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1. Introduction

The concept of algebraic-geometrical integrable systems was discovered
on the basis of the theory of periodic and almost periodic solutions of the KdV
equation (although some of their features were known for classical integrable
problems of analytic mechanics). The main property of these integrable sys-
tems is that, their complexified Liouville tori can be compactified to give
Abelian varieties [6]. On this basis some classification results on algebraic-
geometrically integrable Hamiltonian systems were developed in the cycle of
papers [1, 2].

The theory of action-angle variables for algebraic-geometrical integrable
systems was started in the pioneer works of Flaschka and McLaughlin and of
S. Alber [11, 3]. The calculation of action- angle variables was based on the
discovery of remarkable Darboux coordinates in the theory of KdV equation
[11] and of certain finite dimensional Hamiltonian systems related to KdV [3].
These are constructed as the coordinates of the poles of Baker-Akhiezer func-
tion meromorphic on the spectral curve. The observations of these papers
were generalized by Novikov and Veselov [16, 17] for essentially all known
algebraically integrable systems (some of these ideas were developed later
also in [14], see also references therein).

Quantum theory applications of these algebraic-geometrical Darboux co-
ordinates were initiated in the paper [19] of Sklyanin. Using these coordinates
for the periodic Toda lattice he elaborated the general scheme of functional
Bethe ansatz (see also [19, 20, 18]).

The main technical difficulty in application of the functional Bethe ansatz
to higher rank systems (where the number of sheets of the spectral curve
is greater than 2) is to separate the equation for the algebraic-geometrical
canonical coordinates from the equation for the canonical momenta. This
difficulty was overcome by a sophisticated algebraic technique in particular
cases [20, 18].

We propose a simple solution of the problem essentially independent on the
concrete structure of the algebraic-geometrically integrable system.. Let the
integrable system be represented by an evolution of a n X n matrix T(A)
depending on the spectral parameter A. Let P, = (A4, q) be the poles of
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properly normalized eigenvector of T(A) on the spectral curve
. det(T(A) —plI) =0.

We find an explicit equation
D(A) =0

for the A-projections A = A, of the poles, where D(}) is an explicit simple
polynomial of the entries of T(A) (see (9) below).

Algebraic-geometrical Darboux coordinate, according to the general scheme
of [16, 17] are obtained from the coordinates of the poles as

9a ::.g(,\a) Pa = f(:u'av’\ﬂ) (1)

where f and g are some functions (the function f can be depend also on the
spectral curve). The action angles variables then are given by the periods of
the differential

f(r, A)dg(A)
and the correspondent angle variables are given via Abel-Jacobi map [9, 16,
17]
We address then the problem of relation between the concrete structure
(1) of the Darboux coordinates and the R-matrix Hamiltonian structure of
the integrable system. For the simplest R-matrix

r(A) = —};

(P is the permutation operator) and for linear/quadratic Poisson brackets
for the matrix T(A) we show that the canonical Darboux coordinates are
represented, respectively, as

q::zAa Pa — Ha

and
o = Az Pa = log po,.

This generalizes (and gives a proof on the basis of R-matrix machinery) the
results of [11, 3].



An interesting problem is to analyze further the correspondence
R — matriz — alg. — geom. Darbouz coordinates

for other R-matrices.

2. Algorithm to find the poles.

Let T()A) be an entire n X n matrix-valued function of the complex pa-
rameter A. We assign to the matrix a collection of spectral data (T', D) where
T is a n-sheet Riemann surface over the A-plane and D is a divisor on I'. To
construct I' we consider first the spectral curve Ty of the matrix T(A)

R(A, ) = det(T(A) — u) = 0 (2)

where
det(T(A) — pI) = ()" — aa (V"™ — .. — 4 () 3)
I is the unity matrix. Let us assume that for generic complex A the equation
(2) has precisely n roots p1(A),...,pn(A). These are the eigenvalues of the
matrix T(A). So they become the branches of the function g = p(P), P =
(A, 1) € Ty being single-valued on Ty.
The ramification points of I'y over the A-plane are those A for which the
matrix T(A) has less than n linearly independent eigenvectors. They are
among the zeroes of the discriminant:

D(A) = greatest common divisor
of R(A,p) and 6—126(%) as polynomzals in p.

This is also an entire function of A\. However, some zeroes of D()) correspond
to singular points of the spectral curve. For example, a double singularity
on I'y occurs when for the given A such that D(A) = 0 two of the eigenvalues
coincide but the matrix T(A) has still n linearly independent eigenvectors.
These are double zeroes of the discriminant. In the double point (A,p) € T
we have thus

rank(T(A) —pl)=n —2

In some part of our considerations we will need the following genericity
assumption about the matrix T(A): we assume that the discriminant D(})
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has at most double zeroes. Moreover, we assume that any of the double
zeroes is the A-projection of a double point of the spectral curve. In other
words, the assumption is that all the branch points of A : Ty — C are sim-
ple and their A-projections cannot coincide, and that all the singularities of
T’y are double points with pairwise distinct A-projections. By I' we denote
the desingularization of the spectral curve. This will be the first part of the
spectral data.

