 0, and �0 2 ð0; 1Þ, a
sequence "� in ð0;þ1Þ, de¯ned for � 2 ð0; �0Þ, and a double sequence � �" in ½t0;þ1Þ,
de¯ned for � 2 ð0; �0Þ and " 2 ð0; "�Þ, such that

t1 � � � �� � � �" � t1 þ �1�; ð4:3Þ

w"ð� �"Þ � 0; ð4:4Þ

�"ð� �"Þ � �c � ��; ð4:5Þ

sup
���t�� �"

ðj�"ðtÞ � zcj þ j�"ðtÞ � �cj þ jz"ðtÞ � zcjÞ � �2
ffiffiffi
�

p
; ð4:6Þ

for every � 2 ð0; �0Þ and every " 2 ð0; "�Þ.
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Proof. We begin by observing that 1þ cos �c � 3 cos2 �c ¼ 0 and 1þ 3 cos �c < 0.

Let us ¯x four constants a0, b0, c0, and d0 such that

0 < a0 < ð1þ cos �cÞð1þ 3 cos �cÞ cos �c sin �c < 1;

0 < b0 < �ð1þ cos �cÞ cos �c sin �c < 1;

0 < c0 < ð1þ cos �cÞ3 cos2 �c < 1;

0 < d0 < �zcð1þ cos �cÞ3 cos �c:

By continuity there exists 	 > 0 such that

	 <
1

2
�c �

�

2

� �
<

1

2
<

1

2
zc;

�� < z2ð1þ cos �Þ3 cos �ð1þ cos �� 3 cos2 �Þ < �;

a0� < zð1þ cos �Þð1þ 3 cos �Þ cos � sin � < �;

b0� < �zð1þ cos �Þ cos � sin � < �;

c0� < zð1þ cos �Þ3cos2� < �:

d0� < �z2ð1þ cos �Þ3 cos �;

ð4:7Þ

for j�� �cj � 	, j�� zcj � 	, and jz� zcj � 	.

Since the result has to be proved only for su±ciently small �, we may also assume

that

� <
1

8
; � < 	; 2� < �: ð4:8Þ

We de¯ne

t �" :¼ infft 2 ð��;þ1Þ : �"ðtÞ < �c � ��g; ð4:9Þ


�;	
" :¼ infft 2 ð��;þ1Þ : j�"ðtÞ � zcj þ j�"ðtÞ � �cj þ jz"ðtÞ � zcj > 	g; ð4:10Þ

s �;	" :¼ minft �"; 
�;	
" g: ð4:11Þ

From (4.7) we obtain that

��"ðtÞ < z"ðtÞ2ð1þ cos �"ðtÞÞ3 cos �"ðtÞð1þ cos �"ðtÞ � 3 cos2 �"ðtÞÞ < �"ðtÞ; ð4:12Þ
a0�"ðtÞ < z"ðtÞð1þ cos �"ðtÞð1þ 3 cos �"ðtÞÞ cos �"ðtÞ sin �"ðtÞ < �"ðtÞ; ð4:13Þ

b0�"ðtÞ < �z"ðtÞð1þ cos �"ðtÞÞ cos �"ðtÞ sin �"ðtÞ < �"ðtÞ; ð4:14Þ

c0�"ðtÞ < z"ðtÞð1þ cos �"ðtÞÞ3 cos2 �"ðtÞ < �"ðtÞ; ð4:15Þ

d0�"ðtÞ < �z"ðtÞ2ð1þ cos �"ðtÞÞ3 cos �"ðtÞ ð4:16Þ
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for every t 2 ½��; 
�;	
" �. Therefore (2.27) and (4.7) give

" _w"ðtÞ � �"a0 þ ð�"ðtÞ � z"ðtÞÞ þ ð�"ðtÞ � z"ðtÞÞ2 � �"a0 þ 2ð�"ðtÞ � z"ðtÞÞ; ð4:17Þ

" _w"ðtÞ � �"� ð�"ðtÞ � z"ðtÞÞ þ c0ð�"ðtÞ � z"ðtÞÞ2 � �"� ð�"ðtÞ � z"ðtÞÞ; ð4:18Þ

for every t 2 ½��; 
�;	
" �.

Using the second equation in (2.21) we deduce from (4.14) that

" _�"ðtÞ � �b0ð�"ðtÞ � z"ðtÞÞ for every t 2 ½��; 
�;	
" �:

From (4.17) and (4.18) we obtain

�1þ 1

b0
_�"ðtÞ � _w"ðtÞ � �a0 �

2

b0
_�"ðtÞ for every t 2 ½��; 
�;	

" �:

Integrating we get

w"ðtÞ � w"ð��Þ � �ðt� ��Þ þ
1

b0
ð�"ðtÞ � �"ð��ÞÞ;

w"ðtÞ � w"ð��Þ � �a0ðt� ��Þ �
2

b0
ð�"ðtÞ � �"ð��ÞÞ;

ð4:19Þ

for every t 2 ½��; 
�;	
" �.

Since zcð1þ cos �cÞ2 cos �c þ 1 ¼ 0, an elementary estimate of the ¯rst derivatives

leads to the inequality jzð1þ cos �Þ2 cos �þ 1j � jz� zcj þ 8j�� �cj for jz� zcj < 1
2,

so that (4.2) and (4.8) give

jw"ð��Þj � 8� ð4:20Þ
for " small enough. By (2.32), (4.2), and (4.9) we have

�c � �� � �"ðtÞ � �"ð��Þ � �c þ � � �c þ �� ð4:21Þ
for every t 2 ½��; t �"�, so that (4.19) gives

w"ðtÞ � �8� � ðt� ��Þ �
2�

b0
�; ð4:22Þ

w"ðtÞ � 8� � a0ðt� ��Þ þ
4�

b0
�; ð4:23Þ

for every t 2 ½��; s �;	" �.
Let

�̂ � :¼ �� þ �1�; where �1 :¼
9

a0
þ 4�

a0b0
: ð4:24Þ

Let us show that

s �;	" � �̂ � þ 2�: ð4:25Þ
Suppose, by contradiction, that �̂ � þ 2� < s �;	" . Then by (4.23) we have w"ðtÞ � ��
for every t 2 ½�̂ �; s �;	" �. Hence, (2.25) and (2.31) imply

"ð _�"ðtÞ � _z"ðtÞÞ � " sin �0 þ �ð�"ðtÞ � z"ðtÞÞ for every t 2 ½�̂ �; s �;	" �:
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By comparison with the solution of the equation we obtain

�"ðtÞ � z"ðtÞ �
"

�
sin �0 exp

�

"
ðt� �̂ �Þ

� �
� 1

� �
for every t 2 ½�̂ �; s �;	" �: ð4:26Þ

In particular, we have

�"ðtÞ � z"ðtÞ �
"

�
sin �0 exp

�2

"

� �
� 1

� �
for every t 2 ½�̂ � þ �; s �;	" �;

so that (4.18) gives

_w"ðtÞ � �1þ 1

�
sin �0 exp

�2

"

� �
� 1

� �
�1þ c0

"

�
sin �0 exp

�2

"

� �
� 1

� �	 


for every t 2 ½�̂ � þ �; s �;	" �. For small " we have �1þ c0
"
� sin �0ðexpð� 2" Þ � 1Þ > 1,

hence

_w"ðtÞ � �1þ sin �0 exp
�2

"

� �
� 1

� �
for every t 2 ½�̂ � þ �; s �;	" �:

Integrating, we obtain

w"ðtÞ � w"ð�̂ � þ �Þ � ðt� �̂ � � �Þ þ sin �0 exp
�2

"

� �
� 1

� �
ðt� �̂ � � �Þ; ð4:27Þ

for every t 2 ½�̂ � þ �; s �;	" �. By using (4.22) we get w"ð�̂ � þ �Þ � ��2�, with

�2 :¼ 9þ �1 þ 2�
b0
, so that (4.27) gives

w"ðtÞ � ��2� þ �1þ sin �0 exp
�2

"

� �
� 1

� �	 

ðt� �̂ � � �Þ

for every t 2 ½�̂ � þ �; s �;	" �. Using (4.23) for t ¼ �̂ � þ 2�, we obtain

sin �0 exp
�2

"

� �
� 1

� �
� 9þ �2 þ

4�

b0
;

which leads to a contradiction for " small enough. This concludes the proof of (4.25),

which, together with (4.24), gives

s �;	" � �� þ ð�1 þ 2Þ�: ð4:28Þ
From (4.21) we have

j�"ðtÞ � �cj � �� for every t 2 ½��; s �;	" �: ð4:29Þ
From (4.22), (4.23) and (4.28) if follows that

jw"ðtÞj � �3� for every t 2 ½��; s �;	" �; ð4:30Þ
where �3 :¼ �1 þ 3þ 4�

b0
. Since the function

ð!; �Þ 7! !� 1

ð1þ cos �Þ2 cos �
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is Lipschitz continuous in R� ½�c � 	; �c þ 	� and takes the value zc at ð0; �cÞ by the

very de¯nition of zc (see (3.6)), there exists a constant L � 1 such that

jz"ðtÞ � zcj � Lðjw"ðtÞj þ j�"ðtÞ � �cjÞ for every t 2 ½��; 
�;	
" �: ð4:31Þ

By (4.29)�(4.31), we have

jz"ðtÞ � zcj � �4� for every t 2 ½��; s �;	" �; ð4:32Þ
where �4 :¼ Lð�3 þ �Þ.

By Lemmas 2.6 and 2.8 we have

z"ðtÞ � �"ðtÞ � �"ð��Þ þ " for every t 2 ½��;þ1Þ;
so that for " small enough (4.2) and (4.32) give

zc � �4� � �"ðtÞ � zc þ � þ " � zc þ 2� for every t 2 ½��; s �;	" �;
which implies

j�"ðtÞ � zcj � �4� for every t 2 ½��; s �;	" �: ð4:33Þ
Taking into account (4.10) and (4.11), if

�4� < 	; ð4:34Þ
from (4.29), (4.32) and (4.33) we obtain s �;	" < 
�;	

" , hence

s �;	" ¼ t �": ð4:35Þ
Therefore (4.28) yields

t �" � �� þ ð�1 þ 2Þ�; ð4:36Þ
which implies

�"ðt �"Þ � �c � ��: ð4:37Þ
By (2.32), we have

�

2
< �"ðtÞ � �c � �� for every t 2 ½t �";þ1Þ: ð4:38Þ

Since the function � 7! 1þ cos �� 3 cos2 � is concave on ½�2 ; �c�, vanishes at �c, and
takes the value 1 at �

2, using the inequality �c � �
2 <

1
2 we obtain

1þ cos �� 3 cos2 � � 2ð�c � �Þ for every � 2 �

2
; �c

h i
: ð4:39Þ

It follows from (4.38) that

1þ cos �"ðtÞ � 3 cos2�"ðtÞ � 2ð�c � �"ðtÞÞ � 2�� for every t 2 ½t �";þ1Þ: ð4:40Þ
Let us de¯ne

� �" :¼ infft 2 ðt �";þ1Þ : w"ðtÞ > 0g; ð4:41Þ
��;	" :¼ minf� �"; 
�;	

" g: ð4:42Þ
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From (2.27), (4.13), and (4.16) we obtain

" _w"ðtÞ � �"þ 2d0��ð�"ðtÞ � z"ðtÞÞ for every t 2 ½t �"; ��;	" �: ð4:43Þ
Since w"ðtÞ � 0 for every t 2 ½t �"; � �"�, using (2.25) and (2.32) we get

_�"ðtÞ � _z"ðtÞ � sin �0 for every t 2 ½t �"; ��;	" �;
hence

�"ðtÞ � z"ðtÞ � �"ðt �"Þ � z"ðt �"Þ þ sin �0ðt� t �"Þ
� sin �0ðt� t �"Þ for every t 2 ½t �"; ��;	" �;

where the last inequality follows from Lemma 2.6. Using (4.43) we obtain

" _w"ðtÞ � �"þ 2d0� sin �0�ðt� t �"Þ for every t 2 ½t �"; ��;	" �;
which gives

w"ðtÞ � w"ðt �"Þ � ðt� t �"Þ þ �5
�

"
ðt� t �"Þ2 for every t 2 ½t �"; ��;	" �;

with �5 :¼ d0� sin �0. Using (4.30) we obtain

w"ðtÞ � ��3� � ðt� t �"Þ þ �5
�

"
ðt� t �"Þ2 for every t 2 ½t �"; ��;	" �;

hence

w"ðtÞ � ��3� �
2

�5

"

�
þ �5

2

�

"
ðt� t �"Þ2 for every t 2 ½t �"; ��;	" �: ð4:44Þ

Since w"ðtÞ � 0 for every t 2 ½t �"; ��;	" �, this implies

ð��;	" � t �"Þ2 �
2�3
�5

"þ 4

� 2
5�

2
"2;

so that

��;	" � t �" � � ð4:45Þ
for " small enough.

Using the second equation in (2.21) we deduce from (4.7) and (4.14) that

" _�"ðtÞ � � 2

zc
"� ð�"ðtÞ � z"ðtÞÞ for every t 2 ½��; 
�;	

" �:

From (2.27), (4.13), (4.16), and (4.40) we obtain

" _w"ðtÞ � �"þ 2d0ð�c � �"ðtÞÞð�"ðtÞ � z"ðtÞÞ for every t 2 ½t �"; 
�;	
" �:

As j�c � �"ðtÞj < 	 for every t 2 ½��; 
�;	
" �, from the last two inequalities we obtain

_w"ðtÞ � �1� 2d0ð�c � �"ðtÞÞ _�"ðtÞ �
2d0
zc

	 for every t 2 ½t �"; 
�;	
" �:
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Let ’"ðtÞ :¼ ð�c � �"ðtÞÞ2. The previous inequality gives

_w"ðtÞ � �a1 þ d0 _’"ðtÞ �
2d0
zc

	 for every t 2 ½t �"; 
�;	
" �;

so that

w"ðtÞ � w"ðt �"Þ � �a1ðt� t �"Þ þ d0ð’"ðtÞ � ’"ðt �"ÞÞ �
2d0
zc

	ðt� t �"Þ

for every t 2 ½t �"; 
�;	
" �:

Since w"ðtÞ � 0 for every t 2 ½t �"; � �"�, the previous inequality, together with (4.30),

(4.35), (4.45) and (4.37) gives

’"ðtÞ � �6� for every t 2 ½t �"; ��;	" �;
with � 2

6 :¼ �2 þ 1
d0
ð�3 þ a1 þ 2d0

zc
	Þ. It follows that

j�"ðtÞ � �cj � �6
ffiffiffi
�

p
for every t 2 ½t �"; ��;	" �: ð4:46Þ

Since w"ðtÞ � 0 for every t 2 ½t �"; � �"�, for " small enough we obtain from (4.44)

jw"ðtÞj � ð�3 þ 1Þ� for every t 2 ½t �"; ��;	" �: ð4:47Þ
These inequalities, together with (4.8) and (4.31), imply that

jz"ðtÞ � zcj � �7
ffiffiffi
�

p
for every t 2 ½t �"; ��;	" �; ð4:48Þ

where �7 :¼ Lð�3 þ �6 þ 1Þ.
By Lemmas 2.6 and 2.8 we have

z"ðtÞ � �"ðtÞ � �"ð� �"Þ þ " for every t 2 ½� �";þ1Þ;
so that for " small enough (4.54) and (4.48) give

zc � �7
ffiffiffi
�

p
� �"ðtÞ � zc þ � þ " � zc þ 2� for every t 2 ½t �"; ��;	" �;

which implies

j�"ðtÞ � zcj � �7
ffiffiffi
�

p
for every t 2 ½t �"; ��;	" �: ð4:49Þ

There exists �0 > 0 such that for every � 2 ð0; �0Þ inequalities (4.8) and (4.34) are

satis¯ed and

�7
ffiffiffi
�

p
< 	:

It follows from (4.46), (4.48) and (4.49) that ��;	" < 
�;	
" for " small enough, hence

��;	" ¼ � �"; ð4:50Þ
which implies w"ð� �"Þ � 0. This proves (4.4) for " small enough.

Inequality (4.5) follows from (4.38). If � 2 ð0; �0Þ we have (4.35) and (4.50) for "

small enough, so that (4.3) follows from (4.28) and (4.45), with �1 :¼ �1 þ 3, while
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(4.6) follows from (4.29), (4.32), (4.33), (4.46), (4.48) and (4.49), with �2 :¼
3�4 þ 3�7.

4.2. Behavior near the left branch of the separation line

The following lemma will be used to study the behavior of the system when �
2 <

�0 � �c and z0 ¼ zsð�0Þ, where zsð�Þ is the function de¯ned in (3.4). Note that (4.53)

is always satis¯ed when �1 < �c and � is small.

Lemma 4.2. Let t1 � t0,
�
2 < �1 � �c, z1 ¼ zsð�1Þ, �1 > 0 and �0 2 ð0; 1Þ. For every

� 2 ð0; �0Þ let "� 2 ð0;þ1Þ and for every " 2 ð0; "�Þ let � �" 2 ½t0;þ1Þ. Assume that for

every � 2 ð0; �0Þ and every " 2 ð0; "�Þ
j� �" � t1j � �; ð4:51Þ

w"ð� �"Þ � 0; ð4:52Þ

�"ð� �"Þ � �c � �1�; ð4:53Þ

j�"ð� �"Þ � z1j þ j�"ð� �"Þ � �1j þ jz"ð� �"Þ � z1j �
ffiffiffi
�

p
: ð4:54Þ

Then there exist �1 > 0, a sequence "̂� 2 ð0;þ1Þ, de¯ned for � 2 ð0; �1Þ, a double

sequence t �" 2 ½t0;þ1Þ, de¯ned for � 2 ð0; �1Þ and " 2 ð0; "̂�Þ, and two constants �1 >

0 and �2 > 0, such that

t1 � � � � �" � t �" � t1 þ 2�; ð4:55Þ
w"ðt �"Þ � �2; ð4:56Þ

j�"ðt �"Þ � z"ðt �"Þj � �1
1

�2
"; ð4:57Þ

sup
� �"�t�t �"

ðj�"ðtÞ � z1j þ j�"ðtÞ � �1j þ jz"ðtÞ � z1jÞ � �2
ffiffiffi
�

p
; ð4:58Þ

for every � 2 ð0; �1Þ and every " 2 ð0; "̂�Þ.
Proof. Since z1 ¼ zsð�1Þ, we have z1ð1þ cos �1Þ2 cos �1 þ 1 ¼ 0. An elementary

estimate of the ¯rst derivatives leads to the inequality jzð1þ cos �Þ2 cos �þ 1j �
jz� z1j þ 8j�� �1j for jz� z1j < 1

2, so that (4.54) gives

jw"ð� �"Þj � 8
ffiffiffi
�

p
ð4:59Þ

for " small enough. By (2.32) and (4.53) we have

�

2
< �"ðtÞ � �c � �1� for every t 2 ½� �";þ1Þ: ð4:60Þ

It follows from (4.46) that

1þ cos �"ðtÞ � 3 cos2 �"ðtÞ � 2ð�c � �"ðtÞÞ � 2�1� for every t 2 ½� �";þ1Þ: ð4:61Þ
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Let us de¯ne

d0 :¼ � 1

2
z1ð1þ cos �1Þ3 cos �1: ð4:62Þ

Since

z1ð1þ cos �1Þ3 cos �1ð1þ cos �1 � 3 cos2 �1Þ < z1;

�ð1þ cos �1Þ cos �1 sin �1 < 1;

0 < d0 < �z1ð1þ cos �1Þ3 cos �1;
by continuity there exists 	 > 0 such that

2	 < z1 and 2	 < �1 �
�

2
; ð4:63Þ

zð1þ cos �Þ3 cos �½zð1þ cos �� 3 cos2 �Þ � ð�� zÞ cos �� < z1�; ð4:64Þ
�zð1þ cos �Þ cos � sin � < �; ð4:65Þ
d0� < �z2ð1þ cos �Þ3 cos �; ð4:66Þ

for j�� �1j � 	, j�� z1j � 	, and jz� z1j � 	. Moreover,

�2� � zð1þ cos �Þð1þ 3 cos �Þ cos � sin � � 2� ð4:67Þ
for every 0 < z � � and every � 2 ½�2 ; ��.

