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1 Cauchy problem for systems of PDEs. Cauchy - Kovalevskaya
theorem

1.1 Formulation of Cauchy problem

Consider a system of n PDEs for the functions wu;(x,t),...,u(x,t) of the form
s
81: = f; (t,ac,u, Uy, Ugy, - - .,u(m)) , i=1,...,n. (1.1.1)

We say that the vector-valued function u(z,t) = (ui(z,t),...,uy(z,t)) defined for = €
(xo, 1), t € (to,t1) satisfies the system (1.1.1) if, after the substitution

Ou;  Oug(z,t)

ot ot
Ouy(x,t) Oup(z,t)
= t),... t =
u= () n(e), w = (200 Sl
into (1.1.1) it becomes an identity valid for every i = 1,...,n and all = € (xg,x1), t € (to,t1)-

Without loss of generality we can assume that

to <0 < t.
The Cauchy problem is formulated as follows. Given n functions ¢1(z), ..., ¢n(z) find a
solution ui(x,t),...,un(z,t) defined for 0 <t < ¢; such that
ui(z,0) = ¢1(x), ..., up(x,0) = dp(x). (1.1.2)

In the next section we will prove that the Cauchy problem (1.1.1), (1.1.2) has a unique
solution provided the right hand sides of the equations and the initial data are analytic
functions. The idea of the proof is very simple: using the system (1.1.1) we can compute the
time derivatives of any order of the solution at the point ¢ = 0. For example for the first
derivative we have

(bi ( 8"&1

Slmo = £ (0.2.6(), ¢ (@), ..., 60" (@))

n

- 0%u; ofi ofi
i) = o = 9573 fa’“fj

k()]l

etc. Here all the functions f;, f; and their derivatives have to be evaluated at the point
(0,z, ¢(x), pe(z), ..., "™ (x)). The operator 9, is defined as follows

O f (t,x,u,ux,...,u(m)) :({%f (t,:v,u,ux,..., >+ZZ (k+1)

k=0 j=1

(t,x,u, Uy, . . .,u(m)> .

(1.1.3)
On a similar way one can compute all the derivatives 0%u;/0t* at t = 0. We obtain then the
solution in the form of Taylor series

. t .. +2
ui(z,t) :¢¢(m)+¢i(:p)ﬂ+¢i(:x)§+... (1.1.4)

In the next section we will prove convergence of this series.



1.2 Cauchy - Kovalevskaya theorem

Theorem 1.2.1 Let the functions in the right hand sides of the system (1.1.1) be analytic
in some neighborhood of the point

t=0, =0, u=0, u,=0,...,u™ =0. (1.2.1)

Moreover assume that the initial data (1.1.2) is analytic at © = 0. Then the Cauchy problem
(1.1.1), (1.1.2) has a unique solution analytic in some neighborhood of the point x =t = 0.

Proof: At the first step we will reduce the Cauchy problem (1.1.1), (1.1.2) to another problem
for a system of first order quasilinear equations. For simplicity let us consider the case n = 1,
m = 1:
ur = f(t,z,u,ug), u(x,0)=¢(x). (1.2.2)
Introduce new functions
D = ug, q = Ug.

One obtains a first order quasilinear (i.e., linear in derivatives) system of three equations

U =1p (1.2.3)

qt = Px

Pt = ft(t7 x,Uu, Q) + fu(ta x,u, Q)p + fq(ta x,u, Q)pl’

along with the initial data

u(,0) = ¢(x), q@,0)=¢'(z), p(z,0)=Ff(0,z, () ¢ ). (1.2.4)

Conversely, let us show that the Cauchy problem (1.2.3), (1.2.4) gives a solution to the
original Cauchy problem (1.2.2). First, using the first and the last equations one obtains

0
Uty = Pt = af(tvxaqhq)

Integrating in ¢ we obtain
Ut = f(t,x,u, q) + g<m)
where g(z) is the integration constant. At ¢ = 0 we have

w(z,0) = p(z,0) = (0,2, ¢(z), ¢'(z)).
Hence g(x) = 0, that is
Uy = f(tv €z, u, Q)
Next, differentiating the first equation in (1.2.3) in x and using the second equation gives
Uzt = qt-

Integrating in ¢ we arrive at
uzy = q+ h(x)

with a new integration constant h(x). The initial data (1.2.4) imply

Uac(x70) = ¢/(‘T) = Q(‘Tvo)'



So h(x) =0 and thus u, = gq.

We have reduced the original problem to a Cauchy problem for a system of first order

quasilinear equations
u; = A(t,z,u)ux + b(t,z,u) (1.2.5)

with a Cauchy data
u(z,0) = ¢(x). (1.2.6)

Here A(t, z,u) and b(¢, x,u) are some matrix-valued and vector-valued functions respectively.
At the next step we eliminated the explicit dependence on z and ¢ by means of the following
trick. Introduce two new unknown functions 7, ¢ and consider the new Cauchy problem

u; = A(7,0,u)ux + b(1,0,u)0,
Tt = Ogx
o =20
(1.2.7)
u(z,0) =¢(z), 7(z,0)=0, o(x,0) ==z

It can easily be derived that the functions 7(z,t), o(z,t) satisfying (1.2.7) must be of the

form
T(z,t) =t, o(z,t)=u=z.

So 0, = 1 and the problem (1.2.7) is equivalent to (1.2.5), (1.2.6).

We have arrived at a system of first order quasilinear PDEs with coefficients with no
explicit dependence on the space-time variables x and ¢t. Moreover, the right hand sides of
the system are linear homogeneous functions of the derivatives. For these reasons it suffices
to prove the Theorem for the Cauchy problem of the form

w = A(u)u,
(1.2.8)
u(z,0) = ¢(z)

with
u=(ui(z,1),...,un(z,t)), Aa)=(A5(0)); e, 0@)=(1(),...,¢n(2)).

We will now apply the procedure of solving the system (1.2.8) in the form of power series
explained in the previous section and prove convergence of this procedure.

Without loss of generality we may assume that

$(0) =0.
Indeed, if this was not the case then one can shift the dependent function

u— u— ¢(0).



The analyticity assumption implies that the functions ¢;(z) and A;;(u) can be represented
as sums of power series

¢z(x> = Z (bi,pxp
p=1

(1.2.9)
o0
Aij (11) = Z Aijjpulfl R uﬁ"
P1;---,pn=0
convergent for
lz| <p, |wil<r, i=1,...,n. (1.2.10)

We want to prove that the Cauchy problem (1.2.8) admits a solution in the form of a power
series

ui(m,t) = Z uquI‘ptq, U3,0,0 = 0 (1211)
1,420
convergent for
x| <o, |t|<T (1.2.12)

for some positive §, 7. From the previous arguments it is clear that such a solution is unique.

Observe that the coefficients w;p, can be expressed as polynomials in the Taylor coeffi-
cients of the functions ¢;(z) and Ay(x), j, k, l=1,...,n,

Uipg = Pipg (Djir; Akis) (1.2.13)

with universal coefficients. Universality means that these coefficients do not depend on the
particular choice of the system. For example,

ulvpo = (;Si,p-
In order to compute the coefficients ;41 of the Taylor expansion of the function

Ou;(x,0)
ot

one has to use the equations (1.2.8) along with the initial data:
n
D uwipra’ =3 > Aijedit(x) ... o (x) (). (1.2.14)
pZO ]:1 S1;-+458n
Expanding the right hand sides in Taylor series one obtains expressions for u; ,1. For example,
n
Ui01 = Z Aijodia
j=1

etc. Observe that the assumption ¢(0) = 0 is crucial to arrive at polynomial expressions. It
is clear that the coefficients of these polynomials are nonnegative integers.



We will consider also another Cauchy problem

v = B(v)v,

(1.2.15)
v(z,0) = ¢(x)
of the same size with analytic initial data and analytic coefficients
[ee]
¢1(ZL‘) = Z wi,pl'p
p=1
(1.2.16)

o0
. — .. Pl D
Bij(v) = g Bijpvyt .. vk
P1,--Pn=

that gives a majorant for the Cauchy problem (1.2.8), that is, all coefficients of the series
(1.2.16) are nonnegative real numbers satisfying inequalities

VYip > ipls  Bijp > |Aijpl- (1.2.17)
Let
vi(a,t) = Y vipgaltt (1.2.18)
p>1, >0

be the solution to the Cauchy problem (1.2.15) in the class of formal power series. Like above
one has

Vipg = Pipg (Vjr; Bik,s) (1.2.19)
with the same polynomials F;,, with nonnegative integer coefficients. Hence the inequalities
(1.2.17) imply

Vipg 2 |Uipql (1.2.20)

Our goal is to find a majorant for the Cauchy problem (1.2.8) in such a way that the formal
solution (1.2.18) to (1.2.15) converges for sufficiently small |x| and |t|. Then the inequalities
(1.2.20) will imply convergence of the series (1.2.11) for the same values of x and ¢.