Under the genericity assumption the eigenvector ¥ = (¢1,...,%,)7 of the
matrix T(A)

T =, % =$(P), P =(Ap)€To (4)

determines a holomorphic map of the desingularization T' to the projective
space [13] '

Y :T = CP™ ! P (41(P):9a(P):...: 9 (P)T. ()

The second part of the spectral data is the divisor D = P, + P +. .. obtained
in the intersection

$(T)NH
with the generic hyperplane H C CP"!. If the hyperplane is specified by

the equation
K1¢1+...+Kn711n———0 (6)

then the points P; of the divisor are the solutions (with their multiplicities)
of the equation

K (P)+ ...+ Koyu(P) =0, PeT. (7N
If we normalize the eigenvector ¢ of T(A) by
Kip1 + Kopo+ ...+ Kppp =1 (8)

then the components v¥; = 9;(A, &) will be meromorphic functions on T hav-
ing their poles just at the points of the divisor D.

If some infinite points ooy, ..., ook , at A = oo , of the multiplicities
7y, ..., ng (with ny + ... 4+ nx = n) can be added to I' to obtain a com-
pact Riemann surface of a genus g in such a way that the map (5) can be
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extended onto the compactification then the matrix T(A) can be uniquely
reconstructed from the spectral data (I', D) (the multiplicity n; of the point
00; is, by definition, the order of the pole at oo;).

Our first result is a simple algorithm to find the points of the divisor D.
The principal advantage of the algorithm is a sort of “separation of vari-
ables” A and p: the A-projections A(P;) of the points of the divisor D can be
found, independently on the p-projections as zeroes of an entire functionD()
polynomial on T(A).

Let C" be the linear space where the matrix T()) acts. By C™ we
denote the dual space. T(XA) acts on the right in the dual space. By
K = (K,,...,K,) € C** we denote the covector specifying the hyperplane
(6). The function D(]) is defined by the formula

D(A)=KAKTAKT?A...AKT" ! € A"C" (9)

In the coordinate form for any basis in C* D(]) is given by the determinant

K, K, . K, . K,

(KT), (KT), . (KT) . (KT), (10)

D(}) := det
(KT, . . . . (KT,

We consider the equation

D(A) =0 (11)

Let us assume that all the zeroes A = +; of the function D(}) are simple.
We also define the analytic functions q;-(/\) putting

(—1)"'Q (A p) = K™+ (A% + ot
. (12)
Foot g (A) =10

where the functions Q*(),p) are defined as

Qi(/\,p) = EKjA,’j(/\,p), 1= 1, ey
j=1

J:
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and A;;(A, ) is the cofactor of the (7, j) entry in the determinant of T(A)—pl.

THEOREM 1.

1. The poles P = P, of Y(P), normalized as in (8), on the Riemann
surface T' could be only in the points (A = va, 0 = pa) where v, is a
root of the equation D(A) = 0 and p, is a solution of the system

Q' (Harpt) =0 i=1,...,n (13)

2. For any double point Q@ € I' the A-projection A(Q) is a zero of the
function D(}).

8. If T()) satisfies the above genericity assumptions then the poles are in
the points (A = Ya, b = pa = p(Ya)) where v, is any of the roots of
‘the (11) not coinciding with the A-projection of a double point of the
spectral curve, then the matriz

1 1 1
Ki g . @2 Go

Ko ¢f . . 4@y a0y
has rank n — 1. Assuming the minor

Ky q .. 4q_5 g_,

n—1 n~1 n-—1
Kn—l q c + Gn.3 Gn_o

to be non zero, we obtain



K, 9 . quz—-s quz-l
Koy 7' . . @73 @l
pa=p(Ya) = — (14)
Ki q .. @5 ¢,
) GRS

and ¢! = ¢}(7a)-
Proof:

The eigenvectors of the matrix T(A) with an eigenvalue p can be written
as

A
Ajy
Y=c
Ain
for any i, where ¢; is a normalization constant and A;; ’s are the cofactors

of the matrix (T(A) — pJ). The normalization }; K;¢ = 1 gives for ¢; the

following expression
= (> Kihy)™
7

So, 9 can have poles only in the points (A, ) of I' that satisfy

Y KiAij(Ap)=0 Vi
i

The A;; ’s are polynomial in g at most of order (n—1), and they are analytic
in A; so we have a system, i.e. the system (13), of n equations in A and g
and we want to check if there are solutions belonging T'.
We first obtain equation for A as compatibility conditions of the linear system
(13).

Let us denote by K the row-vector

K = (K1, .y Kp)
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LEMMA 1.

1. If the vectors

K, KT(X), KT*(X), . . ,KT"(Xo) (15)

for a given Ay are linearly independent then any point on I' of the form
(A, 1) is not a pole of 9.

