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Abstract We introduce a structure of an infinite-dimensional Frobenius manifold
on a subspace in the space of pairs of functions analytic inside/outside the unit circle
with simple poles at 0/o0, respectively. The dispersionless 2D Toda equations are
embedded into a bigger integrable hierarchy associated with this Frobenius manifold.
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1 Introduction

1.1 Frobenius manifolds and integrable hierarchies

Frobenius manifolds, originally invented [8] as the geometric set-up for the WDVV
equations of two-dimensional topological field theory [30], proved to be an efficient
tool in studying integrable systems of PDEs with one spatial dimension. For an inte-
grable system of n evolutionary PDEs

oru; = Ki(u; g,y ...5€), i=1,...,n (L.1)

depending on a small parameter €, the structure of the small dispersion limit € — 0
(if the limit exists) under very general assumptions of existence of a bihamiltonian
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76 G. Carlet et al.

structure and a tau-function is completely described by a suitable n-dimensional Frobe-
nius manifold (see details in [12]). In particular, a basis of the first integrals of the
dispersionless hierarchy can be efficiently computed in terms of the flat sections of
the canonical deformed connection, the bihamiltonian structure of the hierarchy is
expressed via the natural flat pencil of metrics on the Frobenius manifolds, etc. (see
[9] and references therein). The structure of the full hierarchy (1.1) is completely
determined by the Frobenius manifold along with n functional parameters (functions
of one variable) called central invariants [11].

Our goal is to extend the above programme to integrable PDEs with two spatial
dimensions (the so-called 2 4 1 systems). In particular we expect that the technique
of Frobenius manifolds will be instrumental in the description of a complete set of
first integrals of integrable dispersionless systems also for the 2 + 1 case thus giving
a way to studying the properties of general solutions to these systems under very mild
analytic assumptions. It might also be helpful in the classification of various dispersive
deformations of the dispersionless 2 + 1 systems according to the scheme of [11].

In the present paper we consider just one example of a 2 4 1 integrable system,
namely, the 2D Toda equation

O un — uy = €+t — et 4 gt (1.2)

In this case we have two spatial variables: a continuous variable y and a discrete one
n € Z. The 1 + 1 reduction dyu, = 0 of (1.2) gives the classical Toda lattice

qn = eInt1=4n _ o4n—4n-1 . Un = Gnil — qn

i.e., an infinite system of points on the line with exponential interaction of the neigh-
bors. The dispersionless limit is the PDE

Upp — Uyy = (e“)xx (1.3)
for the function u = u(x, y, t) obtained by interpolating
up(y,t) =u(en,y,t)
rescaling
Y€y, > €t

and then setting € — 0.

1.2 2D Toda lattice as an integrable hierarchy with an infinite number
of dependent variables

In order to develop an appropriate Frobenius manifolds technique we embed (1.2),
following Ueno and Takasaki [28], into a hierarchy of an infinite number of flows

@ Springer



Infinite-dimensional Frobenius manifolds 77

associated with a pair of semi-infinite difference operators

L=A+uyn)+u_1mA " +u_ (A2 + ...

A R ~ _ 5 1.4)
L=u_1mA " +uo(n)+ui(m)A+ur(n)A“+---.
Here A is the shift operator
A fn = fn—t—l'
The hierarchy can be written in the familiar Lax form
aL K dL -
—=[ah ] = =[ahy L]
Sk Sk (1.5)
dL . dL . _ '
— = [(Lk)—, L] S [(Lk)—, L]
a5k 05k

k > 1. Here the positive/negative parts of a difference operator

M = ZamA’”

meZ
are defined by
o
My = z am A"
m=0
—0o0
M_ = Z an A"
m=—1
In particular the coefficient
u, =logu_1(n)
as a function of t = 51 — 51, y = 51 + 57 satisfies (1.2).
The hierarchy (1.5) possesses all usual properties of 1 + 1 systems: the flows (1.5)

commute pairwise and admit a bihamiltonian description [5]. However, it contains an
infinite number of unknown functions

of the lattice variable n. Because of this one expects that an infinite dimensional
Frobenius manifold must be brought under consideration.

Let us repeat that the Frobenius manifold structure is intrinsically involved in the
description of the dispersionless limit of the hierarchy. The latter has been thoroughly
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studied in [25]. One has to replace the difference operators by their symbols; the
coefficients u; and u; become functions of the continuous spatial variable x (cf. the
above interpolation procedure); replacing in (1.5) the commutators of operators by
the Poisson brackets of their symbols one obtains the flows of the dispersionless
limit of the hierarchy (see Egs. 3.5). These equations have been extensively studied
[3,17,18,20,24,27,31] after the discovery, due to Mineev-Weinstein et al. [22,29], of
aremarkable connection between the dispersionless 2D Toda hierarchy and the theory
of conformal maps.

In our construction of the infinite-dimensional Frobenius manifold associated with
the 2D Toda hierarchy we have to work with the same symbols of the pair of Lax
operators L, L. This is the main novelty with respect to the already widely accepted
scheme of [7] that suggests to use the symbol of the Lax operator as the “Landau—
Ginzburg superpotential” in order to construct the Frobenius manifold (aka the small
phase space of the two-dimensional topological field theory). For the 2D Toda case
one has to deal with a pair of “Landau—Ginzburg superpotentials” treating them on
equal footing. The constructions heavily rely on the suitably chosen analytic properties
of these symbols that we will now describe in order to proceed to the formulation of
main results of the paper.

1.3 Main results: a Frobenius manifold for the 2D Toda lattice

Let S! be the unit circle |z| = 1 on the complex z-plane. Denote Dy and Dy, resp. the
inner and outer parts of S ! on the Riemann sphere. Let H(Dy), resp. H(D) be the
space of functions holomorphic on the closed disk Dy, resp. Do, that is, functions
holomorphic on Dy/D«, admitting analytic continuation into bigger disks

lzZ] <14+p or |z|] >1—p, respectively

for some positive p. Furthermore denote H(Dy) and H(Doo) extensions of these spaces
allowing for a function to have simple poles at z = 0 and z = oo resp. Functions in
H(Do) will be denoted by

A(z)=u1z+uo+”z;‘+~--eﬂ(1)oo>, (1.6)

functions in H(Do) will be denoted' by

X(z)zuz;'+ﬁ0+zz1z+me7%(00). (1.7)

Define an infinite-dimensional manifold M as an affine subspace in the direct sum

M = {(h, 1) € H(Doo) & H(Do) |uy = 1}. (1.8)

! In this paper bar never stands for complex conjugation unless the opposite is explicitly stated. The coef-
ficients of the Laurent expansions (1.6) and (1.7) can be considered as complex coordinates on the spaces
H(Doo) and H(Dyg), respectively.
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Infinite-dimensional Frobenius manifolds 79

The tangent space to M at any point is isomorphic to the direct sum
TM = H(Doo) & H(Do) (1.9)

identifying first order linear differential operators with the derivatives of the functions
A(2), A(2)

3 > (91(2), 91(2)) € H(Doo) ® H(Dg) = TM (1.10)
(the differentiation with z = const). Similarly, the cotangent space is identified with
T*M = H(Do) ® H(Dso). (1.11)

Itis understood that the duality between the tangent and cotangent spaces is established
by the residue pairing

(W, @) = 2%” ‘7{ [a(Dw(z) +a(zx)w(z)] dz, &= (a,a) e TM,
|z]=1

&= (w,0) e T*M. (1.12)
The following linear functionals will be useful in computations
(di(p).&) = a(p), (di(p).d)=a(p), &= (&) eTM.  (LI3)

Using Cauchy integral formula one obtains the following realization of these one-
forms as elements of the space T*M = H(Dg) ® H(Doo)

p 1
p—z

; (1.14)
di(p) = (0, 5—), Izl > |pl.
pZ—p

We are now ready to define a Frobenius manifold structure on a suitable infinite
dimensional submanifold My of M (see below). Recall that a Frobenius manifold
must be equipped with a Frobenius algebra structure on the tangent bundle such that
the associated nondegenerate symmetric invariant bilinear form (, ) is a metric of
vanishing curvature and the product of flat vector fields admits the representation

(91 - 02, 03) = 010203 F. (1.15)
Here 01, 02, 03 are three arbitrary flat vector fields, the function F is called the potential
of the Frobenius manifold. Besides the above conditions there must be a flat unit vector

field and an Euler vector field involved in the quasihomogeneity condition (see details
in [9]).
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80 G. Carlet et al.