In order to construct such a majorant let us recall the Cauchy inequalities for the coeffi-
cients of convergent power series:

M
‘¢i,p| < ﬁ
(1.2.21)
M
| Aijp| < T
for some positive constant M. The radii p and r are defined in (1.2.10). We choose
M
Yip = ﬁ
(1.2.22)
e M
Bij,p _ (pl + +pn)

il pn! rp1te+pn

7



Observe obvious inequality

B> M
5,p = T‘p1+“'+pn,

SO
Bijp > |Aijpl-

We obtain the initial data for the majorant Cauchy problem

o0 T p
wle)=my () -
p=1 p
and the coefficient matrix

By(v)=M ¥ (P14 +pp)! (ﬂ)plu. <vi)pn

M x
p_

: < 1.2.23
S lel<o (1.2.23)

| |
S P1:...Pn- T T
(1.2.24)
M
:m7 |U1|+"Un|<7“
T
We arrive at the following majorant Cauchy problem
821@- M i 8’1)]' .
= — — i=1,...,n
ot 1— utton Lo 9y
r j=1
(1.2.25)
M
vi(x,0) = °
p—x
Let us look for a solution to the problem (1.2.25) in the form
vi(z,t) =v(z,t), i=1,...,n.
The function v = v(x,t) must satisfy the following scalar Cauchy problem
Mn
Vs = 1_ %v’vm
(1.2.26)
M
v(x,0) = L
p—x

Lemma 1.2.2 The solution of the Cauchy problem (1.2.26) is determined from the quadratic
equation

(v+ M) [(1—%v)x+Mnt} =pv <1—%v) (1.2.27)

where one has to choose the root of the quadratic equation vanishing at x =0, t = 0.



Proof: Let us apply the implicit function theorem to the equation (1.2.27). Differentiating

the quadratic equation in z and t one finds
(M +v) (1 - 20)

vfzpu—ﬁ%»me—(L—%ﬁ_%%x

e
Y - Mn (M + v)
S R o T o

Applicability of the implicit function theorem is guaranteed by non-vanishing of the denom-

p<12:u)=p7éo

(we have used the condition v(0,0) = 0). Substituting the above formula into the PDE we

inator at the point x =t = 0:

obtain
Mn
Ve = Py Ve
1— ?U

At t = 0 the quadratic equation simplifies to
(v+ M) <1—ﬁv>x:pv<1—ﬁv>
r

r
that gives the needed solution
Mz
v= .
p—z
It remains to observe that at x =t = 0 the quadratic equation (1.2.27) reduces to
n
v (1 — —v) =0.
r

The latter has two distinct roots
r

vy =0 and vy =
n

Hence the roots of the quadratic equation remain distinct for sufficiently small |z| and |[¢].
The lemma is proved. O

The root we are looking for can be written explicitely

M
1 Me-rn+z(1-2) 1\/[p(“”)‘5 ’ " s
U7 1-2 2 1-2 <

This function is analytic for

M r 2\ 1 9Tt
|z <p and |—(z+rt)——(1-—= —4M*— > 0.
p n P P

These inequalities hold true for sufficiently small |z| and |¢|. Hence the above arguments based
on the technique of majorants prove convergence of the series for the solution of (1.2.8). O



Remark 1.2.3 The theorem can be extended to the systems with complex coefficients replac-
ing the real variable T to a complex one z. The assumption of analyticity remains crucial in
the proof. Recall that a complex analytic function f = f(z) can be considered as a function
of two real variables x, y, where z = x + ty, satisfying the Cauchy - Riemann equation

of
5—0

0 1/0 4 0
—=—=—+4+i=—].
0z 2\ 0x oy
Remark 1.2.4 The analyticity assumption is fundamental for validity of the theorem. In-

deed, in 1956 Hans Lewy found the following counterexample. He considered the following
equation

(1.2.29)

Up +iuy — 2i(x +iy)uy = g(z,y, ). (1.2.30)

This equation has solutions analytic near the origin provided the rTight hand side is analytic.
However Lewy proved existence of C* functions g such that (1.2.30) has no solutions in any
neighborhood of x = y = t = 0. Later (1962) S.Mizohata found another counterexample
considering the equation

Uy +izuy = g(x,y). (1.2.31)

2 Linear differential operators

2.1 Definitions and main examples

Let Q C R? be an open subset. Denote C°°(Q) the set of all infinitely differentiable complex
valued smooth functions on . The Euclidean coordinates on R% will be denoted z1, ..., z4.
We will use short notations for the derivatives

0

ak:ai;(}k

and we also introduce operators
Dy=—i0y, k=1,...,d. (2.1.1)
For a multiindex

pP= (plv"'vpd)

denote

pl=p1+ - +pd
p!'=pi!...p4
xp:xlfl...xzd

QP = O ...oP. DP=DI'.. D
The derivatives, as well as the higher order operators DP define linear operators

olpl ¢

p . _, 0 Pf_ (_;\Ipl
DP:C¥(Q) = C2(Q), [ DPf=(-1) 8:011)1...8332”

10



More generally, we will consider linear differential operators of the form

A= Z ap(x)DP

Ip|<m

ap(x) € C(Q) (2.1.2)
A:C®(02) — C>(Q).
We will define the order of the linear differential operator by
ord A = max|p| such that ap(z) # 0. (2.1.3)
Main examples are
1. Laplace operator
A= +---40%=—(D?+...D% (2.1.4)
2. Heat operator
0
— —A 2.1.5
oy (2.1.5)
acting on functions on the (d + 1)-dimensional space with the coordinates (t,z1,...,%q).
3. Wave operator
82
— = 2.1.6
92 (2.1.6)
4. Schrodinger operator
0
— + A. 2.1.
ey + (2.1.7)
2.2 Principal symbol of a linear differential operator
Symbol of a linear differential operator (2.1.2) is a function
a(z,§) = Z ap(z)€P, € QCRY £ ecRL (2.2.1)
lp|<m
If the order of the operator is equal to m then the principal symbol is defined by
am(x, &) = Z ap(z)EP. (2.2.2)
Ip|=m
The symbols (2.2.1), (2.2.2) are polynomials in d variables 1, ..., & with coefficients being

smooth functions on 2.
For the above examples we have the following symbols

1. For the Laplace operator A the symbol and principal symbol coincide
a=ay=—(&+-+&) =&
2. For the heat equation the full symbol is

a=it+ ¢

11



while the principal symbol is £2.

3. For the wave operator again the symbol and principal symbols coincide
a=ay=—72+¢%.

4. The symbol of the Schrédinger operator is
—(7+€)

while the principal symbol is 2.

Exercise 2.2.1 Prove the following formula for the symbol of a linear differential operator
a(x, &) = e 1A (6”'5) . (2.2.3)

Here we use the notation
=261+ + 24 &

for the natural pairing R* x R — R.

Exercise 2.2.2 Given a linear differential operator A with constant coefficients denote a(§)
its symbol (it does not depend on x for linear differential operators with constant coefficients).
Prove that the exponential function

u(x) = e

s a solution to the linear differential equation
Au=0

iff the vector & satisfies
a(§) = 0.

Exercise 2.2.3 Prove that for a pair of smooth functions u(x), S(z) and a linear differential
operator A of order m the expression of the form

e—iAS(2) 4 (u(x)ez‘,\ S(x))

is a polynomial in X of degree m. Derive the following expression for the leading coefficient
of this polynomial

e~ iAS(@) 4 (u(aj)ei’\s(”")) = u(z)am(x, Sz(x))A™ + O(Am_l)- (2.2.4)

a8 oS
Sg;— <a$1,,8xd>

is the gradient of the function S(x).

Here

12



Exercise 2.2.4 Let A and B be two linear differential operators of orders k and | with the
principal symbols ai(x,&) and by(x,§) respectively. Prove that the superposition C' = Ao B is
a linear differential operator of order < k + 1. Prove that the principal symbol of C' is equal
to

ck+l(x7€) = ak(x7€) bl(x,f) (225)

in the case ordC = ord A + ord B. In the case of strict inequality ord C' < ord A + ord B
prove that the product (2.2.5) of principal symbols is identically equal to zero.

The formula for computing the full symbol of the product of two linear differential opera-
tors is more complicated. We will give here the formula for the particular case of one spatial
variable z.