2. If the vectors (15) are linearly dependent then there erists a point
(Ao, 1) € T and an eigenvector of T(Xo). = pyp such that

K + Kotpo + ... + Kn¢n =0
Proof:

Let (Ao, ) € I' and the vectors (15) are linearly independent. We consider
them as vectors in the dual space C™. Let ey,....,e, be the basis of C" dual
to the basis (15). We have

Ten = 1y e ,T82 = €1

(16)
T€1 = al(/\g)el + ...+ an(,\o)en

We put
Pi=e +pes+ ..+ p e,
for any root g = p(Ag) of the characteristic equation (2). This is an eigen-

vector of T(Ao) with the eigenvalue p due to (16).
From the duality

(KT e;) =6 4,57=(1,...,n)

J

it follows that
Ki¢y=1

So (Ao, p) € T is not a pole of 3.
The first part is proved.



Let us assume now that the vectors (15) are linearly dependent. Let
V C €™ (the dual space) be the span of the vectors (15). This is an invariant
subspace for the right action of T in the dual space. The annihilator V° C c®
of V

Vo={y: V=0 WWeV}

is an invariant subspace for T. We can find an eigenvector in the subspace

T =pp, $eV’

This will satisfy
K‘l,[) = Kl‘lﬁ] + o+ Kn¢n =0

The lemma is proved.

From this Lemma we obtain that the A-coordinate of the poles of 3 could
be only in a root of the equation (11). Conversely, if Ag is a root of (11) than
there exists such g that (Ao, ) € T and

ZKJ'AU'(’\OH"') =0 Vi=(l,..,n) (17)

We show first that, if Ap is not a ramification point then p is specified uniquely
in the form (14) by the system (17) and (Ao, ) is a pole of 9.

In this case one can choose n analytic branches g1 = p1(A), ..., fn = pn(A) of
the algebraic function p(A) for A close to Ag, pi(Ao) # p;(Xo) for 7 # j. There
exists a basis of the correspondent eigenvectors of T(A). Since p;’s are simple
then the eigenvectors are analytic functions of A and the transformation
matrix to the basis of the eigenvectors is an invertible ones and analytic in
A. So D is proportional to the

K, .. K
Kip . . Kopn
LT

with an analytic in A non vanishing coefficient of proportionality. Here
(Kj,..., K]) are the components of K in the correspondent basis.
So Ag is solution of

D(A) = 0 — K{(A)..KL(N) TL((A) — (V) = 0 (18)

i<y



The right hand side of (18) has locally a simple zero A = A since D(A) has
only simple zeroes by assumption. So Aq is a zero of, say, K ;(A), and there
are no common solutions of

K/(3) =0

Ki(\)=0 i#j

(otherwise this solution does not give simple zeroes of the (18)).
So, there is a (n — 1)-minor of the matrix

Kl
K'T
K'T?

Kli]‘}n-—l

that is not zero, more precisely, if Aq is solution of K = 0 then a non zero
minor is obtained by dropping out the i-th column and the last row

& TT TI (s — ) #0.

G k=1k#i s=1,si

The conclusion is that the dimension of the span of the vectors (15) is n — 1.
So the annihilator of this system (see the proof of the lemma 1) is one-
dimensional. This is nothing but the eigenvector of T(Ao) satisfying K+ = 0.
So the linear system (13) in the variables p, p?,...,u""! for A = Xy has one
and only one solution g = py. From Lemma 1 we have (Ao, po) € I'. Apply-
ing the Cramer rule to this system system we obtain the (14).

Let us prove now that, the A-projections of the double points of I' satisfy
(11). However, there are no poles of 9 over these .
Let be (A, p) a double point of I', and ', 3" two linearly independent eigen-

vectors
T(A)' = py’
T(A)¢H — #Tp”'
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In the linear span of ¥’ and " we can find a vector 7 such that
> K = 0. , , (19)

For this (Ao, p¢) the rank of (T(Ao) — 1) is n— 2. This implies that this point
is a common zero of the system

A,’l — 0
A,’g =0

Vi
D=0

because the first n equations are minors of order n — 1 of (T — pI) and the
last equation is the same of the (19). '
So we can conclude that such Ay is not a pole for 7.

3. Algebraic-Geometrical Darboux Coordinates

The next step of our investigation is to prove that the variables v,, f(xs)
are canonically conjugated variables w.r.t. some important class of Poisson
brackets on the space of A-matrices T(A). Here f(x) is a function. The
following two types of Poisson brackets will be under consideration.

Quadratic Poisson brackets. The Poisson bracket has the form

{TeTw} =re-w M eTw]. (20)

(9)

Here r = r(}) is a classical r-matriz, i.e. a solution of the linearized Yang -
Baxter equation (see [10] regarding the definitions and notations).

The main source of the quadratic Poisson brackets comes from considera-
tion of the Poisson brackets of the monodromy matrix of a linear differential
operator with, say, periodic coefficients. We recall briefly this construction.

Let us consider the family of operators L depending on the parameter A.

L:=08,+U(z,\) Tr(U)=0 (21)

11



with periodic coeflicients
Uz +T,X) =U(z,A).

We assume that the matrix-valued function U(z, ) is analytic in z near a
point = = zo. We assume also that U(z, ) is an entire function in A with a
possible singularity at infinity (e.g., a polynomial in A).