Due to nondegeneracy of the invariant bilinear form, the induced isomorphism
between tangent and cotangent bundles defines a Frobenius algebra structure also on
the cotangent spaces. In our construction we begin just with the Frobenius algebra
structure on T*M.

Define a symmetric inner product and a multiplication on the cotangent space 7*M
at the point (1, 1) by

(da(p), dB(q))s = pp_qq (e(@) B (q) — e(B) ' () (1.16)
and
da(p) - dp(q) = p”_qq [ (p) dB(q) — B'(q) da(p)] (1.17)

Here da(p), dB(g) stand for one of the symbols dA(p) or di(p), the signs € (), €(B)
are defined as follows

e@=1if e =2 and e(@)=—1 if a«=Ax.

As any 1-form c?)_: (w(z), ®(z2)) can be represented as a linear combination of the
1-forms dX(p), dA(p)

. 1 - =
O =5 f (w(p)dr(p) + @(p)di(p))dp,
lpl=1
the inner product and the multiplication extend onto the entire cotangent bundle 7*M.

Proposition 1.1 For any point (A,1) € M the multiplication (1.17) defines on

T(’; X)M a structure of a commutative associative algebra with an invariant bilin-

ear form (1.16). The latter does not degenerate on the open subset of M defined by
the conditions

i_1#0, V@ +A(@ #£0 for |z]=1. (1.18)

We will now describe a submanifold My C M on which the Frobenius structure
will be introduced. This will be an open subspace My C M defined by the following
conditions. Denote

w(z) = A2) + A(2). (1.19)
First, for (A, 1) € Mo one must have w’(z) # 0 for any z € S! and the image

r=w(sh

@ Springer



Infinite-dimensional Frobenius manifolds 81

of the unit circle is required to be a non-selfintersecting positively oriented closed
curve encircling the origin w = 0. Second, we impose the condition i_; # 0. The
manifold My is fibered over the space Mg of parametrized simple analytic curves

Mo 3 (M(2), 2(2)) = {z = w(@) | 2] = 1} € Mreq (1.20)

with a two-dimensional fiber. One can choose

u=1logu_1, v=u (1.21)
as coordinates on the fiber.

Theorem 1.2 The above formulae (1.16), (1.17) define on My a structure of a semi-
simple infinite-dimensional Frobenius manifold with the unit vector

e=(—1,1)eTM, (1.22)
the Euler vector field
E=(M2) -2} (2), k() —2X(2)) € T, ;M (1.23)
and the potential
1 1 w(z1) w(z2) 22— 21
F=-—= lo dzydz
2(2711')2]{ j{ P S e
lz1l<lz2]
1 _ 1 w(z w(z _
+-@wo —uo) | =— ?{ L10g£dz—uo — i
2 2mi Z Z
lzI=1
1 _2 —_ —_ —_ -
+§u010gu_1 ‘+u_g+tu_1+u_qu;. (1.24)

Letus describe the canonical coordinates [9] on the semisimple part of the Frobenius
manifold My. Consider the analytic curve

(1.25)

2::[519p|—> *(p) ]

N(p)+ X (p)
Denote MSS C M the subset consisting of pairs (1, A) such that the curve X is smooth

non-self intersecting. For a given curve ¥ introduce the following functional on MY
depending on the point of the curve

o :=[o M(p) + (0 — ) A(p)] cex (1.26)

p=p(0)’
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where p = p(c) € S! is determined from the equation

[0 X (p) + (@ = DA (p)], 0, ceXx. (1.27)

=p(o) —
Proposition 1.3 The functionals u, are canonical coordinates on MY .

Remark 1.4 For the dispersionless limit of the 1 4+ 1 Lax equations the well known
prescription suggests to take the critical values of the symbol of the Lax operator in
order to obtain the Riemann invariants (aka the canonical coordinates) of the disper-
sionless equations. This rule extends also to the 1 + 1 Whitham equations, where the
Riemann invariants are given by the ramification points of the spectral curve [15].
Our procedure (1.26), (1.27) looks very similarly. The main difference is that now
the Riemann invariants are labeled by a continuous parameter running through the
curve X.

The proofs of Propositions 1.1, 1.3 and Theorem 1.2 will be given in Sect. 2. In par-
ticular, an expression for the metric induced by (1.16) on the tangent bundle is given in
the formula (2.13), the flat coordinates for the metric can be found in (2.16-2.17), the
symmetric trilinear form < 9 - 92, 93 > on T My (i.e., the would-be triple correlator
[30] of the primary fields of the associated 2D topological field theory with an infinite
number of primaries) is written in (2.30).

Recall [9] that on the cotangent bundle of an arbitrary Frobenius manifold there
exists another important symmetric bilinear form defined by the formula

(w1, w2)x = 1g(w] - w2) (1.28)

(the so-called intersection form of the Frobenius manifold). It does not degenerate
outside a closed analytic subset; the curvature of the induced metric vanishes. For the
case under consideration the intersection form admits the following explicit expres-
sion.

Proposition 1.5 The intersection form of the Frobenius manifold My is given by the
formula

(dar(p). dB(q)), = p” "q [« (P)B@) — B @a(p)] + pae (p)B(q@). (1.29)

It does not degenerate on the open subset of My defined by the conditions
M@ #£0, V(@) #0, MDA (@) —ADN () £0 for |z]=1. (1.30)

On this subset it defines a metric of zero curvature given by the following inner product
on the tangent space

A EIvA HA N
o= g TR e
b0 = o P 22 '
|Z|=1 N G
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Infinite-dimensional Frobenius manifolds 83

The notations in the formula (1.29) are similar to those in (1.16). The complement
locus to the subset (1.30) is the discriminant of the infinite-dimensional Frobenius
manifold.

1.4 The infinite-dimensional Frobenius manifold and the extended dispersionless
2D Toda hierarchy

The flat pencil of metrics (1.16) and (1.29) plays an important role in the bihamilto-
nian formulation of the associated integrable hierarchy. Recall that the dispersionless
integrable hierarchy associated with a given n-dimensional Frobenius manifold M
(the so-called Principal Hierarchy) is an infinite family of pairwise commuting flows
on the (formal) loop space

LM = {S‘—>M}.

All the equations of the hierarchy are evolutionary PDEs with one spatial and one
time variable. In the flat coordinates v1, ..., v" the equations of the lowest level of the
hierarchy (the so-called primary flows) can be written in the form

BUV " 81)/3
972.0 ZZCZﬁ(U)a—x9 y=1...,n (1.32)

(the number « of this equation may take values from 1 to n). Here cZﬁ (v) are the
structure constants of the Frobenius algebra on 7 M. The equations dv? /9t*P = .- .
of the higher levels p > 0 are obtained by a suitable recursion procedure (see details
in [12,9]).

Thus, an infinite number of primary flows must be constructed for an infinite-dimen-
sional Frobenius manifold. Only two of these flows are covered by the dispersionless
limit of the 2D Toda equations (1.5), namely,

a a a a a

= + y T = .
s 0100~ w07 95, arw-0
All other primary flows have to be constructed. They are described in the following

Theorem 1.6 The primary flows of the Principal Hierarchy associated with the infi-
nite-dimensional Frobenius manifold of Theorem (1.2) have the following form

aai_o(azg - ot-li—l [ @), 202}, %)({zo) = _Ol-1|-1 [(waH(Z))w’i(Z)]

ael, a#f—1,

Inz) w(z) I (z) w(z) .
s ={ (0 2) | oeeao]. gl =- {(“’gT)w’“Z)}
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o _ 39 (1.33)
rv0 T Hx '
.
a0 T 95,

Allthese flows are symmetries of the dispersionless limit (3.5) of the 2D Toda hierarchy.

