
G E N E R A L I Z E D  W I T T  G R O U P S  

B .  A .  D u b r o v i n  UDC 519.4 

In th is  p a p e r  we c o n s t r u c t  a func to r  f r o m  the  c a t e g o r y  of  o n e - d i m e n s i o n a l  c o m m u t a t i v e  f o r -  
m a l  g roups  to  t he  c a t e g o r y  of  t o p o l o g i c a l  A b e l i a n  g r o u p s .  F o r  a m u l t i p l i c a t i v e  f o r m a l  g roup ,  
t h i s  funct ion  is  the  u s u a l  W i t t  f unc to r .  We s t u d y  c e r t a i n  p r o p e r t i e s  of the  c o n s t r u c t e d  tune= 
t o r .  Th i s  func to r  i s  then  u s e d  to d e s c r i b e  m u l t i p l i c a t i v e  o p e r a t i o n s  in  the t h e o r y  of  u n i t a r y  
c o b o r d i s m s .  

1 .  B A S I C  D E F I N I T I O N S  

1. Le t  R be a c o m m u t a t i v e  a s s o c i a t i v e  r i n g  with  un i t y ,  R[[X, Y]] the  r i n g  of  f o r m a l  p o w e r  s e r i e s  in 
two v a r i a b l e s ,  F(X,  Y) ~ R[[X, Y]], a o n e - d i m e n s i o n a l  c o m m u t a t i v e  f o r m a l  group o v e r  R, I(X) 6 R[[X]] i t s  
i n v e r s e  e l e m e n t ,  and 

/ ~ X i \   o(x) = lZ=op  )dx 
i t s  c a n o n i c a l  i n v a r i a n t  d i f f e r e n t i a l  (P0 = 1). 

X i+l  such  tha t  w(X) = dl(X) and 

If  R is a Q - a l g e b r a  t h e r e  then  e x i s t s  a s e r i e s  

(1.1) 

l ( X ) =  = o i + l  

y ( x ,  Y) = z - I  (1 ( x )  + t (Y)) (1.2)  

( see  [2]). T h e  s y m b o l  A wi l l  deno te  the  t o p o l o g i c a l  s p a c e  of  f o r m a l  p o w e r  s e r i e s  o v e r  R wi thout  a f r ee  
t e r m ,  with the  u s u a l  t opo logy  o f  f o r m a l  p o w e r  s e r i e s .  We i m p o s e  on A the  s t r u c t u r e  of  an  A b e l i a n  t o p o l o g i -  
c a l  g roup  A(R, F),  s e t t i n g  

(l + Fg)(X) = F (1 (X), g (X)). (1.3) 

I t  is  t r i v i a l  to c h e c k  tha t  the  a x i o m s  of  a t o p o l o g i c a l  g roup  ho ld .  Le t  R not have  e l e m e n t s  of f in i te  o r d e r .  

L E M M A  1.4. Le t  ] ( x )  --~,~i~ a~ x l .  Then ,  the  s e r i e s  f (X)  i s  un ique ly  r e p r e s e n t e d  in the  f o r m  

~e 

] (X)  = ~=1F:~iXi" (1.5) 

M o r e o v e r ,  if  a m  is  the  f i r s t  n o n z e r o  c o e f f i c i e n t  i n f ( X )  then  oq = ai  when  i -< m.  

P r o o f .  E x p r e s s i o n  (1.5) is mean ing fu l  s i n c e  i ts  r i gh t  s i de  c o n v e r g e s  in group A{R, F).  We have  an  
equa t ion  o v e r  

( o~ a~X~ ) ~ l(:x~X~)" | e:  z,Z=  = 

F r o m  th i s  we have  

i . e . ,  a m = a m ,  which  m e a n s  tha t  

a,,,X "~ + o (X'?) = ~,, ,X'" + o (X"~), 

cc i - -  (1.6) 
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Now a p p l y i n g  the  s e r i e s  fo r  l to both  s i d e s  of (1.6), we ob ta in  
c~ 

F ( / (X) ,  I (amXm)) = ~'i=m+l FaiX~" (1.7) 

But,  the  lef t  s i de  of  {1.7) i s  a s e r i e s  o v e r  R which  b e g i n s  with a p o w e r  g r e a t e r  t han  m.  The  r e m a i n d e r  of  
the  p r o o f  is  an  obvious  induc t ion .  

