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1. Introduction

The modified Cam-Clay model has been introduced in the engineering literature on
soil mechanics as a conceptual tool to understand the irreversible deformations
experienced by fine grained soils (clays) upon loading, see Refs. 8—11. One of the
interesting features of this model is that, depending on the loading conditions, the
stress—strain response may exhibit a hardening or a softening behavior. Further-
more, it is an important example of nonassociative plasticity, for which a satisfactory
mathematical theory is only partially developed.”

We restrict our attention to the spatially homogeneous case in dimension n, with
no volume forces. The system is driven by a time-dependent affine boundary con-
dition w(t, z), whose symmetrized spatial gradient Fw(¢,z) is independent of the
space variable z and is denoted by £(t). In this situation, the displacement wu(t,x)
coincides with w(t, ) and the unknowns are the elastic part e(¢) and the plastic part
p(t) appearing in the additive decomposition of the strain Fu(t,z) = e(t) 4+ p(t), as
well as a scalar internal variable z(t), which describes the time evolving yield surface.
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The stress o(t) is determined by the elastic part of the strain through the usual
relation o(t) = Ce(t), where C is the tensor of elastic moduli.

One ingredient of the model is a closed convex cone K C M x [0, +00), where
M, is the space of symmetric n x n matrices. It is assumed that K contains the
half-line {0} x [0,400). The stress is constrained by the inclusion o(t) € K(z(t)),
where for every ¢ € [0, +00) we define K(() := {o € Mg : (¢,() € K}. The interior
of K(() is the elastic domain corresponding to the value ¢ of the internal variable,
while its boundary 0K () is the yield surface. In the typical applications, 0K (() is a
suitable ellipsoid in the space M.

The other ingredients of the model are the evolution laws for p(¢t) and z(t),

resulting in the system

e(t) +p(t) =€), oft) = Ce(t) € K(2(1)),

p(t) € Ny (o(t)), (1.1)

4(t) = tr(o(t))tr(p(t)),
where N (o) denotes the normal cone to K(() at 0. The nonassociative nature of
the problem is due to the fact that the equation for Zin (1.1) does not depend on K. In
view of the hypotheses on K, we have the monotonicity condition ¢; < {, = K((;) C
K((y). Therefore, if 2(t) > 0, the set K(z(t)) expands leading to a hardening
response. On the contrary, if 2(t) < 0, the set K(z(t)) shrinks leading to a softening
response. In the usual applications we have tr(o) < 0 for every o € K(({), which
reflects the compressive conditions typical of soil mechanics. Therefore, by the third
line in (1.1), the hardening or softening behavior is determined only by the sign of
tr(p). An energetic approach to a class of rate-independent plasticity problems which
present only a softening behavior has been proposed in Ref. 3.

To deal with the instabilities of the softening regime, we propose a viscosity

approximation®” to (1.1). Denoting the minimal distance projection of & onto K (()
by ﬂ'K(C)(U), for every € > 0 we consider the unconstrained system

e(t) +p:(t) =&(t), o.(t) = Ce(t),
P=(t) = Ny (0= (1)), (1.2)
25(0 = tr(ﬂK(zi(t))(Us(t)))tr(p5<t))v

where N (0) := L (0 — mk()(0)) is the usual approximation of the normal to K/(¢).
A viscosity solution (e(t),p(t),o(t), z(t)) to (1.1) is defined as a left continuous map
which, for almost every time ¢, is the pointwise limit of a sequence (e.(t),p.(t),
o.(t), 2.(t)) of solutions of (1.2).

In this paper, we study in detail the case where Ce = e for every e € Mg/, so that
o(t) = e(t) and o.(t) = e.(t). Moreover, we assume that K({) is the closed ball
centered at — %QI with radius ﬁ( , namely,

o [ odeg e L
K(Q) = {o ey s| o+ 2at| < 2l (13)
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where [is the identity matrix in M({". The fact that all the elements in the interior of
K () are negative definite reflects the fact that the material can only sustain com-
pressive stresses.

Given a constant ay > 0, and a matrix ey € M with tr(ey) = 0 and [e| = 1, we
consider the special loading path

1 1
) = _CLOEI_‘_tﬁeOa (1.4)

and the initial conditions e.(0) = e(0) = —ag 21 and z.(0) = 2(0) = 2. Then e.(t)
and e(t) have the form
1 1 1 1
e(t) = —gwg(t)f —i—ﬁyg(t)eo and e(t) = —gm(tﬂ"'%y(t)eo,

for suitable scalar function z.(t),y.(t),z(t),y(t) satisfying x.(0) = 2(0) = ay and
y-(0) = y(0) = 0, while the constraint o(t) € K(z(t)) becomes

V((t) — 2(2))2 + y()? < 2(t).

Since the initial condition must satisfy this constraint, we assume that 0 <
ag < 2zg. Then the solution is given by

z:(t) = 2(t) = ap, y-(t) =y(t) =1, 2z(t) = 2(t) = 2, (1.5)

in the interval [0, ty], where ¢, satisfies \/(ag — 29)? + t3 = z. This corresponds to the
elastic regime (see Fig. 1).

Ipp————————————— ==

(x(0),y(1))

\

Fig. 1. The elastic regime. The thick line segment is the trajectory of (x(t),y(t)) in the time interval [0, ¢y].
The circle represents the yield surface in the (z,y) plane, which remains constant in this time interval.



1646 G. Dal Maso & A. DeSimone

After time t; the solution exhibits a plastic behavior. To study the solution for
t > t, we introduce polar coordinates

{ :(t) — 2 (t) = p.(t) cos O (t), { x(t) — 2(t) = p(t) cos (1),
Ye (t) = p€<t) sin 95<t)7 y(t) = p(t) sin e(t)v
with p.(t) > 0 and p(¢) > 0 and we consider the angle 6, € [0, 7] (see Fig. 1) such that

(1.6)

ag = 2y + Zp COS 00 and to =2y sin 90. (17)

To study the instabilities due to softening, it is convenient to introduce a fast time
5= %t. By contrast, the standard time ¢ will be called slow time. In certain time
intervals the problem has no singularities and the evolution can be studied using the
slow time. The limit system in this case is called the system of the slow dynamics and
is studied in Sec. 3. It is used to describe the limit behavior in the hardening regime
(Sec. 5.1) and in some cases of softening (Secs. 5.2 and 5.3).

When singular behavior occurs in the softening regime, we use the fast time s. The
corresponding limit system is called the system of the fast dynamics and is studied in
Sec. 6. It is formally obtained by rescaling time in (1.2) according to s = % and is used
to determine the transfer map at a jump point ¢; > t,, defined as the map

(p(t1=),0(t1—), 2(t1—)) = (p(t1+),0(t1+), 2(t1+)),

where + and — refer to left and right limit, respectively (see Fig. 2). More precisely,
the right limit (p(¢;+), 0(t;+), 2(t,+)) is given by the asymptotic value for s — +oo
of the solution (p/(s),0/(s),2/(s)) of the system of the fast dynamics (6.30) whose
limit as s — —oo is given by (p(t;—), 0(t1—), 2(t;—)).

The behavior of the system in the plastic regime depends on the initial condition
(6o, %) at time ¢, given in (1.7). If 0 < 6y < T, then we are in the hardening regime.
The viscosity solution (p(t),0(t), z(¢)) is contmuous in time, is the uniform limit of
the viscosity approximations (p.(t),0.(t), 2.(t)) on compact sets, and satisfies

(

p(t) = z(t) fort € [ty, +0),

p(t) >0 and (t) >0 fort € [ty,+00),
. T
tllinxp( ) <400 and tETmO(t) =3
If 7 < 6y <, then we are in the softening regime and the viscosity solution (p(t),
0(t), 2(t)) may be discontinuous at a time ¢; > ¢, depending on the initial conditions
(0o, z9)- The jump at the discontinuity time is determined by the transfer map
considered above and satisfies the inequalities 0 < p(t;+) = 2(t;+) < p(t;—) =
2(ty—) and T < 6(t;+) < 0(t;—).

Three possible behaviors occur, according to the phase diagram illustrated in
Fig. 3. A crucial role is played by the separation line z = z,(#), whose explicit formula
is given by (3.4), by the critical line z = r.(6), described in (3.6), and by the critical
point (z.,6,) where the two lines meet, given explicitly in (3.3) and (3.5).
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Fig. 2. Transfer map in the (6, p) plane. The solid rectilinear grid is transformed into the dotted curvi-
linear grid, the solid thick line is transformed into the dashed thick line, and the dotted line remains fixed.
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Fig. 3. Phase diagram in the (6, p) plane. Dark gray region (including the thick line): initial data (6, z) of
the plastic regime with continuous evolution. Light gray region: initial data with discontinuity time ¢; > ¢.
‘White region: initial data with discontinuity time ¢; = ;.
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(a) If either £ < 6y < 6. and z, < z,(6)), or 0, <0y < and z, < 7.(6y), then the
viscosity solution (p(t),6(t),2(t)) is continuous in time (see Figs. 4-6), is the
uniform limit of the viscosity approximations (p.(t), 6. (t), z.(t)) on every com-
pact subset of [ty, +00), and satisfies

p(t) = #(t) for t € [tg, +00),
p(t) <0 and O(t) <0 fort € [ty,+00),
T

lim p(t) >0 and lim 0(t) =—.

t——+00 t——+o00 2

(b) If either T < 6y < 6, and 25 > z,(6)), or 0, < 0, <7 and z, > z,(6,), then the
viscosity solution (p(t),6(t), 2(t)) is discontinuous at t = ;. Moreover the sol-
ution (p(t),0(t),2(t)) is the uniform limit of the viscosity approximations
(p:(t),0.(t), z.(t)) on every compact subset of (ty, +00). It satisfies

p(t) = 2(t) fort € (ty, +00),

p(t) <0 and O(t) <0 fort € (t5,+00),

s

lim p(t d lim 6(t) = —.

JAm p(t) >0 and - lim 6(t) =5
b4 3z Iz 4z
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Fig. 4. Trajectories in the (6, p) plane for 6, = %71’ and 12 different values of z, < z,(6,). Solid lines:
trajectories of (6(t), p(t)) = (A(t), 2(t)) (slow dynamics). Dashed lines: trajectories of (6/(s), p/(s)) (fast
dynamics). Dotted lines: trajectories of (6/(s), 2f(s)) (fast dynamics).
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Fig. 5. Graph of p(t) in the plastic regime ¢t > t;, for ay = 2 and eight different values of ¢, and z,.

Finally, the viscosity approximations (p.(t), 0.(t), z.(t)) are uniformly close to a
rescaled version of (p/(s),07(s),2f(s)) in a suitable right neighborhood of .

(c) If 0. < 6y <7 and r.(0y) < 2z < z,(0y), then the viscosity solution (p(t),6(t),
z(t)) is discontinuous at a time t; > ¢, (see Figs. 4-6). Moreover, the solution
(p(t),0(t),2(t)) is the uniform limit of the viscosity approximations (p.(t),
0.(t), z.(t)) on every compact subset of [ty, 1) U (t1, +00). It satisfies

p(t) = z(t) for t € [ty, t;) U (t;,+00),
p(t) <0 and O(t) <0 fort € [ty,t,) U (t;,+00),

t—-+o0

. , m
lim p(¢t) >0 and tl}inocH(t) =3
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Fig. 6. Graph of (¢) in the plastic regime ¢ > ¢, for ay = 2 and eight different values of t;, and z,.

Finally, the viscosity approximations (p.(t),0.(t), z.(t)) are uniformly close to a
rescaled version of (pf(s),07(s),2z7(s)) in a suitable right neighborhood of ¢;.

Further details on the mechanical interpretation of the behavior of the solutions
are given in Sec. 8 using Cartesian coordinates (z(t),y(t)), see Figs. 7—9.

Extensions to general K and general loading conditions in the spatially uniform
case, and extensions to spatially non-uniform solutions will be considered in other
forthcoming papers.

2. Formulation of the Problem and General Results
Let K be a closed convex cone in M x [0, 400). For every ¢ € [0, +00) we define

K(¢) :={o e Mg : (0,¢) € K}.
Each set K(() is closed and convex, and we have

K(¢) =CK(1) for every ¢ € [0,+00). (2.1)

We assume that K(1) is bounded and that 0 € K (1), hence

0 € K(¢) forevery ¢ €[0,+00), (2.2)
and

lo] < Mg for every (0,() € K, (2.3)

for a suitable constant My < 4o0.
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For every closed convex set C' C Mgy let m¢ : M" — C be the minimal dis-

tance projection onto C. It follows from (2.1) that

Tx () (0) = (T (%0> (2.4)

nxn

for every ¢ > 0 and every o € Mg .
The following result will be used to prove the existence of a solution to the system
(1.2) governing the viscous approximation of the original problem (1.1).

Lemma 2.1. The map (0,¢) — 7g)(0) from ML x [0, +00) into ML satisfies

sym

the Lipschitz estimate
1Tk () (02) = Tr(e,) (01)] < |og — o1 + 2Mg|C — (4 (2.5)

for every (o1, (1), (02, () € Mgy x [0, +00).

Proof. It is enough to prove the estimate for (oy,(y), (02,(s) € My X [0, +00)
with 0 < ¢; < ;. Since 7 ((,) has Lipschitz constant 1 on MY, from (2.3) and (2.4)
we obtain

ITr(c) (02) — Tre(¢,) (1)

< Tk(e) (02) = Trey) (01)] + [Tk () (01) = Tr(e,) (01)]

1
§27TK(1) (é U1> - <17TK(1) (E U1> ’

1 1
TK(1) 501 — TK(®1) 501 .
To prove (2.5) it is enough to show that

1 1
TK(1) <g U1> — TK(1) (501)

As 0 < (4 < (9, we have

. <i0 —<2_<17r (ia)>
KONG ™ ¢ TFI\G™
B 1 GGl 1
TR\ Gt T\ T G
1
=g

<oy —oq] +

<oy — oy + Mgl[¢o — Gil + G

C1 < MklCy — G- (2.6)
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Since 7 (1) has Lipschitz constant 1 on M, we obtain

(&) (G| =96 o () < 205

G G
which gives (2.6). m|

Let us fix € € W21 ([0, +00); Mg). For every € > 0 system (1.2) is equivalent to

loc
{Eés(t) e€(t) — Ce.(t) + mi(e, ) (Cec(2)), 27)
ez:(t) = tr(mx (o)) (Ce- (1)) tr(Ce. (t) — T (2. 1)) (Cec (1)) '

Lemma 2.2. For every e > 0 and for every initial condition e.(0) = ey and z.(0) =
29 > 0 system (2.7) has a unique solution defined for every t € [0, 400).

Proof. As the right-hand sides are locally Lipschitz with respect to e and z by
Lemma 2.1, it is enough to prove that for every T > 0 there is a constant My > 0
such that |e.(t)| < My and |z.(t)| < My for every t € [0,T)]. Since 0 € K(() for every
CER by (2.2), we have [Cec(t) - mi(s o) (Cec(t))] < [Ceo(t)] < Bele-()] and
1Tk (-0 (Cec(t))] < |Ce.(t)] < Bcle-(t)] for every t e [0,+00). Therefore, given
T > 0 frorn the first equation in (2.7) we have

le-(t)] < Ap +— / le.(s)|ds for every t € [0,T].

with Ap = |ey| + fOT £(s)| ds. Tt follows from the Gronwall inequality that

T
le.(t)] < Ap exp% for every ¢ € [0,T].

Then the second equation in (2.7) allows easily to obtain a constant My > 0 such
that |2.(t)| < My for every ¢ € [0,T]. O

Lemma 2.3. For every € > 0, ey € MY, and 2y > 0 the solution (e.,z.) of (2.7)
with initial condition e (0) = ey and z.(0) =z, satisfies z.(t) > 0 for every t €
[0, +00).

Proof. Suppose by contradiction that there exists ¢, € (0, +00) such that z_(¢,) = 0.
Let e} be the solution of the Cauchy problem

e (t) = £(t) — Cel (1),

{ :(t) = €(t) (1) (2.8)
ez(to) = ec(to),

and let 2z} := 0. Then (e}, z}) would be a solution to (2.7) with e}(ty) = e.(ty) and

25(ty) = 2z.(ty). Since the right-hand side of (2.7) is locally Lipschitz with respect to e

and z by Lemma 2.1, by uniqueness we would have z.(t) = z:(t) =0 for every
t € [0,+00), which contradicts the assumption z.(0) = z; > 0. O
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For the rest of the paper we assume that C¢§ = ¢ for every £ € M} and that K(()
is the closed ball centered at —%(I with radius ﬁ( , namely,

< %c} (2.9)

where I is the identity matrix in M}, In this case o.(t) = e.(t) and Eq. (2.7)
simplifies to

1
o+ —(I
n

K(Q) = {o Vi

{ ee.(t) = eb(t) — ec(t) + Ti(o. () (ec(1)), (2.10)

€2:(t) = tr(m (o) (€(2))) tr(ec(t) — mr(o (o)) (ec(t)))-
Moreover, the projection onto K (() is explicitly given by
1 o+1(r 1

i (0) = = ¢+ max{|o+1¢I], 2=} Vn

Let us fix ey € Mgy, with tr(ep) = 0 with |eg| = 1. In the rest of the paper we
consider £(t) of the form

C.

1 1
t) =——a(t)] +—=0b(t 2.11
€(t) = el + =blt)er (211)
with a and b in Wli)’cl([O, 00)). In this case o.(t) and e.(t) take the form
1 1
— e (t) = -~z (O] + ——y.(t)eo, 2.12
7.1) = elt) = = (0 + =) (212)

where the absolute values of the scalars ﬁxg(t) and ﬁyg(t) represent the norms of
the spherical and deviatoric components of the stress, respectively. Moreover (2.10) is
equivalent to the system

where

ue(t) = max {2.(0), /(o (0) = ()7 + 007 }.