The matrix T = T(),zo) is the monodromy matrix of the operator (it
depends on zo as on parameter) . This is the matrix of the monodromy
operator

Té(z) = ¢(z + T)

acting in the space of solutions of the equation
L(z,\)¢(z,A) = 0. (22)

A basis in the space of solutions can be constructed from the columns of the
fundamental matrix Y (zo,,)) := (Y7(2o,%,)) i.e. the matrix solution of
the equation LY = 0 with the initial conditions Y (zo,z0,A) = I.

This is an entire function of the complex variable A due to the formula

T(’\7 20) = Y(:DO + T, zo, A) (23)

The eigenvectors 9 of the monodromy matrix are in one-to-one correspon-
dence with the Bloch - Floquet eigenfunctions, i.e. with the solutions ¢ of
(22) satisfying

Bz +T) = "Tg(z). (24)
The cdrrespondence is given by
= Y9
T = 7

for ¢ = ¢(P), P = (A\,p) € T'. The multivalued function p = p(P) is an
Abelian integral on T', i.e. dp is an Abelian differential on I' with poles only
at the infinite points. All the periods of the differential are integer multiples

of 2n/T.
I recall [10] that if the coefficients of the operator L(A) satisfy hnear
r-matrix Poisson bracket

T2 8 Uy} =10 - w,U02) 8 T+ T8 Uy 5z ~3) (25)
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then the monodromy matrix T(A, zo) satisfies the quadratic Poisson bracket
(20).
The second type will be r-matrix Poisson brackets

{T(A)@T(u)}m = (A —p), TSI +I1QT(W)].  (26)

These appear in the description of Hamiltonian structure of algebraic-geome-
trically integrable finite dimensional systems, i.e. of the equations of commu-
tativity of an operator of the form (21) with the operator of multiplication
by T(A)

[a’c + U(:B,/\),T(/\, 93)] =0. (27)
The equation (27) can be rewritten as a finite dimensional Hamiltonian sys-
tem on the space of matrices T(A) w.r.t. the Poisson bracket (26). The
variable = plays the role of the time.
We will consider the particular case of the r-matrix:

r(A) := X (28)

where:
P:C"@cCc"—-C"®C"

is the permutation operator.
In these cases the important property of both the Poisson brackets is the
commutativity of the eigenvalues of T(X) [10]

{P‘a()\l)a ILb()‘Z)} =0 (29)
for any fixed A, , A, and for any branches a , b.

THEOREM 2.

Let the r-matriz have the form (28), and let P; = (i, i) € T' be the points
of the divisor of the poles of 3. Then ~y;, p; := log u; have the canonical Pois-
son brackets w.r.t. the P.B .(20), or ~;, p; := p; have the canonical Poisson
brackets w.r.t. the P.B .(26).
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{7,715} =0 Vi,j
{705} = 6 Vi,j

{piapj} =0 ‘v’z,]

Remark. To obtain the complete set of Darboux coordinates for the
Poisson brackets (26) or (20) we are to add the Casimirs of the brackets. To
do this we need to impose some restrictions on the behaviour of the spectral

curve and of g = p(]) at infinity (see examples below).
In order to proof this theorem we need some lemmas.

LEMMA 2.
The P.B. between log D(A1) and T()z) given by

O ) - YrA2) (i)
{log D), Tea)} = 32 5 0 - ) = i)

X (K" (M) Ey(Ar) ({T(2) ® T(A2)} )i+

({T(M) ®, T P)EBE ) (B1)2(0)
T2 (a(h) — e(0)

where %(A) is the i-th component of the eigenvector of T with eigenvalue p;
and the ' means the components of the tensors in the eigenvector basis, and

{T(M) @ T(A2)} := T (A1) ® 7 (A ){T(M) ®T(A2)}¥(M) ® ¥(A2)

B(A) = (Yi(N)) is a n x n matriz.

Proof:

What we need is an expression for the variation of the D(}) as a function

of T(A).

14



Let us consider
D:=e A2 A....Ae"

and e',...,e" are vectors of C". Suppose that
58‘. = Z A;GJ
J

So _
Slog D =)  A:

In the our case let ‘ ‘
, e = KT !
fe'= Y KTP§TT?

. p+q=1—2
Let Fy,.., F, be the dual basis to €, ...,e", then

Ai = (5¢', F).
If we chose the eigenvector basis of T, Fj’s are
(P = (K 7P
and the f? are the coefficients of the family of the Lagrangean polynomials

in p:

n

Po(u) =) _ftp™t Ppa) = &

=1
So )
Tidi= T u(K) K (8T )ex
X E?:l Zp+q=i~2 /‘t'g”'g ia
LEMMA 3.
1
n P Ha— b a # b
a
> > mplfi=
i=1 pt+q=1i—2 Zc#a 1 b=a
Ha—Hc
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Proof:

If a # b then

1—1
l‘l’a. — Hp

Y omppd =
pq=i—-2 b Ha — Kb

SO

Z Y. mplfi=

i=1 p+g=i-2
ﬂa ,‘l’b a
— Z 2 f2 =
i=1 HMa — b
. 1
Hae — Hb

the last equality follows by the definition of f7.