COROLLARY 1.8. A (R, F) c A (R | 0 ,  F) is  a s u b g r o u p .  

E x a m p l e  1.9. Le t  Fm(X,  Y) = X + Y -  XY be a m u l t i p l i c a t i v e  f o r m a l  g roup .  C o n s i d e r  the m a p p i n g  

: A - + R [ [ X ] ] ,  s e t t i n g  ] - + l - - f  i X ) .  Then ,  (/ + Fg)(X) = ] (X)  + g ( X ) - -  ] (X)  g iX)  --> [l - -  ] (X)l[i  - -  

g(X)], i . e . ,  k is a con t inuous  m o n o m o r p h i s m  of  g roup  A(R,  F m) into the  m u l t i p l i c a t i v e  g roup  of i n v e r t i b l e  
e l e m e n t s  of r i n g  R[[X]].  

2. Def in i t ion  2.1. We c a l l  the  g e n e r a l i z e d  Wi t t  g roup  W(R, F) the  s e t  of  in f in i t e  v e c t o r s  x = (x 1, x 2, 
. . .), w h e r e  xi ~ RVi, wi th  the  m a p p i n g s  

w~(x) = ~ l ,  dp~_x~/d, n = l, 2 (2.2) 
d 

de f in ing  a c o l l e c t i o n  of  h o m o m o r p h i s m s  in the  add i t i ve  group  of  r i n g  R. 

We s h a l l  c a l l  x 1, x 2, . . . the  t r u e  c o o r d i n a t e s  of v e c t o r  x,  whi le  wl(x) ,  w2(x), . . . a r e  i l l u s o r y  c o o r d i -  
n a t e s .  It f o l l ows  f r o m  (2.2) tha t  the  t r a n s i t i o n  f r o m  t r u e  to i l l u s o r y  c o o r d i n a t e s  is  i n v e r t i b l e  o v e r  the  r i n g  
R | Q, i . e . ,  a d d i t i o n  in g roup  W(R | Q, F) is  u n i v o c a l l y  def ined  by  (2.1).  We  now show tha t  W(R,  F) is  a s u b -  
g roup  in W(R | Q, F).  

Def in i t ion  2.3. Mapp ing  E : W(R,  F) --~ R[[X]] @ Q, def ined  b y  the  f o r m u l a  

(~ t X,~) (2.4) 

i s  c a l l ed  the  A r t i n - H a s s e  exponen t .  

THEOREM 2.5. The  A r t i n - H a s s e  exponen t  de f i ne s  an  i s o m o r p h i s m  of  the  g roups  E : W(R,  F) 

A(R,  F).  

P r o o f .  F r o m  (2.4) we  h a v e :  

== l -t l1 (g (x)) + l (E (Y))I = E (x) + Pg (g). (2.6) 

Fu r the  r m o r e :  
Ix1 ~ / t x7 . ,~la\ % = - 

The t h e o r e m  now fo l lows f r o m  (2.6),  (2.7),  and L e m m a  1.4. 

COROLLARY 2.8. The  s t r u c t u r e  of the  g roup  on W(R, F) i s  u n i v o e a l l y  def ined  by  (2.1).  

The  p r o o f  fo l lows d i r e c t l y  f r o m  (1.8) and (2.5).  

E x a m p l e  2.9.  F o r  group F m  of  e x a m p l e  (1.9) we h a v e :  Pi = 1 fo r  i = 1, 2 . . . . .  i . e . ,  f o r m u l a s  (2.2) 
a s s u m e  the  f o r m  w~ (x) = E.~/,dx~/d. Conseque n t l y ,  group W(R,  F m) is  the  a d d i t i v e  g roup  of a Wi t t  r i n g  
( see  [1]). Th i s  m o t i v a t e d  ou r  cho i ce  of  n a m e  fo r  g roup  W(R,  F) .  

In  W(R,  F) we i n t r o d u c e  the  topo logy  induced  by  the n a t u r a l  va lua t i on :  v(x) = n, i f  x n is  the  f i r s t  non-  
z e r o  t r u e  c o o r d i n a t e .  Then ,  E b e c o m e s  an i s o m o r p h i s m  of t o p o l o g i c a l  g r o u p s .  