In these formulae the dispersionless Lax representation of the primary flows is
given, the curly bracket stands for the standard Poisson bracket on the cylinder (z, x) €
S x R:

af 0g g of
{f (2. %), gz, x)} = il

The proofs of the Proposition 1.5 and the Theorem 1.6 are given in Sect. 3 where we
will also add more explanations about connections between our infinite-dimensional
Frobenius manifold and the 2D Toda lattice. We also construct an analogue of the
Riemann invariants for the primary flows (1.33):

Proposition 1.7 The primary flows (1.33) in the canonical coordinates (1.26) take
the following diagonal form

g _ A Uy . 7 5
370 = i(o) oy (€4 o€
Aito) = =p(@) [0 @ (P (p)z0 + (@ — 1) (w"(p)w/(p))f_l]p:p(a)
Olly iy et
Ay(0) —, Au(o) (1.34)
ax

9w = plo)
The explicit realization of higher flows of the Principal Hierarchy associated with
the Frobenius manifold M, will be given in a separate publication.

Remark 1.8 In [4,19] it was shown that the logarithm of the tau-function (s, S) of
any solution to the dispersionless 2D Toda hierarchy satisfies the WDVV equation.
This gives solutions to WDVV depending on an infinite number of variables. A partic-
ular tau-function admits an elegant realization on the space of simply connected plane
domains bounded by simple analytic contours assuming the possibility to locally
parametrize the domains by their exterior harmonic moments (see also [26]). Such an
assumption has been rigorously justified in [13] for the class of polynomial boundary
curves in which case all harmonic moments but a finite number are equal to zero.
A connection between our solution to WDVV given in (1.24) and the one of [4,19]
has to be clarified yet. It is clear however that the two WDVV solutions are defined
on different spaces.

Remark 1.9 In [1] Adler and van Moerbeke proposed an extension of the 2D Toda
hierarchy by adding the flows with the Lax representation of the form

L _
o [Py, L], Frotals [P-. L] (1.35)
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with
P=L'L/, i, j>0. (1.36)

They argued that these flows, if well-defined, should commute pairwise. Note that the
dispersionless limits of these flows make sense on our infinite-dimensional Frobenius
manifold since the products A’ (z)A/ (z) are well defined for all nonnegative integers
i, j. One can check that all these dispersionless flows are linear combinations of the
flows of the Principal Hierarchy associated with the Frobenius manifold M.

2 Construction of a Frobenius manifold

Letus begin with the proof of Proposition 1.1. Define a multiplication on the cotangent

space T * A)M by the following formula

&1 -0y =22 (01 (W an + N 2)>—1 + o2V w) + 2 @1)>—1
—[V o1y + N (0102 + @102)]5 -3,
—d1 (N wy + N )<y — (V) + N o)<
+H[A @102 + X (0102 + d1w2)]<—2) . 2.1

Here we use the notations (f)> and (f) < for the projections of a function

f=f@=> fud"

nez

analytic on a neighborhood of S! defined by

—k
(Fopx =D fod" = 2 7{ CIREACY f@) 2.2)
T
nzk lzI<I¢]
k+1 —k—1
(e =D fud" = —sz 7§ ¢ ; _ff)dg 2.3)
n=k 21> 12|

for a given integer k. Observe the simple identity

]{dz (@) (8(2)=k Zfdz (f (@) <k-180) 2.4

often used in subsequent calculations.

Lemma 2.1 The product of the linear functionals of the form (1.13) with respect to
the multiplication (2.1) coincides with (1.17).
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Proof Let us compute the product of 1-forms
w1 =dr(p), @ =drq).

In this case the product @ - @, € 'F[(Do). We have

: _ 1 Ve
(2 wz)i—l T 27iz g—0¢ — Z)dg
lzI<l¢I<lql
q 2(©) q 2 (q)
—_1 _ —c0 —d = T,
- [res;_q +res;= ] (g—0)( —2) 729—12
/ 1 Pqir (@)
A = d
( w1w2)2_3 2iz3 - (p—0(qg -0 —2) ‘
lzI<[¢|<min(| pl.Ig])
pq M (©)
= —— = = =00 d
= [reS;_p + T€S¢=g + I€S¢= ] (p—0)g—0)(C —2) ¢
_r [ p X (p) g2 () }
B lag-pp-—2 P-9@-2]

So
w1 -y = 12 (a)1 ()\/a)z)z_l + wy ()‘/wl)z—l — (A/w1w2)2_3 R 0)

( N(q) A (p)
p—2qg—20 (p—z2(¢g—2)

1[ pAN(p) N q X (q) }o)

ly-pp-2 (p-9@-2

1 1
(—”q [Mp)z——x/(p)ﬁ }0)
pP—q 24qd—2 Ip—2z

LI 1w (pyditg) — 2 (@) dr(p)].
P—q

Next, for the product of &; = dA(p), @ = dAi(q) we have the following expression
@] -y = 22 (a)1 ()_»/67)2)2_1 — ()_»/a)wf)z)z_?, , —) (k/wl)s_z + (k/wld)g)s_z) .

The computation similar to the one above gives

’

1 f g2 (©) e — a*N(q) — 22X (2)
2miz g & —q)¢ —2) qz(q —2)

max(|q|.|z))<[¢]

()_‘/6)2)3—1 =
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o 1 p j{ 2@
s = - ¢
(Men@a), _y 2miz g P=0C-—)((€ —2) ‘

max(lgl,|z)<|¢|<]|p]

n 2 (%)
=3 [res{:q +rese—; + reS{=0] (p—0)C —g)((¢ — Z)dg

r
q
P [ ¥ (@) 2 (@) }
glip—9g—20 (P—2z—9q)

1
3

Putting these two terms together and multiplying by z> we arrive at the expression for
the first component of the product

- 1
= _ﬂ)\’(q)ﬁ_

= L9 3qyanp).
pP—q Ip—z pP—q

For the second component the computation is similar

) p A(¢)
2 =— P
(W) 2miz ]{ -G -2
[¢|<min(|z],|p])
p 2(¢)
= — j— =z =00 —d
; [res;—p + res;—; + res;—oo | -0 -2 ¢
_r A () — A (p)
: p—-z
~ 1 p ¢ )»/(f)
A =— =
Wendn) =50 _ (P—0C—q) ¢ —2)
lgl<|¢|<min(| pl,|z])
pl ¢M(©)
= —— — — =00 d
qz [rese=p + resg= + res;=o0] (P=0C—q)¢—2) ¢
_p_ 1 [z M@ pk’(p)}
qz(p—2) p—ql

Putting these together and multiplying by z> we arrive at

2 (= (Mon) _y + (Wenan)__,) = %A( )q — = %x/(p) dig).

We have proved that
di(p) - di(q) = P LL W (pydig) — V@) dnp)].

The computation of the product dx( p) - d)_»(q) is similar. We leave it as an exercise
for the reader. O
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Lemma 2.2 For any (A, X) € M the formula (2.1) defines on T(i X)M a structure of

a commutative associative algebra.

Proof Commutativity of the product (2.1) is obvious. In order to prove associativity
let us compute the product of three 1-forms of the form (1.13). An easy computation
shows that this product can be written in the following manifestly symmetric way

[de(p) - dB(@)] - dy (r) = 22— L9 p'(g)y'(r) da(p)
p—rp—¢q

+ qp qr
q—pq—r
rp r
+ 2 By dy). @25)
r—pr—gq

o (p)y'(r)dB(q)

O

Remark 2.3 On an open subset of M defined by the condition
u_1 #0

the algebra (2.1) will have a unit

et = (0, i) . (2.6)
7

Remark 2.4 The following formula generalizing (2.5) can be easily derived by induc-
tion:

oo(p) ab(p2) a) (pn)
dal(pl)-u--da,,(pn):z — e — - dai(pi) ... — -
i=t Pi T~ P1 Pi TP Pi — DPn

2.7)

Introduce a linear map

. * _
n: T(A,X)M — T(A,A)M

by the formula

N(@) =% (Vo +Vd)<s — V(@ —d)<2, o+ Vd)=1 + X (0 — @)=_1)

(2.8)

o= (v, ) € T&’X)M.