If a = b then .,
SOY k= - D

Let us observe that this is just the derivative of the polynomial P*(p) w.r.t.
¢ evaluated in the point p,.
Using the Lagrange interpolation formula we obtain

Hb;&a(/"’ — Hb)
Hc;’:a Ha — Hec

dP*(p) _ Z

dp u=pa  cfa Pa T He

Po(p) =

this complete the proof of the Lemma.

We go back to the Lemma 2, using the Lemma 3 we obtain an expression for
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§log D())

— fy~1 nd_ 1
6log D(A) = X Tbza(Ky) Kp(6T")gp—p+ |
(30)
+2a 2c¢a ;(Lil_},:
Now, the substitution of this expression

{log D(\1), T(A2)} = a;ggﬂfi(%)_

(T 8T}
gives the Lemma 2.
Let us represent D(}) in the form
DY) = Vs ms-) [T = )

where the coefficient V(71,...,9n...) does not depend on A.
Then

{logD(\),log D(Ao)} = %yt

=) (A2—7;

+3; i%ﬂz)i — 5 {7, V(7)}
? 1—%i i

A2 —7i

In this way the P.B. between two different +’s is given by

— z\lli-IErs ,\E-I-H/j [{log D(A1),log D(A2) H(A1 — 7:) (A2 — 7v4)]
(31)

Using the Lemma 2 we can write explicitly the P.B. between log D for two

{’)/ia 7]'}
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different values of A
{log D(\1),log D(A2)} =

(KD A EL)ED = (a) KL () ({T(A) ®, TO)})E
Ya,s Lbta Lrs o i) Ot ) 1) (02 +

(K2) "' (A)Kp(A1) ({T(A1) ®, T(A2)} )es
+ Ta,s Tbta Srets (e —16) (01 ) (e i) (O02) +

(K1)~ (2)K. (M) (T ®, T(a)} )2
T La,s Lbta Lrs (a—rn) (1) (e 10 ) %a)

Let us suppose that there exist some u,v s.t. 7; and -; are simple zeroes
of K!(A) = 0 and K/()) = 0 respectively ( observe that u and v label the
sheets of the spectral curve).

So, the only contribution in the limit (31) is given by
(A1 = 73) (A2 — 75)
i = lim lim
et =l e R WK,

9 (K3 ()KL (7)) {T (1) ®, T(vi) ¥ ),
202 (e )0 (e = ) ()

By now all the equations hold for arbitrary r-matrix.
Now we use the form (28) of the r matrix and alternatively the linear P.B or
the quadratic P.B. for the T matrix. We obtain

{T(r) @, T(vY ) = —(ms(y) e (75) — Bu(7i)o(75))

X Snd (¥~ l)b (v)ve (;731(;" 1)4(‘71)1" ()
(32)
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for the quadratic case and
{T(r) ®, T(1i} )5 = (wo(13) = £ (73) + pu(1:) — po(73))

()8 ()98 (v ) (%~ )5 (i )i () -
Lnd X 71—7,' £

(33)
for the linear case.
The substitution of these formulas in the previous one gives

{vi 73t = Flri 1) Ko (1) + K (v:)G (%5 75)

where

‘ . A =7 (A2 —75)
F iy Y5) = Li
(%> 73) = Jim. S K (A) K (h2)

S K (7)1 (73) (@) 3 (v5) 00 (0:)
r,d (o — l‘r)('fj)('fi = 7i)

oy e o A= %)(A2 — )
Gl ) = Jim fim =

K (vi)pa(:) (@ D)5(0:) 95 (75)
T e — ) () (s — 1)

for quadratic case and

| s . (M =7) (A —4)
F('Yn7]) T /\lllﬁi A];I—Eyj KL(AI)K:)(/\z) g

.S KL (7)) () (@ )3 () %2 (1)
wa (o — o) () (1 — 75)

o (M= 7)(Re — )
Gl ) = lim i e R ()
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<3 Ki(v:)($~)a(v:)¥5(75)
b (Hu— o) (7:) (7 — 75)

for the linear case. But by hypothesis K/ (y;) = 0 and K|(v;) = 0 so
{7i17j} =0
LEMMA 4.

Let Py be a pole of ¥, and Q an arbitrary point of the spectral curve with
a fized (i.e., independent on T ) value of A(Q). Then for the matriz (28)

1. if T satisfies the Poisson bracket (20) then

i, Kigi(@)g;(P)dA(P)
{A(Pﬂ)ylog l“(Q))} = PI_SISJOA (/\(P) “ /\(Q)) Y, K,g;(P)

Vi

2. if T satisfies the Poisson bracket (26) then

¥is Kigi(Q)gi(P)dA(P)
{A(PO)’ F‘(Q))} = }}‘zelsi'o (/\(P) _ /\(Q)) Zi K,g;(P)

Vi

Here gl (P) is defined as
g (P) = %i(M)#)3(M)
if P 1s represented in local coordinates as P = (Ay, ptq)-

Proof:

Firstly, we compare the P.B.