We set


 :¼ 3þ 4z1 and �1 :¼
6

d0�1
: ð4:68Þ

Since the result has to be proved only for su±ciently small �, we may also assume that

� <
1



<

1

3
; � < 	 <

1

2
z1; � < �1; � <

d0�1 sin �0
2

: ð4:69Þ

For every " > 0 and � > 0 we de¯ne

~� �" :¼ infft 2 ð� �";þ1Þ : w"ðtÞ > �2g; ð4:70Þ
~t
�
" :¼ infft 2 ð~� �";þ1Þ : w"ðtÞ > w"ð� �"Þ þ 
�2g; ð4:71Þ

t �" :¼ inf t 2 ð~� �";þ1Þ : �"ðtÞ � z"ðtÞ < �1
1

�2
"

� �
; ð4:72Þ


�;	
" :¼ infft 2 ð� �";þ1Þ : j�"ðtÞ � z1j þ j�"ðtÞ � �1j þ jz"ðtÞ � z1j	g; ð4:73Þ

~� �;	" :¼ minf~� �"; 
�;	
" g; ~s �" :¼ minf~t �"; t �"; � �" þ �2g; ~s �;	" :¼ minf~s �"; 
�;	

" g: ð4:74Þ
Since z"ðtÞ � �"ðtÞ for every t 2 ½t0;þ1Þ by Lemma 2.6, from (4.67) we obtain that

�2�"ðtÞ � z"ðtÞð1þ cos �"ðtÞð1þ 3 cos �"ðtÞÞ cos �"ðtÞ sin �"ðtÞ � 2�"ðtÞ ð4:75Þ

1670 G. Dal Maso & A. DeSimone



for every t 2 ½t0;þ1Þ. By (4.65) and (4.66) we have

�z"ðtÞð1þ cos �"ðtÞÞ cos �"ðtÞ sin �"ðtÞ < �"ðtÞ; ð4:76Þ
d0�"ðtÞ < �z"ðtÞ2ð1þ cos �"ðtÞÞ3 cos �"ðtÞ; ð4:77Þ

for every t 2 ½� �"; 
�;	
" �. From (2.27), (4.61), (4.75) and (4.77) we obtain

" _w"ðtÞ � �2"þ 2d0ð�c � �"ðtÞÞð�"ðtÞ � z"ðtÞÞ � �2"þ 2d0�1�ð�"ðtÞ � z"ðtÞÞ ð4:78Þ
for every t 2 ½� �"; 
�;	

" �.
Since w"ðtÞ � �2 for every t 2 ½� �"; ~� �"Þ by (4.70), from (2.25) and (2.32) we obtain

that

"ð _�"ðtÞ � _z"ðtÞÞ � " sin �0 � �2ð�"ðtÞ � z"ðtÞÞ for every t 2 ½� �"; ~� �"Þ:
By comparison, we have

�"ðtÞ � z"ðtÞ � "
sin �0
�2

1� exp � �2

"
ðt� � �"Þ

� �	 

for every t 2 ½� �"; ~� �"Þ;

so that (4.78) gives

_w"ðtÞ � �2þ 2d0�1 sin �0
�

1� exp � �2

"
ðt� � �"Þ

� �	 

for every t 2 ½� �"; ~� �;	" Þ: ð4:79Þ

By (4.69) we have �2þ 2d0�1 sin �1
� > 2. Integrating (4.79) and using the de¯nition of

~� �" and (4.52) we obtain

�2 � w"ðtÞ � 2ðt� � �"Þ �
2d0�1 sin �0

�3
" for every t 2 ½� �"; ~� �;	" Þ: ð4:80Þ

This inequality implies

~� �;	" � � �" �
1

2
�2 þ d0�1 sin �0

�3
" � 2

3
�2; ð4:81Þ

for " small enough.

Using the second equation in (2.21), we deduce from (4.69) and (4.76) that

" _�"ðtÞ � � 2

z1
"� ð�"ðtÞ � z"ðtÞÞ for every t 2 ½� �"; 
�;	

" �:

As j�c � �"ðtÞj < �
2 for every t 2 ½t0;þ1Þ by (2.32), from (4.78) we obtain

_w"ðtÞ � �2� 2d0ð�c � �"ðtÞÞ _�"ðtÞ �
2d0�

z1
� �2� 2d0ð�1 � �"ðtÞÞ _�"ðtÞ �

2d0�

z1

for every t 2 ½� �"; 
�;	
" �, where the last inequality follows from the inequalities _�"ðtÞ <

0 and �c � �1. Let ’"ðtÞ :¼ ð�1 � �"ðtÞÞ2. The previous inequality gives

_w"ðtÞ � �2þ d0 _’"ðtÞ �
2d0�

z1
for every t 2 ½� �"; 
�;	

" �;

Quasistatic Evolution for Cam-Clay Plasticity 1671



so that

w"ðtÞ � w"ð� �"Þ � �2ðt� � �"Þ þ d0ð’"ðtÞ � ’"ð� �"ÞÞ �
2d0�

z1
ðt� � �"Þ

for every t 2 ½� �"; 
�;	
" �. By (4.71) and (4.74), we have w"ðtÞ � w"ð� �"Þ � 
�2 for every

t 2 ½� �"; ~s �;	" � and ~s �;	" � � �" � �2. Therefore the previous inequality, together with

(4.54), gives

’"ðtÞ � �2
2�

2 for every t 2 ½� �"; ~s �;	" �;

with � 2
2 :¼ 1þ ð
þ2

d0
þ 2�

z1
Þ. It follows that

j�"ðtÞ � �1j � �2
ffiffiffi
�

p
for every t 2 ½� �";~s �;	" �: ð4:82Þ

Since the function

ð!; �Þ 7! !� 1

ð1þ cos �Þ2 cos �
is Lipschitz continuous in R� ½�1 � 	; �1 þ 	� and takes the value z1 at ð0; �1Þ by the

hypothesis z1 ¼ zsð�1Þ, there exists a constant L � 1 such that

jz"ðtÞ � z1j � Lðjw"ðtÞj þ j�"ðtÞ � �1jÞ for every t 2 ½� �"; 
�;	
" �: ð4:83Þ

Since for " small enough

jw"ðtÞj � 9
ffiffiffi
�

p
for every t 2 ½� �";~s �;	" � ð4:84Þ

by (4.59), (4.69), (4.73) and (4.74), from (4.82) we obtain

jz"ðtÞ � z1j � Lð9þ �2Þ
ffiffiffi
�

p
for every t 2 ½� �"; ~s �;	" �: ð4:85Þ

By Lemmas 2.6 and 2.8 we have

z"ðtÞ � �"ðtÞ � �"ð� �"Þ þ " for every t 2 ½� �";þ1Þ;
so that for " small enough (4.54) and (4.85) give

z1 � Lð9þ �2Þ
ffiffiffi
�

p
� �"ðtÞ � z1 þ � þ " � z1 þ 2� for every t 2 ½� �"; ~s �;	" �;

which implies

j�"ðtÞ � z1j � Lð9þ �2Þ
ffiffiffi
�

p
for every t 2 ½� �";~s �;	" �: ð4:86Þ

Let �2 :¼ �2 þ 18Lþ 2L�2. We choose �1 2 ð0; �0Þ such that for every � 2 ð0; �1Þ
inequalities (4.69) are satis¯ed and �2

ffiffiffi
�

p
< 	. Taking into account (4.73), from

(4.83), (4.85), and (4.86) for every � 2 ð0; �1Þ we obtain ~s �;	" < 
�;	
" for " small enough,

hence

~s �;	" ¼ ~s �" < 
�;	
" : ð4:87Þ
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By (4.74) and (4.81) we have ~� �;	" � ~s �" < 
�;	
" , hence ~� �;	" ¼ ~� �" and

~� �" � ~s �" � � �" þ
2

3
�2: ð4:88Þ

By the de¯nition of ~� �" this implies that

w"ð~� �"Þ � �2 and w"ð~� �"Þ � w"ð� �"Þ: ð4:89Þ

By (4.69), (4.73) and (4.78) we have _w"ðtÞ � 9
� for every t 2 ½~� �";~s �"�, so that by

(4.89)


�2 � w"ðtÞ � w"ð� �"Þ � w"ðtÞ � w"ð~� �"Þ �
9

�
ðt� ~� �"Þ for every t 2 ½~� �";~s �"�: ð4:90Þ

By (4.69) this implies ~s �" � ~� �" � 1
3 �

2, which, together with (4.88), gives

~s �" � � �" þ �2: ð4:91Þ

Let us prove that

t �" < ~s �" ð4:92Þ
for " small enough. We argue by contradiction. If t �" � ~s �", then (4.91) and the de¯-

nition of ~s �" imply that ~s �" ¼ ~t
�
" and ~t

�
" � ~� �" þ �2. Recalling (4.53) we obtain

w"ð~t �"Þ ¼ w"ð� �"Þ þ 
�2 � 
�2:

Let ��" be the last time in ½� �";~t �"� such that w"ð��"Þ ¼ !�" :¼ w"ð� �"Þ þ �2 and let �̂ �"
be the ¯rst time in ½��"; t	� � such that w"ð�̂ �"Þ ¼ !̂ �

" :¼ w"ð� �"Þ þ 2�2. Let us prove that

for " small enough there exists t̂
�
" 2 ½��"; �̂ �"� such that

�"ðt̂ �"Þ � z"ðt̂ �"Þ <
ffiffiffi
"

p
: ð4:93Þ

We argue by contradiction. If �"ðtÞ � z"ðtÞ �
ffiffiffi
"

p
for every t 2 ½��"; �̂ �"�, for " small

enough from (4.78) we obtain

_w"ðtÞ � �2þ 2d0�1�
1ffiffiffi
"

p � d0�1�
1ffiffiffi
"

p for every t 2 ½��"; �̂ �"�; ð4:94Þ

so that w" is increasing on ½��"; �̂ �"�. Therefore there exists a function u" : ½!�"; !̂ �
"� !

½��"; �̂ �"� such that

�"ðtÞ � z"ðtÞ ¼ u"ðw"ðtÞÞ for every t 2 ½��"; �̂ �"�: ð4:95Þ
By (2.25) we have

"ð _�"ðtÞ � _z"ðtÞÞ � "� ð�"ðtÞ � z"ðtÞÞw"ðtÞ for every t 2 ½��";~t �"�: ð4:96Þ
From (4.94) and (4.96) we obtain

u 0
"ð!Þ �

1

d0�1�

ffiffiffi
"

p � 1

d0�1

1ffiffiffi
"

p u"ð!Þ! for every ! 2 ½!�"; !̂ �
"�:
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By comparison with the solution of the equation we obtain

u"ð!Þ � ð�"ð��"Þ � z"ð��"ÞÞ exp � 1

2d0�1

1ffiffiffi
"

p ð!� !�"Þ2
� �

þ 1

d0�1�

ffiffiffi
"

p Z !�! �
"

0

exp � 1

2d0�1

1ffiffiffi
"

p ðð!� !�"Þ2 � s2Þ
� �

ds

for every ! 2 ½!�"; !̂ �
"�. For ! ¼ !̂ �

" we obtain from (4.58) and (4.95)

�"ð�̂ �"Þ � z"ð�̂ �"Þ ¼ u"ð!̂ �
"Þ � �3� exp � �2

2d0�1

1ffiffiffi
"

p
� �

þ 1

d0�1

ffiffiffi
"

p
�";

with �" ! 0 as "! 0. Since the right-hand side of this inequality is less than
ffiffiffi
"

p
for "

small enough, we have contradicted the assumption �"ðtÞ � z"ðtÞ �
ffiffiffi
"

p
for every

t 2 ½��"; �̂ �"�. This concludes the proof of (4.93).

As w"ðtÞ � �2 for every t 2 ½��";~t �"�, from (2.25) we obtain

"ð _�"ðtÞ � _z"ðtÞÞ � "� �2ð�"ðtÞ � z"ðtÞÞ for every t 2 ½��";~t �"�:

By comparison with the solution of the equation we get

�"ðtÞ � z"ðtÞ �
"

�2
þ ð�"ðt̂ �"Þ � z"ðt̂ �"ÞÞ exp � �2

"
ðt� t̂

�
"Þ

� �
for every t 2 ½t̂ �";~t �"�:

By (4.93) we have �"ðt̂ �"Þ � z"ðt̂ �"Þ <
ffiffiffi
"

p
, so that

�"ðtÞ � z"ðtÞ <
"

�2
þ ffiffiffi

"
p

exp � �2

"
ðt� t̂

�
"Þ

� �
for every t 2 ½t̂ �";~t �"�: ð4:97Þ

By (4.64) we have

z"ðtÞð1þ cos �"ðtÞÞ3 cos �"ðtÞ½z"ðtÞð1þ cos �"ðtÞ � 3 cos2 �"ðtÞÞ � ð�"ðtÞ � z"ðtÞÞ
� cos �"ðtÞ� < z1�"ðtÞ

for every t 2 ½� �"; 
�;	
" �, so that (2.27) and (4.75) imply

" _w"ðtÞ � 2"þ z1ð�"ðtÞ � z"ðtÞÞ for every t 2 ½� �"; 
�;	
" �:

By (4.97) this yields

" _w"ðtÞ � 2"þ z1
"

�2
þ z1

ffiffiffi
"

p
exp � �2

"
ðt� t̂

�
"Þ

� �
for every t 2 ½t̂ �";~t �"�:

Since w"ðt̂ �"Þ � w"ð� �"Þ þ 2�2, integrating we obtain

w"ðtÞ � w"ð� �"Þ � 2�2 � 2þ z1
�2

� �
ðt� t̂

�
"Þ þ

z1
�2

ffiffiffi
"

p
1� exp � �2

"
ðt� t̂

�
"Þ

� �	 
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for every t 2 ½t̂ �";~t �"�. Taking t ¼ ~t
�
" we ¯nd that

ð
� 2Þ�2 � 2þ z1
�2

� �
ð~t �" � t̂

�
"Þ þ

z1
�2

ffiffiffi
"

p � 2þ z1
�2

� �
ð~t �" � t̂

�
"Þ þ �2

for " small enough. Since 2�2 < z1 by (4.69), the previous inequality gives ð
� 3Þ�2 �
2z1
� 2 ð~t

�
" � t̂

�
"Þ for " small enough, hence ~t

�
" � t̂

�
" � 
�3

2z1
�4. If we apply (4.97) with t ¼ ~t

�
"

we obtain

�"ð~t �"Þ � z"ð~t �"Þ <
"

�
þ ffiffiffi

"
p

exp � 2�6

"

� �
;

which gives �"ð~t �"Þ � z"ð~t �"Þ < "
� for " small enough. By the de¯nition of t �" this implies

t �" < ~t
�
", which violates our hypothesis t �" � ~t

�
" and concludes the proof of (4.92).

From (4.89), (4.90) and (4.92), we obtain w"ðt �"Þ � �2, which proves (4.56).

Inequalities (4.55) follow from (4.51), (4.69), (4.91) and (4.92). Inequality (4.57)

follows from the de¯nition of t "�, and (4.58) follows from (4.83), (4.85) and (4.86).

5. Continuous Evolution

In this section, we consider two cases where the viscosity solution ð�; �; zÞ is con-

tinuous. In the ¯rst case 0 � �0 <
�
2 and the system exhibits a hardening behavior by

(2.33). In the second case �
2 < �0 � �, so that we have a softening behavior by (2.34),

and we consider an additional condition on z0 which implies that the viscosity sol-

ution ð�; �; zÞ is continuous. We begin by stating the result in the case of hardening,

that will be proved in the next subsection.

Theorem 5.1. Assume that 0 � �0 <
�
2 and let ð� sl

0 ; �
sl
0 Þ be de¯ned as in Lemma 3.5.

Then

�ðtÞ ¼ zðtÞ ¼ � sl
0 ðtÞ and �ðtÞ ¼ � sl0 ðtÞ for every t 2 ½t0;þ1Þ: ð5:1Þ

Moreover,

sup
t0�t��

ðj�"ðtÞ � �ðtÞj þ j�"ðtÞ � �ðtÞj þ jz"ðtÞ � zðtÞjÞ ! 0 ð5:2Þ

for every � 2 ðt0;þ1Þ.
We now state the result in the case of softening with continuous evolution that

will be proved in Sec. 5.3. Let �c be the constant de¯ned in (3.3), and let zsð�Þ and
rcð�Þ be the functions de¯ned in (3.4) and (3.6).