Le t  F be the  c a t e g o r y  whose  o b j e c t s  a r e  the  p a i r s  (R, F),  wi th  F b e i n g  a f o r m a l  g roup  o v e r  r i n g  R.  
A m o r p h i s m  f of c a t e g o r y  F is  a r i n g  h o m o m o r p h i s m f :  R1 -~ R2, w h e r e  F 2 = F ( , i . e . ,  F 2 i s  ob ta ined  by  
a p p l y i n g f  to the  c o e f f i c i e n t s  of  F I. We note  tha t  then p~2 = f ( P i F i ) w h e r e P i  i s  ae f ined  by  (1.1).  We def ine  
W ( f )  : W(R I, F 1) ~ W(R 2, F2), s e t t i n g  W ( f )  (x 1, x 2 . . . .  )t= ( f ( x l ) , f ( x 2 )  . . . .  ). T h i s ,  o b v i o u s l y ,  i s  a c o n t i n u -  
ous i s o m o r p h i s m  of  the  g r o u p s .  
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T h e r e  is  a u n i v e r s a l  o b j e c t  ( see  [3]) in c a t e g o r y  F .  We denote  it b y  the  s y m b o l  (L,  U).  S ince  L is a 
t o r s i o n - f r e e  r i n g  we h a v e  then  def ined  the  g roup  W(L,  U).  If ,  now, (R, F) is  an  ob j ec t  of  F and f :  (L, U) --~ 
(R, F) is  the  c a n o n i c a l  h o m o m o r p h i s m ,  then  W(R,  F) is  def ined  as  the  i m a g e  of  g roup  W(L,  U) u n d e r  the  
h o m o m o r p h i s m  of W ( f )  in to  t he  s e t  of a l l  v e c t o r s  wi th  c o o r d i n a t e s  in  R .  T h u s ,  W b e c o m e s  a f u n c t o r  f r o m  
c a t e g o r y  F to the  c a t e g o r y  of t o p o l o g i c a l  A b e l i a n  g roups  and t h e i r  cont inuous  h o m o m o r p h i s m s .  

1. Def in i t i on  1.1. 

2 .  E N D O M O R P H I S M S  O F  F U N C T O R  W 

We de f ine  the  f a m i l y  of m a p p i n g s  b y  sh i f t  Vn: W ~ W, s e t t i n g  

Xrn , if nlrn , 
(v~ (x))~ = w 

0 otherwise 

(1.2) 

L E M M A  1 2 .  V n i s a m o n o m o r p h i s m f o r n  = 1, 2, . . . .  

P r o o f .  We c o m p u t e  the  a c t i o n  of Vn on the  i l l u s o r y  c o o r d i n a t e s .  We have :  

wra (Vn (x)) = ~-~Jdl,n dP rn - 1  ~ / ~  a'ct/n ) 

d 

i . e . ,  

Wr~ (Vn (x)) : I~k'=rn/n nh'p~-lx~ = nWm/n (x), if n I m, 

[ 0 otherwise (1.4) 

The  a s s e r t i o n  of  the  [ e m m a  then  fo l lows  f r o m  the  obv ious  i n j e c t i v e n e s s  of m a p p i n g  (1.2) and the a d d i t i v i t y  
o f  e x p r e s s i o n  (1.4).  

Def in i t i on  1.5.  We de f ine  the  f a m i l y  of F r o b e n i u s  m a p p i n g s  Fn:  W ~ W by  t h e i r  a c t i o n  on i s o m o r -  
ph ic  g r o u p  A .  Le t  ~l . . . . .  ~n be the  f o r m a l  n - t h  r o o t s  of  X. We s e t  

F,~ (1 (X)) = ~ 1  F/(~0" (1.6) 

The  r i g h t  s i de  of  (1.6),  b e i n g  s y m m e t r i c  in the  ~i by  v i r t u e  of  the  c o m m u t a t i v i t y  of g roup  F, is  the  k e r n e l  
of  R[[XJ]. The  a d d i t i v i t y  of  m a p p i n g  F n i s  obv ious .  