{T§(A1),#c(kz)}

for any A; , Az; at this end let us consider the log det(T(A) — pI) for any
complex p being not an eigenvalue of T, and let us consider the P.B.

{Ti(A1),log det(T(Xz) — pI)} = Tr[{T/(M1), T(A2) ~ pIH(T(N) — pI)7Y].
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Using the explicit form of the r-matrix we obtain for the quadratic case
{T%(M1),log det(T(A;) — pl)} =

_ ITAD(T(ha) =) VT (a)i~[T(2)(T(A2) D) T(AL)IE
— A1—Ag

and, for the linear case

{T5(A1),log det(T(Az) — pl)} =

_ [(T2)=sI)" (T(A2) =T (A1) +[(T(A1) =T (A2))(T(A2)—)*];
= A=Az

Let us observe that det(T(A) — pI) is a polynomial in p of the degree n, so
it can be written as

det(T(A) — pI) = W(ps, ., n) T — mel(A)).
k

It follows immediately that

(T o)t = = lim (= pe(Aa){TIA) log det(T(Ae) = )}
(34)
Now
Olog D(A)

{log D(A1), pe(A2)} = —5(,11,)—,,(1#“1)?()\1)¢£(A1){T§(/\1), Be(A2)}

the sum on the repeated indices is assumed here. So, for the quadratic case

we obtain

Zij(’vb—l)?()\l)"»bg(’\l){T;(Al)v F‘C(’\Z)}(q) = limu—wc(ﬂ - #C) X
X 2 [ms(M) (7 A (), 2652 (07 (M) (A)), —

—a(M) (¥ (2) (W(N)) s (97 A$ (), | 5ty =
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- ’,\%C(Z)%\)_l(ﬂa — ) (A1) (B O2) (B (M))5 (B () (M),

and, for the linear case
S (@A) BT (M), me(Xa) }y =
ij

1 — c - b
= 3y, (Ha = ) (M) (¥ Q) (), (¥ (M) (M),
The substitution of the explicit form of the derivative of log D()) gives for
the quadratic case
pre(A2)

{logD(Al),ﬂc()\z)}(q)— /\1;;,%(1{’) (M) K (M) %

b

X (¢“l()~z)¢()«1))z B (M) (M),

and for the linear case

{log D(A1), pe(A2)}y =

o) (A1) Ky(M) x
@ bta

X (w—l()\z)Tﬁ(/\l))Z (‘/’—1.()\1)1/’(’\2))}:

Let us observe that the previous two expressions differ by a factor g, i.e.

{log D(A1), e(A2)} (g) = e(A2){log D(Ar1), #e(A2)}qr)

So
{log D(A1),log(pc(A2)) }g) = {log D(A1), ke(A2)}r)

and we continue the proof only for one of these.

If the pole of 9 is Py = (i, ptu) then

{vislog pe(A2)}g) = “{, ;(1/(,\73,5 obs) ( —.1(/\2)11}(/\1)):‘;.
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If we multiply by (¢')%(A1) the numerator and the denominator of this
expression for any 7 and remember the definition of K’ and g we obtain for

all 5

. Al - i Er Krgr(xhc)gz?(’\lsu)
iyl (A = 1 i P ] .
{7i,1og pc( 2)}(9) AI‘I‘:ETI Y Krg,’-(/\l,U) A — N\

This completes the proof of the lemma.
Let us consider a point o on the spectral curve s.t. that is a pole of 9,

(possibly, coinciding with the pole Py) and compute the P.B.

{A(Bo), f(1(@0))} = {AM(Po), F(1(Q)) Hn@)=ri00) T

+ 21D (X (Py), AM(Qo)}

where f is either the identity or the logarithm.
The second term of this expression is zero by the equation {~v;,v;} = 0 proved
before. So

Zz’,s K,—gi(Qo)gj(P)d)\(P)
{)‘(PO)a f(”‘(QO))} = PESIS,O (A(P) — A(QO)) T K,g;(P) J

SO

0 Po# Qo
A Po), =
o sy ={ ) REE
this is because in the first case ¥; K;g:(Qo) = 0, but in the second case the
P.B. became

dA(P)

{A(Po), f(p(Po))} = P XD = MNPy 1

The P.B. between two different p;’s is given, using (29) and the commu-
tativity of A(P) and A(Qo), and of A(P,) and f(p(Qo)) for distinct poles
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Py, Qo
{pi,p;} = {f(0(P)), fF(1(@))} p=p, 00, +

o+ (M0%) (R) (F2%) Q0 ME) AQ)H+
+ (2 d) (Py) (590 (Qo){A(Po), 1(Qo)}+

+ () () (24E1%) (Qo){(Pr), M(Q0)} = 0

this complete the proof of the theorem.
4. Examples

- Ezample 1. For the Sturm-Liouville operator with periodic coefficients
L:=-8+u(z), ulz+T)=u(z)
the monodromy matrix
Tu()\,wo) T12(/\,=Eo)
T(:Bo, ,\) ==
Tzl(/\,xo) Tzz('\, -’Bo)

with detT = 1, is defined in the standard way (23). the eigenvectors of T
correspond to the Bloch-Flouquet eigenfunctions of L