Theorem 5.2. Assume one of the following conditions:

�

2
< �0 � �c and z0 � zsð�0Þ; ð5:3Þ

�c < �0 < � and z0 < rcð�0Þ: ð5:4Þ
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Let ð� sl
2 ; �

sl
2 Þ be de¯ned as in Lemma 3.7 with t1 ¼ t0, �2 ¼ �0, and z2 ¼ z0. Then

�ðtÞ ¼ zðtÞ ¼ � sl
2 ðtÞ and �ðtÞ ¼ � sl2 ðtÞ for every t 2 ½t0;þ1Þ: ð5:5Þ

Assume that

�c < �0 < � and z0 ¼ rcð�0Þ: ð5:6Þ
Let ð� sl

0 ; �
sl
0 Þ and t1 be de¯ned as in Lemma 3.6, and let ð� sl

2 ; �
sl
2 Þ be de¯ned as in

Lemma 3.7 with �2 ¼ �c and z2 ¼ zc. Then

�ðtÞ ¼ zðtÞ ¼
� sl
0 ðtÞ if t 2 ½t0; t1Þ;

zc if t ¼ t1;

� sl
2 ðtÞ if t 2 ðt1;þ1Þ;

8>><
>>: �ðtÞ ¼

� sl0 ðtÞ if t 2 ½t0; t1Þ;
�c if t ¼ t1;

� sl2 ðtÞ if t 2 ðt1;þ1Þ:

8>><
>>: ð5:7Þ

In both cases we have

sup
t0�t��

ðj�"ðtÞ � �ðtÞj þ j�"ðtÞ � �ðtÞj þ jz"ðtÞ � zðtÞjÞ ! 0 ð5:8Þ

for every � 2 ðt0;þ1Þ.
In the proof we shall use the following general result on continuous dependence on

a parameter, whose proof can be found in Refs. 5 and 6 (see also Ref. 1).

Theorem 5.3. Let f" and f0 be Carath�eodory functions de¯ned on ½a; b� � Rm with

values in Rm, let t", t0 2 ½a; b�, and let x", x0 2 Rm. Assume that there exist two

constants L > 0 and M > 0 such that

jf"ðt;x2Þ � f"ðt;x1Þj � Ljx2 � x1j;
jf"ðt;xÞj � M ;

for every " > 0, every t 2 ½a; b�, and every x, x1, x2 2 Rm. Let y"ðtÞ and y0ðtÞ be the

solutions of the Cauchy problems

_y"ðtÞ ¼ f"ðt; yðtÞÞ;
y"ðt"Þ ¼ x";

(
_y0ðtÞ ¼ f"ðt; yðtÞÞ;
y"ðt0Þ ¼ x0:

(

If t" ! t0, x" ! x0, and for every x 2 RmZ t

a

f"ðs;xÞds !
Z t

a

fðs;xÞds uniformly for t 2 ½a; b�;

then y"ðtÞ ! y0ðtÞ uniformly for t 2 ½a; b�.

5.1. Hardening

In this subsection we prove Theorem 5.1 about the hardening regime.

Proof. By Lemma 2.5 we deduce from (2.25) that

"ð _�"ðtÞ � _z"ðtÞÞ � "� ð�"ðtÞ � z"ðtÞÞþ for every t 2 ½t0;þ1Þ:
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As �"ðt0Þ � z"ðt0Þ ¼ 0, by comparison we obtain that

�"ðtÞ � z"ðtÞ � "ð1� e�
1
"ðt�t0ÞÞ � " for every t 2 ½t0;þ1Þ: ð5:9Þ

Let us de¯ne

 "ðtÞ :¼
1

"
ð�"ðtÞ � z"ðtÞÞ: ð5:10Þ

By Lemma 2.6 and (5.9) we have

0 �  "ðtÞ � 1 for every t 2 ½t0;þ1Þ: ð5:11Þ
Passing to a subsequence, we may assume that  " *  weakly� in L1ð½t0;þ1ÞÞ,
with 0 �  � 1 a.e. on ½t0;þ1Þ.

From (2.21) we obtain

_�"ðtÞ ¼ sin �"ðtÞ �  "ðtÞðz"ðtÞð1þ cos �"ðtÞÞcos2�"ðtÞ þ 1Þ;
�"ðtÞ _�"ðtÞ ¼ cos �"ðtÞ þ  "ðtÞz"ðtÞð1þ cos �"ðtÞÞ cos �"ðtÞ sin �"ðtÞ;
_z"ðtÞ ¼  "ðtÞz"ðtÞð1þ cos �"ðtÞÞ cos �"ðtÞ:

8>><
>>: ð5:12Þ

By Lemma 2.6 and (2.33) we have �"ðtÞ � z"ðtÞ � z0 for every ½t0;þ1Þ. Therefore
we can apply Theorem 5.3 and we obtain that �" ! �, �" ! �, and z" ! z uniformly

on compact subsets of ½t0;þ1Þ, where ð�; �; zÞ is the solution of the Cauchy problem

_�ðtÞ ¼ sin �ðtÞ �  ðtÞðzðtÞð1þ cos �ðtÞÞ cos2�ðtÞ þ 1Þ;
�ðtÞ _�ðtÞ ¼ cos �ðtÞ þ  ðtÞzðtÞð1þ cos �ðtÞÞ cos �ðtÞ sin �ðtÞ;
_zðtÞ ¼  ðtÞzðtÞð1þ cos �ðtÞÞ cos �ðtÞ;
�ðt0Þ ¼ z0; �ðt0Þ ¼ �0; zðt0Þ ¼ z0:

8>>>>><
>>>>>:

ð5:13Þ

By (2.31), passing to the limit we obtain we have hence

0 < �0 � �ðtÞ � �

2
for every t 2 ½t0;þ1Þ: ð5:14Þ

By Lemma 2.6 and (5.9) �" � z" ! 0 strongly in L1ð½t0;þ1ÞÞ, hence �ðtÞ ¼ zðtÞ for
every t 2 ½t0;þ1Þ. From the ¯rst and third equations in (5.13) we obtain

sin �ðtÞ ¼  ðtÞðzðtÞð1þ cos �ðtÞÞ2 cos �ðtÞ þ 1Þ for a:e: t 2 ½t0;þ1Þ:
By (5.14) we have sin �ðtÞ > 0 for every t 2 ½t0;þ1Þ, hence

 ðtÞ ¼ sin �ðtÞ
�ðtÞð1þ cos �ðtÞÞ2 cos �ðtÞ þ 1

for a:e: t 2 ½t0;þ1Þ: ð5:15Þ

It follows that ð�; �Þ satis¯es the system of the slow dynamics (3.13) in ½t0;þ1Þ
with initial conditions (3.14), therefore ð�ðtÞ; �ðtÞÞ ¼ ð� sl

0 ðtÞ; � sl0 ðtÞÞ for every

t 2 ½t0;þ1Þ. Since the limit does not depend on the subsequence, we obtain (5.2).
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5.2. Convergence to the slow dynamics

In this subsection, we prove a general result on the convergence of the solutions of

(2.21) to the solutions of the system of the slow dynamics. Let zsð�Þ be the function
de¯ned in (3.4).

Lemma 5.1. Assume that

t0 � t� < � < þ1;
�

2
< �� � �; 0 < z� < zsð��Þ: ð5:16Þ

Let ð� sl� ; � sl� Þ be the solution of (3.13) with Cauchy conditions

� sl
� ðt�Þ ¼ z� and � sl� ðt�Þ ¼ ��; ð5:17Þ

and let t�" be a sequence in ½t0;þ1Þ. Assume that

� sl
� ðtÞ < zsð� sl� ðtÞÞ for every t 2 ½t�; � �; ð5:18Þ

t�" ! t�; �"ðt�"Þ ! z�; �"ðt�"Þ ! ��; z"ðt�"Þ ! z�; ð5:19Þ
0 � �"ðt�"Þ � z"ðt�"Þ � �"; ð5:20Þ

for some � � 0 independent of ". Then

sup
t �"�t��

ðj�"ðtÞ � � sl
� ðtÞj þ j�"ðtÞ � � sl� ðtÞj þ jz"ðtÞ � � sl

� ðtÞjÞ ! 0: ð5:21Þ

Proof. For every 
 2 R and 	 > 0 we de¯ne q 	
 : R ! R as the minimum distance

projection into the interval ½
� 	; 
þ 	�, i.e.

q 	
ð�Þ :¼

� 	; if � < 
� 	;

�; if 
� 	 � � � 
þ 	;


þ 	; if � > 
þ 	:

8>><
>>: ð5:22Þ

Since the inequality in (5.18) is strict, from (3.4) we obtain

� sl
� ðtÞð1þ cos � sl� ðtÞÞ2 cos � sl� ðtÞ þ 1 > 0 for every t 2 ½t�; � �:

By continuity there exists 	 > 0 such that

q 	
� sl� ðtÞð�Þð1þ cos q 	

� sl� ðtÞð�ÞÞ
2 cos q 	

� sl� ðtÞð�Þ þ 1 � 	 ð5:23Þ

for every t 2 ½t�; � �, � 2 R, � 2 R. Since ðz�; �2Þ is a constant solution of (3.13), we have
�
2 < � sl� ðtÞ < 3

2 � for every t 2 ½t�; � �. Therefore the second equation in (3.13) implies

that � sl� ðtÞ < 0, hence �
2 < � sl� ðtÞ � �� < � for every t 2 ½t�; � �. We deduce that, if 	 is

small enough, we have

sin q 	
� sl� ðtÞð�Þ � 	 for every t 2 ½t�; � � and every � 2 R: ð5:24Þ

Since � sl� ðtÞ > 0 for every t 2 ½t�; � �, we may assume that

� sl
� ðtÞ � 2	 for every t 2 ½t�; � �: ð5:25Þ

1678 G. Dal Maso & A. DeSimone



Finally, we may also assume that

�	 < 1; ð5:26Þ
where � is the constant in (5.20).

Let us ¯x 	 satisfying (5.23)�(5.26), and let ð�	"ðtÞ; �	"ðtÞ; z 	"ðtÞÞ, t 2 ½t�"; � �, be the
solutions of the systems

" _�	"ðtÞ ¼ " sin ~�
	
"ðtÞ � ð�	"ðtÞ

� z	"ðtÞÞþð~z 	"ðtÞð1þ cos ~�
	
"ðtÞÞcos2 ~� 	"ðtÞ þ 1Þ;

"maxf�	"ðtÞ; 	g _�	"ðtÞ ¼ " cos ~�
	
"ðtÞ þ ð�	"ðtÞ � z	"ðtÞÞþ~z 	"ðtÞ

� ð1þ cos ~�
	
"ðtÞÞ cos ~� 	"ðtÞ sin ~� 	"ðtÞ;

" _z 	"ðtÞ ¼ ð�	"ðtÞ � z 	"ðtÞÞþ~z 	"ðtÞð1þ cos ~�
	
"ðtÞÞ cos ~� 	"ðtÞ;

8>>>>>>>>>><
>>>>>>>>>>:

ð5:27Þ

with Cauchy conditions

�	"ðt�"Þ ¼ �"ðt�"Þ; �	"ðt�"Þ ¼ �"ðt�"Þ; z	"ðt�"Þ ¼ z"ðt�"Þ; ð5:28Þ
where ~�

	
"ðtÞ :¼ q 	

� sl� ðtÞð�
	
"ðtÞÞ and ~z 	"ðtÞ :¼ q 	

� sl� ðtÞðz
	
"ðtÞÞ. By subtracting the third

equation from the ¯rst one in (5.27) we get

"ð _�	"ðtÞ � _z 	"ðtÞÞ ¼ " sin ~�
	
"ðtÞ � ð�	"ðtÞ � z 	"ðtÞÞþð~z 	"ðtÞ

� ð1þ cos ~�
	
"ðtÞÞ2 cos ~� 	"ðtÞ þ 1Þ: ð5:29Þ

Therefore we deduce from (5.23) that

"ð _�	"ðtÞ � _z 	"ðtÞÞ � "� 	ð�	"ðtÞ � z	"ðtÞÞþ for every t 2 ½t�; � �:
As 0 � �

	
"ðt�"Þ � z	"ðt�"Þ � �" by (5.20) and (5.28), by comparison we obtain that

�	"ðtÞ � z	"ðtÞ � �"� "

	

� �
exp � 	

"
ðt� t�"Þ

� �
þ "

	
� "

	
for every t 2 ½t�"; � �; ð5:30Þ

where the last inequality follows from (5.26). Let us prove that

�	"ðtÞ � z	"ðtÞ > 0 for every t 2 ½t�; � �: ð5:31Þ

If not, let � be the ¯rst time in ðt�; � � such that �	"ð�Þ � z	"ð�Þ ¼ 0. Clearly we have

_�	"ð�Þ � _z 	"ð�Þ � 0. By (5.24) and (5.29) we have _�	"ð�Þ � _z 	"ð�Þ ¼ sin ~�
	
"ð�Þ > 0,

which contradicts the inequality _�	"ð�Þ � _z 	"ð�Þ � 0 and concludes the proof of (5.31).

Let us de¯ne

 	
"ðtÞ :¼

1

"
ð�	"ðtÞ � z 	"ðtÞÞ: ð5:32Þ

By (5.30) and (5.31) we have

0 �  	
"ðtÞ �

1

	
for every t 2 ½t�; � �: ð5:33Þ
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Passing to a subsequence, we may assume that  	
" *  	 weakly� in L1ð½t�; � �Þ as

"! 0, with 0 �  	 � 1
	 a.e. on ½t�; � �. From (5.27) we obtain

_�	"ðtÞ ¼ sin ~�
	
"ðtÞ �  

	
"ðtÞð~z 	"ðtÞð1þ cos ~�

	
"ðtÞÞcos2 ~� 	"ðtÞ þ 1Þ;

maxf�	"ðtÞ; 	g _�	"ðtÞ
¼ cos ~�

	
"ðtÞ þ  	

"ðtÞ~z 	"ðtÞð1þ cos ~�
	
"ðtÞÞ cos ~� 	"ðtÞ sin ~� 	"ðtÞ;

_z 	"ðtÞ ¼  
	
"ðtÞ~z 	"ðtÞð1þ cos ~�

	
"ðtÞÞ cos ~� 	"ðtÞ:

8>>>>>><
>>>>>>:

ð5:34Þ

We can regard (5.34) as a sequence of systems whose right-hand sides are given by

F 	
" ðt; �; �; zÞ :¼ sin q 	

� sl� ðtÞð�Þ �  	
"ðtÞðq 	� sl� ðtÞðzÞð1þ cos q 	

� sl� ðtÞð�ÞÞcos
2 q 	

� sl� ðtÞð�Þ þ 1Þ;
G	
"ðt; �; �; zÞ :¼ cos q 	

� sl� ðtÞð�Þ þ  	
"ðtÞq 	� sl� ðtÞðzÞ

� ð1þ cos q 	
� sl� ðtÞð�ÞÞ cos q

	

� sl� ðtÞð�Þ sin q
	

� sl� ðtÞð�Þ;
H 	

" ðt; �; �; zÞ :¼  	
"ðtÞq 	� sl� ðtÞðzÞð1þ cos q 	

� sl� ðtÞð�ÞÞ cos q
	

� sl� ðtÞð�Þ:

By Theorem 5.3 we have �	" ! �	, �	" ! �	, and z	" ! z	 uniformly on ½t�; � �,
where ð�	; �	; z	Þ is the solution of the system

_�	ðtÞ ¼ sin ~�
	ðtÞ �  	ðtÞð~z 	ðtÞð1þ cos ~�

	ðtÞÞcos2 ~� 	ðtÞ þ 1Þ;
maxf�	ðtÞ; 	g _�	ðtÞ

¼ cos ~�
	ðtÞ þ  	ðtÞ~z 	ðtÞð1þ cos ~�

	ðtÞÞ cos ~� 	ðtÞ sin ~� 	ðtÞ;
_z 	ðtÞ ¼  	ðtÞ~z 	ðtÞð1þ cos ~�

	ðtÞÞ cos ~� 	ðtÞ;

8>>>>>><
>>>>>>:

ð5:35Þ

with ~�
	ðtÞ :¼ q 	

� sl� ðtÞð�
	ðtÞÞ and ~z 	ðtÞ :¼ q 	

� sl� ðtÞðz
	ðtÞÞ. Moreover

�	ðt�Þ ¼ z�; �	ðt�Þ ¼ ��; z	ðt�Þ ¼ z�:

By (5.30) and (5.31) �	" � z	" ! 0 strongly in L1ð½t�; � �Þ as "! 0, hence �	ðtÞ ¼
z	ðtÞ for every t 2 ½t�; � �. From the ¯rst and third equations in (5.35) we obtain

sin ~�
	ðtÞ ¼  	ðtÞð~�	ðtÞð1þ cos ~�

	ðtÞÞ2 cos ~� 	ðtÞ þ 1Þ for a:e: t 2 ½t�; � �;
hence

 	ðtÞ ¼ sin ~� 	ðtÞ
~�	ðtÞð1þ cos ~�

	ðtÞÞ2 cos ~� 	ðtÞ þ 1
for a:e: t 2 ½t�; � �:

It follows that ð�	; �	Þ satis¯es the system

_�	ðtÞ ¼ ~�	ðtÞð1þ cos ~� 	ðtÞÞ cos ~� 	ðtÞ sin ~� 	ðtÞ
~�	ðtÞð1þ cos ~�

	ðtÞÞ2 cos ~� 	ðtÞ þ 1
;

maxf�	ðtÞ; 	g _�	ðtÞ ¼ ~�	ðtÞð1þ cos ~�
	ðtÞÞ2 cos ~� 	ðtÞ þ cos ~� 	ðtÞ

~�	ðtÞð1þ cos ~�
	ðtÞÞ2 cos ~� 	ðtÞ þ 1

;

8>>>><
>>>>:

ð5:36Þ
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with Cauchy conditions

�	ðt�Þ ¼ z� and �	ðt�Þ ¼ ��: ð5:37Þ

By (5.25) we have maxf� sl� ðtÞ; 	g ¼ � sl� ðtÞ in a neighborhood of ½t�; � �. Moreover,

by (5.22) we have q 	
� sl� ðtÞð�

sl� ðtÞÞ ¼ � sl� ðtÞ and q 	
� sl� ðtÞð�

sl� ðtÞÞ ¼ � sl� ðtÞ in a neighborhood

of ½t�; � �. Since ð� sl� ; � sl� Þ is the solution of (3.13) with Cauchy conditions (5.17), it

satis¯es also (5.36) with Cauchy conditions (5.37). By uniqueness we have �	ðtÞ ¼
� sl� ðtÞ and �	ðtÞ ¼ � sl� ðtÞ in a neighborhood of ½t�; � �.

Since the limit does not depend on the subsequence, we conclude that �	" ! � sl� ,
�	" ! � sl� , and z	" ! � sl� uniformly in a neighborhood of ½t�; � � as "! 0. Then for "

small enough we have ~�
	
"ðtÞ :¼ q 	

� sl� ðtÞð�
	
"ðtÞÞ ¼ �	"ðtÞ and ~z 	"ðtÞ :¼ q 	

� sl� ðtÞðz
	
"ðtÞÞ ¼

z 	"ðtÞ, and, recalling (5.26), maxf�	"ðtÞ; 	g ¼ �	"ðtÞ in a neighborhood of ½t�; � �. From
(5.27) we deduce that ð�	"; �	"; z	"Þ satis¯es (2.21) in a neighborhood of ½t�; � � for "
small enough. Since, by (5.28), ð�	"; �	"; z	"Þ and ð�"; �"; z"Þ satisfy the same Cauchy

condition at t�", by uniqueness we have that ð�	"; �	"; z 	"Þ ¼ ð�"; �"; z"Þ on ½t�; � � for "
small enough. It follows that �" ! � sl� , �" ! � sl� , and z" ! � sl� uniformly in a neigh-

borhood of ½t�; � � as "! 0. As t�" ! t�, this concludes the proof of (5.21).