L E M M A  1.7. 

w,~ ( F .  (x)) = w~n (5). (1.S) 

P r o o f .  Due to the  s i m p l i c i t y  of  the  c o m p u t a t i o n s  we  v e r i f y  ou r  a s s e r t i o n  on e l e m e n t  E((1,  0 . . . .  )) = 
X. We h a v e :  

F . ( X )  = Z -1(t(~1) + . . .  + Z(~.)) = Z - 1 ( ( ~ + . . . +  ~ . ) +  
Pl  

\ 
� 9  ~'~ . . . )  + --~ (~  + + . . )  + = l -a (p,~_~X + p ~_~ X 2 + . .). 

I 
2 

But ,  Wm(1, 0, 0 . . . .  ) = P m - l "  Now, (1.8) fo l lows  f r o m  the  p r e v i o u s  c o m p u t a t i o n s  and (1.2.4).  

THEOREM 1.9. V n and F n have  the  fo l lowing  p r o p e r t i e s :  

(1) Vm ~ Vn = Vmn,  

(2) F m  ~ Fn = F m n ,  

(3) Fn ~ Vm = V m  ~ Fn when (m,  n) = 1, 

(4) F n o V n is  m u l t i p l i c a t i o n  by  n in Z - m o d u l e  W, 

(5) ( l / n )  V n o F n i s  the  p r o j e c t o r  of w ( R  @ Q, F) on v e c t o r  x such  tha t  wm(x) = 0 w h e n  n ~m, 

_ ~ ,  ~(n) V~ol~'n is  the  p r o j e c t o r  of  W(R | Zp, F) on v e c t o r  x such  tha t  Wm(X) = 0 when (6) ~ -  (~,p)=l ~- 

m ~ ph (p is the MSbius function). 

Proof. By virtue of (1.4) and (1.8), the action of F n and V n on illusory components in generalized 
Witt groups is identical to the action of the shift and Frobenius homomorphisms in ordinary Witt groups. 
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With this in mind,  we reduce  a s s 3 r t i o n s  (1)-(6) of  the t h e o r e m  to the c o r r e s p o n d i n g  a s s e r t i o n s  about o r d i -  
n a r y  Wttt groups ,  p roven  by computa t ions  on the i l l u so ry  components  {see, for  example ,  [1]). 

Now, let r ing  R be an a lgebra  over  the r ing  of  p - ad i c  in teger  Zp. 

Defini t ion 1.10. F o r m a l  group F is p - typ ica l  if, in group W(R, F), win(x) = 0 when m ~ ph. 

The  equiva lence  of  this  defini t ion with that given by C a r t i e r  (see [4]) follows immed ia t e ly  f r o m  (1.8). 

THEOREM 1.11. L e t / p ( X )  = E(Trp(1)). Then,  fo rma l  group Gp(X, Y) = f p i  F ( f p ( X ) , f p ( Y ) )  is p - t y p i -  
cal .  

P roof .  Follows d i r e c t l y  f r o m  a s s e r t i o n  (6) of  T h e o r e m  (1.9). 

3. CONNECTION WITH TOPOLOGY 

I. Let F(u, v) be the formal group of geometric cobordisms, and 

y;(_ (1.11 g (~) = o 

its l oga r i thm (Mishchenko se r i e s )  (see [6]). He re ,  u E U*(CP ~176 = ~2 U [[u]] is a u n i v e r s a l  e l emen t ,  i .e . ,  in 
this c a s e  the coef f ic ien ts  of  the invar ian t  d i f fe ren t ia l  (1.1.1) have the f o r m  Pi = [ cp i ] ,  and f o r m u l a s  (1.2.2) 
take the f o r m  

w~ (x) = ~'dl,~ d tOP'S/d-11 z~ z. (1.2) 

LEMMA 1.3. Let  q E A U @ Q be the mul t ip l ica t ive  ope ra t ion  in the t heo ry  of un i t a ry  c o b o r d i s m s ;  
then,  r = g(u). 