Lemma 2.5 The associated bilinear form on T(j X)M
(@1, @2)x = (@1, 0(@2)), b1, €T 5 M (2.9

coincides with (1.16).
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Infinite-dimensional Frobenius manifolds 89

Proof is obtained by a simple computation, similar to the one in the proof of
Lemma 2.1. o

Lemma 2.6 The bilinear form (1.16) is invariant with respect to the multiplication
1.17):

(@1 - @2, @3)5 = (01, D2 - @3)+. (2.10)

A A A *
for any @1, @, @3 € T(A,X)M'

Proof As in the proof of Lemma 2.2 let us compute the inner product (2.10) choosing
the three 1-forms @1, @2, @3 among dA(p) and dA(p). Using the formula (2.8) one
easily obtains the following symmetric expression

(da(p) -dB(q),dy(r))«
. [E(a)ﬂ’(q)y’(r)p e(B)a’'(p)y'(rq E(V)a’(p)ﬂ’(q)r]
(p—q)p—r) (g—p)g—r) r—pr—q ]

O

Let us now prove nondegeneracy of the symmetric bilinear form (1.16) on the sub-
space defined in (1.18). Recall that on this subspace one has w'(z) = A/ (z) +1/(z) # 0
for z € S!. Moreover, the coefficient i_1 does not vanish.

Lemma 2.7 For any (A, A) satisfying (1.18) the linear operator (2.8) is an isomor-
phism.

Proof We need to solve the equation
which is equivalent to the following system

a=22WNo+ VD)< + 22V (@)<_2,
@=22WNo+Nd)s 1+ w0 — 22X (@)>_1,

where we have used the assumptions o, ® € H(Dso) and @, w € H(Dy). Tt easily
follows that

a+a=z2w(w+ d<_2). 2.11)
Dividing by z2w’ and taking suitable projections one obtains

_l(a(z)—i—&(z))
- z2 wiz) ).,

w:%(w) +L(‘E +&0). 2.12)
<2

z w'(z)

]
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Corollary 2.8 For (A, 1) € M satisfying (1.18) the non-degenerate symmetric bilin-
ear form (1.16) on T{; X)M induces a non-degenerate symmetric bilinear form on
T, 3yM. The latter can be written in the following form

1 9 9 014(z) 024
1 aw@hw@ o ORE) ,  gs)
2mi Zw'(2)

01, 0p) =
(01, 92 200)
|z]=1

Jfor any two tangent vectors 91, 92 € T, 5)M where

u

02 =z+v+%. (2.14)

From the above lemmata it immediately follows the validity of the Proposition 1.1.

Let us now proceed to the proof of Theorem 1.2. Recall that the subspace My C M
is defined by the following conditions. First, for (1, 1) € Mo one must have w'(z) # 0
for any z € S'. Moreover, the image

r=w(sh

of the unit circle is required to be a non-selfintersecting positively oriented closed
curve. Second, we impose the condition u_; # 0. It will also be technically conve-
nient to assume that the curve I encircles the origin w = 0.

The function w(z) = A(z) +A(z) is holomorphic on some neighborhood of the unit
circle S'. The functions A(z), A(z) can be reconstructed from the triple w(z), iq, it |
by the following formulae

|
|

Mz) = (w(z)) <o +2 — o —

AM2) = (w(2)s) — 2410 + (2.15)

|
N||!\l|
—_

So, the coefficients w,, of the Laurent expansion

w(z) = Z wy2"

nez

along with up and #_; can be used as an alternative system of coordinates on the
manifold M. The symmetric bilinear form on tangent spaces to the manifold My will
be called metric on this manifold. We begin with proving that this metric is flat. To this
end we will introduce a system of flat coordinates for this metric. They are obtained
from the following procedure. Consider the inverse function

z:z(w):F—>Sl.

@ Springer



Infinite-dimensional Frobenius manifolds 91

It is holomorphic on some neighborhood of the curve I' and satisfies
|z(w)|wer = 1.

Introduce the Riemann-Hilbert factorization of this function

z2(w) = fy ') foo(w) for wel (2.16)
where the functions fop(w) and foo(w)/w are holomorphic and non-vanishing
inside/outside the curve I' (in both cases holomorphicity can be assumed in a big-
ger domain containing the curve itself). The factorization will be uniquely defined by
normalizing

foow) =w+ O(1), |w| — oo.

Denote t,, the coefficients of the Taylor expansions of the logarithms of these functions

2

log fo(w) = —tg —tyw — bw™ — -+, |w| — 0
(2.17)
Jfoow) 11 1o
log =—+ =+ , |w| — oo.
w w
These coefficients along with
v=u1g, u=Ilogu_i (2.18)

constitute one more system of coordinates (t, u, v) on My. In order to compute the
curve in M( obtained by variation of the coordinate #; +— #; + At one has to invert

the function z(w)e®* " and then restrict it to the unit circle. This implies the obvious
formula
a n

—z(w) = w"z(w) (2.19)

at,
and hence

a n /
—w(z) = —zw (Qw' (2) (2.20)

ot,

[note that in the formula (2.19) we differentiate keeping w = const while in (2.20)
z = const]. Therefore

ar
al(Z) = ¢ [wn(Z)w/(Z)]S_l

93 " (2.21)
Bt(Z) = —z[w" @' @],
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Moreover,
@ AR 1
gv gv (2.22)
@ et an@) et
ou  z w7z’

Lemma 2.9 The Gram matrix of the metric (2.9) becomes constant in the coordinates
(t, u, v), namely

a 09 a 0
— — ) =8k -1, (—,=)=1, 2.23
<azk 8t1> k-l <8u 8v> 2:23)
all other inner products vanish.

Proof Let us use the formula (2.13). With the help of (2.20) we obtain

3 @ 1 K+l 7 1 7{ K+
y — d = d :5 —1-
<8tk 8tl> 2ni7{w WaR=oa P A= el

The second part of the formula is proved in a similar way. O

Remark 2.10 Note the identity

1 w(z) w(z) 1
Y S P2 P it —1_ 2.24
mi) 7 BT ¢ 2i+§_1 iy (2.24)

from which the convergence of the infinite sum in the right hand side follows. Another
useful formula:

Uy = —t_1 — 0. (2.25)

Lemma 2.11 The function (1.24) on My coincides with
11 . z(wy) 1 et
F(t,u,v) = - L dw d — — d
€% v) 2(2711')2}{}{ B (z(wg)) wraw o (z(w) cw) ) dw
rr r

1 1 zZ(w)\? 1,
+— v+ =1t j{ log——=) dw+ —v7u—é". (2.26)
4mi 2 w 2
r

Recall that the tri-logarithm is defined by its Taylor expansion

k
. X
Liz(x) = zk—3 x| < 1.

k>1

The double integral must be regularized in such a way that |z(w1)| < |z(w2)].
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Proof Let us begin with the first line of the formula (1.24) for the potential F repre-

sented as
w(z)) W(zz) 21
2 (2m)2 f{ 7{ (5) dzydzs. (2.27)

lz1]<lz2|

In this computation we will use the identity

e i1 (2) = Lin(2) (2.28)
dz

for polylogarithms
k
. X
Lin@@) = > 1
k>1
Note that, in particular
Lij(z) = —log(l — 2). (2.29)

Replacing the integration variable z +— w and integrating twice by parts we get, with
the help of (2.28)

1 1 w(zy) w(z2) .. (21
—— Lij{ — ) dzid
2(2711')2}4 7{ a2 1(zz) e

lz11<lz2|

_1—1 % % w1 wr Lll (Z(wl)) Z/(wl) Z/(w2) dU)1 dwz

2 (27i)? zZ(w2) ) z(wy) z(w2)

[z(w1)|<lz(w2)]

11 . [ z(wr)
T 22ni)? % j{ b (Z(wz)) dundwz.

lz(wp)|<lz(w2)]

This gives the first term in (2.26). Next, since ug = v, using (2.25) we derive that

ug + up = —t—1. So we will transform the integral in the second line of (1.24) as
follows:
1
— w(Z) log _LU(Z) dz — (ug 4+ ug) = ——% Z(w) Zw) dw +t_
2mi z w Z(w)

1 z\ [Z(w) 1 zZ(w)
o P wloe (T) [zm - a] dw = 5% (1"%7) dw

Multiplying by

1 1
E(ﬁo —up) =v+ El—l
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we arrive at the first term in the second line of (2.26). The last line in (1.24) we
represent as follows, using wy =u; + land w_; =u_1 +u_1,

1o - - - [ -
Euologu_l +u_tu_+uu_; = Ev u+w_q1+e"u

Lot gt oLy gy ! “ o) a
= —-vu w_ e w1 —e —U e —_— — w w
2 ! ! =2 wmi ) \zw)  °

since

w0, 1 g
= 2 T 2w 2(w) 2i | z(w)

and

1 1 1
woy = —.fw(z)dz = —.fwz’(w)dw = ——.fz(w)dw.
2mi 2mi 2mi

Putting all these terms together we arrive at (2.26). O

We are now ready to complete the proof of the Main Theorem 1.2. Define on the
tangent space T{; 5) Mo a symmetric trilinear form

diw drw 038 + dqw 028 3w + 915 hw 3w — s’ Jiw dhw d3w d
Z

2

(01 32, 03)
zcw’

4m

al(i —0) 0l 3+ —1L) 36+01£ 02£ 03(h—L)+01£ D2£ D34 J
237
Z°A

—res;—0

(2.30)

(all differentiations of the functions w = w(z), s = 5(z) := Az) — A (2), € = £(2),
A = A(z) have to be done keeping z = const).