5.3. Softening with continuous evolution

In this subsection, we prove Theorem 5.2 describing the softening regime with a

continuous evolution.

Proof. Let us ¯x � 2 ðt0;þ1Þ. Assume either �
2 < �0 � �c and z0 < zsð�0Þ, or �c <

�0 < � and z0 < rcð�0Þ. Then we can apply Lemma 5.1 with t� ¼ t0, �� ¼ �0, z� ¼ z0,

t�" ¼ t0, and � ¼ 0, since (5.18) is a consequence of (3.26). Therefore (5.5) and (5.8)

follow from (5.21).

Assume �
2 < �0 < �c and z0 ¼ zsð�0Þ. To deal with the behavior of the solutions

near t0 we apply Lemma 4.2 with t1 ¼ t0, �1 ¼ �0, z1 ¼ z0 ¼ zsð�0Þ, �1 ¼ 1, � �" ¼ t0,

and 0 < �0 < �c � �0. Let �1, �1, �2, and t �" be the constants and the double sequence

given by Lemma 4.2, and let �k be a decreasing sequence in ð0; �1Þ converging to 0.

For every k we have

jt �k" � t0j � 2�k; ð5:38Þ

w"ðt �k" Þ � � 2k; ð5:39Þ

j�"ðt �k" Þ � z"ðt �k" Þj � �1
1

� 2k
"; ð5:40Þ

sup
t0�t�t �"

ðj�"ðtÞ � z0j þ j�"ðtÞ � �0j þ jz"ðtÞ � z0jÞ � �2
ffiffiffiffiffi
�k

p
; ð5:41Þ
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for " small enough. Using a diagonal argument and (5.40), we may assume that for

every k there exist three constants t �k0 , �
�k
0 , and z �k0 such that

t �k" ! t �k0 ; �"ðt �k" Þ ! z �k0 ; �"ðt �k" Þ ! �
�k
0 ; z"ðt �k" Þ ! z �k0 ; ð5:42Þ

as "! 0 along a suitable sequence independent of k. By (5.38), (5.39), and (5.41) for

every k we have

jt �k0 � t0j � 2�k; ð5:43Þ

z �k0 ð1þ cos ��k0 Þ2 cos ��k0 þ 1 � � 2k; ð5:44Þ

j��k0 � �0j þ jz �k0 � z0j � �2
ffiffiffiffiffi
�k

p
: ð5:45Þ

Inequality (5.44) implies that z �k0 < zsð��k0 Þ.
Let ð� sl

�k
; � sl�kÞ be the solution of (3.13) with Cauchy conditions

� sl
�k
ðt �k0 Þ ¼ z �k0 and � sl�kðt �k0 Þ ¼ ��k0 : ð5:46Þ

By (3.26) and (5.44) we have

� sl
�k
ðtÞ < zsð� sl�kðtÞÞ for every t 2 ½t �k0 ; � �: ð5:47Þ

We can apply Lemma 5.1 with t� ¼ t �k0 , z� ¼ z �k0 , �� ¼ �
�k
0 , ð� sl� ; � sl� Þ ¼ ð� sl

�k
; � sl�kÞ,

t�" ¼ t �k" , and � ¼ �1
1
� 2k
. Indeed, (5.17) follows from (5.46), (5.18) from (5.47), (5.19)

from (5.42), and (5.20) from (5.40). We conclude that for every k

sup
t
�k
0
�t��

ðj�"ðtÞ � � sl
�k
ðtÞj þ j�"ðtÞ � � sl�kðtÞj þ jz"ðtÞ � � sl

�k
ðtÞjÞ ! 0; ð5:48Þ

as "! 0 along a sequence satisfying (5.42).

We deduce from (5.48) that � sl
�k
ðtÞ ¼ � sl

�h
ðtÞ and � sl�kðtÞ ¼ � sl�hðtÞ for every

t 2 ½t �k0 ; � � \ ½t �h0 ; � �. Let �0 :¼ infk t
�k
0 . Then there exists a solution ð�sl; �slÞ of (3.13)

in ð�0; � � such that �slðtÞ ¼ � sl
�k
ðtÞ and �slðtÞ ¼ � sl�kðtÞ for every t 2 ½t �k0 ; � �. Since t �k0 !

t0 as k ! 1 by (5.43), while �slðt �k0 Þ ! z0 and �
slðt �k0 Þ ! �0 by (5.45) and (5.46), the

uniqueness result proved in Lemma 3.7 implies that ð�sl; �slÞ ¼ ð� sl
0 ; �

sl
0 Þ on ðt0; � �,

hence � sl
�k
ðtÞ ¼ � sl

0 ðtÞ and � sl�kðtÞ ¼ � sl0 ðtÞ for every t 2 ½t �k0 ; � �. As the limit does not

depend on the sequence satisfying (5.42), the limit in (5.48) holds as "! 0.

Since

j�"ðtÞ � � sl
0 ðtÞj þ j�"ðtÞ � � sl0 ðtÞj þ jz"ðtÞ � � sl

0 ðtÞj
� j�"ðtÞ � z0j þ j�"ðtÞ � �0j þ jz"ðtÞ � z0j þ 2jz0 � � sl

0 ðtÞj þ j�0 � � sl0 ðtÞj;
it follows from (3.23) and (5.41) that there exists a sequence !k ! 0 such that

sup
t0<t�t

�k
0

ðj�"ðtÞ � � sl
0 ðtÞj þ j�"ðtÞ � � sl0 ðtÞj þ jz"ðtÞ � � sl

0 ðtÞjÞ � !k:
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By (5.48) we have

lim sup
"!0

sup
t0<t��

ðj�"ðtÞ � � sl
0 ðtÞj þ j�"ðtÞ � � sl0 ðtÞj þ jz"ðtÞ � � sl

0 ðtÞjÞ � !k;

which gives (5.8) as k ! 1.

Assume that �c < �0 < � and z0 ¼ rcð�0Þ, and let ð� sl
0 ; �

sl
0 Þ and t1 be de¯ned as in

Lemma 3.6. Let us ¯x a decreasing sequence �k ! 0. Since � sl
0 ðtÞ ! zc and �

sl
0 ðtÞ ! �c

as t ! t1 by Lemma 3.6, there exists a sequence � �k such that

t1 � �k < � �k < t1; j� sl
0 ð� �kÞ � zcj <

1

6
�k; j� sl0 ð� �kÞ � �cj <

1

6
�k: ð5:49Þ

We can apply Lemma 5.1 with t� ¼ t0, �� ¼ �0, z� ¼ z0, � ¼ � �k , t�" ¼ t0, and � ¼ 0.

Indeed, z0 ¼ rcð�0Þ < zsð�0Þ by Lemma 3.2, and (5.18) follows from (3.20). By (5.21)

we have

sup
t0�t�� �k

ðj�"ðtÞ � � sl
0 ðtÞj þ j�"ðtÞ � � sl0 ðtÞj þ jz"ðtÞ � � sl

0 ðtÞjÞ �
1

2
�k ð5:50Þ

for " small enough. By (5.49) and (5.50) we have also

j�"ð� �kÞ � zcj þ j�"ð� �kÞ � �cj þ jz"ð� �kÞ � zcj � �k

for " small enough. Then we can apply Lemma 4.1 with � ¼ 1, and we obtain a

constant � � 1 and, for every k, a sequence � �k" in ½t0;þ1Þ, such that

t1 � �k � ��k � � �k" � t1 þ ��k; ð5:51Þ

w"ð� �k" Þ � 0; ð5:52Þ
�"ð� �k" Þ � �c � �k; ð5:53Þ

sup
� �k�t�� �k"

ðj�"ðtÞ � zcj þ j�"ðtÞ � �cj þ jz"ðtÞ � zcjÞ �
ffiffiffi
�

p ffiffiffiffiffi
�k

p
; ð5:54Þ

for " small enough.

We now apply Lemma 4.2 with �1 ¼ 1
� and obtain two constants �1 > 0 and

�2 > 0, and, for every k, a new sequence t �k" in ½t0;þ1Þ, such that

t1 � �k � � �k � t �k" � t1 þ 2��k; ð5:55Þ

w"ðt �k" Þ �
1

�2
� 2k; ð5:56Þ

j�"ðt �k" Þ � z"ðt �k" Þj �
�1
�2

1

� 2k
"; ð5:57Þ

sup
�
�k
" �t�t

�k
"

ðj�"ðtÞ � zcj þ j�"ðtÞ � �cj þ jz"ðtÞ � zcjÞ � �2
ffiffiffi
�

p ffiffiffiffiffi
�k

p
; ð5:58Þ

for " small enough.
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Using a diagonal argument and (5.40), we may assume that for every k there exist

three constants t �k1 , �
�k
1 , and z �k1 such that

t �k" ! t �k1 ; �"ðt �k" Þ ! z �k1 ; �"ðt �k" Þ ! ��k1 ; z"ðt �k" Þ ! z �k1 ; ð5:59Þ

as "! 0 along a suitable sequence independent of k. By (5.55), (5.57), and (5.58) for

every k we have

jt �k1 � t1j � 2��k; ð5:60Þ

z �k1 ð1þ cos ��k1 Þ2 cos ��k1 þ 1 � 1

�2
� 2k; ð5:61Þ

j��k1 � �cj þ jz �k1 � zcj � �2
ffiffiffi
�

p ffiffiffiffiffi
�k

p
: ð5:62Þ

Inequality (5.44) implies that z �k0 < zsð��k0 Þ.
Let ð� sl

�k
; � sl�kÞ be the solution of (3.13) with Cauchy conditions

� sl
�kðt �k1 Þ ¼ z �k1 and � sl�kðt �k1 Þ ¼ ��k1 : ð5:63Þ

By (3.26) and (5.44) we have

� sl
�k
ðtÞ < zsð� sl�kðtÞÞ for every t 2 ½t �k1 ; � �: ð5:64Þ

We can apply Lemma 5.1 with t� ¼ t �k1 , z� ¼ z �k1 , �� ¼ ��k1 , t "� ¼ t �k" , ð� sl� ; � sl� Þ ¼
ð� sl

�k
; � sl�kÞ, and � ¼ �1

� 2
1
� 2k
. Indeed, (5.17) follows from (5.63), (5.18) from (5.64), (5.19)

from (5.59), and (5.20) from (5.57). We conclude that for every k

sup
t
�k
" �t��

ðj�"ðtÞ � � sl
�k
ðtÞj þ j�"ðtÞ � � sl�kðtÞj þ jz"ðtÞ � � sl

�k
ðtÞjÞ ! 0; ð5:65Þ

as "! 0 along a sequence satisfying (5.59)

We deduce from (5.65) that � sl
�k
ðtÞ ¼ � sl

�h
ðtÞ and � sl�kðtÞ ¼ � sl�hðtÞ for every

t 2 ½t �k1 ; � � \ ½t �h1 ; � �. Let �1 :¼ infk t
�k
1 . Then there exists a solution ð�sl; �slÞ of (3.13)

in ð�1; � � such that �slðtÞ ¼ � sl
�k
ðtÞ and �slðtÞ ¼ � sl�kðtÞ for every t 2 ½t �k1 ; � �. Let ð� sl

2 ; �
sl
2 Þ

be de¯ned as in Lemma 3.7 with �2 ¼ �c and z2 ¼ zc. Since t �k1 ! t1 as k ! 1 by

(5.55), while �slðt �k1 Þ ! zc and �slðt �k1 Þ ! �c by (5.62) and (5.63), the uniqueness

result proved in Lemma 3.7 implies that ð�sl; �slÞ ¼ ð� sl
2 ; �

sl
2 Þ on ðt1; � �, hence � sl

�k
ðtÞ ¼

� sl
2 ðtÞ and � sl�kðtÞ ¼ � sl2 ðtÞ for every t 2 ½t �k1 ; � �. As the limit does not depend on the

sequence satisfying (5.59), the limit in (5.65) holds as "! 0.

From (5.50), (5.51), and (5.65) we obtain (5.7), except for t 2 ðt1 � �k; t1 þ 2��kÞ.
As k ! 1 we obtain (5.7) on ½t0;þ1Þ.

Since

j�"ðtÞ � �ðtÞj þ j�"ðtÞ � �ðtÞj þ jz"ðtÞ � zðtÞj
� j�"ðtÞ � zcj þ j�"ðtÞ � �cj þ jz"ðtÞ � zcj þ 2jzc � �ðtÞj þ j�c � �ðtÞj;
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it follows from (3.18), (3.23), (5.54), and (5.58) that there exists a sequence !k ! 0

such that

sup
� �k<t�t

�k
"

ðj�"ðtÞ � �ðtÞj þ j�"ðtÞ � �ðtÞj þ jz"ðtÞ � zðtÞjÞ � !k:

By (5.50) and (5.65) we have

lim sup
"!0

sup
t0�t��

ðj�"ðtÞ � �ðtÞj þ j�"ðtÞ � �ðtÞj þ jz"ðtÞ � zðtÞjÞ � !k;

which gives (5.8) as k ! 1.

Assume that � ¼ �c and z0 ¼ zc, and let ð� sl
2 ; �

sl
2 Þ be de¯ned as in Lemma 3.7 with

t1 ¼ t0, �2 ¼ �c, and z2 ¼ zc. Then we can apply Lemma (4.1) with � ¼ 1,

t1 ¼ � � ¼ t0. Given a decreasing sequence �k ! 0, we obtain a constant � � 1 and,

for every k, a sequence � �k" in ½t0;þ1Þ which satis¯es (5.51)�(5.54) for " small

enough. Then the proof can be concluded as in the previous case, replacing t1 by t0.

6. The Fast Dynamics

In this section, we study in detail the behavior of the solutions to the system of the

fast dynamics.

6.1. The trajectory of the fast dynamics

In this subsection, we study the system

% 0ðzÞ ¼ � cos#ðzÞ � 1

zð1þ cos#ðzÞÞ cos#ðzÞ ;

# 0ðzÞ ¼ sin#ðzÞ
%ðzÞ ;

8>><
>>: ð6:1Þ

that describes the trajectories followed along the fast dynamics. Using Cartesian

coordinates, we consider the functions

xðzÞ :¼ zþ %ðzÞ cos#ðzÞ and yðzÞ :¼ %ðzÞ sin#ðzÞ; ð6:2Þ
and (6.1) is equivalent to

x 0ðzÞ ¼ � 1

zð1þ cos#ðzÞÞ ;

y 0ðzÞ ¼ � tan#ðzÞ
zð1þ cos#ðzÞÞ ;

8>><
>>: ð6:3Þ

where

cos#ðzÞ ¼ xðzÞ � zffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðxðzÞ � zÞ2 þ yðzÞ2p and tan#ðzÞ ¼ yðzÞ
xðzÞ � z

:

Let us ¯x z1 > 0 and �
2 < �1 < � and consider the Cauchy conditions

%ðz1Þ ¼ z1 and #ðz1Þ ¼ �1; ð6:4Þ
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that in Cartesian coordinates become

xðz1Þ ¼ z1ð1þ cos �1Þ and yðz1Þ ¼ z1 sin �1: ð6:5Þ
Let �c be the constant de¯ned in (3.3), and let zsð�Þ and rcð�Þ be the functions de¯ned
in (3.4) and (3.6).

Lemma 6.1. Let z1 > 0 and �
2 < �1 < �. Assume one of the following two conditions:

z1 > zsð�1Þ; ð6:6Þ
z1 ¼ zsð�1Þ and �1 > �c: ð6:7Þ

Then there exists z2 2 ð0; z1Þ such that (6.1) with Cauchy condition (6.4) has a

solution ð%; #Þ de¯ned in ½z2; z1� such that

%ðz2Þ ¼ z2 and %ðzÞ > z for z 2 ðz2; z1Þ: ð6:8Þ
Let �2 :¼ #ðz2Þ. Then we have

�

2
< �2 < #ðzÞ < �1 < � for z 2 ðz2; z1Þ; ð6:9Þ

% 0ðzÞ > 0 and # 0ðzÞ > 0 for z 2 ðz2; z1Þ; ð6:10Þ

z2 �
27

4
) �2 < �c; ð6:11Þ

% 0ðz2Þ > 1 and z2 < zsð�2Þ: ð6:12Þ

Proof. Let us consider the solution ð%; #Þ of (6.1) with Cauchy condition (6.4) on

its maximal left interval of existence ðze; z1�. By the singularities of the right-hand

side we have that z, %ðzÞ, cos#ðzÞ, and 1þ cos#ðzÞ cannot vanish for z 2 ðze; z1� so
that ze � 0 and �

2 < #ðzÞ < � for every z 2 ðze; z1�. Then (6.1) implies (6.10), which

gives (6.9).

Let us de¯ne

�e :¼ lim
z!ze

#ðzÞ ¼ inf
z>ze

#ðzÞ � �

2
;

�e :¼ lim
z!ze

%ðzÞ ¼ inf
z>ze

%ðzÞ � 0:

If ze ¼ 0, from the ¯rst equation in (6.1) we would have % 0ðzÞ � 1
2z for every

z 2 ð0; z1�, and this contradicts the fact that the limit �e is ¯nite. Therefore ze > 0.

We now show that �e < ze. If not, we would have �e � ze > 0, and hence �e >
�
2,

otherwise the solution could be continued by solving a new Cauchy problem at ze. By

the second equation in (6.1) we have # 0ðzÞ ! 1
�e
as z ! ze. Thus the ¯rst equation in

(6.1) gives

% 0ðzÞ � 1

2z1jcos#ðzÞj
� �e

4z1jz� zej
;

1686 G. Dal Maso & A. DeSimone



for z near ze, which contradicts again the ¯niteness of �e. This proves that �e < ze.

It is convenient to introduce the function ! : ½ze; z1� ! R de¯ned by

!ðzÞ :¼ zð1þ cos#ðzÞÞ2 cos#ðzÞ þ 1: ð6:13Þ
It follows from (6.1) that

% 0ðzÞ � 1 ¼ � !ðzÞ
zð1þ cos#ðzÞÞ cos#ðzÞ : ð6:14Þ

Using (6.1) we obtain

! 0ðzÞ%ðzÞð1þ cos#ðzÞÞ�2 ¼ %ðzÞ cos#ðzÞ � zð1� cos#ðzÞÞð1þ 3 cos#ðzÞÞ
¼ %ðzÞ cos#ðzÞ � zð1þ 2 cos#ðzÞ � 3 cos2 #ðzÞÞ: ð6:15Þ

If (6.6) holds, then % 0ðz1Þ < 1, so that %ðzÞ > z for all z < z1 close to z1. If, instead,

(6.7) holds, then ! 0ðz1Þ has the same sign as �1� cos �1 þ 3 cos2 �1, which is positive

by (6.7). Therefore ! 0ðz1Þ > 0 and !ðz1Þ ¼ 0, hence !ðzÞ < 0 for all z < z1 close to z1.