The corresponding viscosity solution (e(t),p(t), o(t), z(t)) will be given by
y(t)e, and

(b(t) = y(t))eo,
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where x(t), y(t), and z(t) are left continuous with respect to t and z.(t) — z(t),
y.(t) — y(t), and z.(t) — z(t) for a.e. ¢t € [0, 400).
Passing to polar coordinates through (1.6), system (2.13) becomes
ep.(t) = e(a(t) cos 0.(t) 4 b(t) sin O.(t))
= (p=(t) = 2:(t)) " (2:(£) (1 + cos 0. (t))cos®0.(t) + 1),
ep-(8)0.(t) = —e(a(t) sin 6.(t) — b(t) cos 0.(t)) (2.14)
+ (pe(t) = 2(8)) *2.(£)(1 + cos 0. (t)) cos 0.(t) sin . (¢),
ez:(t) = (p=(t) — z(t)) "2:(£) (1 + cos 0.(t)) cos 0 (t),

where () © denotes the positive part. The polar coordinates of a viscosity solution are
denoted by (p(t),0(t),2(t)). They are continuous from the left and (p.(¢),0.(¢),
2.(t)) — (p(t),6(t), 2(t)) for a.e. t € [0, 400).

Let us fix ay and zy, with 0 < ag < 2z, and 2z, > 0. In the rest of the paper we
study the special (strain controlled) loading path

a(t) :=ay and b(t):=t, (2.15)

and the initial conditions
1:5(0) = Qy, ys(o) =0, ZE(O) = 20 (216)
2.1. The elastic regime

The solution of (2.13) with loading path (2.15) and initial conditions (2.16) remains
in the elastic regime in an interval [0,¢y], where t, := /22 — (ag — 2()? is the only
positive number such that

(ag — 20)2 +t§ = 2. (2.17)
More precisely we have
z(t) = ap, y(t) =t 2(t) = 2, (2.18)
for every t € [0,t]. Indeed in this interval the functions defined by (2.18) satisfy the
inequality \/m < z., so that the system reduces to
ex.(t) = ea(t),
i1 (t) = eb(t), (2.19)
ez (t) =0,

which is trivially satisfied by (2.15) and (2.18). Therefore the viscosity solution
satisfies

() = ap, y(t) =t () = 2, (2.20)

for every t € [0, ).
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2.2. The inelastic regime

After time ¢, the solution exhibits a plastic behavior. To study the solution for t > ¢,
we use (2.14), which in case (2.15) becomes

epe(t) = esin0.(t) — (p-(t) — 2:(£)) * (2:(£) (1 + cos 0. (£) Jcos 0. (¢) + 1),
Epa(t)ga( ) = ecosf ( ) (pg(t) - Zs(t))+za(t)(1 + cos 95(t)) Cos ea(t) Sin0£<t)7
ez:(t) = (pe(t) = 2 () "2 (8)(1 + cos 0.(t)) cos Oc(t).

(2.21)
By (2.17), there exists a unique 6, € (0, 7) such that
zocosby = ayg — 2y, zpsinfy =t,. (2.22)
By elementary geometric considerations we have
O§a0<z0:>g<90§7r and z0<a0§2z0:>0§90<g. (2.23)

By (2.17), (2.18) and (2.22) we have
pe(tO) = 205 95(750) = 0y, Zs(tO) = Z0- (224)

Subtracting the third equation from the first one in (2.21) we obtain the following
differential equation for the difference p.(t) — z.(¢):

e(pe(t) — 2:(t)) = esin0.(t) — (p=(t) — 2:(t)) Tw.(t), (2.25)
where
w.(t) == 2.(t)(1 + cos0.(t))? cos 0.(t) + 1. (2.26)
From (2.21) for every t € [ty, +00) we obtain
ep.(t)w.(t) = —ez.(t)(1 4 cosb.(t))(1 + 3cosb.(t)) cosH.(t) sin H,(t)
= (p:(t) = 2(2))2-(t)(1 + cos - (t))? cos b (t)u- (1), (2.27)
where
ve(t) := 2:(t)(1 + cos 0(t) — Bcos? 0.(t)) — (p.(t) — 2:(t)) cos 0. (t).

If ay = 2y, then 0y = 7 and, in this case,

3

pe(t):=z0+€(1—exp(—t_to)>, 0.0) =5, () =2, (2.28)

is the explicit solution of (2.21) with initial conditions (2.24). Then the viscosity
solution obtained by taking the limit as ¢ — 0 satisfies

p(t) =z, 6(t) = g, 2(t) = zy for every t € [ty, +00). (2.29)

Lemma 2.4. If 6, # T, then 0.(t) # 5 for every t € [ty, +00).
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Proof. Suppose 0, # 5 and suppose that there exists 7 & [t),+00) such that
0.(1) = 5. Let pI be the solution of the Cauchy problem

{ epi(t) =e— (pi(t) — z.(7))",
pi(1) = p(7).
Then the triple

pi(t), OX(t) =<, z(t) = z(7),
would be a solution of (2.21) which satisfies the Cauchy condition

p(r) = pe(7), 0(r) = 0.(), 2:(7) = z(7).

By uniqueness we must have 6.(t) = 07(t) = 7 for every ¢, which contradicts the fact
that 6.(ty) = 0y # 5. This concludes the proof of (2.4). O

Lemma 2.5. If0 < 0y < %, then 0 < 0.(t) < J for every t € (t),+00). If 5 <0, <,
then 5 < 0.(t) < 7 for every t € (ty, +00).

Proof. Assume 0 <6, <. From the second equation in (5.12) it follows that
0.(ty) > 0. Therefore the inequalities 0 < 6.(t) <7 are satisfied in a right
neighborhood of ;. If they do not hold for every ¢ € [ty, +00), by Lemma 2.4 we
can consider the first 7 € (ty,4-00) such that 6.(7) = 0. Then .(7) <0. As 0 <
0.(t) < % for every t € [ty,7) by Lemma 2.4, from the second equation in (2.21) we
obtain p.(t)0.(t) > cosf.(t) >0 for every t€ [ty,7] and p.(7)0.(1) =1. As
p-(ty) = z > 0, by continuity we have 6.(t) > 0 for every ¢ € [ty, 7]. This contradicts
the inequality 6.() < 0, and concludes the proof of the first implication. The second

one is proved in the same way. O
Lemma 2.6. We have p.(t) > z.(t) for everyt € (t, +00).

Proof. We deduce from (2.25) that, if p.(t) = z.(¢) for some t € [ty, +00), then
p(t) — 2.(t) = sin6.(t) > 0, where the inequality follows from (2.28) and Lemma 2.5.
Since p.(ty) = z.(ty), we conclude that p.(t) > z.(t) for every t € (ty, +00). O

Lemma 2.7. For every t € (ty,+00) the following properties hold:

p.(t) > 0, (2.30)
0§90<g:»95(t)>0 and 0<90<95(t)<g, (2.31)
g< 0y <m=0.(t) <0 and g< 0.(t) < 6y <, (2.32)

0<6, < g = 5(t)>0 and z(t)> 2, (2.33)

g< Op<m=2(t) <0 and 0<z(t) < z. (2.34)
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Proof. By Lemma 2.5 from the second equation in (2.21) and from (2.24) we obtain
(2.30)—(2.32). Implications (2.33) and (2.34) can be obtained from Lemmas 2.3, 2.5,
and 2.6, using the third equation in (2.21). O

Lemma 2.8. Assume 5 < 0y < m. Then p.(t) < p.(s) + ¢ whenevert, < s <t.

Proof. Let us fix s > t; and n > 0. If the inequality
pe(t) < pu(s) + (1 + m)e (2.35)

is not satisfied for every ¢t >s, let 7 be the first time after s with p.(7) =
p:-(s) + (1 +mn)e. Then p.(r) > 0. From the first equation in (2.21) we obtain
ep.(1) <e—(p-(1) — 2.(7)). By (2.34) and by the definition of 7 we have
epe(1) <e—(p.(s)+ (1 +n)e—2.(s)), so that Lemma 2.6 gives ep. (1) < —ne,
which contradicts the inequality p.(7) > 0. This proves that (2.35) holds for every
t > s. The conclusion can be obtained by taking the limit as n — 0. O

3. The Slow Dynamics

In this section, we study in detail the behavior of the solutions to the system of the
slow dynamics.

3.1. The trajectory of the slow dynamics

In this subsection, we study the equation

() = () r(6)(1 + cosf)sin b

r(0)(1 +cosf)2 + 1’ (3.1)

which describes the trajectories followed along the slow dynamics.

Lemma 3.1. Every solution of (3.1) with r(6*) > 0 for some 6* € [0, 7] is defined for
every 0 € [0,7] and satisfies 7(0) > 0 for every 0 € [0,n] and r'(6) >0 for every
6 € (0,7).

Proof. Since the null function is a solution of the equation, if r(6) is a solution of
(3.1) and r(0*) > 0 for some 6*, then r(#) > 0 for every 6 by uniqueness. Therefore,
the right-hand side of (3.1) is positive for 6 € (0, ), which implies that r/(¢) > 0 on
this interval.

To prove the global existence in the whole interval [0, 7], it is not restrictive to
assume 6* € (0, 7). The positivity and monotonicity of r(¢) imply that [0,6%] is
contained in the maximal domain of existence of r(#). To study the problem for
0 > 0* we consider the inequalities

p(1 4 cosf)sind psiné

0<
pp(l+cos€)2+1 1+ cos®
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for every p > 0 and every 6 € (0, 7). Using an elementary comparison argument we
deduce that the maximal domain of existence of r(6) contains [#*, 7) and

r(0) <r(07)

1+ cos0*

T cosd for every 0" < 60 < m.

By (3.1) this inequality yields
r'(0) < r(0)r(6*)(1+ cosf*) for every 6 € [0*,7),

and this implies that = belongs to the maximal domain of existence of r(6). |

Let A\, be the unique negative solution of the equation 1 + X — 3\ = 0, i.e.

1
A= _E(‘/ﬁ_ 1) ~ —0.43425. . ., (3.2)
and let
0, := arccos A, ~= 2.0200... . (3.3)

We consider the function z, : [5, 7] — [2, +00] defined by

1 s

7r
= — _
%(0) (1 + cos®)2cosd orf ¢ (2’77)’ zs<2

) = z,(m) == F00,  (3.4)

and we define

1 1
Ze = 24(0,) = fg 9\/__71947 (3.5)

We shall see that the graph of z, plays the role of separation line between initial data
leading to the slow dynamics and those leading to the fast dynamics.
Finally, let

r.(0) be the solution of (3.1) with Cauchy condition r.(6,) = z.. (3.6)
Lemma 3.2. We haver.(0.) = z,(0.) andr.(0) < z,(0) for every € [5,0.) U (0., n].

Proof. By direct computation for every 6 € (7,7) we obtain

(14 3cosf)sinf

(1 + cos)3cos26’

z(0)(1 + cosf)sinf sin 0

2(0)(1 +cosf)2+1  (1+cosh)3cosf(1—cosh)’
(

25(0) = -

z,(0)

so that in the interval (3, 7) the inequality

z(0)(1 + cosf)sing sin 0
20)(1 +cosf)24+1 (14 cosh)3cosf(1 — cosh)

25(0) > 2,(0) (3.7)

is equivalent to

1+ cos® —3cos?8 > 0.
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Therefore (3.7) is satisfied 6 < 6., and the opposite inequality holds for 6 > 0,.. Since
r.(0.) = z,(0.) by (3.6), the inequality r.(0) < z,(0) for 6 # 6. follows from a
comparison argument. O

Lemma 3.3. Assume that
0. <0y <m and 1.0y <z < z,(6p). (3.8)

Let ry(6) be the solution of (3.1) with Cauchy condition ry(6y) = zy. Then there exists
0, € [0,,0,) such that

ro(01) = 2,(01) and ry(0) < z,(0) for 0 € (6y,0]. (3.9)
If zg > 1.(0y), then 60, > 0.; if zg = r.(0y), then 0; = 0...

Proof. Since ry(6y) = zy > r.(0y), by comparison we have ry(0) > r.(0) for every
0 € (0, 7). In particular r4(6,) > r.(0,) = z,(0.) and r4(0y) = zy < 2,(6y). Then (3.9)
is satisfied by the greatest point 6, of [0,, 6,) such that r¢(0;) = z,(0;). If zy > r.(6y),
then r¢(6) > r.(0) by comparison, and 6; > 6, by Lemma 3.2. If 25 = r.(6,), then
ro(0) = r.(0) by uniqueness, and 6; = 6, by Lemma 3.2. O

Lemma 3.4. Assume one of the following conditions:
g< 0y <0, and zy < z/0,), (3.10)
0. <0y <m and 2z <r.(6s). (3.11)
Let ry(0) be the solution of (3.1) with Cauchy condition r4(0y) = zy. Then

ry(0) < 2,(0) for f e (3,92). (3.12)

Proof. Assume (3.10). Then (3.7) holds for every 6 € (3,60,) and r5(6y) = 2z, <
24(65), so that (3.12) follows from a comparison argument.
Assume (3.11). Since 75(60,) = 2z, < r.(05), by uniqueness we have () < r.(6) for

every 6 € R. In particular we have r,(6) < r.(0) < z,(0) for every 0 € (5, 0,). O

3.2. The system of the slow dynamics

In this subsection, we study the system

pol(t) = psl(t)(1 + cos 051(t)) cos Bs!(t) sin 05 (t)
pH(t)(1 + cos 67 (£))2 cos 651(t) + 1 1)
0" (1) = pl(t)(1 + cos 0° (t))2 cos 05I() + cos 07/(¢) '
psl(£) (p(£) (1 + cos 07 (1)) 2 cos 6L (¢) + 1)

that will be satisfied during the slow dynamics. Let 6, and z,. be the constants defined
in (3.3) and (3.6), and let z,(0) and r.(¢) be the functions defined in (3.4) and (3.6).
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Lemma 3.5. Assume 0 < 6y <Z and let (p§,0f) be the solution of (3.13) with
Cauchy conditions

pi(to) =20 and 6 (ty) = bo- (3.14)

Then (pil, 03)) is defined on [ty, +00) and

pilt) >0 and 07 (t) >0 forte (t,+oo), (3.15)
. sl : sl — z
tll+mocp0 (t) < 400 and tilinoot‘)o (t) = 5 (3.16)

Proof. Let ry(0) be the solution of (3.1) with Cauchy condition r¢(6y) = 2z, which is
defined for every 6 € [0,7) by Lemma 3.1. Let us consider the solution 6,(t) of the
autonomous equation

7o(6,(2))(1 + cos,(t))2 cos 6,(t) + cos b,(t)
70(0,(2)) (ro (6,(£)) (1 + cos 0, (£))? cos 6, (¢) + 1)

with Cauchy condition 0,(ty) = 6,. We observe that the right-hand side of (3.17) is
positive on [0y, 7) and vanishes for § = 7. Then the theory of autonomous equations
guarantees that 6,(t) is defined for every t € [ty,+00), 6,(t) >0 for every
t € [ty, +00), and 0,(t) — T as t — +oo0.

Let p,(t) :=ro(0,(t)) for every t € [ty,+00). Then (p,(t),6,(t)) is a solution of
(3.13) defined on [ty,+0o0). Since it satisfies the Cauchy conditions (3.14), by
uniqueness we have (p(t),05'(t)) = (p,(t),0,(t)) for every t € [t;, +-00). This implies
that Hgl(t) > 0 for every t € [ty, +00), and that 0 (t) — Z and pj(t) — (%) < 400
as t — +oo. Since 7((f) > 0 for every 0 € (0,7) by Lemma 3.1, we obtain p§(t) =
76(6,())8,(t) > 0 for every t € (ty, +00). O

0,(t) =

(3.17)

Lemma 3.6. Assume (3.8) and let (pgl,03) be the solution of (3.13) with Cauchy
conditions (3.14). Then there exist t; € (ty, +00), 21 € (0,2) and 6, € [0,,6,), such
that (p§l, 03)) is defined on [ty,t,) and

lim Py (1) = 21, lim 05 (t) =01, 21 = 2(61), (3.18)
—l —lh
lim p§l(t) = —oc0, lim 0§ (t) = —oo, (3.19)
t—ty t—t,
pil(t) <0 and 05(t) <0 fort e [ty ty), (3.20)
pil(t) < z,(05(t))  for every t € [ty,t1). (3.21)

If 2y > r.(0y), then 0, > 0.; if zy = r.(6y), then 8, =6, and z; = z,.

Proof. Let r4(0) and 6, be as in Lemma 3.3, and let z; := 2z,(6;). Let us consider the
solution 6, () of the autonomous equation (3.17) with Cauchy condition 6, (t,) = 6,.
By (3.9) the right-hand side of (3.17) is negative on (6, 6,) and tends to —oc for



Quasistatic Evolution for Cam-Clay Plasticity 1661

0 — 0. Then the theory of autonomous equations guarantees that there exists t; > ¢,
such that 6,(t) is defined for every t € [ty,t1), 6,(t) < 0 for every t € [ty,t;), and
0,(t) — 6, as t — t;.

Let p,(t) := 1(0,(t)) for every t € [ty,t1). Then (p,(t),0,(t)) is a solution of (3.13)
defined on [ty, t;). Since it satisfies the Cauchy conditions (3.14), by uniqueness we
have (pil(t), 05 (t)) = (p,(t),0,(t)) for every t € [ty,¢;). This implies that 63 (t) > 0
for every t € [ty,t,), and that 05(t) — 6; and pg'(t) — 70(0,) = 2, as t — t,, where
the last equality follows from (3.9) and from the definition of z,. Since r{(#) > 0 for
every 6 € (0,7) by Lemma 3.1, we obtain pg(t) =r4(6,(t))0,(t) <0 for every
t € (to,t1). Inequality (3.21) follows from (3.9).