Lemma 2.12 Let 91, 02, 33 be flat vector fields d/9t;, d/du or d/dv. Then the trilinear
form (2.30) coincides with the triple derivatives of the potential (1.24):

(01 - 02, 03) = 010203 F. (2.31)
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Proof Computation of triple derivatives of the potential (2.26) by applying (2.19) is
straightforward:

PF 11 z2(wy) DG
dr;dt;on 2 (2mi)? 7{74 z(w2) — z(w1) (wl a wz) (wl B w2)
rr
X (wk - wk) dwidwy — L% z(w) + i Wi dw
! 2 2mwi z(w)
r

1
+§ [8i.—18 4k —1 + 8j.—18k4i,—1 + Sk, —18i4j.—1]

3F
8t,~8tj8v
3F
vlou

3F el wits
_vs d
81,91, 9u 2ni%z(w) v
r
PF 6“7{ w' J
ot 2xi ) 2wV
r

PF el 7{ dw v -
— =0 ——c"=1uje
3~ 27i J z(w) :

=8itj.—1
(2.32)

r

all other triple derivatives vanish.
Let us start with the first integral. We open the brackets and return to the integration
in z; = z(w1), 22 = z(w7) in order to obtain the representation

%(27111')2 fz{ Z(wzz)(i)lz)(wl) (wll B wlz) (w{ - wj) (wlf B wé) dwi dw,

=N, j, k) + LG, j, k) + 3G, j, k) + 14, j, k)

where

. 11 21 i+ j+k
1K) =5 s f ]4 wi T wiwhdz dz

22— 21
[z11<]z2|
1 1 21
b, j k)= —>——
20, J 1) 2(2771')2?{ f 22— 121
lz11<l|z2]

i+j j+k i i+k . J
X (w1 Twh +w! T wh + wit wj) wiwydzidzn
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I("k)—l 1 f}{ z1
WL =S iy 2-au

lzil<lz2]
+k i+
x (wlwé + w] w4+ wkwh ]) wiwsdz) dzs
.. . 1+]+k I,
14(i, j, k) = 2(27”)2?{ f Z2—Zl w, wiw,dz dzo.
lz1l<lz2]

Here we denote
wp =w(z1), w2 =w(z2).
Integrating in z» we represent the first integral in the form
.. 1 i+j+k. ./ /
L, jk)=— zw' T (w')spdz.
4mi =
lz|=1
Similarly,
1 L . . . .
12(1’ j’ k) :—4_ % z w/ [wl+] (wkw/)20+wj+k(wl w/)20+wk+l (w]w/)zo] dZ,
i
|z]=1

etc. Using the identity (2.4) we rewrite

LG, j, k) + 14G, j, k)
1 o 1 o
= m%z ww W) gdz — H%zw’w””k (wh<—2dz

— ¢ zww T W dz
4711

where the operator IT is the difference of two projectors:

M(f(2)=(zo0— (<1 (2.33)
In a similar way we find that

L, j, k) + I3, j, k)
=——— ¢ zw [w"”l'[(wku/) +w/ T wiw’) + wk'HH(wfw’)] dz

1
—3 [8i+j,—18k.—1 + 8k, —18i,—1 + Skri—18j,-1] -
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Thus

»BF 1 f ,
0t; 0101 4mi

X [wH'jH(wkw’) + w/ I (w'w') + w T I (w/w') — w it Hw’] dz

1 et L
- 74+ — Jw iRy dz.
2mi z

On the other side, evaluation of the expression (2.30) with

oj=—, Oh=—, 03 =—
! dt; 2 8tj 3 daty
using
0s(2)
— 1-[ n !
o, zIM(w"w")

(see 2.21) yields

(01 - 02, 03) = —4—71”_ zw’ [wiﬂH(wkw’)+wj+kl"l(wiw’)+wk+iI"I(ij’)] dz
+4—71”,]{zs’(z) wi Ty dz.

Since

eu
s'(z) =Tw —2 (1 + —2)
z

one finally obtains

(91 - 02, 03) = 2F
IR o oton
Next, taking
01 = 9 0y = 03 =
"Toan P T a0 BT
gives
1 diw drw 038 1 Jjw dhw
01 -0),03) = — @ —————dz=— —————d
(01 - 82, 83) dri 22w’ 2mi 2w C
(91, 8 = BF
T et 0
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(we use that d,s(z) = 2). A similar computation works for 9 = d» = 9/du, 93 =
d/dv. For the choice

dJ1 = 9 ad 9 3 =
YT T P T
using
ds(z) "
ou oz
we obtain
et witiw AF
d1 - 07, 03) = = .
(61 - 62, 5) 2;11'7{ T Bnorou

In order to perform a similar computation for

9
a = a = —, a [ p—
V=250 %" o

one has to use the second line in the formula (2.30). In this case

AT B
(81 - 9, B3) = reSz=oM

. 1
dz = eXresw'w’ ( ) dz
<1

23)_»/ 23)_»/
i/ 3
w. ww °F
= —e"res dz = ——.
Z ou=ot;
In the remaining cases the computation is even simpler. O

The next step in the proof of the Main Theorem 1.2 is in the following

Lemma 2.13 The isomorphism (2.8) identifies the rank three symmetric tensor (2.30)
on the tangent space T M with the one on the cotangent space given in (2.10).

Proof Raising the indices i, j, k in the formula
] a 0 1 ,
PRl B w
ot;  dt; Oty 4 <
X [wi+j1'[(wkw’) + w/ I w v + wH T w/w') — w i+ Hw’] dz

1 et o
o 74 — wt+/+kw/dZ
2mi z
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we obtain

1 . . .
- ¢z I:w—z—J—2l—I(w—k—lw/) +w 2w )
4mi

+w—k—i—21-[(w—j—1w’)
_yimi—k=3 nw/] dz — %]{ (Z + e_u) w Ty dz,
Tl <

We will now derive the same formula by using the multiplication (2.1) and the bilinear

form (2.9) on the cotangent bundle.
We will need the formula for the Jacobi matrix of the coordinate transformation

(w, u, v) — (t, u, v). It is not difficult to show that

at, 1
e pw ", moneZ. (2.34)

oWy, T

From this we derive the following representation for the pair of functions d, €
H(Do) ® H(Dso) = T*M representing the 1-form dt, =", ;’T”’m dwy,:

1
diny === (07" @0, v @1 | (2.35)
Z

Substitution into the formula (2.1) produces the following vector in 7*M:

dt; - dt;

Similarly, after substitution of (2.35) into (2.8) we obtain

n (dAtk) =—z ([A/w_k_l>o + )_\’w_k_lsl] + 2wk,
I:)L/w—k—lzo + )'L/w—k—lsl] Y w—k—l>2) .
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Substituting

u

’_ / e
A —(U))§_2+1+_2
Z

T 1 e
V=)o 1-—
- Z

after a somewhat lengthy computation we obtain that
(dt; - di, n(dn)) = (dt; - dij, diy)s.
In a similar way we check that

(dt; - dij, n(dw)) = (d1; - dt;, du).
(du - du, n(dty)) = (du - du, diy) (2.36)
(dt; - dt;, n(dv)) = (d1; - dt;, dv)s

etc. where

Z

- A 1
du = (O, e_”) . dv = (O, —) .
The last simple step of the proof is in verifying the quasihomogeneity identity
1 _ 1 dZ _2
EF =2F 4 ~ (g — up) =— ¢ w(z) — + i
2 2mi b4
1
=2F — E(U +tro)t- + v? + linear terms. (2.37)