From (6.14) we deduce that % 0ðzÞ < 1, and hence %ðzÞ > z for all z < z1 close to z1.

On the other hand the inequality �e < ze gives %ðzÞ < z for all z > ze close to

ze. Therefore there exists the greatest point z2 in ðze; z1Þ such that %ðz2Þ ¼ z2. Con-

dition (6.8) is clearly satis¯ed, and implies

% 0ðz2Þ � 1: ð6:16Þ
By (6.6), (6.7), (6.16), and (6.14) we have

!ðz1Þ � 0 and !ðz2Þ � 0: ð6:17Þ

Since cos �2 > cos �1 by (6.9) and (6.10), if cos �1 � 
c we have also cos �2 > 
c,

where 
c is the constant de¯ned in (3.2). Therefore to prove (6.11) we may assume

cos �1 � 
c and z2 �
27

4
; ð6:18Þ

and we want to prove that cos �2 > 
c. We argue by contradiction, assuming (6.18)

and

cos �2 � 
c < � 1

3
; ð6:19Þ

since ! 0ðz2Þð1þ cos �2Þ�2 ¼ �1� cos �2 þ 3 cos2 �2 by (6.15), inequality (6.19) gives

! 0ðz2Þ � 0: ð6:20Þ
As ! 0ðz1Þð1þ cos �1Þ�2 ¼ �1� cos �1 þ 3 cos2 �1 by (6.15), we have also

! 0ðz1Þ � 0: ð6:21Þ
By (6.17) there exists a minimum point zm of ! in ðz2; z1� and a maximum point zM in

½z2; zmÞ. By (6.21) we have

! 0ðzmÞ ¼ 0; ð6:22Þ
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and by (6.20) we have

! 0ðzMÞ ¼ 0 and ! 00ðzMÞ � 0: ð6:23Þ
We want to prove that

cos#ðzmÞ > � 9

10
: ð6:24Þ

As # is increasing by (6.10), this inequality is trivial if cos �1 > � 9
10, so we may

assume that

�1 < cos �1 � � 9

10
: ð6:25Þ

To prove (6.24) we argue by contradiction and assume that cos#ðzmÞ � � 9
10. Let

	 :¼ 1þ cos �1, so that 0 < 	 � 1
10 and sin �1 ¼

ffiffiffiffiffiffiffiffiffiffiffi
2� 	

p ffiffiffi
	

p
. By (6.3) and (6.9) we

have x 0ðzÞ � 0 and y 0ðzÞ � 0, so that, by (6.2),

%ðzÞ cos#ðzÞ � z1	 � z and %ðzÞ sin#ðzÞ � z1
ffiffiffiffiffiffiffiffiffiffiffi
2� 	

p ffiffiffi
	

p

for every z 2 ½z2; z1�: ð6:26Þ

This implies z2 > z1	 and %ðzÞ2 � ðz� z1	Þ2 þ z21ð2� 	Þ	 � z2 þ 2z 2
1	, hence

%ðzÞ2
z2

� 1þ 2
z21
z2
	 for every z 2 ½z2; z1�: ð6:27Þ

Since cos#ðzmÞ � � 9
10, by (6.15) and (6.22) the polynomial Pmð
Þ :¼ %ðzmÞ
�

zmð1þ 2
� 3
2Þ has a zero in the interval ð�1;� 9
10�. As Pmð0Þ ¼ �zm < 0, this

implies Pmð� 9
10Þ � 0, hence %ðzmÞ > 323

90 zm > 3zm. By (6.27) we obtain zm � 1
2 z1

ffiffiffi
	

p
.

As �1þ 	 ¼ cos �1 � cos#ðzÞ � cos#ðzmÞ � � 9
10 for every z 2 ½zm; z1�, we have 0 <

sin#ðzÞ � 1
2 for every z 2 ½zm; z1�. Since the function 
 7! � 
ð1þ 
Þ is increasing in

½�1;� 1
2�, from (6.6) we obtain that 1 � z1	

2ð1� 	Þ � z1	ð1þ cos#ðzÞÞ and 1 �
z1	

2ð1� 	Þ � �z1	ð1þ cos#ðzÞÞ cos#ðzÞ for every z 2 ½zm; z1�. By (6.3) we have

x 0ðzÞ � � z1
z
	 and y 0ðzÞ � 1

2

z1
z
	 for every z 2 ½zm; z1�:

Integrating we obtain

xðz1Þ � xðz1
ffiffiffi
	

p Þ � z1	 log
ffiffiffi
	

p
and yðz1Þ � yðz1

ffiffiffi
	

p Þ � � 1

2
z1	 log

ffiffiffi
	

p
:

As xðz1Þ ¼ z1	 and yðz1Þ ¼ z1
ffiffiffiffiffiffiffiffiffiffiffi
2� 	

p ffiffiffi
	

p
, we deduce from (6.2) that

%ðz1 ffiffiffi
	

p Þ cos#ðz1 ffiffiffi
	

p Þ � �z1ð ffiffiffi
	

p � 	 þ 	 log
ffiffiffi
	

p Þ;

%ðz1 ffiffiffi
	

p Þ sin#ðz1 ffiffiffi
	

p Þ � z1
ffiffiffiffiffiffiffiffiffiffiffi
2� 	

p ffiffiffi
	

p þ 1

2
	 log

ffiffiffi
	

p� �
:
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As
ffiffiffi
	

p
log

ffiffiffi
	

p � 1ffiffiffiffi
10

p log 1ffiffiffiffi
10

p � � 5
12, we have

ffiffiffi
	

p � 	 þ 	 log
ffiffiffi
	

p
> 0 and

ffiffiffiffiffiffiffiffiffiffiffi
2� 	

p
�ffiffiffi

	
p þ 1

2 	 log
ffiffiffi
	

p
> 0 for every 	 2 ð0; 1

10�, so that

%ðz1 ffiffiffi
	

p Þ2 � z21ðð ffiffiffi
	

p � 	 þ 	 log
ffiffiffi
	

p Þ2 þ
ffiffiffiffiffiffiffiffiffiffiffi
2� 	

p ffiffiffi
	

p þ 1

2
	 log

ffiffiffi
	

p Þ2
� �

� z21	ðð1� ffiffiffi
	

p Þ2 þ 2
ffiffiffi
	

p
log

ffiffiffi
	

p þ 2� 	 þ ffiffiffi
2

p ffiffiffi
	

p
log

ffiffiffi
	

p Þ

� z21	 3� 2
ffiffiffi
	

p þ 7

2

ffiffiffi
	

p
log

ffiffiffi
	

p� �
� z21	

37

24
� 2

ffiffiffi
	

p� �

� z21	
110

81
� 2

100

81

ffiffiffi
	

p� �
� 100

81
z21	ð1�

ffiffiffi
	

p Þ2 ¼ 100

81
z21ð

ffiffiffi
	

p � 	Þ2

for every 	 2 ð0; 1
10�. Therefore (6.26) implies that cos2 #ðz1 ffiffiffi

	
p Þ � 81

100. As zm <

z1
ffiffiffi
	

p
, we have cos#ðzmÞ > cos#ðz1 ffiffiffi

	
p Þ � � 9

10, which contradicts our assumption

cos#ðzmÞ � � 9
10, and concludes the proof of (6.24).

Let 
M :¼ cos#ðxMÞ. As z2 � zM < zm we have

� 9

10
< 
M < � 1

3
: ð6:28Þ

Since ! 0ðzMÞ ¼ 0 by (6.23), using (6.1) and the equality

zM
�ðzMÞ ¼


M
ð1� 
MÞð1þ 3
MÞ

that can be deduced from (6.15), we obtain

! 00ðzMÞ%ðzMÞ 1þ 3
M
1� 
M

¼ � 1

zM
ð1þ 3
MÞ � ð1þ 
MÞð2þ 6
M þ 7
2

M � 3
 3
MÞ:

By (6.18), (6.23) and (6.28) we have

ð1þ 
MÞð2þ 6
M þ 7
 2
M � 3
3

MÞ þ 4

27
ð1þ 3
MÞ � 0: ð6:29Þ

Let us consider the polynomial P ð
Þ :¼ ð1þ 
Þð2þ 6
þ 7
2 � 3
3Þ þ 4
27 ð1þ 3
Þ ¼

58
27 þ 76

9 
þ 13
2 þ 4
3 � 3
4 and its derivative P 0ð
Þ ¼ 76
9 þ 26
þ 12
2 �

12
3 ¼ 2
9 ð2þ 3
Þð19þ 30
� 18
2Þ. Since P 0ð
Þ vanishes at � 2

3, � 1
6 ð3

ffiffiffi
7

p � 5Þ, and
1
6 ð3

ffiffiffi
7

p þ 5Þ, we deduce that P ð
Þ has two local minima on ½� 1
10 ;� 1

3� at the points

� 1
10 and � 1

6 ð3
ffiffiffi
7

p � 5Þ. By direct computation we see that P ð� 1
6 ð3

ffiffiffi
7

p � 5ÞÞ ¼
3053
108 � 21

2

ffiffiffi
7

p
> 52339

270000 ¼ P ð� 1
10Þ, so that P ð
Þ > 0 for every 
 2 ½� 1

10 ;� 1
3�. This

contradicts (6.29) and concludes the proof of the implication (6.11).

Let us prove (6.12). By (6.14) it is enough to prove that % 0ðz2Þ > 1. We argue by

contradiction, taking (6.16) into account. If % 0ðz2Þ ¼ 1, by (6.14) we have !ðz2Þ ¼ 0,

hence

z2 ¼ � 1

ð1þ cos �2Þ2 cos �2
� 27

4
:
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Since, by (6.15), ! 0ðz2Þð1þ cos �2Þ�2 ¼ �1� cos �2 þ 3 cos2 �2, by (6.11) we have

! 0ðz2Þ < 0. As !ðz2Þ ¼ 0, this implies !ðzÞ < 0 for every z > z2 close to z2, so

that by (6.14) % 0ðzÞ < 1, hence %ðzÞ < z for every z > z2 close to z2, which

contradicts (6.8).

6.2. The system of the fast dynamics

We study now the solutions ð�fðsÞ; �fðsÞ; zfðsÞÞ of the system of the fast dynamics

_�fðsÞ ¼ �ð�fðsÞ � zfðsÞÞðzfðsÞð1þ cos �fðsÞÞcos2 �fðsÞ þ 1Þ;
�fðsÞ _�fðsÞ ¼ ð�fðsÞ � zfðsÞÞzfðsÞð1þ cos �fðsÞÞ cos �fðsÞ sin �fðsÞ;
_z fðsÞ ¼ ð�fðsÞ � zfðsÞÞzfðsÞð1þ cos �fðsÞÞ cos �fðsÞ;

8>><
>>: ð6:30Þ

under the additional condition �fðsÞ > zfðsÞ > 0. In Cartesian coordinates this

system is written as

_x fðsÞ ¼ �ðxfðsÞ � zfðsÞÞ 1� zfðsÞ
�fðsÞ

� �
;

_y fðsÞ ¼ �yfðsÞ 1� zfðsÞ
�fðsÞ

� �
;

_z fðsÞ ¼ zfðsÞ þ ðxfðsÞ � zfðsÞÞzfðsÞ
�fðsÞ

� �
ðxfðsÞ � zfðsÞÞ 1� zfðsÞ

�fðsÞ
� �

;

8>>>>>>>>><
>>>>>>>>>:

ð6:31Þ

where �fðsÞ :¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðxfðsÞ � zfðsÞÞ2 þ yfðsÞ2p
. Let �c be the constant de¯ned in (3.3),

and let zsð�Þ be the function de¯ned in (3.4).

Lemma 6.2. Let z1 > 0 and �
2 < �1 < �. Assume (6.6) or (6.7). Then there exists a

solution of (6.30) such that

lim
s!�1�

fðsÞ ¼ z1; lim
s!�1 �

fðsÞ ¼ �1; lim
s!�1 zfðsÞ ¼ z1; ð6:32Þ

�fðsÞ > zfðsÞ for every s 2 R: ð6:33Þ
The solution satisfying (6.32) and (6.33) is unique up to time translations, i.e. all such

solutions have the form ð�fðs� s0Þ; �fðs� s0Þ; zfðs� s0ÞÞ for some s0 2 R.Moreover

�fðsÞ ¼ %ðzfðsÞÞ and �fðsÞ ¼ #ðzfðsÞÞ for every s 2 R, where ð%; #Þ is the solution of

(6.1) with Cauchy conditions (6.4). Finally,

_�fðsÞ < 0; _�
fðsÞ < 0; _z fðsÞ < 0 for every s 2 R; ð6:34Þ

lim
s!þ1�

fðsÞ ¼ z2; lim
s!þ1 �

fðsÞ ¼ �2; lim
s!þ1 zfðsÞ ¼ z2; ð6:35Þ

where z2 and �2 are de¯ned as in Lemma 6.1.

Proof. Let ð%; #Þ be the solution of (6.1) with Cauchy conditions (6.4), and let zfðsÞ
be a solution of the autonomous equation

_z fðsÞ ¼ ð%ðzfðsÞÞ � zfðsÞÞzfðsÞð1þ cos#ðzfðsÞÞÞ cos#ðzfðsÞÞ; ð6:36Þ
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with z2 < zfðsÞ < z1 for some s. By Lemma 6.1 we have ð%ðzÞ � zÞzð1þ cos#ðzÞ � 0

for every z 2 ½z2; z1�, with equality only at z ¼ z2 and z ¼ z1. Then the theory of

autonomous equations implies that zfðsÞ is de¯ned for every s 2 R and satis¯es

lim
s!�1zfðsÞ ¼ z1; lim

s!þ1zfðsÞ ¼ z2; _z fðsÞ < 0 for every s 2 R: ð6:37Þ

Let us de¯ne

�fðsÞ :¼ %ðzfðsÞÞ and �fðsÞ :¼ #ðzfðsÞÞ: ð6:38Þ
By (6.1) and (6.36) ð�fðsÞ; �fðsÞ; zfðsÞÞ is a solution of (6.30). Since %ðz1Þ ¼ z1 and

#ðz1Þ ¼ �1 by (6.4), condition (6.32) follows from (6.37). Since z2 < zfðsÞ < z1 for

every s 2 R, inequality (6.33) follows from (6.8). Finally, (6.34) and (6.35) follow

from (6.10), (6.37), and (6.38).

Suppose that ð��ðsÞ; ��ðsÞ; z�ðsÞÞ is another solution of (6.30) satisfying (6.32) and

(6.33). By uniqueness it is easy to see that ��ðsÞ 6¼ �
2 and ��ðsÞ 6¼ � for every s 2 R.

Recalling (6.32), we deduce that �
2 < ��ðsÞ < �, so that (6.33) and the third equation

in (6.30) imply that _��ðsÞ < 0 for every s 2 R. Then z�ðsÞ ! z1� < z1 as s ! þ1.

Since ��ðsÞ is decreasing, there exist two functions %� and #�, de¯ned on ðz1� ; z1Þ, such
that

��ðsÞ :¼ %�ðz�ðsÞÞ and ��ðsÞ :¼ #�ðz�ðsÞÞ: ð6:39Þ
It follows from (6.30) that ð%�; #�Þ satisfy (6.1) on ðz1� ; z1Þ, and we deduce from (6.32)

that %�ðzÞ ! z1 and #�ðzÞ ! �1 as z ! z1. By (6.4) ð%; #Þ satis¯es the same Cauchy

conditions at z0. By uniqueness we have ð%�; #�Þ ¼ ð%; #Þ on ðmaxfz2; z1� g; z1Þ.
Therefore (6.30) and (6.39) imply that z�ðsÞ is a solution of (6.36) and z2 < z�ðsÞ < z1
for s large enough (recall (6.32) and the monotonicity of z�ðsÞ). Then the theory of

autonomous equations ensures that there exists s0 2 R such that z�ðsÞ ¼ zfðs� s0Þ
for s large enough. Since ð%�; #�Þ ¼ ð%; #Þ near z1, by (6.39) we have ��ðsÞ ¼
�fðs� s0Þ and ��ðsÞ ¼ �fðs� s0Þ for s large enough. These equalities are extended to

every s 2 R by the uniqueness of the solutions of a Cauchy problem for (6.30).

7. Discontinuous Evolution

In this subsection, we consider the case where �
2 < �0 < � and the viscosity solution

ð�; �; zÞ has a discontinuity at a time t1 � t0 determined by the initial conditions. This

solution follows the slow dynamics in ðt0; t1�, has a jump at time t1, governed by the

system of the fast dynamics, and ¯nally follows again the slow dynamics ðt1;þ1Þ
with initial conditions at t1 determined by the end point of the trajectory of the fast

dynamics.

Let �c be the constant de¯ned in (3.3), and let zsð�Þ and rcð�Þ be the functions

de¯ned in (3.4) and (3.6). The ¯rst theorem deals with the case t1 > t0.

Theorem 7.1. Assume

�c < �0 � � and rcð�0Þ < z0 < zsð�0Þ; ð7:1Þ
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and let ð� sl
0 ; �

sl
0 Þ and t1, z1, and �1 be de¯ned as in Lemma 3.6. Let ð�f ; �f ; zfÞ, z2, and

�2 be de¯ned as in Lemma 6.2, and let ð� sl
2 ; �

sl
2 Þ be de¯ned as in Lemma 3.7. Then

�ðtÞ ¼ zðtÞ ¼
� sl
0 ðtÞ if t 2 ½t0; t1�;
� sl
2 ðtÞ if t 2 ðt1;þ1Þ;

(
�ðtÞ ¼

� sl0 ðtÞ if t 2 ½t0; t1�;
� sl2 ðtÞ if t 2 ðt1;þ1Þ:

(
ð7:2Þ

Moreover there exist three sequences of real numbers t1", �
1
", and s" such that for every

� > t1 we have

t0 < t1" < � 1
" and lim

"!0
t1" ¼ lim

"!0
� 1
" ¼ t1; ð7:3Þ

sup
t0�t�t 1"

ðj�"ðtÞ � � sl
0 ðtÞj þ j�"ðtÞ � � sl0 ðtÞj þ jz"ðtÞ � � sl

0 ðtÞjÞ ! 0; ð7:4Þ

sup
t 1"�t�� 1

"

ðj�"ðtÞ � � f
" ðtÞj þ j�"ðtÞ � � f"ðtÞj þ jz"ðtÞ � zf"ðtÞjÞ ! 0; ð7:5Þ

sup
� 1
"�t��

ðj�"ðtÞ � � sl
2 ðtÞj þ j�"ðtÞ � � sl2 ðtÞj þ jz"ðtÞ � � sl

2 ðtÞjÞ ! 0; ð7:6Þ

where

�f
" ðtÞ :¼ �f

1

"
t� s"

� �
; � f" ðtÞ :¼ �f

1

"
t� s"

� �
; zf" ðtÞ :¼ zf

1

"
t� s"

� �
: ð7:7Þ

We now consider the case in which the discontinuity time is t0.