Finally, Lemma 3.3 guarantees that, if z, > r.(6,), then 6; > 0,, and if z, = r.(6,),
then 6; = 6., and hence z; = z,(0,) = z,. O

Lemma 3.7. Assume (3.10) or (3.11), lett, > ty, and letts — t,. Then there exists a
unique solution (p3',05') of (3.13) defined on (t,,+oc) such that

p(t)) = 2 and O3 (tY) — . (3.22)
Moreover,
%thl pi(t) =z and %mtl 05 (t) = 65, (3.23)
—h !

p3(t) <0 and 5(t) <0 fort e (t;,+00), (3.24)

. sl . sl _ E
tllgrnoch (t) >0 and tllgrnOCGQ (t) = 5 (3.25)
pil(t) < z, (05 (t)) for every t € (t;,+00). (3.26)

Proof. Let r5(f) be as in Lemma 3.4. By (3.12) we have
79(0)(1 4 cos@)?cosf+1 >0 for every 6 € [gﬁ?). (3.27)

Let us consider the autonomous equation

0 (t) = 79(04(t))(1 + cos 6;(t))? cos by(t) 4 cos 0,(t)
ﬁ 79(0(t)) (r2(05(t)) (1 4 cos 0;(t))? cos 0,(t) + 1)

(3.28)

Since the right-hand side of this equation is negative on (7, 7) and vanishes at 7, the
theory of autonomous equations guarantees that there exists a unique solution 6,(t)
of (3.28) defined for every ¢ € (t;, +00) and such that 6,(t) — 6, as t — t;. Moreover,
04(t) is defined for every t € (t;,+00), 04(t) <0, 5 < 6;(t) <7, and 0,(t) — § as
t — 4o00. Let p,(t) :=ry(6(t)) for every t € (t,+00). From (3.1) and (3.28) it
follows that (p4(t),0.(t)) is a solution of (3.13) defined on (t;,4o00) and satisfies
(3.23). Moreover, py(t), 0 for every t € (t;,4+00) and p,(t) = ro(04(t)) — r2(5) > 0 as
t — 4o00. Since T < 6;(t) <0, and py(t) :=ry(04(t)), by (3.27) we have py(t)
(1 + cosB,(t))? cosby(t) + 1 > 0 for every ¢ > t;, which proves (3.26).
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To prove the uniqueness, let (p*(t), 0°(t)) be a solution of (3.13) satisfying (3.22).
By uniqueness we have 0°(t) # Z for every t. As p(t)(1 + cos 0°!(t))% cos 0°'(t) + 1 >
0 and cos 0°(t) < 0 for ¢ near t;, we deduce from the second equation in (3.13) that
T < 0%(t) < 6y and 0s.(t) < 0 for every t € (t;,+00). It follows that there exists 7(6)
such that p*(t) = r(6*!(t)) for every t € (t;,+00) and that r(6) satisfies (3.1). Since
r(05(tY)) — 2z, by (3.22), we conclude that 7(f) = r4(#) in a left neighborhood of
05. This implies that 6%(t) satisfies (3.28). By (3.22), 6! and 0, satisfy the same
Cauchy condition at t;, therefore 6 = 0; in a right neighborhood of #;. Since
pil(t) = r(0°1(¢)), r(0) = r9(0), and py(t) := ro(6;(t)), we conclude that p*(t) = py(t)
in a right neighborhood of ¢;. The equality is extended to all ¢ € (¢;,+00) by
uniqueness. O

4. Behavior Near the Separation Line

In this section, we prove two technical lemmas which describe the behavior of the
solutions of the system near the points (z,(0), 0, z,(0)), 5 < 6 < 6, which correspond
to the separation line z = z,(#) defined by (3.4).

4.1. Behavior near the critical point

In this subsection, we study the behavior of the system (2.21) near the point
(2, 0., z.), where 6. and z. are the constants defined in (3.3) and (3.5). Let w_(¢) be
the function defined in (2.26).

Lemma 4.1. Let k > 1, let t; € [ty, +00), and let 75 be a sequence in [ty, +00).
Assume that

s — ta] <6, (4.1)
|p6(7—(5) - Zc| + |0€(T5) - 0(’| + |Z€(Tr‘)) - ch § 6’ (42)

for e small enough. Then there exist three constants 81 > 0, 3, > 0, and 6, € (0,1), a
sequence g5 in (0,400), defined for 6 € (0,6,), and a double sequence T° in [ty, +00),
defined for 6 € (0,60) and € € (0,e5), such that

ty =6 <15 < T2 <ty + By6, (4.3)
w. (%) >0, (4.4)
0.(2) < 0, — K, (4.5)
sup  (|p=(t) = zo| + 10-(t) = 0| + [2:() — z]) < B2V/6, (4.6)

Ts<t<rd

for every 6 € (0,6y) and every e € (0,&5).
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Proof. We begin by observing that 1 4 cosf, — 3cos?6, =0 and 1+ 3cosf, < 0.
Let us fix four constants ag, by, ¢y, and d, such that

0<ag< (1+cosb,)(l+3cosb,)cosb,sinf, <1,
0 < by <—(1+cosb,)cosf,sinf, <1,
0<cy<(1+cosh,)?cos?6, <1,

0 < dy < —2.(1+ cosb,)?cosb,.

By continuity there exists n > 0 such that

<1(9 77)<1<1
— —— —< =z
77 2 C 2 2 207

—p < 22(1 + cos6)? cos 0(1 + cos @ — 3cos? 6) < p,

agp < z(1 4 cosf)(1 + 3 cosf) cosfsinb < p, (4.7
byp < —z(1 + cosf) cosfsinb < p,

cop < 2(1 + cos0)3cos?60 < p.

dop < —2%(1 + cos 6)? cos b,

for |0 -0, <mn,|p—2z]<n,and |z—z.| <.
Since the result has to be proved only for sufficiently small 6, we may also assume
that
1
6<§, b<mn, 206<k. (4.8)
We define
2= inf{t € (14,400) : 0.(t) < 0, — K6}, (4.9)
agﬁn = inf{t € (Té7 +OO) : |p5(t) - zc' + |06<t) - 90| + |Zs(t) - Zc| > 71}7 (410)

$97 .= min{t?, a2} (4.11)

From (4.7) we obtain that

—p.(t) < 2.()%(1 + cos0.(t))* cos 0. (¢)(1 + cos 0.(t) — 3cos?0.(t)) < p.(t), (4.12)
agp.(t) < z.(t)(1 + cos0.(t)(1 + 3cos0.(t)) cos 0. () sin 0.(t) < p.(t),  (4.13)
bop.(t) < —z(t)(1 + cos 6. (t)) cos 0. (t) sin 6. (t) < p.(t), (4.14)

cop(t) < z(t)(1 + cos 0.(t))® cos? 0.(t) < p.(t), (4.15)

dop.(t) < —z.(t)*(1 + cos0.(t))? cos 0.(t) (4.16)
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for every t € [rs,a2"]. Therefore (2.27) and (4.7) give
. (t) < —eag + (p=(t) — 2:(8)) + (pe(t) — 2:(1))* < —eag +2(p:(t) — 2:(t)), (4.17)
e, (t) > —& — (p-(t) — 2:(t)) + co(p(t) — 2:(1))* > —e — (p.(t) — 2(t)),  (4.18)
for every t € [rs,a2"].
Using the second equation in (2.21) we deduce from (4.14) that
0.(t) < —by(p.(t) — 2.(t)) for every t € [r5, "]
From (4.17) and (4.18) we obtain

1. 2 .
~145-0.(t) < () < —ag — - 0(t) for every t € [r5, 0 &,
0 0

Integrating we get

w.(t) = wa() 2 ~(t = 75) - (0.00) ~ 0.(72),
0 5 (4.19)
w.(8) = . (rs) < —ao(t = 75) = 5 (0.() = (7))

for every t € [rs,a2"].

Since 2,(1 + cos8,)? cosf, + 1 = 0, an elementary estimate of the first derivatives
leads to the inequality |2(1 + cos@)?cosf + 1| < |z — z.| + 8]0 — 6,| for |z — 2| <3,
so that (4.2) and (4.8) give

(7)) < 86 (4:20)
for £ small enough. By (2.32), (4.2), and (4.9) we have
0, — k6 <0.(t) <O0.(15) <O.+6<6,+ K (4.21)

for every t € [4,t%], so that (4.19) gives

w,(t) > -85 — (t —15) — b—oé, (4.22)
4

w.(t) < 86 — ag(t — 75) + b—“& (4.23)

0
for every t € [rs, s2"].
Let
9 4
Tsi=Ts+ K10, where k| := . + , IZ . (4.24)

0 Goby

Let us show that
s < 75+ 26. (4.2

5)
Suppose, by contradiction, that 75 + 28 < s27. Then by (4.23) we have w.(t) < —§
for every t € [#5,52"]. Hence, (2.25) and (2.31) imply

e(p-(t) = 2.(t)) = esiny + 8(p-(t) — =.(¢)) for every ¢ € [F5, 527,
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By comparison with the solution of the equation we obtain

pe(t) — 2z.(t) > % sin 6 <exp <§ (t — %5)) - 1) for every t € [75,s27].  (4.26)

In particular, we have

2
pe(t) — z.(t) > % sin 6, (exp (%) - 1) for every t € [7s5+ 6,557,

so that (4.18) gives

2 2
w,(t) > —1+lsin00 exp o~ -1 —1—|—coisin00 exp s -1
o € o €

for every t € [f5+6,52"]. For small ¢ we have —1 + co % sinfy(exp(L) — 1) > 1,
hence

52
w,(t) > —1 + sin 6, (exp <?) - 1> for every t € [F5+ 6,557).

Integrating, we obtain

w(t) > w. (s +6) — (t — 7% — &) +sinf, (exp(‘;) - 1) (t—7s—0), (4.27)

for every te[fs+6,s2". By using (4.22) we get w.(Fs+68) > —kob, with
Ko =9+ Ky +%—g’, so that (4.27) gives

wit) =+ [ -1 sty (exp( %) 1) 0= 72 - )

e

for every t € |75+ 6,52"). Using (4.23) for t = 74 + 26, we obtain

62 4
sin 6, (exp(—) — 1) < 9+ Ry +—K,
€ bo

which leads to a contradiction for e small enough. This concludes the proof of (4.25),
which, together with (4.24), gives

s < 75+ (ky + 2)6. (4.28)
From (4.21) we have
0.(t) — 0. < K6 for every t € [r5, 5. (4.29)
From (4.22), (4.23) and (4.28) if follows that
lw.(t)] < K36 for every t € [r5,557), (4.30)

where kg 1= K + 3 + %—0"””. Since the function
w—1

0 v
(,6) — (1 + cosf)2cosb
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is Lipschitz continuous in R x [0, — 1, 0. + n] and takes the value z, at (0,6,) by the

very definition of z, (see (3.6)), there exists a constant L > 1 such that
2.(t) — z.| < L(lw.(t)| + |6.(t) — 6.]) for every t € [r5,a"].
By (4.29)—(4.31), we have
|2.(t) — 2| < kg6 for every t € |15, 527,
where k4 := L(k3 + K).
By Lemmas 2.6 and 2.8 we have
2(t) < pu(t) < pulms) e for every ¢ € [y, +00),
so that for € small enough (4.2) and (4.32) give
Ze — kg0 < p(t) < zo+ 646 <z +26 for every t € [14,52"],
which implies
|p-(t) — 2| < ky6 for every t € [r5,s57].
Taking into account (4.10) and (4.11), if
Ky <,
from (4.29), (4.32) and (4.33) we obtain 52" < ", hence
s =19
Therefore (4.28) yields
t2 <75+ (k1 +2)6,
which implies
0.(t2) < 0, — K.
By (2.32), we have

g <0.(t) <0, —kbé foreveryt e [t°, +o0).

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

Since the function § — 1 + cos @ — 3 cos? § is concave on [Z, 0., vanishes at ., and

2
takes the value 1 at 7, using the inequality 6, — 5 < % we obtain
1 +cosf —3cos?6 >2(0, —6) for every 6 € [g,@c].

It follows from (4.38) that

1+ cosf.(t) — 3cos®0.(t) > 2(0, — 0.(t)) > 2ké for every t € [t2, +00).

Let us define
8= inf{t € (t2, +00) : w.(t) > 0},

o0 .= min{r?, a®"}.

(4.39)

(4.40)
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From (2.27), (4.13), and (4.16) we obtain

et (t) > —e 4 2dgrd(p.(t) — 2.(t)) for every t € [t 02", (4.43)
Since w.(t) < 0 for every t € [t2,7%], using (2.25) and (2.32) we get

p(t) — 2.(t) > sinf, for every t € [t o0"],
hence
o) = 2:(1) > p.(12) — 2:(12) + sind( — )
> sinfy(t —t°) for every t € [t8, 02",

where the last inequality follows from Lemma 2.6. Using (4.43) we obtain

et (t) > —e 4 2dgrsin y6(t — t2)  for every t € [t2, o2,
which gives

w.(8) 2 w0 (12) — (6 = 12) + 55 2 (1~ 12

)2 for every t € [t2, 027,
with k5 := dyr sin 6. Using (4.30) we obtain

6
w.(t) > —kg6 — (£ — 0 )+ 5 (t—t2)% for every t € [t o],

hence
2 5 0
w.(t) > —#36 — —% 5 S(t—t9)? for every ¢t € [t 027, (4.44)
K
Since w. (t) < 0 for every t € [t, ¢2"), this implies
2K 4
6,1 4 3
(O’E (- t5)2 < 756 +W€2,
so that
ol _4t < (4.45)

for € small enough.
Using the second equation in (2.21) we deduce from (4.7) and (4.14) that

: 2
€0.(t) > et (po(t) — 2.(t)) for every t € [rs, ).

From (2.27), (4.13), (4.16), and (4.40) we obtain
ew.(t) > —e + 2dy(6. — 95(75))( (t) — z.(t)) for every t € [t al"].

As |, — 6.(t)| < 7 for every t € [rs, "], from the last two inequalities we obtain

d,
Oy for every t € [t2, a2,

Zc

W (t) > —1 — 2dy (6, — 0.(t))0.(t) —
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Let ¢.(t) :== (0. — 0.(t))%. The previous inequality gives

2d,

W.(t) > —a; +dyp.(t) ——2n for every t € [t}, a7,

c

so that

w(0) (1) > ~ar(t— 1)+ oo (1) — 2. (02) — 1 —12)

for every t € [t2, a").

Since w.(t) < 0 for every t € [t!,7!], the previous inequality, together with (4.30),
(4.35), (4.45) and (4.37) gives

©.(t) < kgd for every t € [t2, 00",
with k3 := K2 -I-d%(li?) + a4 —i—QZ—‘j;’n). It follows that
10.(t) — 0, < kg6 for every t € [t2,007). (4.46)
Since w,(t) < 0 for every t € [t2,79], for € small enough we obtain from (4.44)
lw.(t)] < (k3 +1)8  for every t € [t, 00" (4.47)
These inequalities, together with (4.8) and (4.31), imply that
|2.(t) — 2| < ko6 for every t € [t0, 007, (4.48)

where k; := L(kg + kg + 1).
By Lemmas 2.6 and 2.8 we have

z.(t) < p(t) < pg(Tg) + e for every t € [Tﬁ, +00),
so that for € small enough (4.54) and (4.48) give
2o — bV < p(t) < zo+ 6 +e< 2, +26 for every t € [t 00",
which implies
lp-(t) — z.| < kV6  for every t € [t2, o). (4.49)

There exists 8, > 0 such that for every 6 € (0,6,) inequalities (4.8) and (4.34) are
satisfied and

/@7\/5 <n.
It follows from (4.46), (4.48) and (4.49) that 02" < a2" for & small enough, hence
ol =1L, (4.50)

which implies w,(72) > 0. This proves (4.4) for ¢ small enough.
Inequality (4.5) follows from (4.38). If 6 € (0,8,) we have (4.35) and (4.50) for €
small enough, so that (4.3) follows from (4.28) and (4.45), with 3, := k; + 3, while
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(4.6) follows from (4.29), (4.32), (4.33), (4.46), (4.48) and (4.49), with (3, :=
3K4+3K/7. O

4.2. Behavior near the left branch of the separation line

The following lemma will be used to study the behavior of the system when § <
0y <0, and zy = z,(0y), where z,(0) is the function defined in (3.4). Note that (4.53)
is always satisfied when 6; < 6, and ¢ is small.

Lemma 4.2. Lett; > t), 5 <0y <0, 2 = 2,(01), Ky > 0 and 6, € (0,1). For every
6 € (0,8) letes € (0,4+00) and for everye € (0,e4) let 78 € [ty, +00). Assume that for
every 6 € (0,6,) and every € € (0,&5)

e — 1] <, (4.51)

we(r?) >0, (4.52)

0.(r0) < 0, — K16, (4.53)

102(78) — 24| +10.(78) — 8| + |2 (78) — 2] < V. (4.54)

Then there exist 6; > 0, a sequence €5 € (0,+00), defined for 6 € (0,6,), a double
sequence t® € [ty, +00), defined for 6 € (0,6,) and e € (0,£5), and two constants v, >
0 and v5 > 0, such that

t—6<7d<td <t 426, (4.55)
w,(t?) > 6, (4.56)
1
|p5(t§) - Zs(tg” < 55; (4.57)
sup (|p-(t) — 21| + [0=(t) — 01] + |2 (t) — z1]) < 32V6, (4.58)

ri<t<t?
for every 6 € (0,6;) and every € € (0,&s).