This completes the proof of the Lemma. O

Let us now explain in what sense the above algebra on the cotangent space is semi-
simple on the open subset M, C M defined by imposing an additional condition

N ()" (p) =X ()X (p) #0 forany pe S (2.38)
For every p € S! define a linear functional d(p) by the formula

(du(p),a) = ;[,((l; )) - ;l,((i )) (2.39)

The functionals d.(p) span the cotangent space to M s (actually, at the points where
M(p) # 0, X(p) # 0for p € S; this restriction will be eliminated in a second).
Indeed, the vector @ = («(z), @(z)) can be reconstructed from knowing all the values

a(p) :=(du(p),&) forall pe S!'
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by the following procedure:

a(z) = MN(@la@)l<o

_ - (2.40)
a(z) = A ()[a(@)]z1-
It is convenient to change normalization of these 1-forms introducing
M (p)X (p) M (p) d(p) — X (p) di(p)
du(p) = -2 gy (py = P PRI 4y

V() + M (p) AM(p)+ M (p)

Lemma 2.14 The inner products and multiplication of the I-forms du(p) is given by
the following expressions

(du(p), du(q))« = f(p)s(p —q) (2.42)
du(p) - du(q) = f(p)é(p — q)du(p) (2.43)
2 NPV (p)

=—p—" 2.44
1w X () + 2 (p) (249

where the delta-function on the circle is defined by

p* I
-0 =3 Koo o @G- a1da =S
q 2mi
keZ lgl=1

Proof is given by a simple computation using (1.16), (1.17). O

Thus, the 1-forms du(p) are idempotents of the Frobenius algebra on 7*M; ;. The
Theorem is proved. O

The reader familiar with the theory of finite-dimensional semisimple Frobenius
manifolds certainly remembers that the basic idempotents in the tangent bundle can
be represented [8] as partial derivatives along the canonical coordinates uq, ..., u,.
These partial derivatives span the tangent space; they satisfy

a 0 a
— =5 —
314,' 3141' 314,'
ad a
— — =y S

<3u,~ 3I/tj> nii (u) ij

The canonical coordinates can be chosen in such a way that
(dui, EY=u;, i=1,...,n.
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The multiplication and inner products of the differentials of the canonical coordinates
satisfy

(dui, duj) = n;; ()s;;
du; -duj = nfil(u)éijdu,-.

Using these finite-dimensional hints one arrives at the following construction of the
canonical coordinates. Consider the curve ¥ defined in (1.25). The analytic curve X is
smooth, i.e. ¢’ (p) # 0 due to the assumptions (2.38). Denote MSOS C M the subset
consisting of pairs (A, 1) such that the curve ¥ does not intersect itself. Consider the
function (1.26) on the curve X:

Uy 1= [o Ap)+ (o — 1))‘(17)],,:,,(5)’ oeXx
where p = p(o) is the inverse map. The identity (1.27) holds true for any o € X.
Varying the curve X we obtain the variation of the point of the Frobenius manifold
defined by the equation (1.27).
We have to establish that the functionals (1.26) are the canonical coordinates on
MY, C M. Indeed, taking the differential of (1.26) one obtains, due to the equation
(1.27) the 1-form (2.41)

d’/l(] = du(p)p:p(g).
This proves Proposition 1.3. O

Example 2.15 Letus compute the Frobenius algebra structure on the two-dimensional
locus Mg C My defined by

et _ et
A=z—v——, A=—+0. (2.45)
Z Z

The curve I' = w(S") in this case is the unit circle with the standard parametrization.
So the tangent space to My at the points of Mg coincides with the Cartesian product
of the space of vector fields on the circle spanned by

9
Xp=""'—=——, neZ 2.46
T T T (2:40)

and the two-dimensional space with the basis e = d/dv and d/du. The multiplication
table of these vector fields reads

[ . . 3
Xi-Xj=5100)+0()+0(—i —j—2)+ 1 Xipj1 + Sivj—17—
2 ou
a
+e" |:Xi+jl +8i+j,0%:|
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a " 0
— - Xi=e" | Xi—1+ 80— (2.47)
ou v
g 0
— . — =" X_
ou du
where 6 is the step function,
I, n>0
s ={ 0o

Remark 2.16 A combination of the limit
Reu - —o¢

and the projector

TMy — TM 9 Y _o 9 9
J s r{ —)=pr{— ) =0, rlfl— ) = —
P 0 0- PP\, ) TP\ 5y PI\on ) o

provides the tangent planes to the space Mg of parametrized analytic curves {7z —
w(z), |z| = 1} € Mg with a structure of Frobenius algebra. The nondegenerate
invariant inner product of tangent vectors is given by the first term in the formula
(2.13), the trilinear symmetric form (91 - d2, 93) m,.4 1S given by the triple derivatives
of the reduced potential

_l 1 . z(wy) B L
Frea(t) = 2 ni)? j(l{j{Lu (Z(wz)) dwi dwy o %z(w) dw (2.48)
rr r

For example, specializing the Frobenius algebra at the point w(z) = z one obtains the
following graded Frobenius algebra with no unit

1
Xi-Xj= 3 (@) +0()+60(—=i—j—2)+ 1] Xi+j+1
(2.49)
(Xi, Xj) = 0ivj—1

(cf. 2.47 above), deg X; =i + 1.

Example 2.17 Let us consider a two-dimensional locus M?> C My defined by the
equation

2z) = A(2).

From the explicit formulae (2.32) one conclude that M 2 is a Frobenius submanifold
isomorphic to the quantum cohomology of P!

a 0 u 0 a 0 0 g 0 0 a 0
du’ v

ou u v ouw v ou v ov ov

(also describing the dispersionless limit of the standard 1 4 1 Toda lattice).
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3 Relation with the 2D Toda hierarchy
We begin with the study of the intersection form of the Frobenius manifold M.

Lemma 3.1 The intersection form of the Frobenius manifold M reads
(@1, )x = (@1, ¥ (@2)) (3.1

where the linear map y : T(x )L) Mo — T}, 5)Mo is defined by

y(@) =22 (M (ew + Ed)<—2 — e(Vw + X'@) <,
—N(ew +ED)>—1 + eV w+ N d)=_1) (3.2)

where ¢ = £(z) = M(z) —zA' (z) and & = £(z) = A(z) — zA/(2) are the components of
the Euler vector field E = (¢, £).

Lemma 3.2 The linear operator y is invertible on the open subset of M defined by
the conditions (1.30). The inverse operator & = (w,®) = y~ (@), & = (a, @)
reads

11 [VNa—Na _ 11 [VNa—Na
w=—[—-|"F—2— , o=—=|—=—— . (3.3)
2\ LAV = o, 22\ WV LAn — AN
z1/>1 <2

Proof is similar to that of Lemma 2.7. O

Computing the pairing
('@, B) =: @ B)

we obtain the expression (1.31) for the intersection form on the tangent bundle. This
completes the proof of Proposition 1.5.

Let LM be the loop space of maps from § ! to the manifold M. A pointin LM is
given by a pair of maps (A(z, x), A(z, x)). A tangent vector at a point (A, 1) € LM is
naturally identified with a map from § Lto TM = H(Dso) ®H(Dyp) and a 1-form with
amap from SltoT*M = H(Do) @ H(Dso). The pairing between a vector & = («, @)
and a 1-form @ = (w, @) is the natural extension of the pairing (1.12), i.e.

(@, a) = —j{ 7{ la(z, x)w(z, x) + a(z, x)w(z, x)] dz dx. (3.4)

St |zl=1

The dispersionless two-dimensional Toda hierarchy is composed of two sequences
of commuting vector fields on LM, denoted by times s, and s, for n > 0. They are

@ Springer



Infinite-dimensional Frobenius manifolds 105

defined by the Lax equations

(2 n A A
— ={")+, A} — ={0)+, A}
dsn Sy
I 97 3.5)
- = {()_\n)f, A} —_— = {(in),, )_L}
05 05y
The bracket of two functions of z and x is given by
af og g af
y 81 =255 T3, a 3.6
{fs g} i (3.6)

It follows from standard arguments [25] that the formulas (3.5) provide well-defined
vector fields on LM.

A Poisson structure on £M is defined by a map P; from the cotangent to the tangent
space of LM at each point of the loop space, such that the associated Poisson bracket
between local functionals on LM

{F,G};i = (dF, P;,(dG)) 3.7)

is skew-symmetric and satisfies the Jacobi identity. A bi-Hamiltonian formulation of
the 2D Toda hierarchy has been obtained in [5]. By taking the dispersionless limit we
can easily obtain the following result.