Exercise 2.2.5 Let a(x,&) and b(x,§) be the symbols of two linear differential operators A
and B with one spatial variable. Prove that the symbol of the superposition Ao B is equal to

\k
—1
axb=>_ ( k!) Ofa b, (2.2.6)

k>0

2.3 Change of independent variables

Let us now analyze the transformation rules of the principal symbol a(x, ) of an operator A
under smooth invertible changes of variables

vi=yi(x), i=1,...,n. (2.3.1)

Recall that the first derivatives transform according to the chain rule

Z Oy 0 (2.3.2)

3:61 ox; ayk

The transformation law of higher order derivatives is more complicated. For example

Z Oyr Oy Z Ok
81:18% ox; aZE] 8yk8yl 81‘181‘] 3yk
etc. However it is clear that after the transformation one obtains again a linear differential

operator of the same order m. More precisely define the operator

olpl

by the equation

Af(y() = (Arw)

The transformation law of the principal symbol is of particular simplicity as it follows from
the following

y=y(z)

13



Proposition 2.3.1 Let am(x, &) be the principal symbol of a linear differential operator A.
Denote ap,(y,&) the principal symbol~0f the same operator written in the coordinates y, i.e.,
the principal symbol of the operator A. Then

d
am(y(2), &) = am(w,€)  provided & = gz’fék. (2.3.3)
k=1 """

Proof: Applying the formula (2.2.4) one easily derives the equality

am (T, Sz) = am(y, Sy)
y=y(z)

o (25 95\ o (05 0
() =5

Applying the chain rule
05 Oy 9S

8:61‘ - 1 8952- 8yk

we arrive at the transformation rule (2.3.3) for the particular case

a8 ~ oS
fi = ) k= 45 -
Ox; Oy,
This proves the proposition since the gradients can take arbitrary values. O

2.4 Canonical form of linear differential operators of order < 2 with con-
stant coefficients

Consider a first order linear differential operator

A:al£+...+ad£z (2.4.1)
with constant coefficients a1, ..., ag. One can find a linear transformation of the coordinates
d
&= onip, i=1,....d (2.4.2)
k=1

that maps the vector a = (aq, ..., aq) to the unit coordinate vector of the axis y4. After such

a transformation the operator A becomes the partial derivative operator

0
= B

Therefore the general solution of the first order linear differential equation
Ap=0
can be written in the form

oY1, ¥d) = oY1, - - - Yd—1)- (2.4.3)

Here g is an arbitrary smooth function of (d — 1) variables.

14



Exercise 2.4.1 Prove that the general solution to the equation
Ap+bp=0 (2.4.4)
with A of the form (2.4.1) and a constant b reads

@(yla v 7yd) = @O(yb s 7yd—1)e_byd

for an arbitrary C' function vo(y1,. .., Ya_1)-

Consider now a second order linear differential operator of the form

A= Z%a o +Zb (2.4.5)

with constant coefficients. Without loss of generality one can assume the coefficient matrix
a;; to be symmetric. Denote

d

Q) = —aa(w,&) = Y ai&it; (2.4.6)

i,j=1
the quadratic form coinciding with the principal symbol, up to a common sign. Recall the
following theorem from linear algebra.

Theorem 2.4.2 There exists a linear invertible change of variables of the form (2.4.2) re-
ducing the quadratic form (2.4.6) to the form

I I S S (247

The numbers p > 0, ¢ > 0, p+ q < d do not depend on the choice of the reducing transfor-
mation.

Note that, according to the Proposition 2.3.1 the transformation (2.4.2) corresponds to
the linear invertible change of independent variables x — y of the form

d
Yp = chiaji, k=1,...,d (2.4.8)

Invertibility means that the coefficient matrix of the transformation does not degenerate:
det (ci)y<pi<qg # 0

We arrive at

Corollary 2.4.3 A second order linear differential operator with constant coefficients can be
reduced to the form

92 02 92
A= — ...+~ ... + b——kc 2.4.9
O3 2 Oyl 5‘yp+q Z " oy, (249)

by a linear transformation of the form (2.4.8). The numbers p and q do not depend on the
choice of the reducing transformation.

15



2.5 Elliptic and hyperbolic operators. Characteristics

Let ap(z,&) be the principal symbol of a linear differential operator A.

Definition 2.5.1 [t is said that the operator A :C*(Q2) — C*>(Q) is elliptic if

am(z,&) #0 forany £#0, z€. (2.5.1)

For example the Laplace operator

0? 0?
Ae 2 .0 2
Ox? L ox2
is elliptic on Q = R%. The Tricomi operator
0? 0?
A— 2.5.2
0x? e Oy? ( )

is elliptic on the right half plane x > 0.

Definition 2.5.2 Given a point xg € €2, the hypersurface in the £-space defined by the equa-
tion

am(70,§) =0 (2.5.3)

is called characteristic cone of the operator A at xo. The vectors & satisfying (2.5.3) are
called characteristic vectors at the point xg.

Observe that the hypersurface (2.5.3) is invariant with respect to rescalings
E— X VAeR (2.5.4)
since the polynomial a,,(xo, &) is homogeneous of degree m:

am (2, NE) = A" am(z,§).

The characteristic cone of an elliptic operator is one point £ = 0. For the example of wave
operator

82 82 82
Azi—A, Azi R 2.5.5
ot? Ox? Tt 8&?3 ( )
the characteristic cone is given by the equation
2. =0 (2.5.6)

Thus it coincides with the standard cone in the Euclidean (d + 1)-dimensional space. The
characteristic cone of the heat operator

2 _A (2.5.7)

is the 7-line
G=--=8&=0. (2.5.8)



Definition 2.5.3 A hypersurface in R is called characteristic surface or simply characteris-
tics for the operator A if at every point x of the surface the normal vector £ is a characteristic
vector:

am(xv 6) =0.
In particular the hypersurface defined by equation
S(xz)=0 (2.5.9)
is a characteristic surface if the smooth function S(x) satisfies the equation

am (z,Sz(z)) =0 (2.5.10)

at every point of the hypersurface (2.5.9).

As it follows from the Proposition 2.3.1 the characteristics do not depend on the choice
of a system of coordinates.

Example. For a first order linear differential operator

0 0

the function S(x) defining a characteristic hypersurface must satisfy the equation
AS(z) =0. (2.5.12)
It is therefore a first integral of the following system of ODEs

t1 = ai(z1,. .., 7q)
(2.5.13)

bq = a1, .., 7a)
Indeed, the equation (2.5.12) says that the function S(x) is constant along the integral curves
of the system (2.5.13). It is known from the theory of ordinary differential equations that

locally, near a point z° such that (a1(z"),...,aq(z")) # 0 there exists a smooth invertible
change of coordinates

(‘Tl?"‘?xd)'_)(ylv"'ayd)a yk:yk(xlvw-awd)

such that, in the new coordinates the system reduces to the form

71 =20

(2.5.14)
Yd—1 =0
Ug =1

(the so-called rectification of a vector field). For the particular case of constant coefficients
the needed transformation is linear (see above). In these coordinates the general solution to
the equation (2.5.12) reads

S(yl,...,yd) :So(yl,...,yd,l). (2.5.15)
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Let us consider a linear differential operator A acting on smooth functions on a do-
main  in the (d + 1)-dimensional space with Euclidean coordinates (¢, z1,...,z4). Denote
am (t,z,7,€) the principal symbol of this operator. Here

reR, £=(&,...,&) R

Recall that the principal symbol of an operator of order m is a polynomial of degree m in 7,

&, o, &a

Definition 2.5.4 The linear differential operator A is called hyperbolic with respect to the
time variable t if for any fizred £ # 0 and any (t,x) € Q the equation for T

am(t,z, 7,§) =0 (2.5.16)
has m pairwise distinct real roots

Tl(t7x>£)7 s 77—m(t7$7£)'

For brevity we will often say that a linear differential operator is hyperbolic if all its
characteristics are real and pairwise distinct. For elliptic operators the characteristics are
purely imaginary.

The wave operator (2.5.5) gives a simple example of a hyperbolic operator. Indeed, the
equation
TP=g et

T=4/+ -+ &2

for any & # 0. The heat operator (2.5.7) is neither hyperbolic nor elliptic.

has two distinct roots

Finding the j-th characteristic of a hyperbolic operator requires knowledge of solutions
to the following Hamilton—Jacobi equation for the functions S = S(x,t)

oS oS

From the course of analytical mechanics it is known that the latter problem is reduced to
integrating the Hamilton equations

-’I}i — 8Hg;iwyp)
(2.5.18)
A aH Piad)
pi = — éfmf 2)

with the time-dependent Hamiltonian H(t,z,p) = 7;(t,x,p). In the next section we will
consider the particular case d = 1 and apply it to the problem of canonical forms of the
second order linear differential operators in a two-dimensional space.

18



2.6 Reduction to a canonical form of second order linear differential oper-
ators in a two-dimensional space

Consider a linear differential operator
2 2 92

0 0
AZ@@&%—A@M%w——*+d%w&ﬁ

2
02 D20y (z,y) € QA C R (2.6.1)

The characteristics of these operator are curves

(L‘ZSC(t), y:y(t)'

Here ¢ is some parameter on the characteristic. Let (dx,dy) be the tangent vector to the
curve. Then the normal vector (—dy, dz) must satisfy the equation

a(x,y)dy® — 2b(x, y)dx dy + c(z,y)dz? = 0. (2.6.2)
Assuming a(z,y) # 0 one obtains a quadratic equation for the vector dy/dx
dy\* dy
-] —2 — = 0. 2.6.
M%M(w) bz, y) - +c(z,y) =0 (2.6.3)

The operator (2.6.1) is hyperbolic iff the discriminant of this equation is positive:
b —ac>0. (2.6.4)

For elliptic operators the discriminant is strictly negative.

For a hyperbolic operator one has two families of characteristics to be found from the
ODEs

@ b($,y)+\/b2($,y) —a(:n,y) C(l’,y)

- = e (2.6.5)
@ o b(]:,y) B \/b2(x7 y) - CL(ZE, y) C(:I?,y)
= o0 . (2.6.6)
Let
(;3(1,‘,3/) = (1, 1/1(9379) =2 (267)

be the equations of the characteristics!. Here ¢; and ¢y are two integration constants. Such
curves pass through any point (x,y) € Q. Moreover they are not tangent at every point. Let
us introduce new local coordinates u,v by

u=¢(,y), v=1e(y). (2.6.8)
Lemma 2.6.1 The change of coordinates
(z,y) — (u,v)
1s locally invertible. Moreover the inverse functions

r=x(u,v), y=ylu,v)

are smooth.