Proof. Since z; = z,(6,), we have z;(1+ cosf;)%cosf; +1=0. An elementary
estimate of the first derivatives leads to the inequality |2(1 + cos)?cosf + 1| <
|z — 21| + 8]0 — 6, for |z — 2| < 3, so that (4.54) gives

[we(79)] < 8V6 (4.59)
for € small enough. By (2.32) and (4.53) we have
g <0.(t) <O, — k6 forevery t € 1, +00). (4.60)
It follows from (4.46) that

14 cosf.(t) — 3cos?6.(t) > 2(6, — 0.(t)) > 2k,6 for every t € [r2, +00). (4.61)
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Let us define
1
dy = — §z1(1 + cos 6)3 cos b, (4.62)
Since
21(1 4 cos ;)3 cos 61 (1 + cos0; — 3cos?6;) < z,
—(14 cosby)cosb sinf; <1,
0 < dy < —2 (14 cosb)?cosby,

by continuity there exists n > 0 such that

oM<z and 2n<6, —g, (4.63)
2(1 4+ cos6)? cos §[z(1 + cos ) — 3cos? ) — (p — z) cos ] < z1p, (4.64)
—2(1 + cos @) cosfsin b < p, (4.65)
dop < —2*(1 + cos)? cos b, (4.66)

for |0 —6,| <n, |p— 21| <7, and |z — 2| < 7. Moreover,
—2p < 2(1 4 cos0)(1+ 3cosf)cosfsinf < 2p (4.67)

for every 0 < z < p and every 0 € [J, 7.
We set

A:=34+4z and v := 6 . (4.68)

dy k1

Since the result has to be proved only for sufficiently small §, we may also assume that

do K1 sin 90

1 1 1
§<=<=, & —a, 6 5 4,
<)\<3, <77<2z1, <71, < 5 (4.69)
For every € > 0 and § > 0 we define
70 = inf{t € (72, +00) : w.(t) > 62}, (4.70)
1= inf{t € (7%, 400) : w.(t) > w.(r)) + 62}, (4.71)
1
tl .= inf{t € (70, 400) : p(t) — 2.(t) < ’ylﬁe}, (4.72)
al:=inf{t € (72, +00) : [p.(t) — 21| + |6-(t) — 61| + |2 () — 21[n}, (4.73)

50" = min{7%,ad}, 3= min{t] ¢’ 7L+ 6%}, 3% = min{3%,al"}. (4.74)
Since z.(t) < p.(t) for every t € [ty, +o0) by Lemma 2.6, from (4.67) we obtain that
—2p.(t) < z.(t)(1 + cosb.(t)(1 + 3cosb.(t)) cos.(t) sin.(t) < 2p.(t) (4.75)
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for every t € [ty, +-00). By (4.65) and (4.66) we have
—2z.(t)(1 + cos 6.(t)) cos 0.(t) sin 0. (t) < p.(t), (4.76)
dop:(t) < —2:(t)*(1+ cos 0.(t))? cos 0. (t), (4.77)
for every t € [r2,a2"]. From (2.27), (4.61), (4.75) and (4.77) we obtain
e (t) > —2e + 2dy (0. — 0-(1)) (p-(t) — () = —2e + 2dor16(p.(t) — 2(t)) (4.78)
for every t € [r2,a2).

Since w,(t) < 62 for every t € [r2,7%) by (4.70), from (2.25) and (2.32) we obtain
that

e(p(t) — 2:(t)) > esinby — 6%(p.(t) — 2.(t)) for every t € [r2, 7).
By comparison, we have

sin 6
52

2
p=(t) — 2.(t) > € [1 - eXp(—%(t — T?))} for every t € [r2,79),

so that (4.78) gives

3 2
i, (1) > —g 4 20 {1 - exp(—%(t - Ti))}

for every t € [r2,5%"). (4.79)

By (4.69) we have —2 + %'ﬂ%inal > 2. Integrating (4.79) and using the definition of
78 and (4.52) we obtain

2d0 K1 sin 00

53 for every t € [r2,55). (4.80)

62> w.(t) > 20t —19)

This inequality implies

d in 6 2
01 SIN Oé‘

1
(NTS’T/—TS §§52+ 53 §§627 (4.81)

for € small enough.
Using the second equation in (2.21), we deduce from (4.69) and (4.76) that

. 2 \
€0.(t) > ——¢c — (p-(t) — 2.(t)) for every t € [72,a"].
21
As [0, — 0.(t)| < I for every t € [ty, +00) by (2-32), from (4.78) we obtain

2d,m R 2d,m
— =0 > -2 - 2dy(6, — 0.(£)0.(t) — —

wa(t) Z -2 - 2d0(0c - es(t))éa(t)
21 21

for every t € [0, ag”’}, where the last inequality follows from the inequalities 95(75) <
0 and 6, > 6. Let ¢.(t) := (; — 0.(t))2. The previous inequality gives

2d07T

o
21 ]’

w,(t) > =2+ dyp.(t) — for every t € [r%,al
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so that
2dgm
ws(t) _ws( ) 2 2(t_T )+d0(‘p€( ) (ps(Tg))_Z—(l)(t_Tg)
for every t € [72,al). By (4.71) and (4.74), we have w_(t) — w, (7°) < \6? for every
te[r2,52" and 3 ”S" — 79 < 62. Therefore the previous inequality, together with
(4.54), gives

©.(t) < K262 for every t € 18,527,
with k3 := 1+ (’\d—tQ + Z—’:) It follows that
10.(t) — 01| < koV/5  for every t € [72,527]. (4.82)

Since the function

w—1

0 S
(,6) = (14 cosf)2cosb

is Lipschitz continuous in R x [0; — 1, 6; + 7] and takes the value z; at (0, 6;) by the
hypothesis z; = z,(6,), there exists a constant L > 1 such that

|2:(t) = 21| < L{jw ()] + [0-(t) — 61]) for every ¢ € [rZ,a ). (4.83)
Since for € small enough
lw.(t)] < 9V for every t € [r2,527] (4.84)
by (4.59), (4.69), (4.73) and (4.74), from (4.82) we obtain
|2.(t) — 21| < L(9 + ky)VS  for every t € [r2,557). (4.85)
By Lemmas 2.6 and 2.8 we have
2.(t) < p(t) < p(rd) + & for every t € [12, +00),
so that for € small enough (4.54) and (4.85) give
—LOO+ ko) VO < p.(t) <z +6+e <2z +25 forevery t [ 55,
which implies
|p-(t) — 21| < L(9+ ry)VS  for every t € [r2,527). (4.86)

Let 7y := Ky + 18L + 2Lk,. We choose 6; € (0, 6y) such that for every 6 € (0,6;)
inequalities (4.69) are satisfied and v,v/6 < 7. Takmg mto account (4.73), from
(4.83), (4.85), and (4.86) for every § € (0, 6,) we obtain 527 < 2" for ¢ small enough,
hence

b — g8 < o, (4.87)
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By (4.74) and (4.81) we have 5o < 30 < ag’", hence &°" = 7% and

PSS Ti oot (4.88)
By the definition of 7 this implies that
w(72) > 6% and  w.(7) > w.(7Y). (4.89)
By (4.69), (4.73) and (4.78) we have w.(t) > 2 for every ¢ € [72,3%], so that by
(4.89)
2 28y < 9 8 =6 =6
M2 > w.(t) —w.(10) > w.(t) — w.(70) > E(t —7¢) foreveryte[re,57]. (4.90)

By (4.69) this implies 3% — 72 < 162, which, together with (4.88), gives
i< rlyst (4.91)
Let us prove that
2 <3t (4.92)
for € small enough. We argue by contradiction. If t > 3%, then (4.91) and the defi-
nition of 3¢ imply that 5 = 55 and %ﬁ < 72+ 62. Recalling (4.53) we obtain
w (1Y) = w.(r%) + A2 > 262
Let o be the last time in [Tr,tc] such that w.(0%) = w? := w.(7%) + 62 and let 6¢

w?
be the first time in [0, ¢}] such that w_(& ‘5) = 0% = w.(1?) 4 262. Let us prove that
for € small enough there exists t5 € [02,6?] such that

p(E2) — 2(12) < V= (4.93)

We argue by contradiction. If p.(t) — z.(t) > /& for every t € 0,59, for £ small
enough from (4.78) we obtain

. 1 .

w(t) > =2+ 2dyr16 \/_ > dyk16— NG for every t € [02,67], (4.94)
so that w, is increasing on [0, 5¢]. Therefore there exists a function u, : [w?,&?] —
[02,5°] such that

p(t) — 2.(t) = u-(w.(t)) for every t € [02,5°]. (4.95)
By (2.25) we have
. : =6
S(p.8) — 2.(0) < £ — (pu(t) — 2()wnlt) forevery t € [oF0).  (4.96)
From (4.94) and (4.96) we obtain
, 1 1 1 6 ~8

u.(w)w for every w € [wg,d7].

< - -
uelw) < do"ﬁé\/zg dok1 Ve
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By comparison with the solution of the equation we obtain

w.() < (p.(0%) — 2.(0%) exp(—ﬁ%w - wiE)?)

8
1 WwWe 1 1 612 9
e (w—wh)?—s?))d
+d0515\/g/0 e"p( Bdgrr vE TS ”) ’

for every w € [w?,0?]. For w = &?¢ we obtain from (4.58) and (4.95)

) A5
p-(0:) —z.(0:) =u < v3dex — | +—Veu.,
(62) (6¢) = uelw ) s p( 2d0m \/_5> dyry Ve

with . — 0 ase — 0. Since the right-hand side of this inequality is less than /¢ for e
small enough, we have contradicted the assumption p.(t) — 2.(t) > /e for every
t € [028,62). This concludes the proof of (4.93).

As w,(t) > 82 for every t € [0, 6] from (2.25) we obtain

. . 556
E(ps(t) - Zs(t)) <e- 62(ps(t) - Zs(t)) for every t € [U€7t6]'
By comparison with the solution of the equation we get

62

po(t) = 2(8) < 53 + (po(E2) — 2(ED) exp (;(t - fi)) for every t € [¢2,1L).

By (4.93) we have pg(fg) —z.(t ﬁ) < /g, so that

p.(t) — 2.(t) < —+ VEexp (‘5—2( - i‘j)) for every t € [£0,27). (4.97)

By (4.64) we have

2.(t)(1 4 cos 0.(t))? cos 0. (t)[2.(t) (1 + cos 0.(t) — 3cos® 0.(t)) — (p.(t) — 2.(t))
x cos 0.(t)] < z1p:(t)
for every t € [r2,a2"], so that (2.27) and (4.75) imply
et () < 2e + 2z, (p.(t) — 2.(t)) for every t € [r2,a"].
By (4.97) this yields

c 52 » o
ew,(t) <2+ zl§+ zl\/gexp(—?(t - tg)) for every t € [tg,ti].

Since wE(fg) < w,(18) + 262, integrating we obtain

) = wrt) = 26° < (24 35) = )+ 5 vE 1 - e T~ £0) |
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for every t € [t ‘2,% ]. Taking t = ﬁ we find that

(A=2)62< (24 5) @~ )+ FVE< (24 5) @ - D) + 2

52
for £ small enough. Since 262 < 2; by (4.69), the previous inequality gives (A — 3)6% <
% (%j — Eﬁ) for € small enough, hence %f - iﬁ > ’\2—;1364. If we apply (4.97) witht = ¢
we obtain

p(10) — 2 (10) <= +\/Eexp<—%6>,

which glves e (% 2) — z.(t 6) 5 for € small enough By the definition of ¢ this implies
td < i -, which violates our hypothesw o> t and concludes the proof of (4.92).
From (4.89), (4.90) and (4.92), we obtain w, (%) > 62, which proves (4.56).
Inequalities (4.55) follow from (4.51), (4.69), (4.91) and (4.92). Inequality (4.57)
follows from the definition of ¢5, and (4.58) follows from (4.83), (4.85) and (4.86).
O

5. Continuous Evolution

In this section, we consider two cases where the viscosity solution (p, 0, z) is con-
tinuous. In the first case 0 < 6y < § and the system exhibits a hardening behavior by
(2.33). In the second case § < 6, § m, so that we have a softening behavior by (2.34),
and we consider an additional condition on z, which implies that the viscosity sol-
ution (p, 0, z) is continuous. We begin by stating the result in the case of hardening,
that will be proved in the next subsection.

Theorem 5.1. Assume that 0 < 6, < § and let (psl, 03 be defined as in Lemma 3.5.
Then

p(t) = 2(t) = pi(t) and O(t) =05 (t) for everyt € [ty,+00). (5.1)
Moreover,

sup ([p:(t) — p(t)| + 0=(t) — O(t)] + |2.() — 2(£)]) — O (5.2)

to<t<t

for every T € (ty, +00).

We now state the result in the case of softening with continuous evolution that
will be proved in Sec. 5.3. Let 6, be the constant defined in (3.3), and let z,(0) and
r.(0) be the functions defined in (3.4) and (3.6).

Theorem 5.2. Assume one of the following conditions:
g< Oy <0. and 2z < z(0)), (5.3)

0. <0y <m and zy<r.(by). (5.4)



1676 G. Dal Maso & A. DeSimone

Let (p3,03)) be defined as in Lemma 3.7 with t, = ty, 05 = 0y, and z, = z,. Then
p(t) = 2(t) = p5'(t) and O(t) =05 (t) for every t € [ty,+00). (5.5)
Assume that
0. <0y<m and zy=r.0). (5.6)

Let (pgl,03)) and t, be defined as in Lemma 3.6, and let (p3,03) be defined as in
Lemma 3.7 with 6, = 0, and zy = z.. Then

p(s)l(t) Zf te [t03t1)7 esl(t) ’Lf te [t07t1)7
p(t) = 2(t) =4 2. ift=t, o) =46,  ift=t, (5.7)
p;l(t) Zf t € (t1,+OO), 0§l<t) Zf t S (t1,+00).

In both cases we have

sup (|p:(t) — p()| +10:(t) — 0(1)] + |2.(¢) — 2()]) — 0 (5-8)

ty<t<t
for every T € (ty, +00).

In the proof we shall use the following general result on continuous dependence on
a parameter, whose proof can be found in Refs. 5 and 6 (see also Ref. 1).

Theorem 5.3. Let f. and f, be Carathéodory functions defined on [a,b] x R™ with
values in R™, let t., ty € [a,b], and let ., xy € R™. Assume that there exist two
constants L > 0 and M > 0 such that

|f5(t7 m?) - fa(ta .’1,'1)| < L|:E2 - $1|,
|f-(t, @) < M,

for every e > 0, every t € [a,b], and every x, x{, xy € R™. Let y.(t) and yy(t) be the
solutions of the Cauchy problems

{ ys(t) = fe(t’ y(t))7 { yO(t) = fa(tvy(t))a
Y (t.) = z.,

Ift. — ty, x. — xg, and for every x € R™

e (to) = xo.

/t f(s,x)ds — /t f(s,x)ds wuniformly for t € [a,b],

then y.(t) — yo(t) uniformly fort € [a,b].

5.1. Hardening
In this subsection we prove Theorem 5.1 about the hardening regime.

Proof. By Lemma 2.5 we deduce from (2.25) that

e(p:(t) = 2:(1) <& = (pe(t) — 2(t)) " for every t € [t, +00).
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As p.(ty) — z.(tg) = 0, by comparison we obtain that
p(t) — z.(t) <e(l —e ) < ¢ for every t € [ty, +00). (5.9)

Let us define
1

Ve(t) 1=~ (pe(t) = 2(2))- (5.10)
By Lemma 2.6 and (5.9) we have
0<.(t) <1 foreveryt € [ty, +00). (5.11)

Passing to a subsequence, we may assume that ¢, — ¢ weakly* in L>([ty, +00)),
with 0 <4 <1 a.e. on [ty, +00).
From (2.21) we obtain

po(t) = sin6.(£) — . (8) (= () (1 + cos 0. (£) )cos6. (£) + 1),
p-(D0.(t) = cos 0.(8) + (D) (D)(1 + cos 0. (1)) cos b () sinb.(t),  (512)
£.(8) = . (8)2- () (1 + cos 0.(1)) cos 6. (¢).

By Lemma 2.6 and (2.33) we have p.(t) > z.(t) > 2, for every [ty, +00). Therefore
we can apply Theorem 5.3 and we obtain that p, — p, 6. — 0, and z. — z uniformly
on compact subsets of [ty, +00), where (p, 6, z) is the solution of the Cauchy problem

p(t) = sin0(t) — p(t)(2(t) (1 + cos O(t)) cos?0(t) + 1),

p(1)0(t) = cos O(t) + () 2(t)(1 + cos O(t)) cos O(¢) sin O(t), _—
(1) = P(0)2(8)(1 + o 0(2)) cos (1)
plte) = 29, O(ty) = 0y, 2(to) = 2.
By (2.31), passing to the limit we obtain we have hence
0< 6, <0(t) gg for every ¢ € [ty, +00). (5.14)

By Lemma 2.6 and (5.9) p, — z. — 0 strongly in L>°([ty, +00)), hence p(t) = 2(t) for
every t € [tg, +00). From the first and third equations in (5.13) we obtain

sin@(t) = (t)(2(t)(1 + cosO(t))?cosO(t) + 1) for a.e. t € [ty, +00).
By (5.14) we have sin6(t) > 0 for every ¢ € [ty, +00), hence

sin 0(t)
p(t)(1 4 cosB(t))2cosb(t) + 1

Y(t) = for a.e. t € [ty, +00). (5.15)
It follows that (p,0) satisfies the system of the slow dynamics (3.13) in [ty, +00)
with initial conditions (3.14), therefore (p(t),0(t)) = (pil(t),0(t)) for every

t € [ty, +00). Since the limit does not depend on the subsequence, we obtain (5.2).
O



1678 G. Dal Maso & A. DeSimone

5.2. Convergence to the slow dynamics

In this subsection, we prove a general result on the convergence of the solutions of
(2.21) to the solutions of the system of the slow dynamics. Let z,(#) be the function
defined in (3.4).