Theorem 7.2. Let z0 > 0 and �
2 < �0 < �. Assume one of the following two

conditions:

z0 > zsð�0Þ; ð7:8Þ
z0 ¼ zsð�0Þ and �0 > �c: ð7:9Þ

Let ð�f ; �f ; zfÞ, z2, �2 be de¯ned as in Lemma 6.2 with z1 ¼ z0 and �1 ¼ �0, and let

ð� sl
2 ; �

sl
2 Þ be de¯ned as in Lemma 3.7 with t1 ¼ t0. Then

�ðtÞ ¼ zðtÞ ¼ � sl
2 ðtÞ and �ðtÞ ¼ � sl2 ðtÞ for every t 2 ðt0;þ1Þ: ð7:10Þ

Moreover, there exist two sequences of real numbers � 1
" and s" such that for every

� > t0 we have

t0 < � 1
" and lim

"!0
� 1
" ¼ t0; ð7:11Þ

sup
t0�t�� 1

"

ðj�"ðtÞ � � f
"ðtÞj þ j�"ðtÞ � � f"ðtÞj þ jz"ðtÞ � zf

"ðtÞjÞ ! 0; ð7:12Þ

sup
� 1
"�t��

ðj�"ðtÞ � � sl
2 ðtÞj þ j�"ðtÞ � � sl2 ðtÞj þ jz"ðtÞ � � sl

2 ðtÞjÞ ! 0; ð7:13Þ

where � f
" , �

f
" , and zf" are de¯ned in (7.7).

The proof of both theorems will be given in Sec. 7.4.
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7.1. Transition to the fast dynamics

We now describe the behavior of the system in a small time interval ½�"; t1" �, where
�"ðtÞ � z"ðtÞ passes from a size of order " to a size of order "1�
 with 
 2 ð0; 12Þ. After

t1" the system will be governed by the fast dynamics. Let �c be the constant de¯ned in

(3.3), and let zsð�Þ and w"ðtÞ be the functions de¯ned in (3.4) and (2.26).

Lemma 7.1. Let z1 > 0 and �
2 < �1 < �. Assume (6.6) or (6.7). Let t1 2 ½t0;þ1Þ, let


 2 ð0; 12Þ, and let �" be a sequence in ½t0;þ1Þ such that

�" ! t1; �"ð�"Þ ! z1; �"ð�"Þ ! �1; z"ð�"Þ ! z1: ð7:14Þ

Then there exists a sequence t1" in ½t0;þ1Þ such that

�" < t1" and t1" ! t1; ð7:15Þ

w"ðt1"Þ � �"; ð7:16Þ

�"ðt1"Þ � z"ðt1"Þ � "1�
; ð7:17Þ
sup

�"�t�t 1"

ðj�"ðtÞ � z1j þ j�"ðtÞ � �1j þ jz"ðtÞ � z1jÞ ! 0: ð7:18Þ

Proof. As z1 � zsð�1Þ, we have z1ð1þ cos �1Þ2 cos �1 þ 1 � 0, so that (7.14) gives

lim sup
"!0

w"ð�"Þ � 0: ð7:19Þ

Under the assumption (6.6) we have z1ð1þ cos �1Þ2 cos �1 þ 1 < 0. Therefore there

exists 	 > 0 such that

zð1þ cos �Þ2 cos �þ 1 � �	 for j�� �1j � 2	 and jz� z1j � 2	: ð7:20Þ
If, instead, (6.7) holds, then we have cos �1 < cos �c ¼ 
c < � 1

3 by (3.2) and (3.3).

This implies that ð1þ cos �1Þð1þ 3 cos �1Þ cos �1 sin �1 > 0 and ð1þ cos �1Þ3 cos �1
ð1þ cos �1 � 3 cos2 �1Þ > 0. Therefore there exists 0 < 	 < 1

4 z1 such that

zð1þ cos �Þð1þ 3 cos �Þ cos � sin � > 	�;

zð1þ cos �Þ3 cos �½zð1þ cos �� 3 cos2 �Þ � ð�� zÞ cos �� > 	�;
ð7:21Þ

for j�� z1j � 2	, j�� �1j � 2	, and jz� z1j � 2	.

In both cases (6.6) and (6.7), we de¯ne

~t
1
" :¼ infft 2 ð�";þ1Þ : w"ðtÞ < �"g; ð7:22Þ

t1" :¼ infft 2 ð~t 1";þ1Þ : �"ðtÞ � z"ðtÞ > "1�
g; ð7:23Þ

	
" :¼ infft 2 ð�";þ1Þ : j�"ðtÞ � z1j þ j�"ðtÞ � �1j þ jz"ðtÞ < z1j < 2	g; ð7:24Þ

~s 	" :¼ minf~t 1"; 
	
"g; s	" :¼ minft1"; 
	

"g: ð7:25Þ
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By (7.14) for " small enough we have

j�"ð�"Þ � z1j < 	; j�"ð�"Þ � �1j < 	; jz"ð�"Þ � z1j < 	: ð7:26Þ

If (6.7) holds, by (7.21) for " small enough we have

z"ðtÞð1þ cos �"ðtÞð1þ 3 cos �"ðtÞÞ cos �"ðtÞ sin �"ðtÞ	�"ðtÞ;
z"ðtÞð1þ cos �"ðtÞÞ3 cos �"ðtÞ½z"ðtÞð1þ cos �"ðtÞ � 3cos2�"ðtÞÞ

� ð�"ðtÞ � z"ðtÞÞ cos �"ðtÞ�	�"ðtÞ
for every t 2 ½�"; 
	

" �. Therefore, using Lemma 2.6 and (2.27), for " small enough we

obtain

" _w"ðtÞ < �"	 � 	ð�"ðtÞ � z"ðtÞÞ � �	" for every t 2 ½�"; 
	
" �: ð7:27Þ

This implies

w"ðtÞ � w"ð�"Þ � 	ðt� �"Þ for every t 2 ½�"; 
	
" �; ð7:28Þ

which gives

0 � ~s 	" � �" �
1

	
maxfw"ð�"Þ; 0g ð7:29Þ

for " small enough. Recalling (7.27), we have

w"ðtÞ < �" for every t 2 ð~s 	"; 
	
" �: ð7:30Þ

If (6.6) holds, for " small enough we have w"ð�"Þ < �" by (7.20) and (7.26), so that

~s 	" ¼ ~� 	" ¼ �". In this case (7.30) follows directly from (7.20) and (7.24) for " < 	,

while (7.29) is trivial.

In both cases (6.6) and (6.7), from (2.25), (2.32), and (7.30) we obtain

_�"ðtÞ � _z"ðtÞ � sin �0 for every t 2 ð~s 	"; 
	
" �: ð7:31Þ

Integrating this inequality we obtain �"ðtÞ � z"ðtÞ � ðt� ~s 	"Þ sin �0 for every

t 2 ð~s 	"; 
	
" �. As �"ðtÞ � z"ðtÞ � "1�
 for every t 2 ð~t 1"; t1"� by (7.23), from (7.25) we

obtain

s	" � ~s 	" �
1

sin �0
"1�
 ð7:32Þ

for " small enough. From (7.14), (7.19), (7.29), and (7.32) it follows that

s 	" ! t1 as "! 0: ð7:33Þ

As 0 < z"ðtÞ � z0 for every t 2 ½t0;þ1Þ by (2.34), using the third equation in

(2.21) we obtain

" _z"ðtÞ � �2z0ð�"ðtÞ � z"ðtÞÞ for every t 2 ½�"; 
	
" �; ð7:34Þ
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so that (7.27) gives for " small enough

_w"ðtÞ �
	

2z0
_z"ðtÞ for every t 2 ½�"; 
	

" �:

Since w"ðtÞ � �" for every t 2 ð�";~s 	" � by (7.22) and (7.25), we deduce that

�"� w"ð�"Þ � w"ðtÞ � w"ð�"Þ �
	

2z0
ðz"ðtÞ � z"ð�"ÞÞ for every t 2 ð�";~s 	" �;

so that for " small enough

z"ðtÞ � z"ð�"Þ �
2z0
	

maxfw"ð�"Þ; 0g � " for every t 2 ½�";~s 	" �: ð7:35Þ

Since �"ðtÞ � z"ðtÞ � "1�
 for every t 2 ð~s 	"; s	" � by (7.23) and (7.25), from (7.34)

we get

_z"ðtÞ � �2z0"
�
 for every t 2 ð~s 	"; s	" �:

Integrating and using (7.32) we obtain

z"ðtÞ � z"ð~s 	"Þ � �2z0"
�
ðt� ~s 	"Þ � � 2z0

sin �0
"1�2
 for every t 2 ð~s 	"; s	" �;

which, together with (2.34) and (7.35), gives for " small enough

z"ð�"Þ �
2z0
	

maxfw"ð�"Þ; 0g � "� 2z0
sin �0

"1�2
 � z"ðtÞ � z"ð�"Þ
for every t 2 ½�"; s 	" �:

By (7.14) and (7.19) this implies

sup
�"�t�s 	"

jz"ðtÞ � z1j ! 0 as "! 0: ð7:36Þ

By Lemmas 2.6 and 2.8 we have z"ðtÞ � �"ðtÞ � �"ð�"Þ þ " for every t 2 ½�";þ1Þ.
Therefore (7.14) and (7.36) give

sup
�"�t�s 	"

j�"ðtÞ � z1j ! 0 as "! 0; ð7:37Þ

so that for " small enough we obtain �"ðtÞ � 1
2 z1 for every t 2 ½�"; s	" �.

Since, by (7.36), z"ðtÞ � 2z1 for " small enough, from the second equation in (2.21)

we obtain

" _�"ðtÞ � � 2

z1
"� 4ð�"ðtÞ � z"ðtÞÞ for every t 2 ½�"; s	" �; ð7:38Þ

so that (7.27) gives

_w"ðtÞ �
	

4
_�"ðtÞ þ

	

2z1
for every t 2 ½�"; s	" �:
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Since w"ðtÞ � �" for every t 2 ð�";~s 	" � by (7.22) and (7.25), we deduce that

�"� w"ð�"Þ � w"ðtÞ � w"ð�"Þ �
	

4
ð�"ðtÞ � �"ð�"ÞÞ þ

	

2z1
ðt� �"Þ

for every t 2 ð�";~s 	" �;
so that by (7.29) for " small enough we have

�"ðtÞ � �"ð�"Þ �
4

	
þ 2

	z1

� �
maxfw"ð�"Þ; 0g � " for every t 2 ½�";~s 	" �: ð7:39Þ

Since �"ðtÞ � z"ðtÞ � "1�
 for every t 2 ð~s 	"; s	" � by (7.23) and (7.25), from (7.38)

we get

_�"ðtÞ � � 2

z1
� 4"�
 for every t 2 ð~s 	"; s	" �:

Integrating and using (7.32) we obtain

�"ðtÞ � �"ð~s 	"Þ � � 2

z1
þ 4"�


� �
ðt� ~s 	"Þ � � 2"
 þ 4z1

z1 sin �0
"1�2
 for every t 2 ð~s 	"; s	" �;

which, together with (2.32) and (7.39), gives for " small enough

�"ð�"Þ �
4

	
þ 2

	z1

� �
maxfw"ð�"Þ; 0g � "� 2"
 þ 4z1

z1 sin �0
"1�2
 � �"ðtÞ � �"ð�"Þ

for every t 2 ½�"; s 	" �. By (7.14) and (7.19) this implies

sup
�"�t�s 	"

j�"ðtÞ � �1j ! 0: ð7:40Þ

From (7.36), (7.37) and (7.40) we deduce that s 	" < 

	
" for " small enough. By

(7.25) this implies ~s 	" ¼ ~t
1
" and s 	" ¼ t1". Therefore (7.33) gives (7.15), and (7.18)

follows from (7.36), (7.37) and (7.40). Since ~t
1
" < þ1, by (7.22) we have

w"ð~t 1"Þ � �", so that (7.16) follows from (7.27). Since t1" < þ1, inequality (7.17)

follows from the de¯nition of t1" given in (7.23).

7.2. Convergence to the fast dynamics

Assume �
2 < �0 � �, and let

z1
" :¼ lim

t!þ1 z"ðtÞ � 0:

By (2.34) there exist functions %" and #" de¯ned on ðz1" ; z0� such that

�"ðtÞ ¼ %"ðz"ðtÞÞ and �"ðtÞ ¼ #"ðz"ðtÞÞ for every t 2 ½t0;þ1Þ: ð7:41Þ

From Lemma 2.6 it follows that

%"ðzÞ > z for every z 2 ðz1" ; z0Þ; ð7:42Þ

1696 G. Dal Maso & A. DeSimone



and from (2.32) it follows that

�

2
< #"ðzÞ < �0 < � for every z 2 ðz1

" ; z0Þ: ð7:43Þ

By (2.32) and (2.34) we have

# 0
"ðzÞ > 0 for every z 2 ðz1" ; z0Þ:

By (2.21) on the intervals ðz "1; z 0
"Þ the functions ð%"; #"Þ are solutions to the

system

% 0
"ðzÞ ¼ � cos#"ðzÞ �

1

zð1þ cos#"ðzÞÞ cos#"ðzÞ
þ "

sin#"ðzÞ
F ðz; %"ðzÞ; #"ðzÞÞ

;

# 0
"ðzÞ ¼

sin#"ðzÞ
%"ðzÞ

þ "
cos#"ðzÞ

%"ðzÞF ðz; %"ðzÞ; #"ðzÞÞ
;

8>>><
>>>:

ð7:44Þ

where

F ðz; �; �Þ :¼ ð�� zÞzð1þ cos �Þ cos �:
Let z1 > 0 and �

2 < �1 < �. Assume (6.6) or (6.7), and let ð%; #Þ, z2, �2 be de¯ned as

in Lemma 6.1. Let us ¯x 	 > 0 such that z2ð1þ cos �1Þjcos �2j > 	. This implies that

zð1þ cos#ðzÞÞjcos#ðzÞj > 	 for every z 2 ½z2; z1�: ð7:45Þ

Given 
 2 ð0; 12Þ, we consider the auxiliary systems

ð%	"Þ0ðzÞ ¼ � cos#	"ðzÞ þ 1

G	ðz; #	"ðzÞÞ � "
jsin#	"ðzÞj

F 	
" ðz; %	"ðzÞ; #	"ðzÞÞ ;

ð#	"Þ0ðzÞ ¼ sin#	"ðzÞ
maxf%	"ðzÞ; 	g þ "

jcos#	"ðzÞj
F 	
" ðz; %	"ðzÞ; #	"ðzÞÞ ;

8>>><
>>>:

ð7:46Þ

where

G	ðz; �Þ :¼ maxfzð1þ cos �Þjcos �jÞ; 	g;
F 	
" ðz; �; �Þ :¼ G	ðz; �Þmaxf�� z; "1�
g:

Note that all solutions of (7.46) are de¯ned for every z 2 R.

Lemma 7.2. Let z1 > 0 and �
2 < �1 < �. Assume (6.6) or (6.7). Let 
 2 ð0; 12Þ, let �1

" ,

�1" , and z1" be three sequences such that

�1
" ! z1; �1" ! �1; z1" ! z1; ð7:47Þ

z 1
"ð1þ cos �1"Þ2 cos � 1" þ 1 < 0; �1

" � z1" þ "1�
; ð7:48Þ

and let ð%	"; #	"Þ be the solution of (7.46) with Cauchy conditions

%	"ðz 1
"Þ ¼ �1

" and #	"ðz 1
"Þ ¼ �1": ð7:49Þ
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Then there exists z �
1 2 ð0; z1Þ, depending on 	 in (7.45), but not on ", such that for "

small enough we have

%	"ðzÞ > zþ "1�
 for every z 2 ½z�1; z 1
"Þ: ð7:50Þ

Proof. Let us ¯x � > 0. From the second equation in (7.46) we have � 1
	 �

ð#	"Þ0ðzÞ � 1
	 þ "


	 for every z 2 R, so that for " small enough we have jð#	"Þ0ðzÞj �
1þ 1

	. Recalling (7.49), by integrating we get j#	"ðzÞ � �1"j < ð1þ 1
	Þðz1" � z1 þ �Þ for

every z 2 ½z�1; z 1
"�. Using (7.47) for " small enough we obtain

j#	"ðzÞ � �1j < 1þ 1

	

� �
2� for every z 2 ½z �

1; z
1
" �: ð7:51Þ

Suppose that z1 > zsð�1Þ, so that

� cos �1 �
1

z1ð1þ cos �1Þ cos �1
< 1:

By continuity there exist �1 > 0 such that

� cos �þ 1

G	ðz; �Þ ¼ � cos �þ 1

maxfzð1þ cos �Þjcos �jÞ; 	g < 1 ð7:52Þ

for j�� �1j � �1 and jz� z1j � �1. Let us ¯x � > 0 with

1þ 1

	

� �
2� < �1: ð7:53Þ

Since z1" < z1 þ �1 for " small enough by (7.47), using (7.51), (7.52), (7.53), and

the ¯rst equation in (7.46) we deduce that ð%	"Þ0ðzÞ < 1 for every z 2 ½z�1; z 1
"�. As

%
	
"ðz1"Þ � z 1

" þ "1�
 by (7.48), after integration we obtain (7.50).

Suppose now that �c < �1 < � and z1 ¼ zsð�1Þ. Let us consider the function

!	"ðzÞ :¼ zð1þ cos#	"ðzÞÞ2 cos#	"ðzÞ þ 1: ð7:54Þ
From (7.46) we obtain

ð!	"Þ0ðzÞ ¼ 
	
"ðzÞððmaxf%	"ðzÞ; 	g � zÞ cos#	"ðzÞ � zð1þ cos#	"ðzÞ � 3cos2#	"ðzÞÞÞ

� �	"ðzÞzð1þ 3 cos#	"ðzÞÞ sin#	"ðzÞ; ð7:55Þ
where 
	

"ðzÞ � 0 and �	"ðzÞ � 0 for every z 2 R. Since �c < �1 < �, by (3.2) and (3.3)

we have cos �1 < cos �c ¼ 
c < � 1
3. This implies that 1þ cos �1 � 3 cos2 �1 < 0 and

z1ð1þ 3 cos �1Þ sin �1 < 0. As z1 > 	 by (7.45), by continuity there exists �1 > 0 such

that

ðmaxf�; 	g � zÞ cos �� zð1þ cos �� 3 cos2 �Þ > 0;

zð1þ 3 cos �Þ sin � < 0;
ð7:56Þ

for j�� z1j � �1, j�� �1j � �1, and jz� z1j � �1. Let us ¯x � > 0 satisfying (7.53).