Lp=2r¢, é(z+T)=pg(z)

o () =+ (95)
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Using the normalization ¢(zo) = 1 (i.e. K = (1,0)) we obtain for the A-
projections of the poles the well known [6] equation

1 0

D(}) = det ( ) = Tp(}, z0) = 0

Tll T12

Ezample 2. Consider a first order matrix operator with potential
U(z,A), linear in variable A, i.e.:

U(z,A):=V(z) - A4 Tr(V)=0 (35)

Here A is a diagonal matrix with pairwise distinct entries.
We assume that the matrix-valued function V(z) is analytic in x near a point
T = Zg.

Following the scheme, say of [5] we construct a Poisson structure on
appropriate space of functionals of V(z).
To a matrix X with entries X;; belongings to a suitable space of functions A
of the variables V;; a vector field corresponds

)

o = ¥ iy

The space of vector fields {Ox} is a Lie algebra g, w.r.t. the standard com-
mutator. Moreover let 2° be the space of functionals

=/fdz: FeA

Let set a pairing between g and the space of matrix-valued functions of V(z)
by
(0x,Y) := / Tr(XY)de

So the dual space ! of the Lie algebra g is defined as the space of matrix-
valued functions {X s.t. Xi,, € A}.
The family of Poisson structures depending on the parameter A is defined by
the map

H A Ql - g
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(i.e. 1-forms to vector fields) of the form:

X e - Hy(X)= [X'+V(z)-4,X]

Xe — B[L,X]

The Poisson bracket can be written as:

6f \ g
te}= |
{f,g}= [ TrH ( ) SVd
where the variational derivative of the functionals are defined by
6f
6t = [ Tr (st) de
To each functional f[V] a Hamiltonian vector field corresponds

£[V] — Bn(ss/5v) = Opyv_sa, i)

18V

The limiting cases are: A = 0 and A = oo,

xzo T 6
{f,g}= = % 5 * Tr {5V [A 511;] } dz (36)
zo+T 6
(£, g} = % A oy { = [a +V(a), W] } do (37)

The matrix entries of V(z) and so of U(z, ) are local functionals of V(z).
for their P.B. we obtain from (36)

{Vi(®), Valw)}) = (Ui, 1), Usa(y, )} =

(38)
= biibju(a; — a:)é(z — y)
where a; are the entries of the matrix A; and from (37)
{Vii(@), Vim(u)}® = 8;6mi0,6(z — y)+
(39)

+6(z — y) (Vij(2)8mi — Vim(2)815) -
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The P.B. (38) is called ultralocal Poisson bracket because on the right-
hand side of the (38) there are no terms with derivative of the § function.
This P.B. can be put in a r-matrix form:

{U(=,A)® U(y,”)}(w) = [r(A - ,u.), U(z,\)®1+1® U(yaA)]‘s(m - y)
where the r-matrix is given by:
r(A) == — (40)

P being the permutation matrix in C" ® C".
Suppose that V(z) is a periodic matrix, with period T. We recall here the
derivation of the P.B. (38) between the entries of the monodromy matrix
T(A), T(g). In order to do this we use the representation (23) of T(A) via
the solution of the equation (22). We consider the variation equation, for
fixed A,

80;Y (z) + 6V (2)Y + V(2)8Y (z) — AA8Y (z) = 0
This is a first order matrix differential equation in §Y (z) with initial condition
8Y (z¢) = 0 .The solution has the form:

Y (2) =Y(z)C(z)
and the matrix C(z) satisfies the following equation:
Y(2)0:C(z)+ 6VY(z) =0

s0
0:C(z) = ~Y ' (2)§V(z)Y(z)
and .
§Y(z) = —Y(z) / Y (2)6V ()Y (2')dz'.
So for ¢ = zg + T we obtain:

§Ti(A) 4 1 _
RACE -EI:T«I(A)Y& (z)Ys(z) (41)

So:
(T() ® T()E =
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5 L:0+T /xmd §T2(A) §T4(u) V(@) oV (42)

z d
1,5,k

w O EVi(=) V)
Using the (41) and (38) we obtain:
{T2(A), Ta(u)}>) =

= ST NTYw) [ do (Y7 (@, )Y (@,m)) ) (Y7 (2, m)AY (2,3)) ~

—T,(NTYw) [ dz (Y7(2,)4Y (2,) ] (¥ (2,)¥ (2,3))
Because Y(z, A) is a matrix solution of the (22) the following identity:

(Y~ (=2, A)Y (=, ),

—1 _
Y (sz)AY(z:/") - - A

‘holds.