Lemma 5.1. Assume that
ty <t, < T < o0, g<9* <1 0<z < 2,(0,). (5.16)
Let (p2!,0%1) be the solution of (3.13) with Cauchy conditions
pl(t,) =2 and 03 (t) =0, (5.17)

and let t} be a sequence in [ty, +00). Assume that

p(t) < 2 (03(0)) for every t € [t,.7], (5.18)
t: — i, pg(t:) 7 2 oe(t;) — 0., Zs(t:) T Ry (5'19)
0 S ps(t:) - Ze(t:) S K&, (520)

for some k > 0 independent of €. Then

tgg}Wdﬂ—pﬂOFH@U%—ﬁWN+VAﬂ—pﬂﬂDH0~ (5:21)

Proof. For every a € R and 1 > 0 we define ¢/ : R — R as the minimum distance
projection into the interval [« — 0, + 1], i.e.

a—n, fp<a—mn,
qa(8) == { B, ifa-n<B<a+tn, (5.22)
a+mn, if g>a+n.
Since the inequality in (5.18) is strict, from (3.4) we obtain
P (t)(1 + cos 03 (t)) % cos 05 (t) +1 > 0 for every ¢ € [t,,7].
By continuity there exists 17 > 0 such that
0" ()L + c03 s, (0)) cos gl (6) + 12 7 (5.23)

for every t € [t,,7],6 € R, p € R. Since (2,,7) is a constant solution of (3.13), we have
T < 03(t) < 27 for every t € [t,,7]. Therefore the second equation in (3.13) implies
that 03 (t) < 0, hence I < 05/(¢) < 0, < = for every t € [t,, 7]. We deduce that, if 7 is
small enough, we have

singy,,(0) >n for every t € [t,,7] and every 6 € R. (5.24)

()
Since p3'(t) > 0 for every t € [t,, 7], we may assume that

pil(t) > 2n for every t € [t,, 7). (5.25)
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Finally, we may also assume that
wn <1, (5.26)

where  is the constant in (5.20).
Let us fix 7 satisfying (5.23)—(5.26), and let (pZ(t),02(¢), 22(t)), t € [tL, 7], be the
solutions of the systems

ep!(t) = esin (1) — (11
= 22(8)) F(ZL()(1 + cos O (t))cos? 6 (1) + 1),
e masc{p2(£), m} () = = cos () + (p(t) — 21(8)) *E1(t) (5.27)
X (1+ cos (1)) cos (t) sin D (1),
e22(t) = (p2(t) — 22(£) *ZL()(1 + cos B1(1)) cos B2(2),
with Cauchy conditions
p2(t:) = p-(t2), O01(t2) =0.(t2), 2I(t:) = 2(t2), (5.28)
where 0”(t) _qesl( (02(t)) and zI(t) :=gq S,()( 22(t)). By subtracting the third
equation from the ﬁrst one in (5.27) we get
e(p2(t) — 21(t) = esin02(t) — (pX(t) — () " (22(¢)
x (14 cosB!(t))2cosf.(t) +1). (5.29)

Therefore we deduce from (5.23) that
(p2(E) — 22(8)) < € —n(pl(t) — 22(E)* for every ¢ € [1,7].
As 0 < pX(t}) — z2(t:) < ke by (5.20) and (5.28), by comparison we obtain that

pI(t) — 2'(t) < <Hs - %) exp(—g(t - t:)) +% < % for every ¢ € [t7,7], (5.30)

where the last inequality follows from (5.26). Let us prove that
pl(t) — z2(t) >0 for every t € [t,,7]. (5.31)

If not, let 7 be the first time in (¢,, 7] such that pl(7) — zZ(7) = 0. Clearly we have

pl(r) — 22(1) <0. By (5.24) and (5.29) we have pl(r) — z!(r) =sinf.(7) > 0,

which contradicts the inequality p/(7) — 22(7) < 0 and concludes the proof of (5.31).
Let us define

YIE) =2 (p2(0) — 22(0). (532)
By (5.30) and (5.31) we have

0 <yt) < for every t € [t,,T]. (5.33)

I | =



1680 G. Dal Maso & A. DeSimone
Passing to a subsequence, we may assume that ¢ — " weakly* in L>([t,,7]) as
e — 0, with 0 < ¢ < %/ a.e. on [t,, 7]. From (5.27) we obtain
p1(E) = sin02(t) — $(t) (1) (1 + cosd(t))cos? (1) + 1),
masc{ (), n}2(1)
= cos 0. (t) + ()21 (t)(1 + cosO2(t)) cos O () sin 0 (1),
21(t) = 2()Z2(t)(1 + cos O (t)) cos O (t).

We can regard (5.34) as a sequence of systems whose right-hand sides are given by
F2(t,.0,2) = singly (0) — 02(0)("s( ()1 + cos g, (0))cos? gl (0) + 1),
GU(t,p.60.2) = cosgly, () + 02D, (2

X (1 + cos qgil<t>(9)) cos qul(t) (0) sin qZ-:l(t) (9),
HI(t,p.6.2) = 02(0)q", ()1 +cosglly, (6)) cos gl (6).

(5.34)

By Theorem 5.3 we have p! — p", 7 — 0", and 2! — 2" uniformly on [t,, 7],
where (p, 0", 2") is the solution of the system

p1(t) = sin 0" (t) — ¥7(8)(Z7(t)(1 + cos §"(t))cos? 8" (¢) + 1),
max{p"(t),n}0"(¢)
= cos 0" (t) 4+ (1) 27(t) (1 + cos 8" (t)) cos 0" (t) sin 0"(t),
(1) = (£)27(t)(1+ cos (1)) cos 0" (t),
with 0"(¢) : = @, (07(1)) and 27(t) := gy, (2"()). Moreover
p(t) = 2., 0"(t)=0., 2'(t)=z.

By (5.30) and (5.31) p? — 2! — 0 strongly in L>([t,,7]) as ¢ — 0, hence p"(t) =
2'(t) for every t € [t,, 7]. From the first and third equations in (5.35) we obtain

sin@"(t) = " (t)(p"(t)(1 + cos 8" (t)) % cos 8" (t) + 1) for ae. t € [t,, 7],

(5.35)

hence
sinén(t)
p7(t)(1 + cos0"(t))2 cos 0" (t) + 1

It follows that (p", 6") satisfies the system

PI(t) = for a.e. t € [t,, 7]

( Y(1 4 cos0"(t)) osm( t) sin 0" (t)
p7(t)(1 + cos0"(t))2 cos 0" (t) + 1

, - p7(t) (1 + cosf” ()) cos 0"(t) + cos 0" (t)
max{p"(t),n}0 - ,
et(Elnie o = p"(t)(1 + cosf (t))QCOSG"(t) +1

pi(t) =

)

(5.36)
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with Cauchy conditions
p'(t,) =2 and 0"(t,) =0.. (5.37)

By (5.25) we have max{p®(t),n} = p%(t) in a neighborhood of [t,,7]. Moreover,
by (5.22) we have q"&,< >(pil(t)) = p2(t) and qesl (021(t)) = 6%(t) in a neighborhood

of [t,,7]. Since (p!, %) is the solution of (3.13) with Cauchy conditions (5.17), it
satisfies also (5.36) with Cauchy conditions (5.37). By uniqueness we have p"(t) =
p3i(t) and 0"(t) = #5'(t) in a neighborhood of [t,,7].

Since the limit does not depend on the subsequence, we conclude that p? — p¥,
0! — 02! and z! — p3' uniformly in a neighborhood of [t,, 7] as ¢ — 0. Then for ¢
small enough we have 0.(t) := q;’j,<t)(92(t)) =07(t) and 2(t):=g¢ ‘l()( 20(t)) =
22(t), and, recalling (5.26), max{pd(t),n} = p2(t) in a neighborhood of [t,, 7]. From
(5.27) we deduce that (pZ,07,2!) satisfies (2.21) in a neighborhood of [t,, 7] for &
small enough. Since, by (5.28), (pZ,0¢,2!) and (p., 0., 2.) satisfy the same Cauchy
condition at ¢}, by uniqueness we have that (pZ, 07, 2!) = (p,0.,2.) on [t,, 7] for €
small enough. It follows that p. — p¥, 6. — 6%, and z. — p*’ uniformly in a neigh-
borhood of [t,, 7] as e — 0. As t} — t,, this concludes the proof of (5.21). O

5.3. Softening with continuous evolution

In this subsection, we prove Theorem 5.2 describing the softening regime with a
continuous evolution.

Proof. Let us fix 7 € (¢, +00). Assume either § < 6 < 0. and 2, < z,(6p), or 0, <
0y < mand 2z, < r.(0y). Then we can apply Lemma 5.1 with ¢, = ¢y, 0, = 0y, z, = 2,
t: =1y, and k = 0, since (5.18) is a consequence of (3.26). Therefore (5.5) and (5.8)
follow from (5.21).

Assume § < 0y < 0, and z, = z,(6). To deal with the behavior of the solutions
near t, we apply Lemma 4.2 with t; = t, 0, = 0y, 21 = 2y = 2,(6p), k1 = 1, 7 = t,,
and 0 < 8, < 6, — 0,. Let 61, 71, 72, and t be the constants and the double sequence
given by Lemma 4.2, and let §;, be a decreasing sequence in (0, ;) converging to 0.
For every k we have

[t — 1] < 26, (5.38)
w. (%) > 67, (5.39)
b 1
|p-(t2) = 2.(¢2)] < 11 5° (5.40)
sup (1= (t) — 20| + 0-(t) — o] + |2:() — z0]) < 2/, (5.41)

to<t<t!
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for € small enough. Using a dlagonal argument and (5.40), we may assume that for
every k there exist three constants to’“, 90 , and z0 such that

Bt () =2, 0.(62) = 0, m(2) 2y, (5.42)

€

as € — 0 along a suitable sequence independent of k. By (5.38), (5.39), and (5.41) for
every k we have

[to — tol < 26, (5.43)

O O\ 2 O 2
z2of (1 + cosB)? cos bt +1 > 63, (5.44)
66" = b0l + |25 — 20l < 72v/5. (5.45)

Inequality (5. 44) implies that zg’“ < 25(98‘").
Let (pg! 5005 ) be the solution of (3.13) with Cauchy conditions

pil(td) =20 and 05 (t3) = 0. (5.46)
By (3.26) and (5.44) we have
pil(t) < z,(B5L(t)) for every t € [ti, 7). (5.47)
We can apply Lemma 5.1 with ¢, —t —zo , 0, —98’", (ps, 0 = (pékﬁ ),
tr=t% and k =7 éz Indeed, (5.17) follows from (5.46), (5.18) from (5.47), (5. 19)
from (5.42), and (5.20) from (5.40). We conclude that for every k
sup (|p-(t) = p3, ()] +16-(t) — 03, (0)] + |=-(t) — p3,()]) — 0, (5.48)

th<t<r

as ¢ — 0 along a sequence satisfying (5.42).

W(;,j deducg from (5.48) thaté pgi (t) = pgfl(t) and Hii(t) = ngl(t) for every
t €[ty TIN[ty", 7). Let 7o := infy, t*. Then there exists a solution (p*', 6*!) of (3.13)
in (7y, 7] such that p*!(t) = p3. (t) and 6°/(t) = 63 (t) for every t € [t2¢, 7]. Since 3¢ —
to as k — oo by (5.43), while p*!(t") — z, and 0°(t2") — 6, by (5.45) and (5.46), the
uniqueness result proved in Lemma 3.7 implies that (p*,05) = (pgl, 05) on (ty,7],
hence pgi(t) = ps(t) and Hji(t) = 05'(t) for every t € [t t% 7). As the limit does not
depend on the sequence satisfying (5.42), the limit in (5.48) holds as ¢ — 0.

Since

lp-(t) = p3l (8)] + 10-(t) — 07 (1)] + |2(t) — pi'(D)]
< 1p=(t) = 20| +10-() — bo| + [2-(2) — 20| + 2|29 — ' (£)] + |65 — 05/ (t)],
it follows from (3.23) and (5.41) that there exists a sequence w; — 0 such that
sup _(|p-(t) = p§/ ()] + 10-(t) — 05 ()] + |=-() — p3 (D)]) < .

toy<t<t
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By (5.48) we have

timsup sup (|p.(t) — pi'(8)] +[6.(8) — 03(D)] + |=.() — o (D)) <

e—0  tH<t<t

which gives (5.8) as k — oc.

Assume that 6, < 6y < 7 and z, = r.(6,), and let (p,0') and ¢, be defined as in
Lemma 3.6. Let us fix a decreasing sequence &, — 0. Since p§'(t) — z, and 03 (t) — 6,
as t — t; by Lemma 3.6, there exists a sequence 7% such that

, 1 . 1
tl - 6k < Ték < tla |p8l(76k) - Z(:| < 66k7 |08l(7-6k) - 0(:| < gék (549)

We can apply Lemma 5.1 with ¢, = t,, 0, = 0y, z, = 29, T = 7%, t} = t;, and kK = 0.
Indeed, zy = r.(0y) < z,(0y) by Lemma 3.2, and (5.18) follows from (3.20). By (5.21)
we have

sup (|p-(t) = p/ ()| +10-(t) = 03 (0)] + |=-(8) — pi'(1)]) < %% (5.50)

to<t<t’k
for € small enough. By (5.49) and (5.50) we have also
|p5(7-6k) - Zc| + |95(Ték) - ec| + |Z5(7-6k) - Zc| < 6/@

for € small enough. Then we can apply Lemma 4.1 with £ =1, and we obtain a
constant 0 > 1 and, for every k, a sequence Tﬁk in [ty, +00), such that

by — 0 <75 < T <ty + B, (5.51)

w.(T) >0, (5.52)

0.(r%) < 0. — 6, (5.53)

() =+ 0 0+ =0 =) S VAR 6o

for € small enough.
We now apply Lemma 4.2 with x; :% and obtain two constants v; > 0 and

~v5 > 0, and, for every k, a new sequence 2 in [tg, +00), such that

t — 6, < 7O < 8 <t + 286, (5.55)

w,(t%) > %6%, (5.56)

o) =02 < 2 }k (5.57)

sup (|0 () = 2| + [0-(t) — 0] + |2:() — z.|) < 72/ BV, (5.58)

i <p<t

for € small enough.
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Using a diagonal argument and (5.40), we may assume that for every k there exist
three constants tf’“, 9‘15“, and z?‘ such that

st () — 2 0.(th) — 0, 2 (th) — 2y, (5.59)

as ¢ — 0 along a suitable sequence independent of k. By (5.55), (5.57), and (5.58) for
every k we have

[t1 — ] < 268, (5.60)

1
2‘15’“(1 + cos 6"15’“)2 COS@‘E’c +1> @6%, (5.61)
103 = 6] + 27" — 2| < 72v/BV/5y (5.62)

Inequality (5.44) implies that zg <z (96")
Let (pj, ,951) be the solution of (3.13) with Cauchy conditions

pil (%) = 2% and @3 (t1) = 0% (5.63)

By (3.26) and (5.44) we have

pil(t) < 2,(05L(t))  for every t € [t%, 7). (5.64)
We can apply Lemma 5.1 with ¢, = tlls’“, = 21 , 0, = 9(15", te = ¢ , (pd 03 =
(pfsi_,O ), and k= 2% (%2 Indeed, (5.17) follows from (5.63), (5.18) from (5.64), (5.19)
from (5.59), and (5. 20) from (5.57). We conclude that for every k
sup (|p-(t) = pi, (£)] + 16-(t) — 05 (8)] + |z (1) — p3, ()]) — O, (5.65)

6.
toh<t<r

as ¢ — 0 along a sequence satisfying (5.59)

We deduce from (5.65) that pgi (t) = pgi (t) and Ggi(t) = Ggfl(t) for every
te [t 7] N[, 7). Let 7y == infk t%. Then there exists a solution (p‘*l, 6%!) of (3.13)
in (71, 7] such that p*!(t) = p3. (t) and 6°!(t) = 03 (¢) for every t 6 [t% 7). Let (p¥,03)
be defined as in Lemma 3.7 with 6, = . and z, = z.. Since t1 — t; as k — oo by
(5.55), while p*(t%) — 2z, and 0%(t%*) — 6, by (5.62) and (5.63), the uniqueness
result proved in Lemma 3.7 implies that ( o.6°1) = (p3,03) on (t;,7], hence pj (t) =
p3l(t) and HSZ( ) =03 (t) for every t € [ ,7]. As the limit does not depend on the
sequence satisfying (5.59), the limit in (0.60) holds as ¢ — 0.

From (5.50), (5.51), and (5.65) we obtain (5.7), except for t € (t; — 6y, t; + 266},).
As k — oo we obtain (5.7) on [ty, +00).

Since

|p=(t) = p(8)] + 10-(2) = 0()] + [2:(2) — ()]
< pe(®) = ze +10-(8) = Ocf + |2:(8) = 2| + 2l zc — p(t)] + |0 — 0(1)],
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it follows from (3.18), (3.23), (5.54), and (5.58) that there exists a sequence wy, — 0
such that
sup. ([p=(t) = p(t)] +10-(t) = 0(t)] + [2-(t) — 2(1)]) < wp-

o <t<tF
By (5.50) and (5.65) we have
timsup sup (1p.(6) — p(8) + 10.(8) — 0(8)| + |2.(8) — 2(B)) < i,

e—0  t<t<r
which gives (5.8) as k — oc.

Assume that 0 = 6, and 2z, = z., and let (p3, 03') be defined as in Lemma 3.7 with
ti =ty, =10, and 25 =2, Then we can apply Lemma (4.1) with =1,
t, =7° =1, Given a decreasing sequence 6;, — 0, we obtain a constant 3 > 1 and,
for every k, a sequence 72 in [ty,+00) which satisfies (5.51)—(5.54) for ¢ small
enough. Then the proof can be concluded as in the previous case, replacing ¢; by t,.

O

6. The Fast Dynamics

In this section, we study in detail the behavior of the solutions to the system of the
fast dynamics.

6.1. The trajectory of the fast dynamics

In this subsection, we study the system
1
2(1 + cos¥(2)) cosd(z)’

0'(z) = —cosV¥(z) —
. (6.1)
) — sin ¥(z)

s o(2)

that describes the trajectories followed along the fast dynamics. Using Cartesian

)

coordinates, we consider the functions
x(2) == 24 0(2) cos¥(z) and y(z) := o(z)sind(z), (6.2)

and (6.1) is equivalent to

=) = —m (6:3)
y'(2) = -l |
2(1 + cos¥(z))’
where
() — 2 y(2)
cost(z) = and tand(z) = ———.
(2) V() —2)2+y(2)? tand(z) x(z) —

Let us fix z; > 0 and § < 6; < 7 and consider the Cauchy conditions

0(z1) =z and 9(z) =0, (6.4)
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that in Cartesian coordinates become
x(z1) =z (1 4+cosb;) and y(z;) = z sinb;. (6.5)

Let 6, be the constant defined in (3.3), and let z,(6) and r.(6) be the functions defined
in (3.4) and (3.6).