P roof .  By defini t ion,  g(u) is a p r imi t i ve  e l emen t  u n d e r  the mapp ing  U* (CP =) Q O-+ U* (CP ~) 
U* (CP ~) (~ Q, induced by the H - s t r u c t u r e  on CP ~ .  Any ope ra t ion  of  AU c o m m u t e s  with the d iagonal ,  i .e . ,  
the mul t ip l ica t ive  ope ra t ion  takes  p r i m i t i v e  e l ement s  into p r imi t i ve  ones .  But, the ~ u - m o d u l e  of  p r imi t i ve  
e l ement s  is o n e - d i m e n s i o n a l  and, s ince  q~(g(u)) = u + o(u), then ~(g(u)) = g(u). 

Let  q~(u) be a f o r m a l  power  s e r i e s  i n f ( u ) .  As is known (see [6]), f r o m  the s e r i e s  / (u) ~ fLv[[u]] @ Q 
one r econs t i t u t e s ,  un ivoca l ly ,  the mul t ip l ica t ive  opera t ion  ~o E AU | Q. We denote  by  g~(u) the s e r i e s  ob-  
tained f r o m  g(u) by the ac t ion  of ~ on its coef f ic ien ts .  We have :  

g (u) = ~ (g (u)) = g= (/(u)), 

consequen t ly ,  

i .e . ,  

g (]-1 (u)) = g~ (u), 

/-1 (u) = g-1 (g~ (u)). (1.4) 

Let  x EW(fi U | Q, F) be a v e c t o r  such that  wn(x) = ~a[cpn-1].  We then obtain f r o m  (1.1), (1.4), and (1.2.3) 
t h a t f - l ( u )  = E(x), i .e . ,  the A r t i n - H a s s e  exponent  es tabl i shed the connec t ion  be tween  the ac t ion  of  the mul t i -  
p l iea t ive  ope ra t ion  on the coeff ic ient  r ing  and its ac t ion  on the e o b o r d i s m s  of  in f in i t e -d imens iona l  p r o j e c -  
t ive space .  

COROLLARY 1.5. Le t  w 1, w 2, . . . ,  E flU- T h e r e  ex i s t s  mul t ip l ica t ive  ope ra t ion  cp E AU, with q~ [cpn-1]  = 
w n, if and only if t he re  exis ts  a co l l ec t ion  xl,  x 2, . . . E flu such that  

W r ,  ~ dir~ u, [ t . , l y  j X d , X 1 ~ J .  

Proof .  This  follows d i r e c t l y  f r o m  the p rev ious  d i s c u s s i o n  and f r o m  {1.2). 

This la tes t  c o r o l l a r y  makes  it poss ib le  to obtain d i v e r s e  in fo rmat ion  about the mul t ip l ica t ive  o p e r a -  
t ions  of  AU. F o r  example :  

COROLLARY 1.6. Fo r  any mui t ip i ica t ive  ope ra t ion  ~0 EAU we have :  

(1) Td(~p[cPph-l ] )  -= 1 (mod p), 
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(2) L(~ [cPph-1]) -= 1 (mod p) for odd p, 

(3) L(~a [cp2k-1]) _= 0 (rood 2), 

(4) X(cp [cpn-1]) =- 0 (mod n). 

Here,  Td is the Todd genus, L is the Hirzebruch L-genus ,  and X is the Euler  charac ter i s t ic .  

Proof.  ALl these asser t ions  a re  of the same type, so we shall prove only the f irst .  Let x E W(~ U, F) 
be a vec tor  such that Wn(X) = ~ [ c p n - i ] .  It exis ts ,  by virtue of {1.5). Let Yi = Td xi. Then, by virtue of 

~' d "  n /d  ~'~ . n - 1  
(1.2) we have: Tdw~ (x) ~ .~1,~ yd . In par t i cu la r  T d w h  (x) = ~=~p~yPpi . But, Yl = wl(x) = ~(1) = 1, 

whence follows the required asser t ion .  

COROLLARY 1.7. Operation ~ap 6 AU @ Zp, corresponding to vec tor  Vp(1), acts as follows: 

q% [CPp h-l] = [Cppn-1], 

%, [CP']  = 0 when n ~ ph __ 1. 

Proof.  This follows direct ly  f rom asser t ion  (6) of Theorem (2.1.9) and f rom (1.1) (see [6]). 
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