The substitution of this identity in the previous formula gives :

{T2(0), TH()}>) =

_ ZT—"‘(W (Y@ DY (@) (Y @)Y (2, ) ]

x
m,s o

| THW)THO) - TEOVTH)
A—pu )

The last expression can be rewritten as:
{T(A) ® T(w)}*) = [r(A = 1), T(}) ® T(w)]- (43)

with the same r-matrix (40)

The hierarchy of commuting Hamiltonian systems related with the op-
erator L can be constructed as follows [7]. We consider a solution R :=
%o R:A~" with an arbitrary constant diagonal matrix Ry (this is a formal
series) of the equation:

[L, B =0 (44)
For the coeflicients one obtains the following recursion equations
R+ [V,R]—[A,Rip]=0i=—1,... (45)
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here R_; = 0. Then [12] all the entries of the coefficients R; are polynomial
on V,\V' ...,

The equation of the hierarchies are linear combinations of the equations of
the form

V = —[4, R (46)

for the matrix-valued function V = V(z,t). This is a Hamiltonian system
with the Hamiltonian

1

hk—H - —m /TT(ARk+2)d2:

in the H{*®) structure;
and:

1
he =7 / Tr(ARys)do

in the H© structure.

Taking k& = 2 for an arbitrary diagonal matrix B = R, we obtain the
Hamiltonian system with a quadratic non linearity

V = adp ad;'V' + [V, adp ad;'V]. (47)
here the operator ad4 have the form:
ads(X) = [4, X]

All these systems commute pairwise. Imposing the reality constrains of the
form (52) (see below) we obtain from (47) a system describing various type
of non linear n-wave interaction [21].

The spectral curve (2) is an n-sheet covering of the Riemann A sphere. It
has n distinct infinite points oo1,...,00, such that

log p(A) ~ a;:A + O(1)

near oo;. For the H(*) structure we have that the Darboux coordinates are,
in the previous notations, log u(+;), and +;, as a direct consequence of the

29



Theorem 2.
Periods of the Abelian integral

j{dlogp

over the cycles on the spectral curve are the Casimirs of the first P.B. (38).
It easy to see from the recursion relation (45) that the Darboux coordinates
for the second Poisson structure (39) can be obtained from the poles (i, p:)
in the form

g =log i, pi = logp.
Ezample 8. Suppressing the x-dependence in (47) we obtain a system of

ODE ]
V = [V,adp ad;' V]. (48)
This is a Hamiltonian system on the Lie algebra si(n) with the quadratic

Hamiltonian )
H=—Tr (V adp ad3! V) (49)

depending on the parameters A and B.

This coincides with the multidimensional analog [4] of the Euler equations
describing free rotations of a solid.

We introduce the matrix

T(A) = AA — V.

Then the equations (48) coincide with the commutativity conditions [15]
[0+ AB — adp ad3! V, T(A)] =0

The Hamiltonian structure of (49) can be described by linear r- matrix Pois-
son brackets (26).

The spectral curve
det(AA—V —pl)=0

generically is a plane algebraic curve of degree n (the genus equals (n—1)(n—
2)/2).

Our Theorem 2 gives an algorithm of construction of canonical Darboux
coordinates 7;, p(;) for the Hamiltonian system (48). The function D(}) in
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this case will be a polynomial of degree n(n — 1)/2. Generically all the roots
of this polynomial corresponds to the poles of the eigenvector.
The Casimirs ¢;,...,c, in this case are the coeflicients of the expansions

1
u:a;)\—}—cg-i-O(:\-)

near the infinite points

00; = {A — o0, ﬁ—)a;}

A

A = diag(ay,...,a,). These are nothing but the diagonal entries of the ma-
trix V being constant due to the equations (48).

Remark.

1. Changes of the normalization (8) of the eigenvectors ¥ give canonical
transformations of the variables (p(vy),)-

2. All of these canonical transformations can be covered by a similarity
transformations:

T M'TM (50)

where M = diag(m,, ...,my,).

The part 1) follows immediately if we consider another normalization for the

eigenvector
Y,m; =1 m; €C.

This condition changes the v4; and p(«;) but the Poisson brackets between
the new «;’s and p(v;)’ s are the same. This means that the change of the
normalization corresponds to a canonical transformation.

The second statement is obvious.
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For the operator of the form (21), the transformations (50) form a part
of the hierarchy (46). Indeed, if we take

@:/ﬂ@W@Mm

as the Hamiltonian of the transformation w.r.t. the second P.B. {,}(© for
some diagonal matrix B then we obtain a transformation of (for an appro-
priate B)
{Vii(2), ks}®) = [B, V(2)l;j = —6Vij(=).
The corresponding monodromy matrix will transform as in (50).
In application the coefficients of the operator L satisfy certain reality
conditions. The most important of them are:

Vi=-V (51)

(the * denotes the hermitian conjugation) or, more generally:

V*=-J'VJ (52)

for a diagonal real matrix J. The matrix iA in these cases must be real.
This reduction is compatible with the hierarchy (46) (one should take real
matrix Ry ). Our technique of construction of canonical coordinates works
also for the real case (52) (the reality restrictions for the Darboux coordinates
are discussed in [8]). More complicated reduction of the hierarchy (46) is
obtained imposing an additional constraint of reality

V=V (53)

The problem of separation of variables using Darboux coordinates of the
algebraic-geometric type, for the operators satisfying (52) and (53) is still
open.
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