Lemma 6.1. Letz; > 0 and} < 6, < m. Assume one of the following two conditions:
21 > z4(61), (6.6)
2z =2z,(6,) and 0, >0, (6.7)

Then there exists zy € (0,2) such that (6.1) with Cauchy condition (6.4) has a
solution (0,v) defined in |2y, 21| such that

0(z0) =20 and 0(2) >z forz€ (zy,2). (6.8)

Let 05 := ¥(zy). Then we have

g< Oy <9(2) <0, <7 forzé€ (z9,21), (6.9)
0'(2) >0 and V¥'(2) >0 forzé€ (z,2), (6.10)
2> 2{ -6, <0, (6.11)

0 (z) >1 and 2z < z,(0,). (6.12)

Proof. Let us consider the solution (p,%) of (6.1) with Cauchy condition (6.4) on
its maximal left interval of existence (z,, z;]. By the singularities of the right-hand
side we have that 2, o(z), cos¥(z), and 1 + cos¥(z) cannot vanish for z € (z,, 2] so
that z, > 0 and § < (z) <  for every z € (2., z]. Then (6.1) implies (6.10), which
gives (6.9).
Let us define
0, := lim 9(z) = inf ¥(z) >

™
22, 2>z, 2’
0

pe = lim p(z) = inf o(z) >
z—2, 2>z,
If z, =0, from the first equation in (6.1) we would have o'(z) > % for every
z € (0, 2], and this contradicts the fact that the limit p, is finite. Therefore z, > 0.
We now show that p, < z.. If not, we would have p, > 2z, > 0, and hence 0, > 7,
otherwise the solution could be continued by solving a new Cauchy problem at z,. By
the second equation in (6.1) we have 9¥/(z) — pl as z — z,. Thus the first equation in

(6.1) gives 6

/ 1 Pe
> > ,
T 2z|cos¥(2)| T 4z|z — 2|
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for z near z,, which contradicts again the finiteness of p.. This proves that p, < z,.
It is convenient to introduce the function w : [z, 2;] — R defined by
w(z) := 2(1 + cos¥(2)) 2 cos¥(2) + 1. (6.13)
It follows from (6.1) that

: _ w(2)
o) 1=~ 2(1 + cosV(2)) cos(z) (6.14)

Using (6.1) we obtain
W'(2)0(2)(1 + cos¥(z)) "2 = p(z) cosV(2) — 2(1 — cos ¥(2))(1 + 3cos¥(z))
= 0(2) cosV(z) — 2(1 + 2cos¥(z) — 3cos?I(z)). (6.15)
If (6.6) holds, then o’(21) < 1, so that o(z) > z for all z < z; close to z;. If, instead,
(6.7) holds, then w’(z;) has the same sign as —1 — cos 0, + 3 cos? 6, which is positive
by (6.7). Therefore w’(z;) > 0 and w(z;) = 0, hence w(z) < 0 for all z < z; close to 2.
From (6.14) we deduce that ¢’(z) < 1, and hence p(z) > z for all z < z; close to z.
On the other hand the inequality p, < z, gives o(z) < z for all z > z, close to

2z, Therefore there exists the greatest point z, in (2, z;) such that o(zy) = z5. Con-
dition (6.8) is clearly satisfied, and implies

0'(z) > 1. (6.16)
By (6.6), (6.7), (6.16), and (6.14) we have
w(z;) <0 and w(zy) > 0. (6.17)

Since cosf, > cos#; by (6.9) and (6.10), if cosf; > A, we have also cos@y > A,
where )\, is the constant defined in (3.2). Therefore to prove (6.11) we may assume

27

costh <\, and 2z > R (6.18)
and we want to prove that cosf, > \.. We argue by contradiction, assuming (6.18)
and
1
coslfy < A\, < ~3 (6.19)

since w'(29)(1 + cosfy) ™2 = —1 — cos 6, + 3 cos? B, by (6.15), inequality (6.19) gives
w'(z9) > 0. (6.20)
As w'(2)(1 + cosb) ™2 = —1 — cos @, + 3cos? 6, by (6.15), we have also
w'(z) > 0. (6.21)

By (6.17) there exists a minimum point z,, of w in (29, 2;] and a maximum point z; in
[29, 2,,). By (6.21) we have

w'(z,) =0, (6.22)
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and by (6.20) we have
W(zp) =0 and w”(zp) <0. (6.23)

We want to prove that

9

cos¥(z,,) > ~10

As ¥ is increasing by (6.10), this inequality is trivial if cosf; >
assume that

(6.24)

9
— 1y SO we may

9
—-1< 0 < ——. 6.25
cosby < — 75 (6.25)
To prove (6.24) we argue by contradiction and assume that cos¥(z,,) < —-+. Let

n:=14cosb, so that 0 <7 <5 and sin6; = /2 —n,/7. By (6.3) and ( : ) we
have x'(z) < 0 and y’(2) > 0, so that, by (6.2),

o(z)cosV(z) > zin—2z and p(z)sind(z) < z;4/2 — /N

for every z € [z9, 21]. (6.26)
This implies 2z, > 21 and 0(2)2? < (z — 211)2 + 23(2 — n)n < 2% 4 22?7, hence

2 2
9(22) <1+ 22—;77 for every z € [z9, 2¢]. (6.27)
z z

Since cosV(z,,) < by (6.15) and (6.22) the polynomlal P,(\) = o0(zn)\ —

— 107

Zy (142X —3X?%) has a zero in the interval (—1,—55]. As P,,(0) = —z,, <0, this
implies P,,(— 1) < 0, hence o(z,,) > % z,, > 3zm By (6 27) we obtain z,, < $2;,/7.
As —1+n=cosb; <cost(z) < cos19( m) < — 5 for every z € [z, 1], we have 0<

sind(z) < 1 for every z € [z, 7]. Since the function A— — A(1 + A) is increasing in
[-1,—1], from (6.6) we obtain that 1 < zn?(1—n) < zn(l+cosd(z)) and 1 <
2n*(1—n) < —z1n(1 + cos¥(z)) cos ¥(z) for every z € [z, 21]. By (6.3) we have

1
x'(2) > —ﬁn and y'(z) < 5 ﬁn for every z € [z,,, z1].
z z

Integrating we obtain
x(21) = x(21v/M) = zinlog /i and  y(z1) — y(z21v/n) < —%2177103 V-
As x(z) = zin and y(z1) = 2, m\/ﬁ, we deduce from (6.2) that
o(z1y/M) cos V(z1/M) < =21 (/N — 1+ nlog /1),
0(z1y/n) sind(z1\/n) > 2 (m\/ﬁ + %nlog \/ﬁ> .
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As \/_log\/—> log\/—_ 12, we have \/n—n-+nlog,/n>0 and /2 —nx
\/_+2nlog\/—>0for every 1) € (0,5], so that

o(z1y/m)? = 23((i — n+nlog /) <\/—f+ nlog /1) )

> 2in((1 — m)? +2y/mlog /i + 2 — n+ V2,/ijlog /7)
<3 20+~ f1ogf> >2177<§Z 2 n)
il -

100 100 100
T V) 2 gl - Vi) = et

| \/

21(vn —n)?

for every n e (0,75]. Therefore (6.26) 1mphes that cos?9d(z/7) < 4k
213/1, we have cos V(2,,) > cosV(z14/1) > —

00 As z, <

1—0, which contradicts our assumption

cos¥(z,,) < — 15, and concludes the proof of (6.24).
Let Ayy :=cos¥(xyr). As 2o < 237 < 2z, we have
9 1
—— <Ay <-—=. 2
10 <Ay < 3 (6.28)
Since w'(z;r) = 0 by (6.23), using (6.1) and the equality
AM Ay
p(zar) (1= Aar)(1+3Ay)
that can be deduced from (6.15), we obtain
143\ 1
w(zar)e(zar) St = = —— (14 3My) = (1+ Aa) (2 + 6Xpr + TATr — 3A3).
1— Ay 2y
By (6.18), (6.23) and (6.28) we have
4
(1 Aar)(2 46X + TATr = 3A%,) + o (1 +3X) < 0. (6.29)

27

Let us consider the polynomial P(X) := (14 A)(2 4 6 4+ 7TA2 — 3X3) + 5+ (1 + 3)) =
BN+ 1302440 =30 and  its derivative P’(X) =04 26X 4+ 12)2 —
12X% = 2(2 4 3X)(19 + 30X — 18)?). Since P’()) vanishes at — 2, —1(3/7 — 5), and
1(3V7+5), we deduce that P()) has two local minima on [—;, — 1] at the points
—L and —1(3y/7—5). By direct computation we see that P(—l(3\/7— 5)) =
005 _2L/7 > 2880 — p(—L), so that P(\) >0 for every A€ [—-,—3]. This
contradicts (6.29) and concludes the proof of the implication (6.11).

Let us prove (6.12). By (6.14) it is enough to prove that ¢’(z5) > 1. We argue by
contradiction, taking (6.16) into account. If ¢’(z;) = 1, by (6.14) we have w(z;) = 0,

hence

1 7
- — > 20
= (1+cosby)?cosly, — 4
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Since, by (6.15), w'(2)(1 + cosfy) 2 = —1 — cos by + 3cos? 6y, by (6.11) we have
w'(z9) < 0. As w(z) =0, this implies w(z) <0 for every z> z, close to 2, so
that by (6.14) o'(z) <1, hence p(z) < z for every z> z, close to z,, which
contradicts (6.8). m|

6.2. The system of the fast dynamics

We study now the solutions (pf(s),67(s),27(s)) of the system of the fast dynamics
3(5) = —(p/(5) — =())(=F(5)(1 + cos 87 (5))eos? 6/(s) + 1),
P8 (5) = (p1(5) — /()27 (5)(1 + c03 07 (s)) cos 6/ () sin6/(s),  (6:30)
2 (s) = (p/(s) — 2/ (s))2/ (s)(1 + cos 0/ (s)) cos 0/ (s),

under the additional condition p/(s) > z/(s) > 0. In Cartesian coordinates this
system is written as

() = (@) - 9) (1- 217

e ot (1 2

i) = o) (1- 5. (6:31)
2 (s) = <Zf(5) n (zf(s) —p;(fs()s))zf(S))(xf(S) —2H(s)) (1 _ ;J;EZD’

where pf(s) := \/(zf(s) — 2/(s))2 + y/(s)2. Let 6, be the constant defined in (3.3),
and let z,(0) be the function defined in (3.4).

Lemma 6.2. Let z; > 0 and § < 6, < 7. Assume (6.6) or (6.7). Then there exists a
solution of (6.30) such that

lim pl(s) = 2, lim 07 (s) = 0y, lim 21 (s) = 2, (6.32)
pf(s) > 2%(s) for every s € R. (6.33)

The solution satisfying (6.32) and (6.33) is unique up to time translations, i.e. all such
solutions have the form (pf(s — sy),07(s — s¢), 2 (s — s¢)) for some sy € R. Moreover
p/(s) = 0(2/(s)) and 67(s) = 9(2/(s)) for every s € R, where (o,9) is the solution of
(6.1) with Cauchy conditions (6.4). Finally,

pl(s) <0, éf(s) <0, 2/(s)<0 foreverys€eR, (6.34)
lir+n pl(s) = 2, liIle 07 (s) = 0,, ligrn 21 (s) = 2, (6.35)

where zy and 6y are defined as in Lemma 6.1.

Proof. Let (g,9) be the solution of (6.1) with Cauchy conditions (6.4), and let 27(s)
be a solution of the autonomous equation

21 (s) = (0(27(s)) — 2/ ()27 (s)(1 + cos V(27 (s))) cos ¥(2/(s)), (6.36)
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with 2, < 2/(s) < z; for some s. By Lemma 6.1 we have (o(z) — 2)2(1 + cos¥(z) <0
for every z € (29, 1], with equality only at z =z, and z = z;. Then the theory of
autonomous equations implies that z/(s) is defined for every s € R and satisfies

lim 2/(s) = 2, liIJ'?_fl 2f(s) =2, #/(s) <0 forevery s € R. (6.37)
S§—1+00

§——00
Let us define
pf(s) == 0(z/(s)) and 67(s):=9(z/(s)). (6.38)
By (6.1) and (6.36) (p/(s),07(s),2/(s)) is a solution of (6.30). Since o(2;) = z; and
9(z1) = 6, by (6.4), condition (6.32) follows from (6.37). Since 2, < 2/(s) < 2; for
every s € R, inequality (6.33) follows from (6.8). Finally, (6.34) and (6.35) follow
from (6.10), (6.37), and (6.38).

Suppose that (p,(s),0,(s), z.(s)) is another solution of (6.30) satisfying (6.32) and
(6.33). By uniqueness it is easy to see that 6,(s) # 5 and 6,(s) # 7 for every s € R.
Recalling (6.32), we deduce that 7 < 0,(s) < , so that (6.33) and the third equation
in (6.30) imply that 6,(s) < 0 for every s € R. Then z,(s) — 2° < z; as s — +00.
Since 6, (s) is decreasing, there exist two functions g, and ¥,, defined on (22°, z;), such
that

p.(8) == 0,(2.(5)) and 0,(s) :=1.(2.(s)). (6.39)

It follows from (6.30) that (o.,?,) satisfy (6.1) on (25°, z1), and we deduce from (6.32)
that o,(z) — z; and 9,(z) — 6, as z — z;. By (6.4) (o, ?) satisfies the same Cauchy
conditions at z;. By uniqueness we have (p,,9,) = (0,9) on (max{z,,2},2).
Therefore (6.30) and (6.39) imply that 2, (s) is a solution of (6.36) and 2, < z,(s) < z;
for s large enough (recall (6.32) and the monotonicity of z,(s)). Then the theory of
autonomous equations ensures that there exists s, € R such that z,(s) = 2/(s — sg)
for s large enough. Since (p.,v,) = (0,9) near z;, by (6.39) we have p,(s) =
pl(s — sy) and 0, (s) = 07 (s — s;) for slarge enough. These equalities are extended to
every s € R by the uniqueness of the solutions of a Cauchy problem for (6.30). O

7. Discontinuous Evolution

In this subsection, we consider the case where 7 < fj; < 7 and the viscosity solution
(p, 0, z) has a discontinuity at a time ¢; > t, determined by the initial conditions. This
solution follows the slow dynamics in (¢, ¢;], has a jump at time ¢;, governed by the
system of the fast dynamics, and finally follows again the slow dynamics (¢, +00)
with initial conditions at t; determined by the end point of the trajectory of the fast
dynamics.

Let 6, be the constant defined in (3.3), and let z,(0) and r.(6) be the functions
defined in (3.4) and (3.6). The first theorem deals with the case t; > .

Theorem 7.1. Assume

0, <0y <m and 7.0y < zy < z(6y), (7.1)
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and let (pl,03) andt,, z;, and 0, be defined as in Lemma 3.6. Let (p?, 07, 27), 2, and
0, be defined as in Lemma 6.2, and let (p3, 951) be defined as in Lemma 3.7. Then

sl i sl i
o) = 2(t) = {Po (t) ft € [to, 1], (1) = {90 (t) .fte [to, t1, (7.2)
p3l(t)if t € (t, +o0), 03(t) if t € (t;,+00).

Moreover there exist three sequences of real numberstl, 71, and s. such that for every
T > t; we have

ty <ti<7l and lim tl= lim T =1, (7.3)
t S;:gl(lpg(t) — p3 ()] +10-(t) — 05 (1) + |2() — o5 (B)]) — O, (7.4)
t18<1t1571(|p5(t) — pL(®)]+10-(t) — 0L(t)| + |2(t) — 2L ()]) — 0, (7.5)
ngtlzT(\ps(t) — py ()] +10-() — 035 ()| + |2:(t) — p3 (1)]) — O, (7.6)

where
/ (L s r( L i 7L
plt):=pl|=t—s.), 0L(t):=0'(-t—s.|, zlL(t)=2"|-t—s.). (7.7)
€ € €

We now consider the case in which the discontinuity time is ;.

Theorem 7.2. Let z, >0 and § <0, <m. Assume one of the following two
conditions:

Zy > 25(90), (78)
20 = 2,(0p) and 6y >6,. (7.9)

Let (p?,07,27), 2y, 0, be defined as in Lemma 6.2 with 2, = 2, and 0, = 0, and let
(p3l, 05" be defined as in Lemma 3.7 with t, = t,. Then

p(t) = 2(t) = p3i(t) and O(t) = 05(t) for every t € (ty, +00). (7.10)

Moreover, there exist two sequences of real numbers 71 and s. such that for every
T >ty we have

ty <7 and liH(l)T; =1, (7.11)
sup (|p-(t) = pL(8)| +10-(t) — 0L(8)] + |2.(t) — 2L (1)) — O, (7.12)
to<t<t!
sup (|p:(t) = p3' ()| + [0=(t) = 03 ()] + |=:(t) — p3'(B)]) — O, (7.13)
Ti<i<r

where pl, 01, and 2! are defined in (7.7).

The proof of both theorems will be given in Sec. 7.4.
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7.1. Transition to the fast dynamics

We now describe the behavior of the system in a small time interval [r.,t}], where
p:(t) — z.(t) passes from a size of order € to a size of order e1=* with o € (0,%). After
t! the system will be governed by the fast dynamics. Let 6, be the constant defined in
(3.3), and let z,(0) and w, () be the functions defined in (3.4) and (2.26).

Lemma 7.1. Letz > 0 and3 < 0 < 7. Assume (6.6) or (6.7). Lett, € [t, +00), let

a € (0,3), and let 7. be a sequence in [ty, +00) such that
Te — tla pa(Ta) — 21, 96(7—6) - 017 ZE(T”) - Z1- (714)

€

Then there exists a sequence t} in [ty, +00) such that

T.<tl and t!—t, (7.15)

we(ts) < —e, (7.16)

pote) — 2 (t) 2 ', (7.17)

sup (|p=(t) — 21| +10-(t) — 1] + [2:(t) — z1]) — 0. (7.18)

T.<t<t!