1698 G. Dal Maso & A. DeSimone



From the ¯rst equation in (7.46) we have �1� "

	 � ð%	"Þ0ðzÞ � 1þ 1

	 for every

z 2 R, so that for " small enough we have jð%	"Þ0ðzÞj � 1þ 1
	. Recalling (7.49), by

integrating we get j%	"ðzÞ � �1
"j < ð1þ 1

	Þðz0" � z1 þ �Þ for every z 2 ½z�1; z1" �. Using

(7.47) for " small enough we obtain j%	"ðzÞ � z1j < �1 for every z 2 ½z �
1; z

1
" �.

Since z 1
" < z1 þ �1 for " small enough by (7.47), using (7.51), (7.53), (7.55), and

(7.56) we obtain ð!	"Þ0ðzÞ � 0 for every z 2 ½z�1; z1"�. By (7.48), (7.49), and (7.54) we

have !	"ðz1"Þ < 0. It follows that !	"ðzÞ < 0 for every z 2 ½z �
1; z

1
" �. This implies

� cos#	"ðzÞ �
1

zð1þ cos#	"ðzÞÞ cos#	"ðzÞ < 1 for every z 2 ½z �
1; z

1
" �;

and hence

� cos#	"ðzÞ þ
1

G	ðz; cos#	"ðzÞÞ < 1 for every z 2 ½z�1; z1"�:

Therefore the ¯rst equation in (7.46) gives ð%	"Þ0ðzÞ < 1 for every z 2 ½z�1; z1" �. As

%	"ðz 1
"Þ � z1" þ "1�
 by (7.48), after integration we obtain (7.50).

Lemma 7.3. Let z1 > 0 and �
2 < �1 < �. Assume (6.6) or (6.7). Let t1 2 ½t0;þ1Þ, let


 2 ð0; 12Þ, and let t1" be a sequence in ½t0;þ1Þ such that

t1" ! t1; �"ðt1"Þ ! z1; �"ðt1"Þ ! �1; z"ðt1"Þ ! z1; ð7:57Þ
w"ðt1"Þ < 0; �"ðt1"Þ � z"ðt1"Þ � "1�
: ð7:58Þ

Let z1" :¼ z"ðt1"Þ, let ð%"; #"Þ be the functions de¯ned in (7.41), and let ð%; #Þ be the

solution of (6.1) with Cauchy condition (6.4). Then for " small enough there exists

z 2
" 2 ðz1" ; z 1

"Þ such that

%"ðz2"Þ ¼ z2" þ "1�
 and %"ðzÞ > zþ "1�
 for z 2 ðz 2
"; z

1
"Þ: ð7:59Þ

Let �2" :¼ #"ðz2"Þ. Then
z 2
" ! z2 and � 2" ! �2;

where z2 and �2 are de¯ned as in Lemma 6.1. Moreover,

sup
z 2
"�z�z 1

"

ðj%"ðzÞ � %ðzÞj þ j#"ðzÞ � #ðzÞjÞ ! 0 as "! 0: ð7:60Þ

Proof. Let us de¯ne

�1
" :¼ �"ðt1"Þ; �1" :¼ �"ðt1"Þ; z1" :¼ z"ðt1"Þ: ð7:61Þ

We consider the auxiliary system

ð%	Þ0ðzÞ ¼ � cos#	ðzÞ þ 1

maxfzð1þ cos#	ðzÞÞjcos#	ðzÞj; 	g ;

ð#	Þ0ðzÞ ¼ sin#	ðzÞ
maxf%	ðzÞ; 	g ;

8>><
>>: ð7:62Þ
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whose solutions are de¯ned for every z 2 R. Since 1=F 	
" ðz; �; �Þ � "
=	 for every

ðz; �; �Þ 2 R3, by (7.58) and (7.61) the solutions ð%	"; #	"Þ considered in Lemma 7.2

converge uniformly on compact subsets of R to the solution ð%	; #	Þ of (7.62) with
Cauchy conditions

%	ðz1Þ ¼ z1 and #	ðz1Þ ¼ �1: ð7:63Þ
As % 0ðz2Þ > 0 by (6.12), there exists z�2 2 ð0; z2Þ such that ð%; #Þ is de¯ned on

½z �
2; z1� and

%ðzÞ < z for every z 2 ½z�2; z2Þ: ð7:64Þ
By (7.45) we may also suppose that

zð1þ cos#ðzÞÞjcos#ðzÞj > 	 for every z 2 ½z�2; z1�: ð7:65Þ
Since ð%; #Þ is a solution of (6.1), inequality (7.65) implies that ð%; #Þ is a solution of

(7.62). Since ð%	; #	Þ and ð%; #Þ satisfy the same Cauchy conditions at z1 by (6.4) and

(7.63), we conclude that ð%	; #	Þ ¼ ð%; #Þ on ½z �
2; z1�. Therefore ð%	"; #	"Þ converges to

ð%; #Þ uniformly on ½z�2; z1�. By (7.64) and (7.65) for " small enough we have %	"ðz�2Þ <
z�2 and

zð1þ cos#	"ðzÞÞjcos#	"ðzÞj > 	 for every z 2 ½z�2; z1�: ð7:66Þ
Let z�1 be the constant introduced in Lemma 7.2. Since %	"ðzÞ > zþ "1�
 for

every z 2 ½z�1; z1"Þ, we can consider the greatest point z2" of ½z �
2; z

�
1� such that

%	"ðz2"Þ ¼ z 2
" þ "1�
, and we have

%	"ðz 2
"Þ ¼ z 2

" þ "1�
 and %	"ðzÞ > zþ "1�
 for z 2 ðz 2
"; z

1
"Þ: ð7:67Þ

The uniform convergence of ð%	"; #	"Þ to ð%; #Þ on ½z�2; z�1� implies that z2" ! z2 and

#	"ðz 2
"Þ ! #ðz2Þ ¼ �2.

From (7.66) and (7.67) we deduce that ð%	"; #	"Þ satis¯es (7.44) in the interval

½z 2
"; z

1
" �. Since ð%	"; #	"Þ and ð%"; #"Þ satisfy the same Cauchy conditions at z1" by (7.41),

(7.49) and (7.61), we conclude that ð%	"; #	"Þ ¼ ð%"; #"Þ on ½z2"; z1" �. This implies

sup
z 2
"�z�z 1

"

ðj%"ðzÞ � %ðzÞj þ j#"ðzÞ � #ðzÞjÞ ! 0

and the convergence �2" :¼ #"ðz 2
"Þ ¼ #

	
"ðz2"Þ ! �2.

Lemma 7.4. Under the assumptions of Lemma 7.3, let � 1
" be the time such that

z"ð� 1
"Þ ¼ z2"; ð7:68Þ

and let 	 be the constant in (7.45). Then

0 < � 1
" � t1" <

1

	
"


for " small enough.
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Proof. By Lemma 2.6, (2.21), and (7.41) the function z"ðtÞ is a solution of the

autonomous equation

" _z"ðtÞ ¼ ð%"ðz"ðtÞÞ � z"ðtÞÞz"ðtÞð1þ cos#"ðz"ðtÞÞÞ cos#"ðz"ðtÞÞ ð7:69Þ

in the interval ½t1;þ1Þ. Let z 1
" :¼ z"ðt1"Þ. As z"ð� 1

"Þ ¼ z2" by (7.68), Eq. (7.69) gives

� 1
" � t1" ¼ "

Z z 2
"

z1"

dz

ð%"ðzÞ � zÞzð1þ cos#"ðzÞÞ cos#"ðzÞ
;

so that the conclusion follows from (7.45) and (7.59).

Lemma 7.5. Under the assumptions of Lemma 7.3, let ð�f ; �f ; zfÞ be de¯ned as in

Lemma 6.2, and let � 1
" be the time introduced in Lemma 7.4. Then for every " > 0

there exists s" 2 R such that

sup
t 1"�t�� 1

"

ðj�"ðtÞ � � f
"ðtÞj þ j�"ðtÞ � � f" ðtÞj þ jz"ðtÞ � zf

"ðtÞjÞ ! 0; ð7:70Þ

where �f
" , �

f
" , and zf" are de¯ned in (7.7).

Proof. Let �1
", �

1
", and z 1

" be de¯ned as in (7.61). By (7.41) we have �"ðtÞ ¼ %"ðz"ðtÞÞ
and �"ðtÞ ¼ #"ðz"ðtÞÞ for every t 2 ½t0;þ1Þ, where ð%"; #"Þ satis¯es (7.44) and the

Cauchy condition

%"ðz1"Þ ¼ �1
" and #"ðz1"Þ ¼ � 1": ð7:71Þ

Moreover, z" satis¯es (7.69), so that the function �"ðsÞ :¼ z"ð"sÞ satis¯es the equation
_�"ðsÞ ¼ ð%"ð�"ðsÞÞ � �"ðsÞÞ�"ðsÞð1þ cos#"ð�"ðsÞÞÞ cos#"ð�"ðsÞÞ ð7:72Þ

for s 2 ½1" t0;þ1Þ. As explained at the end of the proof of Lemma 7.3 we have ð%	";
#
	
"Þ ¼ ð%"; #"Þ on ½z2"; z 1

"�. By (7.68) the function �" satis¯es also the equation

_�"ðsÞ ¼ ð%	"ð�"ðsÞÞ � �"ðsÞÞ�"ðsÞð1þ cos#	"ð�"ðsÞÞÞ cos#	"ð�"ðsÞÞ ð7:73Þ
for s 2 ½1" t1"; 1" � 1

"�.
By (7.57) and (7.61) we have z1" ! z1, while z 2

" ! z2 by Lemma 7.3. Since z2 <

zfð0Þ < z1 by the monotonicity of zf and by (6.32) and (6.35), we have that z2" <

zfð0Þ < z1" for " small enough. By (7.61) and (7.68) we have �"ð1" t1"Þ ¼ z1" and

�"ð1" � 1
"Þ ¼ z2" . Since �" is decreasing by (2.34), there exists a unique s" 2 ð1" t1"; 1" � 1

"Þ
such that �"ðs"Þ ¼ zfð0Þ.

Let � 	" be the maximal solution of (7.73) with Cauchy condition � 	"ð0Þ ¼ zfð0Þ and
let �	" be the solution of (7.72) on ð�1; 0� with Cauchy condition �	" ð0Þ ¼ zfð0Þ. The
theory of autonomous systems implies that � 	" is de¯ned in a neighborhood of the

interval ½0;þ1Þ, is decreasing, and satis¯es � 	"ðsÞ ! z1 as s ! þ1. Taking into

account (7.42) and (7.43), the theory of autonomous systems guarantees that �	" is

de¯ned on the whole interval ð�1; 0�, is decreasing, and satis¯es �	" ðsÞ ! z1 as
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s ! �1. By uniqueness we have

�"ðsÞ ¼ � 	"ðs� s"Þ for every s 2 1

"
t1";

1

"
� 1
"

	 

; ð7:74Þ

�"ðsÞ ¼ �	" ðs� s"Þ for every s 2 1

"
t0;

1

"
� 1
"

	 

: ð7:75Þ

In the proof of Lemma 7.3 we have seen that ð%	"; #	"Þ ! ð%; #Þ as "! 0 uniformly

on ½z �
2; z0�, where ð%; #Þ is the solution of (6.1) with Cauchy conditions (6.4), and

�2 > 0 satis¯es (7.65). Continuing as in the same proof we can construct z	" , with

z	" ! z2 as "! 0, such that

%	"ðz	"Þ ¼ z	" and %	"ðzÞ > z for z 2 ðz 	"; z1"Þ:

Let us prove that � 	" converges to zf uniformly on ½s0;þ1Þ for every s0 < 0. Let us

¯x 
 > 0. By (6.35) we can ¯nd s2 2 ð0;þ1Þ such that jzfðsÞ � z2j < 
 for any

s 2 ½s2;þ1Þ. Since ð%	"; #	"Þ ! ð%; #Þ as "! 0 uniformly on ½z�2; z0�, and zf satis¯es

(6.36), we have � 	" ! zf uniformly in ½s0; s2� for every s0 < 0. For s � s2 the mono-

tonicity of � 	" gives

j� 	"ðsÞ � zfðsÞj � j� 	"ðsÞ � z 	" j þ jz 	" � z2j þ jz2 � zfðsÞj
� �

	
"ðs2Þ � z	" þ jz	" � z2j þ 


� j� 	"ðs2Þ � zfðs2Þj þ 2jz	" � z2j þ 2
;

so that

sup
s0�s

j� 	"ðsÞ � zfðsÞj � sup
s0�s�s2

j� 	"ðsÞ � zfðsÞj þ 2jz	" � z2j þ 2
:

Since z	" tends to z2 and 
 is arbitrary, the uniform convergence of � 	" to zf on

compact subsets of R implies the uniform convergence on all of ½s0;þ1Þ.
Let us prove now that �	" converges to zf uniformly on ð1; 0�. We ¯rst observe

that for every s0 < 0 there exists "0 > 0 such that � 	"ðsÞ ¼ �	" ðsÞ for every s 2 ½s0; 0�
and every " 2 ð0; "0Þ. Indeed, by the uniform convergence of � 	" to zf and the prop-

erties of zf listed Lemma 6.2 there exists "0 such that z2" < �
	
"ðsÞ < z1" for every

s 2 ½s0; 0� and every " 2 ð0; "0Þ. As observed in the proof of Lemma 7.3 we have

ð%	"; #	"Þ ¼ ð%"; #"Þ on ½z2"; z1" �. This implies that on the interval ½s0; 0� the function � 	"
is in fact solution of (7.72). Since it satis¯es the same Cauchy conditions as �	" , by
uniqueness we have � 	"ðsÞ ¼ �	" ðsÞ for every s 2 ½s0; 0�.

Let us ¯x 
 > 0. By (6.32) we can ¯nd s0 2 ð1; 0Þ such that j�fðsÞ � z1j < 
 for

any s 2 ð�1; s0�. Since �	" ¼ � 	" on ½s0; 0� for " small enough, we have that �	" ! zf

uniformly on ½s0; 0�. For s � s0 the monotonicity of �	" gives

j�	" ðsÞ � zfðsÞj � j�	" ðsÞ � z1j þ jz1 � zfðsÞj
� z1 � �	" ðs0Þ þ 
 � j�	" ðs0Þ � zfðs0Þj þ 2
;
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so that

sup
s�0

j�	" ðsÞ � zfðsÞj � sup
s0�s�0

j�	" ðsÞ � zfðsÞj þ 2
:

Since 
 is arbitrary, the uniform convergence of �	" to zf on compact subsets of

ð�1; 0� implies the uniform convergence on all of ð�1; 0�.
By (7.74) and (7.75), the uniform convergence of � 	" and �

	
" to zf gives

sup
1
" t

1
"� s� 1

" �
1
"

j�"ðsÞ � zfðs� s"Þj ! 0:

Since z"ðtÞ ¼ �"ð t"Þ, this implies

sup
t 1"�t�� 1

"

jz"ðtÞ � zf" ðtÞj ! 0: ð7:76Þ

By Lemma 6.2 we have �fðsÞ ¼ %ðzfðsÞÞ and �fðsÞ ¼ #ðzfðsÞÞ for every s 2 R. By

(2.34) and (7.68) we have z2" � z"ðtÞ � z1" for every t 2 ½t1"; � 1
"�. It follows from (7.60)

that

sup
t 1"�t�� 1

"

ðj�"ðtÞ � %ðz"ðtÞÞj þ j�"ðtÞ � #ðz"ðtÞÞjÞ ! 0:

Since �f
" ðtÞ ¼ %ðzf" ðtÞÞ and � f" ðtÞ ¼ #ðzf" ðtÞÞ, using (7.76) and the uniform continuity

of % and # we obtain

sup
t 1"�t�� 1

"

ðj�"ðtÞ � �f
" ðtÞj þ j�"ðtÞ � � f" ðtÞjÞ

� sup
t 1"�t�� 1

"

ðj�"ðtÞ � %ðz"ðtÞÞj þ j�"ðtÞ � #ðz"ðtÞÞjÞ

þ sup
t 1"�t�� 1

"

ðj%ðz"ðtÞÞ � %ðzf
"ðtÞÞj þ j#ðz"ðtÞÞ � #ðzf

"ðtÞÞÞjÞ ! 0;

which, together with (7.76), gives (7.70).

7.3. Transition to the slow dynamics

We now describe the behavior of the system in a small time interval ½� 1
"; t"� after

which the system is governed by the slow dynamics. During this transition �"ðtÞ �
z"ðtÞ decreases from the value "1�
, attained at t ¼ � 1

" , to a value of order ", attained

at t ¼ t".