!The function ¢(z,y), resp. ¥(z,vy), is a first integral for the ODE (2.6.5), resp. (2.6.6), that is, it takes
constant values along the integral curves of this differential equation.
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Proof: We have to check non-vanishing of the Jacobian

Ou/0x Ouf/dy \ )
det< dv/0x /oy ) = det ( e J; > # 0. (2.6.9)

By definition the first derivatives of the functions ¢ and v correspond to two different roots
of the same quadratic equation

a(z, y)gbg + 2b(2, y)puy + c(, y)ﬁbz =0, a(z, Z/)ﬂ}i + 2b(2, y)Paihy + c(, y)¢g2/ =0.
The determinant (2.6.9) vanishes iff the gradients of ¢ and 1) are proportional:

(¢ma ¢y) ~ (%ﬂﬁy)

This contradicts the requirement to have the roots distinct. O

Let us rewrite the linear differential operator A in the new coordinates:
2 82 82

. 0 5 -
A= a(u,v)w + 2b(u, v)m + c(u,v)@ +... (2.6.10)

where the dots stand for the terms with the low order derivatives.

Theorem 2.6.2 In the new coordinates the linear differential operator reads

Proof: In the new coordinates the characteristic have the form
u=rcy, UV=co

for arbitrary constants ¢; and cp. Therefore their tangent vectors (1,0) and (0, 1) must satisfy
the equation for characteristics

a(u, v)dv? — 2b(u, v)du dv + &(u, v)du® = 0.
This implies a(u,v) = é(u,v) = 0. O

For the case of elliptic operator (2.6.1) the analogue of the differential equations (2.6.5),
(2.6.6) are complex conjugated equations

dy b+ivac—b?

, a=ua(x,y), b=blx,y), c=c(x,y). (2.6.11)
dx a

Assuming analyticity of the functions a(x,y), b(x,y), c(x,y) one can prove existence of a
complex valued first integral

S(z,y) = ¢(z,y) +iv(z,y) (2.6.12)
satisfying

aS, + (b—i\/ac—bQ) S, = 0. (2.6.13)

Let us introduce new system of coordinates by

u=a¢(x,y), v=1(x,vy). (2.6.14)
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Exercise 2.6.3 Prove that the transformation

(z,y) — (u,v)
is locally smoothly invertible. Prove that the operator A in the new coordinates takes the form
- 0? 0?

with some nonzero smooth function a(u,v). Like above the dots stand for the terms with
lower order derivatives.

Let us now consider the case of linear differential operators of the form (2.6.1) with
identically vanishing discriminant

v (x,y) — a(z,y) c(z,y) = 0. (2.6.16)

Operators of this class are called parabolic. In this case we have only one characteristic to be
found from the equation
dy _ b(z,y)
dr  a(z,y)’

(2.6.17)

Let ¢(x,y) be a first integral of this equation

ade+boy =0, ¢+ #0. (2.6.18)

Choose an arbitrary smooth function ¢ (z,y) such that

br Py
det<¢m 7/{1;)#0'

u=¢(z,y), v=1v(z,y)

the coefficient a(u,v) vanishes, since the line ¢(z,y) = const is a characteristic. But then the
coefficient b(u,v) must vanish either because of vanishing of the discriminant

In the coordinates

b —aé=0.
Thus the canonical form of a parabolic operator is
82
A=¢ — 4 ... 2.6.19
é(u, v)av2 + ( )

where the dots stand for the terms of lower order.

2.7 General solution of a second order hyperbolic equation with constant
coefficients in the two-dimensional space

Consider a hyperbolic operator

0? 0? 0?
= CL@ + b + 687212

A 2b—
Oz Oy

(2.7.1)
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with constant coefficients a, b, ¢ satisfying the hyperbolicity condition
b —ac> 0.

The equations for characteristics (2.6.5), (2.6.6) can be easily integrated. This gives two
linear first integrals

U=y —\NMT, V=YyY— AT

(2.7.2)
bt Vb2 —ac
Alg=—"——.
a
In the new coordinates the hyperbolic equation A ¢ = 0 reduces to
0%
= 2.7.3
Ou Ov ( )
The general solution to this equation can be written in the form
o= fly—Mz)+g(y — Aaw) (2.7.4)
where f and ¢ are two arbitrary smooth? functions of one variable.
For example consider the wave equation
o1t = 0*Ppa (2.7.5)
where a is a positive constant. The general solution reads
o(x,t) = f(z —at) + g(z +at). (2.7.6)

Observe that f(x—at) is a right-moving wave propagating with constant speed a. In a similar
way g(x + at) is a left-moving wave. Therefore the general solution to the wave equation
(2.7.5) is a superposition of two such waves.

2.8 Exercises to Section 2

Exercise 2.8.1 Reduce to the canonical form the following equations

Uge + 2Uzy — 2Ug, + 2Uyy + 6u,, =0 (2.8.1)

Ugy — Ugz + Ug + Uy — uy = 0.

Exercise 2.8.2 Reduce to the canonical form the following equations

22Uy + 22 Y Ugy — 3y2uyy — 2z Uy + 4y uy + 16z%u = 0 (2.8.3)
Y Ugy + 20 Y Uy + 22Uy + Yyuy =0 (2.8.4)
Ugy — 2uxy + uyy + Uy + uy — 0 (285)

Exercise 2.8.3 Find general solution to the following equations

T upy — Y uyy, — 2yuy =0 (2.8.6)

x2u$1‘ - wauacy + y2uyy + T Uy + Yuy = 0.

2Tt suffices to take the functions of the C? class.
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3 Wave equation

3.1 Vibrating string

We consider small oscillations of an elastic string on the (x,u)-plane. Let the z-axis be the
equilibrium state of the string. Denote u(z,t) the displacement of the point = at a time t. It
will be assumed to be orthogonal to the z-axis. Thus the shape of the string at the time ¢ is
given by the graph of the function u(z,t). The velocity of the string at the point z is equal to
ut(x,t). We will also assume that the only force to be taken into consideration is the tension
directed along the string. In particular the string will be assumed to be totally elastic.

Consider a small interval of the string from x to x + Az. We will write the equation of
motion for this interval. Denote T' = T'(x) the tension of the string at the point z. The
horizontal and vertical components at the points x and x + Ax are equal to

Thor(x) =Ty cosa, Tye(x) =Ty sina
Thor(x + Ax) =Thcos B, Tyert(x + Ax) =T sin

where Th = T'(z), To = T'(x + Ax) (see Fig. 1).

Fig. 1.

The angle o between the string and the z-axis at the point x is given by

1 . Ugs
cosoy = ———, sina =

VI+u2 V1I+uZ

The oscillations are assumed to be small. More precisely this means that the term wu, is
small. So at the leading approximation we can neglect the square of it to arrive at

cosa~1, sina>u;(x)
cosf~1, sinf~u,(x+ Ax)

So the horizontal and vertical components at the points x and = + Az are equal to

Thor(x) = Tla Tvert(x) ~ Tu, (l')
Thor(x + Ax) ~ Ty,  Tyeri(z + Az) = Tou,(z + A(z),
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Since the string moves in the wu-direction, the horizontal components at the points x and

z + Ax must coincide:
T1 = T(a:) = T(.T + A.f) = Tg.

Therefore T'(x) = T = const.

Let us now consider the vertical components. The resulting force acting on the piece of
the string is equal to

f=Tysinf—Tisina =T uz(x+ Ax) — Tuy(z) =~ T uze(x) Ax.

On another side the vertical component of the total momentum of the piece of the string is
equal to

z+Ax
p= / p(x)ug(z,t) ds(z) ~ p(z)u(z,t) Ax
x
where p(z) is the linear mass density of the string and

ds(x) = __dz ~ dx

V14 u2(z)
is the element of the length?. The second Newton law
pe=1f

in the limit Ax — 0 yields
p(x)utt =T Ugy.