Proof. As z; > z,(0;), we have z;(1 + cosf;)%cosf; +1 <0, so that (7.14) gives
lim supw,(7.) < 0. (7.19)

e—0

Under the assumption (6.6) we have z;(1 + cos;)2 cosf; + 1 < 0. Therefore there
exists 7 > 0 such that

2(1+cosf)?cos@+1<—n for |§—0,| <2y and |z—z]|<2n. (7.20)

If, instead, (6.7) holds, then we have cosf; < cosf, = A\, < —+ by (3.2) and (3.3).
This implies that (1 -+ cosf;)(1 + 3cosf;)cosd;sinf; >0 and (1 + cosb;)? cosb;
(14 cos — 3cos?0;) > 0. Therefore there exists 0 < n < %zl such that

2(1 4+ cos0)(1 + 3 cosB) cosOsind > np,

2(1 + cos )3 cos 0]z(1 4 cos @ — 3cos? 0) — (p — z) cosb] > np, (7:21)
for |p— 21| < 2n, 10 — 0] <27, and |z — 2| < 27.
In both cases (6.6) and (6.7), we define
L= inf{t € (1., 4+00) : w.(t) < —e}, (7.22)
thi=inf{t € (1, 400) : p.(t) — 2.(t) > e}, (7.23)

al:=mnf{t € (1., 400) : |p.(t) = 21[ +10-(t) — O] + |2.(t) < z1| <2n},  (7.24)

5= min{zi,ag}, s7:=min{t! a’}. (7.25)
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y (7.14) for € small enough we have
p-(1e) =zl <my 0(7e) = Ol <, z(72) — 21| <. (7.26)
If (6.7) holds, by (7.21) for ¢ small enough we have
2. () (1 + cos 0. (t)(1 + 3 cosH.(t)) cos 0. (t) sin 6. (t)np-(t),
2.(£)(1 + cos0.(t))? cos 0. (1) [2.(¢) (1 + cos 0.(t) — 3cos?0.(t))
= (pe(t) = 2:(t)) cos 0. (t)Inp-(t)

for every t € [7., a!]. Therefore, using Lemma 2.6 and (2.27), for € small enough we
obtain
ew.(t) < —en—n(p.(t) — z.(t)) < —ne for every t € [T, al]. (7.27)
This implies
w.(t) <w.(1.) —n(t—7.) foreveryt e [r.,al], (7.28)

which gives
= 1
0<3!—-71.< p max{w,(1.),0} (7.29)

for & small enough. Recalling (7.27), we have

w,(t) < —e forevery t € (37, a]]. (7.30)

If (6.6) holds, for € small enough we have w,(7.) < —e by (7.20) and (7.26), so that
53/ =72 =7.. In this case (7.30) follows directly from (7.20) and (7.24) for € < 7,
while (7.29) is trivial.

In both cases (6.6) and (6.7), from (2.25), (2.32), and (7.30) we obtain

pe(t) — 2.(t) > sinf, for every t € (37, a]]. (7.31)
Integrating this inequality we obtain p.(t) — ( )> (t—532)sin6, for every
te (30, al]. As p.(t) — 2.(t) < el for every t € (i.,t}] b (7 23), from (7.25) we
obtain
RV S (732
° = sinf,

for & small enough. From (7.14), (7.19), (7.29), and (7.32) it follows that
sy —t; ase — 0. (7.33)

As 0 < 2.(t) < z, for every t € [ty, +00) by (2.34), using the third equation in
(2.21) we obtain

ez, (t) > —2zy(p.(t) — 2.(t)) for every t € [T, ], (7.34)
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so that (7.27) gives for € small enough

w,(t) < Zizoég(t) for every t € [r.,a].

Since w, (t) > —e¢ for every t € (1.,57] by (7.22) and (7.25), we deduce that

—€ = wE(TE) < we(t) - We ( ) < i( s(t) - ZE(TE)) for every te ( Tey 8 g]

220
so that for € small enough
2 ,
z.(t) > z.(r.) — % max{w,(7.),0} —e for every t € [r.,3]]. (7.35)

Since p.(t) — z.(t) < &'~ for every t € (3Z,5] by (7.23) and (7.25), from (7.34)
we get

z.(t) > =229~ for every t € (87, s7].
Integrating and using (7.32) we obtain

22
0 _c1-20 for every t € (37,57,

2.(t) — 2.(87) > =224~ ”(t—ég)Z—Sinao

which, together with (2.34) and (7.35), gives for € small enough

2 2
z.(1.) — % max{w,(7.),0} —e — Silfgo el™2 < 2 () < 2.(1.)
for every ¢ € [r,,s]].
y (7.14) and (7.19) this implies
sup |z.(t) — 2| — 0 ase— 0. (7.36)

T.<t<s!
By Lemmas 2.6 and 2.8 we have 2.(t) < p.(t) < p.(7.) + € for every t € [1.,+00).
Therefore (7.14) and (7.36) give
sup |p.(t) —z| —0 ase—0, (7.37)

T <t<s!

so that for € small enough we obtain p.(t) > $ 2z for every t € [r.,s/].
Since, by (7.36), z.(t) < 2z, for € small enough from the second equation in (2.21)
we obtain

e0.(t) > —;5 —4(p.(t) — 2.(t)) for every t € [r.,s], (7.38)
1

so that (7.27) gives

we(t)gge()+2—zl for every t € [, s]].
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Since w,(t) > —e for every t € (1.,5] by (7.22) and (7.25), we deduce that
—& —w.(7.) Sw(t) —w(r.) < g(es(ﬂ —0.(1.)) + 2_21 (t—r.)

for every t € (1., 37],
so that by (7.29) for £ small enough we have

4 2
0.(t) > 0.(r.) — (— + —) max{w,(7.),0} —e¢ for every t € [r.,53]]. (7.39)
nonz
Since p,(t) — z.(t) < el for every t € (57,s] by (7.23) and (7.25), from (7.38)
we get

2 ,
0.(t) > ———4e™ forevery t € (57, s7].
2

Integrating and using (7.32) we obtain

_ 2e + 421 51—2(1

- for every t € (57,57,
z1 sin 6,

0.0~ 0.62) = ~(2+ae ) 0-5) 2

21

which, together with (2.32) and (7.39), gives for € small enough
. 2e 44z 12

95(7—5) - (é"_l) maX{wE(Ts)a 0} - “ < gs(t) < 96(7—6)

n Nz z1 sin -
for every t € [1.,s]. By (7.14) and (7.19) this implies
sup 16.(t) — 0, — 0. (7.40)

T.<t<s!

From (7.36), (7.37) and (7.40) we deduce that s! < a for ¢ small enough. By
(7.25) this implies 57 =#. and s” = t!. Therefore (7.33) gives (7.15), and (7.18)
follows from (7.36), (7.37) and (7.40). Since il < +o0, by (7.22) we have
wg(ii) < —¢, so that (7.16) follows from (7.27). Since t! < +o0, inequality (7.17)
follows from the definition of ¢} given in (7.23). m|

7.2. Convergence to the fast dynamics
Assume § < 0y < 7, and let

220 = lim z.(¢) > 0.

t—-400

By (2.34) there exist functions g, and ¥, defined on (22°, z] such that
pt) = 0.(2.(8)) and 0.(6) = V.(2.(t)) for every t€ [ty +o0).  (TA1)

From Lemma 2.6 it follows that

0-(2) > z for every z € (27, 2y), (7.42)
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and from (2.32) it follows that

g <V.(z) <y <m forevery z € (2, zy). (7.43)

By (2.32) and (2.34) we have
V.(z) >0 for every z € (22, z).

By (2.21) on the intervals (25, 2%) the functions (o.,?,) are solutions to the

system
| 1 sin,(z)
04(2) = — cos.(2) e ’
e 2(1 +00836EZ§)C08196(Z) F(2, 0:(2),9:(2)) (7.44)
V& =00 T G a9, 0.0)
where

F(z,p,0) := (p— 2)2(1 + cos ) cos 6.

Let z; > 0and § < 0; < m. Assume (6.6) or (6.7), and let (0,7), 2y, 0 be defined as
in Lemma 6.1. Let us fix 7 > 0 such that 2,(1 + cos 6, )|cos 05| > 7. This implies that

z(1+ cos¥(z))|cos¥(z)| >n for every z € [zy, 2] (7.45)
Given « € (0, %), we consider the auxiliary systems

. [sin®(2)]
G(2,92(2)) ~ F(z0%(2),92(2))’
Ni(p) sin¥!(z) |cos 9 2(2)]
(32)'(2) max{o/(z2),n} EF;](Z, 02(2),92(2))’

(02)'(2) = —cosV!(2) +
(7.46)

where
G"(z,0) := max{z(1 + cosf)|cosb]),n},
F(z,p,0) := G"(z,0) max{p — z,e'~*}.
Note that all solutions of (7.46) are defined for every z € R.

Lemma 7.2. Letz; >0 andZ < 0, < . Assume (6.6) or (6.7). Leta € (0,1), let p!,
61, and z! be three sequences such that

prt— oz, 0L —0,, 2zl — 2z, (7.47)
214 cosf)2cosfl+1 <0, pl>zl4ele (7.48)

and let (o,97) be the solution of (7.46) with Cauchy conditions
ol(z:) =pi and VI(zl) = 6. (7.49)
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Then there exists z1 € (0,z,), depending on n in (7.45), but not on €, such that for e
small enough we have

01(2) > 24+ for every z € [2], 2}). (7.50)
Proof. Let us fix 6 > 0. From the second equation in (7.46) we have —},g
(W)'(z) <1+ »+ < for every 2 € R, so that for ¢ small enough we have |(92)/(z)] <

L+ Recalhng (7 49), by integrating we get [92(z) — 61| < (1 +)(z1 — 2, + 6) for
every z € [27, 21]. Using (7.47) for € small enough we obtain

1
[91(z) — 0] < (1 +77) 26 for every z € [z}, 22]. (7.51)

Suppose that z; > z,(6;), so that

1
<1
z1(1 + cos 6;) cos 0,

—cosf; —

By continuity there exist 6; > 0 such that

1 1
— cos — 1 .52
cost+ G"(z, 9) —costt max{z(1 + cos8)|cosb]|),n} < (7.52)

for |0 — 6,| < 6; and |z — 2| < 6;. Let us fix § > 0 with
1
(1 + E) 26 < 6. (7.53)

Since z! < z; + 6, for € small enough by (7.47), using (7.51), (7.52), (7. 03) and
the first equation in (7.46) we deduce that (o!)'(2) < 1 for every z € [z}, 2}]. As
02(21) > 2L + &' by (7.48), after integration we obtain (7.50).

Suppose now that 6, < 6; < 7 and z; = z,(6;). Let us consider the function

w!(z) == 2(1 + cos¥!(z))? cos V! (2) + 1. (7.54)
From (7.46) we obtain
(whH(z) = al(z)(max{o(2),n} — z) cos¥2(z) — 2(1 + cos ¥ (z) — 3cos?I(2)))
— B1(2)2(1 + 3cos¥(z)) sind!(2), (7.55)

where a!(z) > 0 and 82(z) > 0 for every z € R. Since 0, < 6§, < 7, by (3.2) and (3.3)
we have cosf; < cosf. = A\, < —%. This implies that 1+ cosf; — 3cos?6; < 0 and
z1(1 4+ 3cosf;)sinf; < 0. As z; > n by (7.45), by continuity there exists 6; > 0 such

that
(max{p,n} — 2) cos — 2(1 + cos§ — 3 cos? ) > 0,
(7.56)
z(1+3cosf)sinf <0,

for |p— 21| <6y, 10— 0,| < 6y, and |z — 21| < é;. Let us fix § > 0 satisfying (7.53).
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From the first equation in (7.46) we have —1 — <% < (e)'(2) <1 —1—1 for every
z € R, so that for ¢ small enough we have [(0?)'(2)| <1+1 1 . Recalling (7 49), by
integrating we get |oZ(z) — pl| < (1 + )(z — 21+ 0) for every z € [z, 21]. Using
(7.47) for € small enough we obtain |g€( ) — 21| < & for every z € [z}, 2}].

Since 2! < 2z; + 6, for € small enough by (7.47), using (7.51), (7.53), (7.55), and
(7.56) we obtain (w!)’(2) > 0 for every z € [z}, 21]. By (7.48), (7.49), and (7.54) we
have w!(z!) < 0. It follows that w(z) < 0 for every z € [z}, z1]. This implies

1

B () —
COSﬂE(Z) Z(l —‘,—Cob’ﬂg(z)) COSﬂg(Z)

<1 forevery z € [z}, 2L],

and hence

1

<1 forevery z € [2],2}].
G (z,cosV(2)) revery z € 21, 2]

—cosV(z) +
Therefore the first equation in (7.46) gives (o!)'(z) < 1 for every z € [2},2]. As
0l(z}) > 2L + el by (7.48), after integration we obtain (7.50). O

Lemma 7.3. Letz > 0 and% < 0, <. Assume (6.6) or (6.7). Let t, € [ty, +00), let
a € (0,3), and let t1 be a sequence in [ty, +00) such that

t; - tlv pe(t;) — 21, es(tc}) - 913 Ze(t;) — 21, (757)

w(th) <0, p.(tl) — z.(t)) > el (7.58)

Let 2% = 2.(t}), let (0.,9.) be the functions defined in (7.41), and let (o,9) be the
solution of (6.1) with Cauchy condition (6.4). Then for e small enough there exists
22 € (22, 2L) such that

0.2 =224+ and o0.(2) > z+¢e'" for ze (22,20). (7.59)
Let 02 := 9.(2%). Then

2
Ze

2
— 29 and 0. — 0y,
where zy and 0y are defined as in Lemma 6.1. Moreover,

sup (le=(2) — e(2)| + |0:(2) = 9(2)]) = 0 ase—0. (7.60)

22<2<z!
Proof. Let us define

P; = ps(ti)v 9; = es(t;)a Z; = Zs(t;)' (761)
We consider the auxiliary system

1

(01)'(2) = = cos 0(z) + T T cos 9(2)) [eos 1), 7}

sin 97(z) (7.62)

(197])/(2) = m,
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whose solutions are defined for every z € R. Since 1/F/(z,p,0) < e%/n for every
(2,p,0) € R3 by (7.58) and (7.61) the solutions (o7,97) considered in Lemma 7.2
converge uniformly on compact subsets of R to the solution (o7,9") of (7.62) with
Cauchy conditions

0Mz) =2z and 9"(z) = 6,. (7.63)
As 0'(z) > 0 by (6.12), there exists z5 € (0, 23) such that (o,9) is defined on
[ng Zl] and

0(z) < z for every z € [23, 7). (7.64)

By (7.45) we may also suppose that
2(1 + cosV(z))|cosV(z)| > n for every z € (23, ). (7.65)
Since (p, 1) is a solution of (6.1), inequality (7.65) implies that (g, 1) is a solution of
(7.62). Since (0", 9") and (p, ) satisfy the same Cauchy conditions at z; by (6.4) and
(7.63), we conclude that (o7, 9") = (p,) on [23, z1]. Therefore (o,97) converges to

(0,9) uniformly on [23, 2;]. By (7.64) and (7.65) for € small enough we have p/(z3) <
z5 and

2(1 4+ cosV!(2))|cosI(2)] > n for every z € [23, 2] (7.66)

Let z] be the constant introduced in Lemma 7.2. Since o(z) > z+ ¢!~ for

every z € [z},2L), we can consider the greatest point 22 of [z3,2}] such that
02(22) = 22 + ', and we have

01(z3) =22+ and o1(z) > z+e'" for ze (22, 2)). (7.67)

The uniform convergence of (oZ,9!) to (o,7) on [2},z;] implies that 22 — 2z, and

92(=2) = 9(z) = 0.

From (7.66) and (7.67) we deduce that (oZ,9!) satisfies (7.44) in the interval

[22, 21]. Since (o2, 9?) and (p.,.) satisfy the same Cauchy conditions at 2! by (7.41),

(7.49) and (7.61), we conclude that (o2, 9%) = (0.,9.) on [22, z1]. This implies

sup (lo-(2) — e(2)| + |9:(2) = ¥(2)]) — 0

22<2<z2!
and the convergence 02 := 1,(22) = 9(2%) — 0,. |
Lemma 7.4. Under the assumptions of Lemma 7.3, let T} be the time such that
z(r}) = 22, (7.68)
and let 1 be the constant in (7.45). Then

1
0<7l—tl<=e®
n

for e small enough.
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Proof. By Lemma 2.6, (2.21), and (7.41) the function z.(¢) is a solution of the
autonomous equation

ez:(t) = (0=(2:(1)) — 2(8))z(£) (1 + cos V- (2:(¢))) cos Ve (2:(t)) (7.69)

in the interval [t;, +00). Let 2% := 2.(t}). As z.(7}) = 22 by (7.68), Eq. (7.69) gives

2
e

rl—tl= 5/2 dz
c 2 (0:(2) = 2)2(1 + cos V. (2)) cos V. (2) ’

so that the conclusion follows from (7.45) and (7.59). O

Lemma 7.5. Under the assumptions of Lemma 7.3, let (p/, 07, 27) be defined as in
Lemma 6.2, and let T} be the time introduced in Lemma 7.4. Then for every e >0
there exists s. € R such that

sup (|p:(t) = pL(8)] +16.(2) = 01()] + |2.(t) — =L (8)]) — O, (7.70)

ti<t<rl

where pl, 01, and z{ are defined in (7.7).

Proof. Let pl, 0!, and 2! be defined as in (7.61). By (7.41) we have p.(t) = 0.(2.(t))
and 0,(t) = 9.(z.(t)) for every t € [ty,+00), where (p.,9,) satisfies (7.44) and the
Cauchy condition

0.z =p! and (1) = 0L (7.71)
Moreover, z, satisfies (7.69), so that the function (. (s) := z.(es) satisfies the equation

Co(8) = (0:(C:(5)) = ()¢ (8) (1 + cos V. (C.(s))) cos D (C.(s)) (7.72)

for s € [% tg,+00). As explained at the end of the proof of Lemma 7.3 we have (o2,

91) = (p.,9.) on [22, z}]. By (7.68) the function (, satisfies also the equation
{c(5) = (07(¢(s)) = €o(5))C: () (1 + cos 92(C(s))) cos D2(C(s)) (7.73)

for s € Lel, 170

By (7.57) and (7.61) we have z! — 2, while 22 — 2, by Lemma 7.3. Since z, <
2/(0) < 2 by the monotonicity of z/ and by (6.32) and (6.35), we have that 22 <
2/(0) < z! for e small enough. By (7.61) and (7.68) we have (.(1t!)=z! and
CE(%T;) = 22 . Since (, is decreasing by (2.34), there exists a unique s, € (%t;,%rg)
such that (. (s.) = 27(0).