Lemma 7.6. Let �2 < �2 � �, let 0 < z2 < zsð�2Þ, let t1 2 ½t0;þ1Þ, let 
 2 ð0; 12Þ, and
let � 1

" be a sequence in ½t0;þ1Þ such that

� 1
" ! t1; �"ð� 1

"Þ ! z2; �"ð� 1
"Þ ! �2; z"ð� 1

"Þ ! z2; ð7:77Þ
�"ð� 1

"Þ � z"ð� 1
"Þ ¼ "1�
: ð7:78Þ

Then there exist a sequence t" in ½t0;þ1Þ and a constant �1 > 0 such that

� 1
" < t" and t" ! t1 as "! 0; ð7:79Þ
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�"ðt"Þ � z"ðt"Þ � �" for " small enough; ð7:80Þ
sup

� 1
"�t�t"

ðj�"ðtÞ � z2j þ j�"ðtÞ � �2j þ jz"ðtÞ � z2ÞjÞ ! 0 as "! 0: ð7:81Þ

Proof. As z2 < zsð�2Þ, we have z2ð1þ cos �2Þ2 cos �2 þ 1 > 0. Let � > 0 be such that

z2ð1þ cos �2Þ2 cos �2 þ 1 > 2
�. Under our hypotheses, by continuity there exists 	 > 0,

with 	 < z2
2 , such that

zð1þ cos �Þ2 cos �þ 1 � 2

�
for j�� �2j < 	 and jz� z2j < 	: ð7:82Þ

We de¯ne

t" :¼ infft 2 ð� 1
";þ1Þ : �"ðtÞ � z"ðtÞ � �"g; ð7:83Þ


	
" :¼ infft 2 ð� 1

";þ1Þ : j�"ðtÞ � �2j þ jz"ðtÞ � z2j > 	g; ð7:84Þ
s	" :¼ minft"; 
	

"g: ð7:85Þ
Since �"ðtÞ � z"ðtÞ � �" for every t 2 ½� 1

"; t"�, from (7.82) we obtain

ðz"ðtÞð1þ cos �"ðtÞÞ2 cos �"ðtÞ þ 1Þð�"ðtÞ � z"ðtÞÞ � 2" for every t 2 ½� 1
"; s

	
" �:

Therefore (2.25) gives

_�"ðtÞ � _z"ðtÞ � �" for every t 2 ½� 1
"; s

	
" �; ð7:86Þ

which, after integration, yields

s	" � � 1
" � "1�
: ð7:87Þ

By Lemma 2.6, (7.78), and (7.86) we have 0 < �"ðtÞ � z"ðtÞ � �"ð� 1
"Þ � z"ð� 1

"Þ ¼
"1�
 for every t 2 ½� 1

"; s
	
" �. Since 0 < z"ðtÞ � z0 by (2.34), from the third equation in

(2.21) we have

_z"ðtÞ � �2z"ðtÞ"�
 � �2z0"
�
 for every t 2 ½� 1

"; s
	
" �;

which, together with (2.34) and (7.87), implies

z"ð� 1
"Þ � z"ðtÞ � z"ð� 1

"Þ � 2z0"
�
ðt� � 1

"Þ � z"ð� 1
"Þ � 2z0"

1�2


for every t 2 ½� 1
"; s

	
" �;

which gives

jz"ðtÞ � z2j � jz"ð� 1
"Þ � z2j þ 2z0"

1�2
 for every t 2 ½� 1
"; s

	
" �: ð7:88Þ

From the second equation in (2.21) we have

�"ðtÞ _�"ðtÞ � �1� 2z0"
�
 for every t 2 ½� 1

"; s
	
" �:

Moreover, by Lemma 2.6 we have

�"ðtÞ > z"ðtÞ � z2 � 	 >
z2
2

for every t 2 ½� 1
"; s

	
" �: ð7:89Þ
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Thus, recalling (2.32),

0 � _�"ðtÞ � � 2

z2
� 4"�
 for every t 2 ½� 1

"; s
	
" �; ð7:90Þ

and, integrating and using (7.87), we obtain

�"ð� 1
"Þ � �"ðtÞ � �"ð� 1

"Þ �
2

z2
þ 4"�


� �
ðt� � 1

"Þ � �"ð� 1
"Þ �

2

z2
þ 4

� �
"1�2


for every t 2 ½� 1
"; s

	
" �, which gives

j�"ðtÞ � �2j � j�"ð� 1
"Þ � �2j þ

2

z2
þ 4

� �
"1�2
 for every t 2 ½� 1

"; s
	
" �: ð7:91Þ

By (7.77) we have jz"ð� 1
"Þ � z2j þ "1�2
 þ j�"ð� 1

"Þ � �2j þ ð 2
z2
þ 4Þ"1�2
 < 	 for "

small enough. Therefore (7.88) and (7.91) give s 	" < 
	
" for " small enough. By (7.85)

this implies s	" ¼ t", so that (7.87) gives t" � � 1
" � "1�
; which concludes the proof of

(7.79). Since t" < þ1, inequality (7.80) follows from the de¯nition of t" given in

(7.83), while (7.81) follows from (7.88) and (7.91).

7.4. Softening with discontinuity

In this subsection, we prove Theorems 7.1 and 7.2 describing the softening regime

with a discontinuity.

Proof. (Proof of Theorem 7.1) Let us prove that there exists a sequence �" in

½t0;þ1Þ such that

�" ! t1; �"ð�"Þ ! z1; �"ð�"Þ ! �1; z"ð�"Þ ! z1; ð7:92Þ
sup

t0�t��"
ðj�"ðtÞ � � sl

0 ðtÞj þ j�"ðtÞ � � sl0 ðtÞj þ jz"ðtÞ � � sl
0 ðtÞjÞ ! 0: ð7:93Þ

Let us ¯x an integer k > 0. We can apply Lemma 5.1 with t� ¼ t0, � ¼ t1 � 1
k,

�� ¼ �0, z� ¼ z0, and t�" ¼ t0. Indeed, (5.18) follows from (3.21). By (5.21) we have

sup
t0�t�t1�1

k

ðj�"ðtÞ � � sl
0 ðtÞj þ j�"ðtÞ � � sl0 ðtÞj þ jz"ðtÞ � � sl

0 ðtÞjÞ ! 0:

Let us ¯x a decreasing sequence ak ! 0. There exists a decreasing sequence "k ! 0

such that for every " 2 ð0; "k� we have

sup
t0�t�t1�1

k

ðj�"ðtÞ � � sl
0 ðtÞj þ j�"ðtÞ � � sl0 ðtÞj þ jz"ðtÞ � � sl

0 ðtÞjÞ � ak: ð7:94Þ

We now de¯ne �" :¼ t1 � 1
k for every " 2 ð"kþ1; "k�. Then �" ! t1 as "! 0, and (7.93)

follows from (7.94). From (7.93) we obtain, in particular,

j�"ð�"Þ � � sl
0 ð�"Þj þ j�"ð�"Þ � � sl0 ð�"Þj þ jz"ð�"Þ � � sl

0 ð�"Þj ! 0:

Since �" ! t1, this implies (7.92) thanks to (3.18).
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Let us ¯x 
 2 ð0; 12Þ. By Lemma 7.1 there exists a sequence t1" in ½t0;þ1Þ which
satis¯es (7.15)�(7.18). By (3.18) we have

sup
�"�t�t 1"

ðj� sl
0 ðtÞ � z1j þ j� sl0 ðtÞ � �1jÞ ! 0:

Together with (7.18) and (7.93), this proves (7.4).

By Lemmas 7.4 and 7.5 there exists � 1
" > t1" such that (7.70) holds and � 1

" ! t1 as

"! 0. This proves (7.5) and concludes the proof of (7.3).

By Lemma 7.6 there exists a sequence t" in ½t0;þ1Þ which satis¯es (7.79)�(7.81).

By (3.23) we have

sup
� 1
"�t�t"

ðj� sl
2 ðtÞ � z2j þ j� sl2 ðtÞ � �2jÞ ! 0;

which, together with (7.81), gives

sup
� 1
"�t�t"

ðj�"ðtÞ � � sl
2 ðtÞj þ j�"ðtÞ � � sl2 ðtÞj þ jz"ðtÞ � � sl

2 ðtÞjÞ ! 0: ð7:95Þ

We can apply now Lemma 5.1 with t� ¼ t1, �� ¼ �2, z� ¼ z2, and t�" ¼ � 1
". Indeed,

hypothesis (5.18) follows from (3.26), while (5.19) and (5.20) are satis¯ed thanks to

(7.79)�(7.81). We deduce that (5.21) holds with � sl� ¼ � sl
2 . Together with (7.95), this

proves (7.6). Equalities (7.2) follow from (7.3), (7.4) and (7.6).

Proof. (Proof of Theorem 7.2) Let us ¯x 
 2 ð0; 12Þ. We apply Lemma 7.1 with

z1 ¼ z0, �1 ¼ �0, t1 ¼ �" ¼ t0, and we ¯nd a sequence t1" in ½t0;þ1Þ which satis¯es

(7.15)�(7.18) with �" ¼ t0. In particular, we have

jt1" � t1j þ j�"ðt1"Þ � z1j þ j�"ðt1"Þ � �1j þ jz"ðt1"Þ � z1j ! 0: ð7:96Þ
By Lemmas 7.4 and 7.5 there exists � 1

" > t1" which satis¯es (7.11) and (7.70). In

particular, we have

j�"ðt1"Þ � � f
" ðt1"Þj þ j�"ðt1"Þ � � f"ðt1"Þj þ jz"ðt1"Þ � zf

"ðt1"Þj ! 0;

which, together with (7.96), gives

j� f
" ðt1"Þ � z1j þ j� f" ðt1"Þ � �1j þ jzf"ðt1"Þ � z1j ! 0: ð7:97Þ

By (6.32), (6.34), and (7.7) we have

j� f
"ðtÞ � z1j þ j� f"ðtÞ � �1j þ j� f

"ðtÞ � z1j
� j�f

" ðt1"Þ � z1j þ j� f" ðt1"Þ � �1j þ j�f
" ðt1"Þ � z1j

for every t 2 ð�1; t1"�, so that (7.97) gives

sup
t0�t�t 1"

ðj�f
" ðtÞ � z1j þ j� f" ðtÞ � �1j þ j�f

" ðtÞ � z1jÞ ! 0:

Together with (7.18) and (7.70) this proves (7.12).
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We apply Lemma 7.6 with t1 ¼ t0 and ¯nd a sequence t" converging to t0 which

satis¯es (7.79)�(7.81). As in the proof of Theorem 7.1 we obtain (7.95). We can

apply now Lemma 5.1 with t� ¼ t0, �� ¼ �2, z� ¼ z2, and t�" ¼ t". Indeed, hypothesis

(5.18) follows from (3.26), while (5.19) and (5.20) are satis¯ed thanks to (7.79)�
(7.81). We deduce that (5.21) holds with � sl� ¼ � sl

2 . Together with (7.95), this proves

(7.13). Equalities (7.10) follow from (7.11)�(7.13).

8. Mechanical Interpretation of the Results

We conclude the paper with some comments on the mechanical interpretation of our

results. We ¯rst recall that the scalar variables x and y are related to the stress by the

formula

�ðtÞ ¼ eðtÞ ¼ � 1

n
xðtÞI þ 1ffiffiffi

n
p yðtÞe0;

where e0 2 M
n�n
sym is a ¯xed traceless matrix with unit norm. It follows that �xðtÞ is

the trace of the stress, so that, with the usual sign conventions, xðtÞ
n is the pressure.

The scalar 1ffiffi
n

p jyðtÞj is the norm of the deviatoric part of the stress, usually denoted by

q in soil mechanics. For simplicity, in what follows we will call x and y the pressure

coe±cient and the deviatoric stress coe±cient.

By (1.6) we have

xðtÞ ¼ zðtÞ þ �ðtÞ cos �ðtÞ and yðtÞ ¼ �ðtÞ sin �ðtÞ:

Since �ðtÞ ¼ zðtÞ for every viscosity solution (Theorems 5.1, 5.2, 7.1, and 7.2), we

conclude that

xðtÞ ¼ �ðtÞð1þ cos �ðtÞÞ and yðtÞ ¼ �ðtÞ sin �ðtÞ for every t 2 ½t0;þ1Þ:

From the above-mentioned theorems and from Lemmas 3.5�3.7 it follows that

�ðtÞ > 0 and �
2 � �ðtÞ � � for every t 2 ½t0;þ1Þ. Moreover, �ðtÞ ¼ � only at the

initial time t ¼ t0 for the special loading program corresponding to a0 ¼ 0 (i.e. in the

absence of a preconsolidation pressure, see (1.4)) so that t0 ¼ 0. Using also (2.20) we

deduce that

xðtÞ � 0 and yðtÞ � 0 for every t 2 ½0;þ1Þ;

and that xðtÞ ¼ 0 if and only if t ¼ t0 ¼ 0 and a0 ¼ 0, while yðtÞ ¼ 0 if and only if

t ¼ 0.

Plastic behavior starts at t ¼ t0. The initial data for the plastic regime are

given by

x0 :¼ xðt0Þ ¼ z0ð1þ cos �0Þ ¼ a0 and y0 :¼ yðt0Þ ¼ z0 sin �0 ¼ t0;

respectively. In Cartesian coordinates the separation line � ¼ zsð�Þ and the critical

line � ¼ rcð�Þ of the ð�; �Þ plane introduced in (3.4) and (3.6) become the parametric
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curves de¯ned by

xsð�Þ :¼ zsð�Þð1þ cos �Þ and ysð�Þ :¼ zsð�Þ sin � for � 2 �

2
; �

� �
;

xcð�Þ :¼ rcð�Þð1þ cos �Þ and ycð�Þ :¼ rcð�Þ sin � for � 2 �

2
; �

h i
:

The critical point ð�c; zcÞ becomes

xc :¼ zcð1þ cos �cÞ and yc :¼ zc sin �c:
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Fig. 7. Phase diagram in the ðx; yÞ plane. Dark gray region (including the thick line): initial data ðx0; y0Þ
of the plastic regime producing a continuous evolution. Light gray region: initial data producing a dis-

continuity at time t1 > t0. White region: initial data producing a discontinuity at time t1 ¼ t0. The dotted

line is composed of ¯xed points and separates softening behavior (above the line) from hardening behavior

(below the line).
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The phase diagram in the ðx; yÞ plane is obtained from Fig. 3 by a change of variables

and is shown in Fig. 7.

The trajectories of ðxðtÞ; yðtÞÞ are shown in Fig. 8, while Fig. 9 illustrates the

behavior of xðtÞ and yðtÞ as functions of t. Note that, by our choice of the loading

program (1.4), t is proportional to the norm of the imposed deviatoric strain.

Moreover, we note that the straight line x ¼ y (critical state line) is composed of ¯xed

points. Each trajectory xðtÞ; yðtÞ tends to a ¯xed point as t ! 1. The region below

the critical state line is invariant, and all solutions therein display a hardening

2 4 6 8 10 12
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15

20

y
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c(
θ

θ
),

y c
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Fig. 8. Trajectories of ðxðtÞ; yðtÞÞ in the plastic regime for several values of the initial data ðx0; y0Þ. The
evolution for t > t0 is obtained following the trajectory through ðx0; y0Þ in the sense of the arrow. Solid

lines: slow dynamics. Dashed lines: fast dynamics. Dotted line: ¯xed points.
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behavior, namely, zðtÞ is increasing. Moreover, yðtÞ is increasing. Both of these

properties follow from (3.15) and Theorem 5.1.

In the region above the critical state line the trajectories exhibit softening, namely,

zðtÞ is decreasing. Some trajectories are continuous and follow the system of the slow

dynamics. Other trajectories in this region exhibit a discontinuity, which may occur

either at t ¼ t0 or at t > t0. They follow the system of the slow dynamics in the

intervals of continuity, and their trajectories follow instantaneously the system of

the fast dynamics at the jump time. These di®erent behaviors are described in Fig. 7.

The monotonicity of zðtÞ in the intervals of slow dynamics follows from (3.20), (3.24),

and Theorem 5.2. For what concerns the jump governed by the fast dynamics, we

observe that under the assumptions of Lemma 6.1, the solution ðx; yÞ of (6.3) with
Cauchy condition (6.5) satis¯es x 0ðzÞ < 0 and y 0ðzÞ > 0 for every z 2 ðz2; z1Þ in view

of (6.9). Finally in the intervals of fast dynamics described by the solution ðxf ; yf ; zfÞ
of (6.31), _x fðsÞ > 0, _y fðsÞ < 0, and _z fðsÞ < 0 for every s 2 R in view of (6.34).
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Fig. 9. Deviatoric stress coe±cient yðtÞ and pressure coe±cient xðtÞ as functions of the imposed deviatoric

strain t for a0 ¼ 2 and eight di®erent values of z0 > 2, leading to a softening behavior. Solid lines: the
functions yðtÞ. Dashed lines: the functions xðtÞ.

1710 G. Dal Maso & A. DeSimone



Acknowledgment

This work is a part of the project \Variational problems with multiple scales" 2006,

supported by the Italian Ministry of University and Research.

References

1. Z. Artstein, Continuous dependence on parameters: On the best possible results, J. Di®.
Eqs. 19 (1975) 214�225.

2. G. Dal Maso, A. DeSimone, M. G. Mora and M. Morini, A vanishing viscosity approach to
quasistatic evolution in plasticity with softening, Arch. Rational Mech. Anal. 198 (2008)
469�544.

3. G. Dal Maso, A. DeSimone, M. G. Mora and M. Morini, Globally stable quasistatic
evolution in plasticity with softening, Netw. Heterog. Media 3 (2008) 567�614.

4. M. Efendiev and A. Mielke, On the rate-independent limit of systems with dry friction and
small viscosity, J. Convex Anal. 13 (2006) 151�167.

5. J. Jarník and J. Kurzweil, Continuous dependence on a parameter, in Contributions to
the Theory of Nonlinear Oscillations, Annals of Mathematics Studies, Vol. 45, eds.
S. Lefschetz, J. P. LaSalle and L. Cesari (Princeton Univ. Press, 1960), pp. 25�35.

6. J. Kurzweil, Generalized ordinary di®erential equations and continuous dependence on a
parameter, Czechoslovak Math. J. 7 (1957) 418�449.

7. A. Mielke, Evolution of rate-independent systems, in Evolutionary Equations, eds. C. M.
Dafermos and E. Feireisl, Handbook of Di®erential Equations, Vol. II (Elsevier, North-
Holland, 2005), pp. 461�559.

8. K. H. Roscoe and J. B. Burland, On the generalized stress�strain behavior of \wet" clay,
in Engineering Plasticity, eds. J. Heyman and F. A. Leckie (Cambridge Univ. Press,
1968), pp. 535�609.

9. K. H. Roscoe and A. N. Scho¯eld, Mechanical behavior of an idealized \wet clay", in Proc.
2nd European Conf. Soil Mechanics and Foundation Engineering, Wiesbaden, Vol. I,
(1963), pp. 47�54.

10. K. H. Roscoe, A. N. Scho¯eld and C. P. Wroth, On the yielding of soils, G�eotechnique 8
(1958) 22�53.

11. A. N. Scho¯eld and C. P. Wroth, Critical State Soil Mechanics (McGraw-Hill, 1968).

Quasistatic Evolution for Cam-Clay Plasticity 1711


	QUASISTATIC EVOLUTION FOR CAM-CLAY PLASTICITY:
	1. Introduction
	2. Formulation of the Problem and General Results
	2.1. The elastic regime
	2.2. The inelastic regime

	3. The Slow Dynamics
	3.1. The trajectory of the slow dynamics
	3.2. The system of the slow dynamics

	4. Behavior Near the Separation Line
	4.1. Behavior near the critical point
	4.2. Behavior near the left branch of the separation line

	5. Continuous Evolution
	5.1. Hardening
	5.2. Convergence to the slow dynamics
	5.3. Softening with continuous evolution

	6. The Fast Dynamics
	6.1. The trajectory of the fast dynamics
	6.2. The system of the fast dynamics

	7. Discontinuous Evolution
	7.1. Transition to the fast dynamics
	7.2. Convergence to the fast dynamics
	7.3. Transition to the slow dynamics
	7.4. Softening with discontinuity

	8. Mechanical Interpretation of the Results
	Acknowledgment
	References