In particular in the case of constant mass density one arrives at the equation
Ut = A Uggy (3.1.1)

where the constant a is defined by
o T
a® = —. (3.1.2)
p

Exercise 3.1.1 Prove that the plane wave
u(x,t) = Aelkbztwt) (3.1.3)

satisfies the wave equation (3.1.1) if and only if the real parameters w and k satisfy the

following dispersion relation
w=*tak. (3.1.4)

3This means that the length s of the segment of the string between = = z; and = = x5 is equal to

s = / ds(z),
3}

and the total mass m of the same segment is equal to

m= /: p(w) ds(z).
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The parameters w and k are called resp. the frequency® and wave number of the plane
wave. The arbitrary parameter A is called the amplitude of the wave. It is clear that the
plane wave is periodic in x with the period

_ o

L
k

(3.1.5)

since the exponential function is periodic with the period 27 . The plane wave is also periodic

in t with the period

2
T=—. 3.1.6
i (3.16)

Due to linearity of the wave equation the real and imaginary parts of the solution (3.1.3) solve
the same equation (3.1.1). Assuming A to be real we thus obtain the real valued solutions

Reu = A cos(kz+wt), Imu=Asin(kz+wt). (3.1.7)

3.2 D’Alembert formula

Let us start with considering oscillations of an infinite string. That is, the spatial variable
x varies from —oo to co. The Cauchy problem for the equation (3.1.1) is formulated in the
following way: find a solution u(x,t) defined for ¢ > 0 such that at ¢ = 0 the initial conditions

u(z,0) = ¢(x), u(z,0) =(x) (3.2.1)

hold true. The solution is given by the following D’Alembert formula:

Theorem 3.2.1 For arbitrary initial data ¢(x) € C*(R), ¥(x) € C1(R) the solution to the
Cauchy problem (3.1.1), (3.2.1) exists and is unique. Moreover it is given by the formula

dx—at)+¢(x+at) 1 [oto
2 +za/

u(z,t) = WP(s)ds. (3.2.2)

r—at

Proof: As we have proved in Section 2.7 the general solution to the equation (3.1.1) can be
represented in the form
u(z,t) = f(x —at) + g(x + at). (3.2.3)

Let us choose the functions f and g in order to meet the initial conditions (3.2.1). We obtain
the following system:

f(@) +g(x) = ¢(x)
(3.2.4)

Integrating the second equation yields

g(x) — f(z) = i/w(s) ds+ C

4In physics literature the number —w is called frequency.
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where C' is an integration constant. So

1 1 [* 1
) = 50(0) — 5, | wyds - 5C
1 1 [® 1
o) = 5000 + 5, [ s+ 50
Thus
1 1 r—at 1 1 r+at
u(z,t) = §¢($ —at) — 2@/ P(s)ds + 5@25(23 +at)+ 2@/ P(s)ds.

This gives (3.2.2). It remains to check that, given a pair of functions ¢(z) € C?, v (z) € C*
the D’Alembert formula yields a solution to (3.1.1). Indeed, the function (3.2.2) is twice
differentiable in x and ¢. It remains to substitute this function into the wave equation and
check that the equation is satisfied. We leave it as an exercise for the reader. It is also
straightforward to verify validity of the initial data (3.2.1). O

Example. For the constant initial data
u(x,0) =ug, u(x,0) =10y
the solution has the form
u(z,t) = up + vot.
This solution corresponds to the free motion of the string with the constant speed vyg.

Moreover the solution to the wave equation is stable with respect to small variations of
the initial data. Namely,

Exercise 3.2.2 For any ¢ > 0 and any T > 0 there exists 6 > 0 such that the solutions
u(x,t) and u(x,t) of the two Cauchy problems with initial conditions (3.2.1) and

a(z,0) = d(z), d(x,0) =P(x) (3.2.5)
satisfy
sup  |u(x,t) —u(z,t)] <€ (3.2.6)
z€R, t€[0,T)

provided the initial conditions satisfy

sup [¢(z) — ¢(z)| <8, sup [ (z) —(x)| < 6. (3.2.7)

zeR z€eR
Remark 3.2.3 The property formulated in the above exercise is usually referred to as well

posedness of the Cauchy problem (3.1.1), (3.2.1). We will return later to the discussion of
this important property.

26



3.3 Some consequences of the D’Alembert formula

Let (z0,t0) be a point of the (x,t)-plane, ty > 0. As it follows from the D’Alembert formula
the value of the solution at the point (xg, t9) depends only on the values of ¢(z) at z = xo+aty
and value of ¢ (z) on the interval [zg — aty, o + atp]. The triangle with the vertices (x, to)
and (zg + atp,0) is called the dependence domain of the segment [xo — atg, zo + atg]. The
values of the solution inside this triangle are completely determined by the values of the
initial data on the segment.

th
th:EO

i

To — aty Ty + at T
Fig. 2. The dependence domain of the segment [z — atg, zo + ato].

Another important definition is the influence domain for a given segment [z1, 23] consider
the domain defined by inequalities

r+at>x, z—at<xzy, t>0. (3.3.1)

Changing the initial data on the segment [z1,x2] will not change the solution u(z,t) outside
the influence domain.

Fig. 3. The influence domain of the segment [z1,x2].

Remark 3.3.1 [t will be convenient to slightly extend the class of initial data admitting
piecewise smooth functions ¢(x), V¥ (x) (all singularities of the latter must be integrable). If
x; are the singularities of these functions, j =1,2,..., then the solution u(x,t) given by the
D’Alembert formula will satisfy the wave equation outside the lines

r=Zxat+xz;, t=>0, j=12...

The above formula says that the singularities of the solution propagate along the character-
istics.
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Example. Let us draw the profile of the string for the triangular initial data ¢(z) shown
on Fig. 4 and ¥(z) = 0.

U
t=
U T
t=¢
u x
{
t=—
2a
U
l
t=—
2a+s
u T
l
t=—
a
u T
l
t=—-+te¢
-— a
x

Fig. 4. The solution of the Cauchy problem for wave equation on the real line with a
triangular initial profile at different instants of time.

3.4 Semi-infinite vibrating string
Let us begin with the following simple observation.

Lemma 3.4.1 Let u(x,t) be a solution to the wave equation. Then so are the functions
tu(tx, +t)

with arbitrary choices of all three signs.

Proof: This follows from linearity of the wave equation and from its invariance with respect
to the spatial reflection

and time inversion
t— —t.
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Let us consider oscillations of a string with a fixed point. Without loss of generality we
can assume that the fixed point is at x = 0. We arrive at the following Cauchy problem for
(3.1.1) on the half-line z > 0:

u(z,0) = ¢(x), we(x,0)=1(x), x>0. (3.4.1)
The solution must also satisfy the boundary condition
u(0,t) =0, t>0. (3.4.2)

The problem (3.1.1), (3.4.1), (3.4.2) is often called mized problem since we have both initial
conditions and boundary conditions.

The solution to the mixed problem on the half-line can be reduced to the problem on the
infinite line by means of the following trick.

Lemma 3.4.2 Let the initial data ¢(z), () for the Cauchy problem (3.1.1), (3.2.1) be odd
functions of x. Then the solution u(x,t) is an odd function for all t.

Proof: Denote
(x,t) == —u(—z,t).

According to Lemma 3.4.1 the function u(x,t) satisfies the same equation. At ¢t = 0 we have

W(z,0) = —u(-z,0) = —¢(—x) = ¢(z), W(z,0) = —w(-2,0) = —¢(-z) = ¥(z)

since ¢ and 1 are odd functions. Therefore @(z,t) is a solution to the same Cauchy problem
(3.1.1), (3.2.1). Due to uniqueness u(z,t) = u(z,t), i.e. —u(—=z,t) = u(z,t) for all x and t.
U

We are now ready to present a recipe for solving the mixed problem for the wave equation
on the half-line. Let us extend the initial data onto entire real line as odd functions. We
arrive at the following Cauchy problem for the wave equation:

_ o(z), x>0 - P(r), x>0
u(z,0) = { _$(—x), z<0 ug(x,0) = { (=), z <0 (3.4.3)

According to Lemma 3.4.2 the solution u(x,t) to the Cauchy problem (3.1.1), (3.4.3) given
by the D’Alembert formula will be an odd function for all ¢. Therefore

u(0,t) = —u(0,t) =0 for all t.

Example. Consider the evolution of a triangular initial profile on the half-line. The graph
of the initial function ¢(z) is non-zero on the interval [[,3[]; the initial velocity ¢(x) = 0.
The evolution is shown on Fig. 5 for few instants of time. Observe the reflected profile (the
dotted line) on the negative half-line.
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In a similar way one can treat the mixed problem on the half-line with a free boundary.
In this case the vertical component 7T u, of the tension at the left edge must vanish at all
times. Thus the boundary condition (3.4.2) has to be replaced with

ug(0,8) =0 forall ¢ > 0. (3.4.4)

One can solve the mixed problem (3.1.1), (3.4.1), (3.4.4) by using even extension of the initial
data onto the negative half-line. We leave the details of the construction as an exercise for
the reader.
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Fig. 5. The solution of the Cauchy problem for wave equation on the half-line with a
triangular initial profile.
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3.5 Periodic problem for wave equation. Introduction to Fourier series

Let us look for solutions to the wave equation (3.1.1) periodic in & with a given period L > 0.
Thus we are looking for a solution u(z,t) satisfying

u(x + L,t) = u(x,t) for any ¢>0. (3.5.1)
The initial data of the Cauchy problem

u(z,0) = ¢(x), we(x,0) =1(x) (3.5.2)

must also be L-periodic functions.

Theorem 3.5.1 Given L-periodic initial data ¢(x) € C*(R), (z) € CYHR) the periodic
Cauchy problem (3.5.1), (3.5.2) for the wave equation (3.1.1) has a unique solution.

Proof:  According to the results of Section 3.2 the solution u(x,t) to the Cauchy problem
(3.1.1), (3.5.2) on —oco < x < oo exists and is unique and is given by the D’Alembert formula.
Denote

u(x,t) == u(x + L, t).