Proposition 3.3 The following formulas define pair of compatible Poisson structures,
Py and Py, on LM

Pi(@) = (—{*, o —z0) -} + ({1, z0} + {1, z0}) <o,
{h, (2o — z@) 4} + ({1, zo} + {A, z0})=0) (3.8)

Py () = ({&, (zho + 22@) -} — A({A, zo} + {A, z0}) <0 + 2) ¢y,
—{&, @A + 2hw) 4} + AR, z0} + (A, 20N =0 + 2h 0x) . (3.9)

Here ) = d)/dz, X' = d\/dz, the function ¢ is given by

1 _
= (Vo +20'®) dz. (3.10)
2mi

lzl=1

The flows (3.5) are Hamiltonian with respect to both Poisson structures (3.8)

ad
3 = {-, Hohi = —{-, Hi—1h

Bn (3.11)
- = {'1 Hn}l = {'a Hn—l}2
a5y,
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with Hamiltonians

)Ln—ﬁ—l )Ln—}—l
i) J i i f iz 4 o
2ri n+1 z 2ri z

St |z|= St |z|=

Remark 3.4 Actually we use here a slightly different bi-Hamiltonian formulation of
the 2D Toda hierarchy. It differs from the one obtained in [5] only by a few, although
non-trivial, signs as one can check from the definitions above.

It is possible to obtain explicit expressions for the Poisson brackets on LM.
Let us introduce 1-forms dA(p, y), dA(p, y) at a point of LM such that

(dr(p,y), @) =a(p,y), (dr(p,y),&)=a(p,y) (3.13)

for any element & = («, &) of the tangent at the same point. Clearly they are the dif-
ferentials of the functionals on LM that evaluate A ( A respectively ) at a point (p, y)
with y € S' and p € Do, (D respectively). As before they can be realized as

1 - 1
dr(p, y) = (fp i —y),O) di(p, y) = (o, Pl y)). (3.14)

The following expressions are obtained by substitution of (3.14) in (3.8) and (3.9).
The explicit form of the first Poisson bracket is

fe(p. %), Blg. h = ”_qq (€(@)By(q. x) — e(Bap(p. x))8'(x — y)

pal (e(oz)ﬁxm,x) —e(ﬂ)ax(p,x))a(x _
ol P—q

y)  (3.15)

and that of the second Poisson bracket is

|:Olp,3 — By
p—gq

{a(p,x), B(q, M)} = pq + apﬁq} §'(x—y)

+pq [@ (O[Xﬁ Prr ) ap,Bx_,quax +apﬂqx] d(x —y).

pP—q p—
(3.16)

Asbefore «, 8 can take the values A, X and by definitione (1) = land e (1) = —1.Inthe
right-hand side of the last formula we have assumed o« = a(p, x) and 8 = B(g, x). The
subscripts stand for the partial derivatives: o, = da(p, x)/0p, Bx = 3B(q,x)/dq,
etc.

These are Poisson brackets of hydrodynamic type. The metrics can be read easily
as coefficients of 8’(x — y). In this way we arrive at

Proposition 3.5 The metrics associated to the Poisson pencil (3.8) and (3.9) of the
2D Toda hierarchy coincide with the contravariant metric (1.16) and the intersection
Jorm (1.29) of the Frobenius manifold M.
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Remark 3.6 The map
My — Mrea, (M(2), 1(2) = w(z) = A(2) + A(2)
induces a map of the loop spaces
LMy — LMieq. (3.17)
Let us equip the second loop space LMyq with the Poisson structure of the two-

dimensional incompressible fluid on the two-dimensional torus T = {(x1,x2) ~
(x1 4+ 27Tm, xp +27n)}:

{wx), w(y)} = 0y wx)8(x1 — y1)8' (x2 — y2) — D, w(x)8 (x1 — y1)8(x2 — y2)
x=(x1,x2), y= 01,y eT. (3.18)

that is, with the Lie—Poisson bracket on the dual space to the Lie algebra V of diver-
gence-free vector fields (see, e.g., [2,23]). The loop space LM, will be considered
as a Poisson manifold with respect to the first Poisson bracket (3.15). Then the map
(3.17) is a morphism of Poisson manifolds.

_ Indeed, the Poisson brackets (3.15) of the point-functionals w(z, x) = A(z, x) +
A(z, x) after the substitution

p=e" g=¢V, x=x3, y=y
reduce to (3.18). The functionals w(z, x) commute with u(x), v(x) while the brackets
of these two are familiar from the Hamiltonian description of the dispersionless limit
usr = (e"),, of the standard 1 + 1 Toda lattice:

{u(x), v(y)} = 8'(x —y), other brackets vanish.

Let us recall [9] that with an arbitrary n-dimensional Frobenius manifold M a
system of functions

Oup(v), a=1,....,n, p>0, veM
is associated. In particular,

_OF

_ — B
ea,() = Vg = Na,pv, 901,1 = 300’

for p > 1 these functions are determined from the recursion

00p(V) o, 000
W:écw(v) T (3.19)
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where all derivatives have to be taken in a system of flat coordinates. The Hamiltonians

Ha,p Z/Qa,p+l(v(x))dx
s!

commute pairwise with respect to both the Poisson structures associated with the flat
pencil of metrics on M (see details in [9]). These Hamiltonians satisfy certain recur-
sion relations with respect to the bihamiltonian structure. The Hamiltonians H, _ are
Casimirs of the first Poisson structure; the Hamiltonians H, o generate the primary
flows (1.32):

0
{ HaO}l tao a=1,...,n.

Let us describe the primary flows for the infinite-dimensional Frobenius manifold M.

Lemma 3.7 For the Frobenius manifold M the primary Hamiltonians

oF
HaO: de, a €

uo—/—dx Hvo—/—dx

generate the equations (1.33).

Proof We prove the theorem for the flows

d
Bt“ dt” 0

aza’o of the variables w(z), u, v and then show that they coincide with the Lax flows
(1.33).

ﬁ, a € Z leaving the remaining cases

—5o and as an easy exercise for the reader. We will first compute the derivatives

)

dz(w)

atao —z(w)w [C (l+1)l¥ﬂlﬂ+c (i+1),a,ulx +C— (t+l)avvx]

(3.20)

Before plugging the triple derivatives ¢y, g, of the potential (2.32) in (3.20), we observe
that they can be rewritten as follows:

! fwavbﬂda db (3.21)

2mi z(a) — z(b)
1 @
2mi z(a) — z(b)

__j[ (z(a) + & +7{ (@) dr) a*Pda  (3.23)
z(a) —z(r)

Ca.By =

aP*b%da db (3.22)
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Substituting this expression into (3.20) we get:

dz(w) « 1 z(w)
a0 = cww ]{Z(w)_z(b) ) r Db - z(w)f W ) ()zx(b)db

+z(w)zx (w) % mdb

( Sy et
(2w + S + ]{ ar) 2 (ww
z z(w) — z(r)

+e"uyw®* + z(w)w*vy (3.24)

Note that this computation holds for every « € Z.
Using simple identities

dw(z) ;. 0z(w)
S0 = W (2) 5700 (w(2)) (3.25)
wx(2) = —w'(2)zx (W (2)) (3.26)
along with (3.24) we get
ow(@ o
) oo 74 (b + @) 7{ (b)zx(b)db
eLl z
X db — wy * - d
e (Z)j{ z—z(b) W @w @ (Z+ z +%z—z(r) r)
—e"uyw' ()w*(z) — zw'zw* () vy (3.27)

Perform the change of variables a = z(b) in the integrals, using (3.26) for the first
two terms:

ow(z)
90

1 o
= w () (2)z ]{ . fw(@)da —zw'(2) f W@ @b
Z—aa Z—da

2w (2) 74 WD L @yda — we @ (2) 74 —_w'(a)da
Z—a z—a
—wy(D)w*(2) (z + i)
Z
—eu w' (QD)w*(2) — zw'zw (2)vy (3.28)