Let ¢! be the maximal solution of (7.73) with Cauchy condition ¢Z(0) = z/(0) and
let ¢Z be the solution of (7.72) on (—oc, 0] with Cauchy condition (£ (0) = z7(0). The
theory of autonomous systems implies that ¢? is defined in a neighborhood of the
interval [0,+00), is decreasing, and satisfies (!(s) — z; as s — +oo0. Taking into
account (7.42) and (7.43), the theory of autonomous systems guarantees that (Z is

defined on the whole interval (—oco,0], is decreasing, and satisfies (Z(s) — 2; as
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s — —o0. By uniqueness we have

, 1 1
C.(s) =Cl(s—s.) foreverysce {gt;,gﬁ], (7.74)

1 1
C.(s) =(¢S(s—s.) foreverysc {gto,gT;} (7.75)

In the proof of Lemma 7.3 we have seen that (oZ,97) — (0,9) as € — 0 uniformly
on [z3, 2], where (p,v) is the solution of (6.1) with Cauchy conditions (6.4), and
8y > 0 satisfies (7.65). Continuing as in the same proof we can construct zZ, with
2! — 2y as € — 0, such that

0l(zh) = 2! and p!(z) >z for z€ (2], 2}).

Let us prove that ¢! converges to 2/ uniformly on [s(, +00) for every s, < 0. Let us
fix A > 0. By (6.35) we can find s, € (0,+00) such that |z7(s) — 25| < A for any
8 € [sy, +00). Since (o2,9?7) — (0,9) as € — 0 uniformly on [23, 2], and 2/ satisfies
(6.36), we have (! — 2/ uniformly in [s), s5] for every sy, < 0. For s > s, the mono-
tonicity of (7 gives

C2(s) = 27 (s)| < IC2(s) — 22| + |22 — 29| + |29 — 27 (s)]
< (X(sg) — 22+ |z — 2| + A
< |C2(sa) — 27 (s9)] + 2|22 — 2] + 21,
so that
sup [(2(s) — 2/ (s)] < sup [CX(s) — 2 (s)] + 2]z — 2| + 2.

Sp<s 80<8<8y
Since z! tends to z, and ) is arbitrary, the uniform convergence of (! to z/ on
compact subsets of R implies the uniform convergence on all of [s(, +00).

Let us prove now that (£ converges to z/ uniformly on (oo, 0]. We first observe
that for every sy, < 0 there exists gy > 0 such that ¢!(s) = (Z(s) for every s € [s, 0]
and every € € (0,¢,). Indeed, by the uniform convergence of ¢! to z/ and the prop-
erties of z/ listed Lemma 6.2 there exists g, such that 22 < (Z(s) < z! for every
s € [89,0] and every e € (0,2(). As observed in the proof of Lemma 7.3 we have
(02, 91) = (0.,9.) on [22, z!]. This implies that on the interval [sy, 0] the function ¢
is in fact solution of (7.72). Since it satisfies the same Cauchy conditions as (£, by
uniqueness we have (Z(s) = (Z(s) for every s € [s, 0].

Let us fix A > 0. By (6.32) we can find s, € (o0,0) such that [p/(s) — 2| < A for
any s € (—00, s]. Since ¢ = ¢ on [s, 0] for ¢ small enough, we have that (& — z/
uniformly on [sy, 0]. For s < s, the monotonicity of (£ gives

€5 (s) — 25 (s)| < 1CE(s) — ] + |21 — 27 (s)]
<z — (5 (sp) + A< |CE(s0) — 27 (s9)] + 2,
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so that

sup|¢E(s) — 2/ (s)] < sup [¢Z(s) — 2/ (s)] + 2.
s<0 50<s<0
Since \ is arbitrary, the uniform convergence of (Y to z/ on compact subsets of
(—00, 0] implies the uniform convergence on all of (—o0, 0].
By (7.74) and (7.75), the uniform convergence of (! and (Z to 2/ gives
sup  [¢.(s) — Zf(s —s.)| — 0.

ttl<s<lisl
Since z.(t) = (.(%), this implies
sup |z.(t) — 2L (t)| — 0. (7.76)
ti<i<r!
By Lemma 6.2 we have p/(s) = o(2/(s)) and 0/(s) = 9(2/(s)) for every s € R. By
(2.34) and (7.68) we have 2% < 2.(t) < z! for every t € [t!, 71]. Tt follows from (7.60)
that

sup ([p:(t) — o(z (1)) +10-(t) — I(z.(t))]) — 0.

ti<t<rl
Since pf(t) = o(zL(t)) and 01(t) = ¥(zL(t)), using (7.76) and the uniform continuity
of p and ¥ we obtain

sup (|p-(t) — pL ()] + [6-(t) — 01 (1))

ti<t<rl

< s (.00 oo (0)]+10.0) = 9. (0)
+sup (o(=(®)) = o(=L(#))] + [9(=-() = 9(=L(E))]) — 0,
which, together with (7.76), gives (7.70). O

7.3. Transition to the slow dynamics

We now describe the behavior of the system in a small time interval [r},.] after
which the system is governed by the slow dynamics. During this transition p,(t) —
2.(t) decreases from the value 1=, attained at t = 71, to a value of order ¢, attained
at t =+¢..

Lemma 7.6. Lets < 0y <, let0 < zy < z,(6s), lett € [ty, +o0), let o € (0,3), and
let 1 be a sequence in [ty, +00) such that

T; - t17 pa( 6) — 22, 06(7- ) - 927 ZE(T;) — 29, (777)
pe(r2) = ze(r2) = ' (7.78)
Then there exist a sequence t, in [ty, +00) and a constant 3; > 0 such that

rl<t. andt.—t, ase—0, (7.79)



1704 G. Dal Maso & A. DeSimone

p(t.) — 2.(t.) < ke for € small enough, (7.80)
sup (|p(t) — 2| +10-(t) — 02| 4 [2:(t) — 2)]) = 0 ase — 0. (7.81)

Ti<t<t.
Proof. As z, < z,(6,), we have z,(1 + cos )2 cosfy + 1 > 0. Let £ > 0 be such that

25(1 + cosy)? cosfy + 1 > % Under our hypotheses, by continuity there exists n > 0,
with 7 < %, such that

2
2(1+cosf)?cos@+1>= for|0—0y <n and |z— 2| <n. (7.82)
K
We define
t.:=1inf{t € (1%, 400) : p.(t) — 2.(t) > ke}, (7.83)
ol :=inf{t € (71, +00) : [0.(t) — O] + |2.(t) — 20| > 1}, (7.84)
s? = min{t,, a?}. (7.85)

Since p.(t) — z.(t) > ke for every t € [r1,t.], from (7.82) we obtain
(2.(t)(1 + cos 0.(t))? cos 0. (t) + 1)(p.(t) — 2.(t)) > 2¢  for every t € [7},s7].
Therefore (2.25) gives
p(t) — 5.(t) < —e  for every t € [71, 7], (7.86)
which, after integration, yields
sl—rl<elme, (7.87)

By Lemma 2.6, (7.78), and (7.86) we have 0 < p.(t) — z.(t) < p.(11) — 2.(7}) =

€

gl=o for every t € [r},s”]. Since 0 < z.(t) < 2, by (2.34), from the third equation in
(2.21) we have

2.(t) > —2z.(t)e* > —2zpe* for every t € [rL,s7],

which, together with (2.34) and (7.87), implies

ZE(T;) > z(t) > ZE(T;) — 2z (t — T;) > ZE(T;) - 22051720

for every t € [r}, 5],
which gives
|2.(t) = 20| < |2.(72) — 20| 4+ 2202172 for every t € [7}, s7]. (7.88)
From the second equation in (2.21) we have
p-(1)0.(t) < =1 —2zpe = for every t € [r},s7].

Moreover, by Lemma 2.6 we have

pe(t) > z.(t) > 29 — > % for every t € [rL,s7]. (7.89)
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Thus, recalling (2.32),

: 2
0>0.(t)>———4e= forevery t € [r},s]], (7.90)
22

and, integrating and using (7.87), we obtain

0.2 0.0 2 0. - (24 )= 7 20 - (e

22 22

for every t € [r1,s!], which gives
2
10-(t) — 05 < 10.(T1) — 0] + (— + 4)6120" for every t € [}, s7]. (7.91)
22

By (7.77) we have |z.(71) — 2| + 172 +10.(71) — 0, + (Z+4)e!2 < for e
small enough. Therefore (7.88) and (7.91) give s/ < ! for £ small enough. By (7.85)
this implies s = t., so that (7.87) gives t. — 7} < 1~ which concludes the proof of
(7.79). Since t. < +oo, inequality (7.80) follows from the definition of ¢, given in
(7.83), while (7.81) follows from (7.88) and (7.91). i

7.4. Softening with discontinuity

In this subsection, we prove Theorems 7.1 and 7.2 describing the softening regime
with a discontinuity.

Proof. (Proof of Theorem 7.1) Let us prove that there exists a sequence 7. in
[tg, +00) such that

Te — tla ps(Te) — 21 08(7-6) - 917 25(7-5) — 21, (792)

sup (|- () — p§' (8)] + [6-(t) — 05/ (t)] + |2-(t) — pi' (£)]) — 0. (7.93)

tg<t<t.

Let us fix an integer k£ > 0. We can apply Lemma 5.1 with ¢, =t¢y, 7 =t — %,
0. =0y, z, = zy, and t} = ty. Indeed, (5.18) follows from (3.21). By (5.21) we have

sup  (|p-(t) = pil (8)] +16.(2) = 63 ()] + |z.(t) — p§ (D)) — 0.

to<t<t;—+

Let us fix a decreasing sequence a;, — 0. There exists a decreasing sequence €, — 0
such that for every ¢ € (0,¢;,] we have

sup  (|p-(8) = p§ (8)] + 16-(8) = 63 ()] + |z.(t) — p3 (D) < a. (7.94)

to<t<t;—+

We now define 7, := t; — 1 for every e € (¢1,&). Then 7. — ¢; ase — 0, and (7.93)
follows from (7.94). From (7.93) we obtain, in particular,

|p5(7—6) - p(S)I(TS)l + |95(7—5) - 0(8)1(7-5” + |ZE(TE) - pgl(TE)l — 0.
Since 7. — t!, this implies (7.92) thanks to (3.18).
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Let us fix o € (0,1). By Lemma 7.1 there exists a sequence ¢! in [ty, +0o) which
satisfies (7.15)—(7.18). By (3.18) we have

sup (|p§/(t) — 21| + 105 (¢) — 61]) — 0.

T <t<tl

Together with (7.18) and (7.93), this proves (7.4).

By Lemmas 7.4 and 7.5 there exists 7. > ¢! such that (7.70) holds and 7} — t, as
¢ — 0. This proves (7.5) and concludes the proof of (7.3).

By Lemma 7.6 there exists a sequence ¢, in [t,, +00) which satisfies (7.79)—(7.81).
By (3.23) we have

sup (|p3'(t) = 25| + 163 () — 6]) — 0,

Ti<t<t.
which, together with (7.81), gives

sup (|p.(t) = p3' ()] +10-(t) — 03 ()] + |=-(t) — p3' (1)) — 0. (7.95)

ri<i<t,

We can apply now Lemma 5.1 with t, =t;, 6, = 6, 2z, = 25, and t* = 7. Indeed,
hypothesis (5.18) follows from (3.26), while (5.19) and (5.20) are satisfied thanks to
(7.79)—(7.81). We deduce that (5.21) holds with p3' = p3’. Together with (7.95), this
proves (7.6). Equalities (7.2) follow from (7.3), (7.4) and (7.6). m|

Proof. (Proof of Theorem 7.2) Let us fix a € (0,4). We apply Lemma 7.1 with
2 = 2y, 0; = 0y, t; = 7. = t;, and we find a sequence ¢} in [ty, +00) which satisfies
(7.15)—(7.18) with 7, = ¢;. In particular, we have

th—ty| + |p-(tL) — 21| +[0-(¢) — 61] + |2-(¢)) — 21| — 0. (7.96)

By Lemmas 7.4 and 7.5 there exists 7. > ¢! which satisfies (7.11) and (7.70). In
particular, we have

|P5(ti) - pz{(tc}” + |95(t;) - 9?@&)' + |Z5(t;) - zf(t§)| - 07
which, together with (7.96), gives
pL(t2) = 21|+ 161(t2) = 6u] + |2L(t]) — =1 — 0. (7.97)
By (6.32), (6.34), and (7.7) we have
pL(t) = 21| +101(t) — 6] + |pL(t) — 2|
< Ipl(t2) = 2| +1601(t1) — 61| + |pl(t]) — =
for every t € (—oo,t!], so that (7.97) gives

sup (pL(t) — 21| +101(t) — 61] + [pL(t) — 21]) — 0.

to<t<t!

Together with (7.18) and (7.70) this proves (7.12).
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We apply Lemma 7.6 with ¢; = ¢, and find a sequence t. converging to t, which
satisfies (7.79)—(7.81). As in the proof of Theorem 7.1 we obtain (7.95). We can
apply now Lemma 5.1 with ¢, = ty, 0, = 6, 2z, = 2, and t} = t.. Indeed, hypothesis
(5.18) follows from (3.26), while (5.19) and (5.20) are satisfied thanks to (7.79)—
(7.81). We deduce that (5.21) holds with p3' = p3l. Together with (7.95), this proves
(7.13). Equalities (7.10) follow from (7.11)—(7.13). O

8. Mechanical Interpretation of the Results

We conclude the paper with some comments on the mechanical interpretation of our
results. We first recall that the scalar variables z and y are related to the stress by the
formula

1
——x(t)]
—a(t)] +

%ya)eo,

where ey € M is a fixed traceless matrix with unit norm. It follows that —x(t) is
the trace of the stress, so that, with the usual sign conventions, % is the pressure.
The scalar ﬁ|y(t)| is the norm of the deviatoric part of the stress, usually denoted by
¢ in soil mechanics. For simplicity, in what follows we will call z and y the pressure
coeflicient and the deviatoric stress coefficient.

By (1.6) we have
x(t) = 2(t) + p(t) cosO(t) and y(t) = p(t)sinb(t).

Since p(t) = z(t) for every viscosity solution (Theorems 5.1, 5.2, 7.1, and 7.2), we
conclude that

x(t) = p(t)(L+cosO(t)) and y(t) = p(t)sinb(t) for every t € [ty, +00).

From the above-mentioned theorems and from Lemmas 3.5—3.7 it follows that
p(t) >0 and 5 < 0(t) <7 for every t € [t), +00). Moreover, §(t) =7 only at the
initial time ¢ = ¢, for the special loading program corresponding to ag = 0 (i.e. in the
absence of a preconsolidation pressure, see (1.4)) so that ¢, = 0. Using also (2.20) we
deduce that

z(t) >0 and y(t) >0 foreveryt € [0,+00),
and that z(t) = 0 if and only if ¢ =¢; = 0 and ay = 0, while y(¢) = 0 if and only if
t=0.

Plastic behavior starts at t =t;. The initial data for the plastic regime are
given by

Ty = z(ty) = 29(1 +cosby) =ay and y,:=y(ty) = zsin by = t,

respectively. In Cartesian coordinates the separation line p = z,(#) and the critical
line p = r.(0) of the (p, ) plane introduced in (3.4) and (3.6) become the parametric
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curves defined by
7
2.(0) == z,(0)(1 + cosf) and y,(0) == 2.(8)sind for 6 (5,71'>,
z,(0) == r.(0)(1+cosf) and y.(0):=r.0)sinf forde [g,ﬂ'].

The critical point (6., z.) becomes

Z.:=2,(14+cosb,) and y,:=z.sinb,.

2 4 6 8 10 12

Fig. 7. Phase diagram in the (z,y) plane. Dark gray region (including the thick line): initial data (z¢,yo)
of the plastic regime producing a continuous evolution. Light gray region: initial data producing a dis-
continuity at time ¢; > t,. White region: initial data producing a discontinuity at time ¢, = ¢,. The dotted

line is composed of fixed points and separates softening behavior (above the line) from hardening behavior
(below the line).
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The phase diagram in the (z, y) plane is obtained from Fig. 3 by a change of variables
and is shown in Fig. 7.

The trajectories of (z(t),y(t)) are shown in Fig. 8, while Fig. 9 illustrates the
behavior of z(t) and y(t) as functions of . Note that, by our choice of the loading

program (1.4), ¢ is proportional to the norm of the imposed deviatoric strain.

Moreover, we note that the straight line x = y (critical state line) is composed of fixed
points. Each trajectory x(t), y(t) tends to a fixed point as ¢ — co. The region below

the critical state line is invariant, and all solutions therein display a hardening

=

a-- _‘ -;A'

‘.‘.4_-- —

n

8

10 [P
Fig. 8. Trajectories of (z(t),y(t)) in the plastic regime for several values of the initial data (zg,y,). The

evolution for ¢ > ¢, is obtained following the trajectory through (zy,y,) in the sense of the arrow. Solid
lines: slow dynamics. Dashed lines: fast dynamics. Dotted line: fixed points.
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Fig. 9. Deviatoric stress coeflicient y(¢) and pressure coeflicient z(¢) as functions of the imposed deviatoric

strain ¢ for ay = 2 and eight different values of z, > 2, leading to a softening behavior. Solid lines: the
functions y(t). Dashed lines: the functions z(t).

behavior, namely, z(¢) is increasing. Moreover, y(t) is increasing. Both of these
properties follow from (3.15) and Theorem 5.1.

In the region above the critical state line the trajectories exhibit softening, namely,
z(t) is decreasing. Some trajectories are continuous and follow the system of the slow
dynamics. Other trajectories in this region exhibit a discontinuity, which may occur
either at t =t, or at t > t;. They follow the system of the slow dynamics in the
intervals of continuity, and their trajectories follow instantaneously the system of
the fast dynamics at the jump time. These different behaviors are described in Fig. 7.
The monotonicity of z(¢) in the intervals of slow dynamics follows from (3.20), (3.24),
and Theorem 5.2. For what concerns the jump governed by the fast dynamics, we
observe that under the assumptions of Lemma 6.1, the solution (x,y) of (6.3) with
Cauchy condition (6.5) satisfies x’(z) < 0 and y’(z) > 0 for every z € (zy, 2;) in view
of (6.9). Finally in the intervals of fast dynamics described by the solution (z/, 7, 2/)
of (6.31), #7(s) > 0, §7(s) < 0, and 2/(s) < 0 for every s € R in view of (6.34).
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