Since the coefficients of the wave equation do not depend on z the function @(z,t) satisfies
the same equation. The initial data for this function have the form

w(z,0) = ¢(x+ L) = ¢(x), (1) =1(z+L)=1(x)

because of periodicity of the functions ¢(x) and ¥ (x). So the initial data of the solutions
u(z,t) and a(x,t) coincide. From the uniqueness of the solution we conclude that @(z,t) =
u(x,t) for all z and ¢, i.e. the function u(z,t) is periodic in & with the same period L. O

kx

Exercise 3.5.2 Prove that the complex exponential function e?** is L-periodic iff the wave

number k has the form
k=——, neZ. (3.5.3)

In the following two exercises we will consider the particular case L = 2x. In this case
the complex exponential

2minx

e L

obtained in the previous exercise reduces to e"**.

Exercise 3.5.3 Prove that the solution of the periodic Cauchy problem with the Cauchy data
u(z,0) = ™, wu(x,0) =0 (3.5.4)

is given by the formula '
u(z,t) = "™ cosnat. (3.5.5)
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Exercise 3.5.4 Prove that the solution of the periodic Cauchy problem with the Cauchy data

u(z,0) =0, wu(z,0) =™ (3.5.6)
is given by the formula
einx sin nat n 7& 0
— na
u(x,t) { t n—0. (3.5.7)

Using the theory of Fourier series we can represent any solution to the periodic problem
to the wave equation as a superposition of the solutions (3.5.5), (3.5.7). Let us first recall
some basics of the theory of Fourier series.

Let f(z) be a 2w-periodic continuously differentiable complex valued function on R. The
Fourier series of this function is defined by the formula

> e’ (3.5.8)

1

2
=5 ) f(z)e "% dz. (3.5.9)

Cn

The following theorem is a fundamental result of the theory of Fourier series.

Theorem 3.5.5 For any function f(x) satisfying the above conditions the Fourier series is
uniformly convergent to the function f(x).

In particular we conclude that any C!-smooth 27-periodic function f(x) can be represented
as a sum of uniformly convergent Fourier series

2m
f(z) = cheim, Cn 1 f(z)e " dz. (3.5.10)

- 2 0
For completeness we remind the proof of this Theorem.

Let us introduce Hermitean inner product in the space of complex valued 27-periodic
continuous functions:

1 2w
(f.9)= 5 | Fgla) s (35.11)
T Jo
Here the bar stands for complex conjugation. This inner product satisfies the following
properties:
(9.f) = (f.9) (3.5.12)
(>\f1 + ,uf27.g) = S\(flvg) + )a(f2ag)
forany A, peC (3.5.13)
(f7 Agl + Mg2) = A(fa gl) + ,LL(f, 92)
(f,f) >0 for any nonzero continuous function f(z). (3.5.14)

The real nonnegative number (f, f) will be used for defining the Ly-norm of the function:

A== (S5 f) (3.5.15)
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Exercise 3.5.6 Prove that the Lo-norm satisfies the triangle inequality:

1+ gll < 11+ Mlgll- (3.5.16)

Observe that the complex exponentials ¢ form an orthonormal system with respect to
the inner product (3.5.11):

1, m=n

(eimx,emx) =5 = { 0 m#n (3.5.17)

(check it!).

Let f(z) be a continuous function; denote ¢, its Fourier coefficients. The following formula
cn= (" f), ncZ (3.5.18)

gives a simple interpretation of the Fourier coefficients as the coefficients of decomposition of
the function f with respect to the orthonormal system made from exponentials. Moreover,
the partial sum of the Fourier series

N
Sn(x) = Z Cne™ (3.5.19)
n=—N

can be interpreted as the orthogonal projection of the vector f onto the (2N + 1)-dimensional
linear subspace
Vi = span (1, et t2iT ,ej”Nx) (3.5.20)

consisting of all trigonometric polynomials
Py(x)= > pne™ (3.5.21)

of degree N. Here pg, p+1, ... p+N are arbitrary complex numbers.

Lemma 3.5.7 The following inequality holds true:
N
> el <11 (3.5.22)
n=—N

The statement of this lemma is called Bessel inequality.

Proof: We have

N ' N ' N )
0< [ f(@) = > ene™ | = (f(x)— > ™ fla) = > )

n=—N n=—N NN
N N
- (fa f) - Z [Cn (f; eina:) + ¢y (einCE’ f)] + Z CmCn (eiﬂw;7 einac) .
n=-N m,n=—N
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Using (3.5.18) and orthonormality (3.5.17) we recast the right hand side of the last equation

in the form
N
(F 1) = D leal™
n=—N

This proves Bessel inequality. a

Geometrically the Bessel inequality says that the square length of the orthogonal projec-
tion of a vector onto the linear subspace Vi cannot be longer than the square length of the
vector itself.

Corollary 3.5.8 For any continuous function f(x) the series of squares of absolute values
of Fourier coefficients converges:

Z |en? < o0 (3.5.23)

nel

The following extremal property says that the N-th partial sum of the Fourier series gives
the best Lo-approximation of the function f(z) among all trigonometric polynomials of degree
N.

Lemma 3.5.9 For any trigonometric polynomial Py(z) of degree N the following inequality
holds true

[/ (x) = Sn(@)|| < [[f(x) = Pn(@)]- (3.5.24)

Here Sy (x) is the N-th partial sum (3.5.19) of the Fourier series of the function f. The
equality in (3.5.24) takes place iff the trigonometric polynomial Pn(x) coincides with Sy (x),

i.e.,
1 2w

Pn=5- f(x)e ™ dx, n=0,41,%2,...,£N,
™ Jo

Proof: From (3.5.18) we derive that
(f(l') — SN(HJ),PN(.%')) =0 for any PN<$) € Vn.
Hence

If(x) — Pn(2)[|> = |(f = Sn) + (S — Pn|* =
=(f=Sn,f=SN)+(f— SN, QNn)+ (Qn, f— SNn) + (@n,QN)
= (f =88, f = SN) + (Qn,Qn) > (f = Sn, f = Sn) = |If = SnI*.

Here we denote
QN = SN<$) — PN(.%') € Vn.
Clearly the equality takes place iff Qn =0, i.e. Py = Sy. O

Lemma 3.5.10 For any continuous 2mw-periodic function the following Parseval equality

holds true:
> leal? = I£I1 (3.5.25)
nez
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The Parseval equality can be considered as an infinite-dimensional analogue of the Pythago-
ras theorem: sum of the squares of orthogonal projections of a vector on the coordinate axes
is equal to the square length of the vector.

Proof: According to Stone — Weierstrass theorem® any continuous 2m-periodic function can
be uniformly approximated by Fourier polynomials

N
Pyn(z) = Z pre™. (3.5.26)
n=—N

That means that for a given function f(x) and any € > 0 there exists a trigonometric poly-
nomial Py (x) of some degree N such that

SUPzc(0,27] ’f(x) - PN(x)‘ <€

Then

1

2m
I =Pl = = [ 17@) = Pla)de < &

Therefore, due to the extremal property (see Lemma 3.5.9 above), we obtain the following
inequality
If = Snll* < €.

Repeating the computation used in the proof of Bessel inequality

N

If = SnIP=1IFIP = Y leal® < €

n=—N

5The Stone — Weierstrass theorem is a very general result about uniform approximation of continuous
functions on a compact K in a metric space. Let us recall this important theorem. Let A C C(K) be a subset
of functions in the space of continuous real- or complex-valued functions on a compact K. The following
requirements must hold true.
1. A must be a subalgebra in C(K), i.e. for f, g € A, a, B € R (or a, 8 € C) the linear combination and the
product belong to A:
af+p0ge A, f-ge A

2. The functions in A must separate points in K, i.e., Va, y € K, x # y there exists f € A such that

f(x) # f(y).

3. The subalgebra is non-degenerate, i.e., Vo € K there exists f € A such that f(x) # 0.

The last condition has to be imposed in the complex situation.
4. The subalgebra A is said to be self-adjoint if for any function f € A the complex conjugate function f also
belongs to A.

Theorem 3.5.11 Given an algebra of functions A C C(K) that separates points, is non-degenerate and, for
complez-valued functions, is self-adjoint then A is an everywhere dense subset in C(K).

Recall that density means that for any continuous function F' € C(K) and an arbitrary e > 0 there exists

f € A such that
sup, ek [F(z) — f(z)] <e.

In the particular case of algebra of polynomials one obtains the classical Weierstrass theorem about polynomial
approximations of continuous functions on a finite interval. For the needs of the theory of Fourier series one has
to apply the Stone — Weierstrass theorem to the subalgebra of Fourier polynomials in the space of continuous
2m-periodic functions. We leave as an exercise to verify applicability of the Stone — Weierstrass theorem in
this case.
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we arrive at the proof of Lemma. O

The Parseval equality is also referred to as completeness of the trigonometric system of
functions

1 e:l:iac e:I:Qia:

, , e

For the case of infinite-dimensional spaces equipped with a Hermitean (or Euclidean) inner

product the property of completeness is the right analogue of the notion of an orthonormal

basis of the space.

Corollary 3.5.12 Two continuous 2m-periodic functions f(x), g(x) with all equal Fourier
coefficients identically coincide.