All this integrals are projections of the type (2.3). Computing them explicitly we finally
get:

ow(z)
atOl,O

= w* {w(2), w(z)<o} + w* {waH(Z), =V _d}
+ (zw' @Qw*(2)) _y wi(2) — zw'(@) (w*(@Dwx(2)) _,  (3:29)
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The primary time derivatives of the coordinates u, v are given directly by (2.32):

vy (—?f wadw)+” (—]{ wad) (3.30)
gra0 ¢ % z(w) ¢t 2wy '

ou
_ —(@+1)
5700 0y (t ) (3.31)

Step 2. We write the Lax flows ():’W for « # —1 in the w(z), u, v, coordinates and

show that they coincide with (3.29),(3.30) and (3.31). Plugging formulas (2.15) into
(1.33) we get:

ow(z 1 atl 1 a+l
990 g1 {w (@)<o, w(Z)fo} T a4+l [w (@)z0, w>°}
i 1 a7y et (3.32)
5 i e :
o+ 1 v oz z
v wot-i-l (Z) e
v (L@ 3.33
910 [( a+1 )12 Z] 0
u g a+1 u
el u [ wTT@) & (3.34)
z 9r*0 a+l )y z

Here as above (f(z, x)), is the nth coefficient of the Laurent expansion of f(z, x) in
the z varible. Adding

W @20, 0@ 0]~ — [ @20, w(@)20] =0

a+1{ o+ 1

to (3.32) we get:

9 1 1
at):i)) _ T {wOH'l(Z)’ w(z)so} + m {wa+l(2)<Oa w(Z)}
L1 Hwaﬂ(z), I e_”] (3.35)
a+1 z

Clearly z9; (f(2)) o = (20;£(2)) -0, 0x (f (D))o = (9x f(2)) -9, hence we can
rewrite the flow in the final form:

% =w“ {w(z)’ w(Z)SO} + w® ’woz+l(z)7 Z—v— %]

+ (2w @Qw*(2)) _y wx(2) — 2w’ (2) (w* (Qwx(2)) _,  (3.36)

The formula (3.36) can be proven in a similar manner also for the exceptional Lax
flow ati’ﬁ This formula coincides with primary flow evaluation over w(z) (formula

3.29).
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To conclude the proof we rewrite (3.33) and (3.34) in the more convenient form:

dv w @Y wy (0@
=|- ox | ——— 3.37
PYEAY ( a+1)le”x+e X( a1 )1 (3.37)
9 a+1
Oy (@ (3.38)
ar0 a+1 /g
Also this formulas have an analog in the « = —1 case, one just has to replace the
function (—M) with (—M)
a+1 z !
One can easily see that (—fﬁz)dw) = (—%]I(Z))l for a # —1, while
(— %dw) = (—log#)l. Hence (3.37) coincides with the evaluation of the
primary flow over v (formula 3.30). Proving that (3.38) and (3.31) coincide only uses

the definition of the flat coordinates ¢; in terms of w(z). O

Lemma 3.8 The Hamiltonians of the Principal Hierarchy associated with the Frobe-
nius manifold My satisfy the following recursion

{ ’Ha-,pfl}z =(p+a+D{- ’Ha,p}l
{ - Hip-ty =+ D { - Hiply (3.39)
{ : vHv,pfl}z =1’{ ' ’Hv,p}1 "’2{ ' ’Hu,pfl}l'

Proof follows from the standard formalism of the theory of Frobenius manifolds
[12,9] taking into account the quasihomogeneity degrees of the flat coordinates

degty = —(a+1), degv=1, degu=0, dege" =2.
o

Corollary 3.9 The Hamiltonians (3.12) of the dispersionless 2D Toda hierarchy com-
mute, with respect to both the Poisson brackets with all Hamiltonians of the Principal
Hierarchy.

Proof Let us prove that {Hn, Ho[,p}1 = 0. Using recursions (3.11) and (3.39) we
obtain

{Hn: Ha,p}l = - {anl, Ha,p}2 =—(pta+ 2) {anlv Ha,p+1}1 .
Iterating we arrive at the equation
{Hn, Ha’p}l = const{H_l, H,)[,q}1
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for some constant coefficient and some g > p. The Poisson bracket in the right-hand
side vanishes since

H_ | = —/(l‘_1 + v)dx
s1

(see 2.25) is a Casimir of the first Poisson bracket. Similarly, using

H_; =/vdx

s1

we prove that
{Hy, Hy,p}, = 0.

Commutativity of the Hamiltonians H,,, H, with other Hamiltonians of the principal
hierarchy with respect to both Poisson brackets can be proved in a similar manner.
This completes the proof of the Corollary and, thus, the proof of Theorem 1.6. O

In the conclusion of this section we derive the diagonal form (1.34) of the primary
flows using the canonical coordinates (1.26). By the general definition [9] the primary
time derivative of an arbitrary function f on M can be written in the form [9]

of 0 of

30— an ox

where the product of tangent vectors d/d¢; and df/dx has to be computed in the right
hand side. The operator of multiplication by 9/9t; becomes diagonal in the canonical
coordinates with the eigenvalues

0
<du(p), 5>

Computation of this pairing with the help of (2.21) gives the needed expression. In a
similar way, using (2.22) we prove the second formula in (1.34). This completes the
proof of Proposition 1.7. O

Remark 3.10 One can also easily obtain the diagonal form of the dispersionless Toda
equations:

oy oy
= Cp(o)—2

s, n(0) P)

3 _ 9

a”f" - CAo)%

Sn . (3.40)
/ ~ 3/
@ =[PV P)og] o @ =[P D) o],y
n=12,..., o¢€X.

@ Springer



Infinite-dimensional Frobenius manifolds 113

4 Concluding remarks

In the present paper we have introduced a structure of an infinite-dimensional semi-
simple Frobenius manifold on the space of pairs of symbols of Lax operators of the 2D
Toda hierarchy provided validity of certain analyticity conditions for the symbols. We
have demonstrated that the rich geometry known from the finite-dimensional theory
extends to the infinite-dimensional case. The analytic conditions for the symbols were
crucial in establishing the main properties of these geometrical structures.

It would be certainly of interest to study generalizations of the above constructions
to a wider class of symbols with less restrictive analytic assumptions. We plan to do
it in subsequent publications.

In a subsequent publication we will also study the properties of solutions to the
Principal Hierarchy and their tau-functions. In particular we will be interested in the
so-called fopological solution obtained by extending the potential F to the descendent
time variables. The tau-function of this solution is specified by the string equation

dlogt ak&logt ux 0logt vk 0logT
tUO ZZ tolk 1 Zt 8[!4,](—1 +Zt 8tv’k_l
aeZ k=1 k>1 k>1

1 10 7,0 uO vO
+5 Z 90 41 .1
i+j=—1

Note that the infinite sum in the right hand side converges on the small phase space

=g, 0=y, "0 =v, othertimes vanish

due to (2.24).

For more general solutions we plan to study their local structure near the singu-
lar points. For solutions to 1 + 1 systems the singular points of a generic solution
correspond to the gradient catastrophe of a single Riemann invariant (or of a pair of
complex conjugate invariants for the case of nonlinear elliptic systems), see [10]. For
the solutions to the Principal Hierarchy (and, in particular, for solutions to the disper-
sionless 2D Toda) and other systems with continuous families of Riemann invariants
one might expect a somewhat more complicated behaviour associated with appearance
of singularities on the curve X.

The constructions of this paper can be generalized to the more general Frobenius
manifolds M(')" " consisted from the pairs of functions A(z), X(z) with the poles at
00/0 resp. of the orders m and n. The details will be given elsewhere. The Frobenius
manifold M(T " contains a finite-dimensional submanifold (cf. Example 2.17) associ-
ated with the so-called bigraded Toda lattice [6]. It would be also interesting to find an
extension of the Frobenius manifold M in order to include the dispersionless limit of
a more complicated reduction of the 2D Toda hierarchy constructed by Getzler [16]
in the theory of equivariant Gromov—Witten invariants of P! (see also [14,21]).

The problem of classification of infinite-dimensional semisimple Frobenius man-
ifolds looks to be attractive. Recall [8,9] that in the n-dimensional case semisimple
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Frobenius manifolds are parametrized by the n x n Stokes matrices of a certain linear
differential operator of order n with rational coefficients.

Last but not least: we are confident that the ideas and methods of the present paper
can be generalized to other 2 + 1 integrable systems. This will be done in subsequent
publications.
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