Proof: Indeed, the difference h(x) = f(x) — g(z) is continuous function with zero Fourier
coefficients. The Parseval equality implies ||h]|? = 0. So h(z) = 0. ad

We can now prove uniform convergence Of the Fourier SeI‘iES Of a Cl—function. Denote C/
p g n
the Fourier coefficients of the derivative ! ). Integratin by parts we derive the followin
g g g
formula:
1 27 1

- —inacd — _
=gy ) S@e T dr= =5

2 .
f(x)e—in:c ‘27r + 1 7rf/(x)e—mac dr = _lcl
O " omin J, o on

This implies convergence of the series

> feal

nel

lenl 1 1
|Cn|:7n§§ |C;I|2+ﬁ .

The series Y |c)|? converges according to the Corollary 3.5.8; convergence of the series > %
is well known. Using Weierstrass theorem we conclude that the Fourier series converges

absolutely and uniformly
5 fene™] = 3 el < oo
neZ ne”L

Indeed,

Denote g(x) the sum of this series. It is a continuos function. The Fourier coefficients of g
coincide with those of f:

(einx7g) = ¢,

Hence f(z) = g(x). |

For the specific case of real valued function the Fourier coefficients satisfy the following
property.

Lemma 3.5.13 The smooth function f(x) is real valued iff its Fourier coefficients satisfy

ép=c_p forall neZ. (3.5.27)
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Proof: Reality of the function can be written in the form

f(z) = f(x)
Since
emx —e mnx
we have
1 27 )
Cp = f(x)e™dr = c_,.
27r
O
Note that the coefficient
1 27
Co = o f(z)dx
2

is always real if f(x) is a real valued function.

Let us establish the correspondence of the complex form (3.5.10) of the Fourier series of
a real valued function with the real form.

Lemma 3.5.14 Let f(z) be a real valued 2w-periodic smooth function. Denote ¢y, its Fourier
coefficients (3.5.9). Introduce coefficients

1 2w

an=Cp+c_n, =— f(x)cosnxdx, n=0,1,2,... (3.5.28)
T Jo
1 21

by =i(cp —c—p) = — f(z)sinnzdr, n=12,... (3.5.29)
T Jo

Then the function f(x) is represented as a sum of uniformly convergent Fourier series of the

form

?0 + Z>:1 (an cosnz + by sinnx) . (3.5.30)
n>

fz) =

We leave the proof of this Lemma as an exercise for the reader.

Exercise 3.5.15 For any real valued continuous function f(z) prove the following version®

of Bessel inequality (3.5.22):

2 N 2
1
% + Z(ai +b2) < 7T/0 f2(z) da (3.5.31)
n=1
and Parseval equality (3.5.25)
@ i 2 4 p2) = & 27Tf2()d (3.5.32)
2 T2 (a, =\ x) dz. 5.

5Notice a change in the normalization of the L2 norm.
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The following statement can be used in working with functions with an arbitrary period.

Exercise 3.5.16 Given an arbitrary constant ¢ € R and a solution u(z,t) to the wave equa-
tion (3.1.1) then

(z,t) =u(cz,ct) (3.5.33)
also satisfies (3.1.1).

Note that for ¢ # 0 the function @(z,t) is periodic in 2 with the period L = 2T if u(z, t)
was 2m-periodic.

For non-smooth functions the problem of convergence of Fourier series is more delicate.
Let us consider an example giving some idea about the convergence of Fourier series for
piecewise smooth functions. Consider the function

1, x>0
signz = 0, =z=0 . (3.5.34)
-1, <0

This function will be considered on the interval [—7, 7] and then continued 27-periodically
onto entire real line. The Fourier coefficients of this function can be easily computed:

2(1- (1))

an =0, by, =
T n
So the Fourier series of this functions reads
sm 2/~c — 1z
4,2{: T (3.5.35)

k>1

One can prove that this series converges to the sign function at every point of the interval
(—m, ). Moreover this convergence is uniform on every closed subinterval non containing 0
or +m. However the character of convergence near the discontinuity points x = 0 and x = +7
is more complicated as one can see from the following graph of a partial sum of the series
(3.5.35).

I f
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Fig. 6. Graph of the partial sum S, (z) = 23}, Sm(zik 11) for n = 50.

In general for piecewise smooth functions f(x) with some number of discontinuity points
one can prove that the Fourier series converges to the mean value % (f(zo +0) + f(zo — 0))
at every first kind discontinuity point zg. The non vanishing oscillatory behavior of partial
sums near discontinuity points is known as Gibbs phenomenon (see Exercise 3.8.9 below).

Let us return to the wave equation. Using the theory of Fourier series we can represent
any periodic solution to the Cauchy problem (3.5.2) as a superposition of solutions of the
form (3.5.5), (3.5.7). Namely, let us expand the initial data in Fourier series:

=" 6ne™, Yla) =D e (3.5.36)
neZ neZ

Then the solution to the periodic Cauchy problem reads

¢
)= tne™ cosant+wot+ 3 e pSinant, (3.5.37)

nez neZ\O

Remark 3.5.17 The formula (3.5.37) says that the solutions

ul) (x,t) = e cos ant
(3.5.38)
t, n=0
ul? (z,t) =

inx sin ant
e o n # 0

for n € Z form a basis in the space of 2m-periodic solutions to the wave equation. Observe
that all these solutions can be written in the so-called separated form

u(z,t) = X (2)T(t) (3.5.39)

for some smooth functions X (x) and T(t). A rather general method of separation of variables
for solving boundary value problems for linear PDEs has this observation as a starting point.
This method will be explained later on.

3.6 Finite vibrating string. Standing waves
Let us proceed to considering a finite string of the length I. We begin with considering

the oscillations of the string with fixed endpoints. So we have to solve the following mixed
problem for the wave equation (3.1.1)

u(z,0) = ¢(x), wu(z,0) =¢(x), z€]l0,] (3.6.1)

u(0,t) =0, w(l,t)=0 forall ¢>0. (3.6.2)

The idea of solution is, again, in a suitable extension of the problem onto entire line.
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Lemma 3.6.1 Let the initial data ¢(x), ¥ (z) of the Cauchy problem (3.2.1) for the wave
equation on R be odd 2l-periodic functions. Then the solution u(x,t) will also be an odd
2l-periodic function for all t satisfying the boundary conditions (3.6.2).

Proof: As we already know from Lemma 3.4.2 the solution is an odd function for all £. So
u(0,t) =0 forall t>0.
Next, the solution will be 2l-periodic for all ¢ according to Theorem 3.5.1 above. So
u(l —x,t) = —u(x — I,t) = —u(x + 1, t).
Substituting z = 0 we get
u(l,t) = —u(l,t), ide wu(l,t)=0.

a

The above Lemma gives an algorithm for solving the mixed problem (3.6.1), (3.6.2) for
the wave equation. Namely, we extend the initial data ¢(z), 1(z) from the interval [0, x]
onto the real axis as odd 2[-periodic functions. After this we apply D’Alembert formula to
the extended initial data. The resulting solution will satisfy the initial conditions (3.6.1) on
the interval [0,!] as well as the boundary conditions (3.6.2) at the end points of the interval.

We will apply now the technique of Fourier series to the mixed problem (3.6.1), (3.6.2).

Lemma 3.6.2 Let a 2m-periodic functions f(x) be represented as the sum of its Fourier

series
s

. 1 .
flx) = chemm, Cn = — (x)e " dx.

= 2 J_ .
The function f(x) is even/odd iff the Fourier coefficients satisfy
c_n, = *e,

respectively.

Proof: For an even function one must have

cheinz — f({L‘) — f(—l‘) — che—inz — Zcineinx‘

nez ne”L neL

This proves c_, = ¢,. A similar argument gives c_,, = —¢,, for the case of an odd function.
(|

Corollary 3.6.3 Any even/odd smooth 2m-periodic function can be expanded in Fourier se-
ries in cosines/sines:

flz) = % + Zan cosnr, ap = 72T/07r f(x)cosnxdx, f(x) iseven (3.6.3)

n>1

flz) = Z bysinnzx, b, = 2 /7r f(z)sinnxdx, f(r) isodd. (3.6.4)
T Jo
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Proof: Let us consider the case of an odd function. In this case we have c_,, = —c¢,, and, in
particular, ¢y = 0, so we rewrite the Fourier series in the following form

f($) — cheinaz + Z Cneinz

n>1 n<—1

= E Cn (emz — e*””“”) =2 g cp, Sinnx.

n>1 n>1

Denote
bn, = 2ic,, n>1.

For this coeflicient we obtain

b, = ﬁ - (x)e™"dx = 727/0 f(z)e " dx + % - f(z)e” " dx.
In the second integral we change the integration variable z +— —z and use that f(—xz) = — f(z)

to arrive at

. . i[9 ) ;[T . } 2 [T
b, = :r/o f(l,)e—m:vdx_i_:r/7r f(x)emxdw _ 77;/0 f($) [e—ma: o emﬂC] dr = 7r/0 f(x) sinnz dx.

a

Let us return to the solution to the wave equation on the interval [0,!] with the fixed
endpoints boundary condition. Summarizing the previous considerations we arrive at the
following

Theorem 3.6.4 Let ¢(z) € C3([0,]

), (x) € C%([0,1]) be two arbitrary functions. Then the
solutions to the mized problem (3.6.1), (

3.6.2) for the wave equation is written in the form

t t
u(z,t) =) sin ﬂlﬂ (bn cos 7raln + by, sin 7TC;TL ) (3.6.5)
n>1
9 l . 2 l
by, = 7/, o(x) sin? dx, b, = an Jo () sin@ dx.

Particular solutions to the wave equation giving a basis in the space of all solutions
satisfying the boundary conditions (3.6.1) have the form

t t

ul) (z,t) = sin Zﬂ cos 7mln . ul?(z,t) = sin ? sin wc;n ,
are called standing waves. Observe that these solutions have the separated form (3.5.39).
The shape of these waves essentially does not change in time, only the size does change. In

particular the location of the nodes

n=12,... (3.6.6)

l
xk:k:g, k=0,1,...,n (3.6.7)

(2)

of the n-th solution u%l)(x, t) or uy ' (x,t) does not depend on time. The n-th standing waves
(3.6.6) have (n + 1) nodes on the string. The solution takes zero values at the nodes at all
times.
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3.7 Energy of vibrating string

Let us consider the vibrating string with fixed points * = 0 and x = [. It is clear that the
kinetic energy of the string at the moment ¢ is equal to

1 l
K = 2/ pul(z,t)de. (3.7.1)
0

Let us now compute the potential energy U of the string. By definition U is equal to the
work done by the elastic force moving the string from the equilibrium « = 0 to the actual
position given by the graph u(x). The motion can be described by the one-parameter family
of curves

v(x;s) = su(z) (3.7.2)

where the parameter s changes from s = 0 (the equilibrium) to s = 1 (the position of the
string). As we already know the vertical component of the force acting on the interval of the
string (3.7.2) between z and x + Ax is equal to

F =T (vg(z+ Ax;s) —vg(x;5)) ~ sT uge(x) Az,
The work A to move the string from the position v(z;s) to v(x; s+ As) is therefore equal to
A=—F [v(x;s+ As) —v(x;s)] ~ —sT ugz(x)u(x)Az As

(the negative sign since the direction of the force is opposite to the direction of the dis-
placement). The total work of the elastic forces for moving the string of length [ from the
equilibrium s = 0 to the given configuration at s = 1 is obtained by integration:

U=- /01 ds /Ol s T Uy (v)u(z) doe = —% /OlTum(a:)u(a:) dx.

By definition this work is equal to the potential energy of the string. Integrating by parts
and using the boundary conditions

u(0) =u(l) =0
we finally arrive at the following expression for the potential energy:

1 l
U= 2/ T u?(z) da. (3.7.3)
0

Summarizing (3.7.1) and (3.7.3) gives the formula for the total energy E = E(t) of the
vibrating string at the moment ¢

!

1 1

E=K+U —/ (2 pul(z,t) + 2Tu926(x,t)> dx. (3.7.4)
0

Exercise 3.7.1 Prove that the same expression (3.7.3) holds true for the total work of elastic
forces moving the string from the equilibrium to the given position u(zx) along an arbitrary
path v(z;s)

v(z;0) =0, wv(z;l) =u(z)
v(0;8) =v(l;8) =0
in the space of configurations.

It is understood that v(x;t) is a smooth function on [0,1] x [0, 1].

42



We will now prove that the total energy E of vibrating string with fixed end points does
not depend on time.

Lemma 3.7.2 Let the function u(x,t) satisfy the wave equation. Then the following identity

holds true
0 0

1 2 1 2 _ =
5t (300 + 5 Tew0) = L (). (375

Proof: A straightforward differentiation using wus; = a?uz, yields

0 (1 1
g <2 puf(:ﬂ,t) + B Tui(:n,t)) = pa uptizy + T gy,

Since T
a’ ==

(see above) we rewrite the last equation in the form

=T (UtUpy + Utptty) = T (usug), -

(|
Corollary 3.7.3 Denote Ej, () the energy of a segment of vibrating string
b1 1
2 2
Bun) = [ (3ouen) + 5T80w0) an (3.7.6)
a
The following formula describes the dependence of this energy on time:
d
%E[wbl (t) = T upug|pep — T Uty | g—q- (3.7.7)
Remark 3.7.4 In physics literature the quantity
Ly |
5 P Ui (x,t) + B T uz(z,t) (3.7.8)

is called energy density. It is equal to the energy of a small piece of the string from x to
x + dx at the moment t. The total energy of a piece of a string is obtained by integration of
this density in x. Another important notion is the flux density

—T uzuyg. (3.7.9)

The formula (3.7.7) says that the change of the energy of a given piece of the string for the
time dt is given by the total flux through the boundary of the piece.

Finally we arrive at the conservation law of the total energy of a vibrating string with
fixed end points.
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Theorem 3.7.5 The total energy (3.7.4) of the vibrating string with fized end points does

not depend on t:

d
—FE =0.
dt

Proof: The formula (3.7.7) for the particular case a = 0, b = [ gives

d
&E =T (w(l,t)ug(l,t) — ue(0,t)uz(0,2)) =0

since

ut(O, t) == 8tu(0, t) == O, Ut(l, t) == 8tu(l, t) =0
=0.

due to the boundary conditions u(0,t) = u(l,t) O

The conservation law of total energy makes it evident that the vibrating string is a
conservative system.

Exercise 3.7.6 Derive the formula for the total energy and prove the conservation law for
a vibrating string of finite length with free boundary conditions uy(0,t) = ug(l,t) = 0.

Exercise 3.7.7 Prove that the energy of the vibrating string represented as sum (3.6.5) of
standing waves (3.6.6) is equal to the sum of energies of standing waves.

The conservation of total energy can be used for proving uniqueness of solution for the
wave equation. Indeed, if u(V)(z,t) and u(®(z,t) are two solutions vanishing at = = 0 and
x = | with the same initial data. The difference

u(z,t) = u? (z,t) — uV(z, 1)

solves wave equation, satisfies the same boundary conditions and has zero initial data u(z,0) =
¢(z) =0, ug(x,0) = ¢(x) = 0. The conservation of energy for this solution gives

E(t) = /Ol <;put2(x,t) + ;Tui(x,t)) dx = E(0) = /Ol (;prZ(az) + ;Tqﬁi(a:)) dxr = 0.

Hence ug(z,t) = u(z,t) = 0 for all x, t. Using the boundary conditions one concludes that
u(z,t) =0,

3.8 Exercises to Section 3

Exercise 3.8.1 For few instants of time t > 0 make a graph of the solution u(x,t) to the
wave equation with the initial data

1, =€ [xg,x1]

u(z,0) =0, wuz,0)= { 0 otherwise '@ 0<% <0
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Exercise 3.8.2 Let the initial data u(x,0) = ¢(x), ut(x,0) = () of the Cauchy problem
for the wave equation on —oo < x < oo have the following form: the graph of ¢(x) consists of
two isosceles triangles with the non-overlapping bases [a1, f1] and [ag, Ba] (i-e., f1 < ag) of
the heights hy and he respectively, and ¢ (x) = 0. Denote u(x,t) the solution to the problem.
Find

t).
xer]%?t}io u(x7 )

Compare this number with

t).
xéﬁgoum )

Exercise 3.8.3 For few instants of time t > 0 make a graph of the solution u(x,t) to the
wave equation on the half line x > 0 with the free boundary condition

ug(0,8) =0
and with the initial data
u(z,0) = ¢(x), u(x,0)=0, x>0

where the graph of the function ¢(x) is an isosceles triangle of height 1 and the base [l, 3l].

Exercise 3.8.4 For few instants of time t > 0 make a graph of the solution u(z,t) to the
wave equation on the half line x > 0 with the fixed point boundary condition

u(0,t) =0
and with the initial data

1, ze€ll,3l]

u(z,0) =0, u(z,0)= { 0. otherwise ’ x> 0.

Exercise 3.8.5 Prove that

o0 .

sinnr w—x

g = for 0<xz < 2m.
n 2

n=1

Compute the sum of the Fourier series for all other values of x € R.

Exercise 3.8.6 Compute the sums of the following Fourier series:

oo .
sin 2nx
Z , O<ax<m,
2n
n=1
—1)n

NE

sinnz, |z| <.
< n

3
I

Exercise 3.8.7 Prove that

2 e n
—1
2% = % +4 nEZI ( n2) cosnz, |r|<m.
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Exercise 3.8.8 Compute the sums of the following Fourier series:

2. cos(2n — 1z
3 ( )

_ 2
— (2n —1)
o0
COSnNx
>
n=1

Exercise 3.8.9 Denote

4 = sin(2k — 1)z
S, =— —_—
n@) =7 ; 2k — 1
the n-th partial sum of the Fourier series (3.5.35). Prove that
1) for any x € (—m, )
lim S, (z) = signzx.
n—oo

Hint: derive the following expression for the derivative

_ 2 sin 2nx

Sy (x) =

T sinz

2) Verify that the n-th partial sum has a mazximum at

™
Ty = —.
" 2n
3) Prove that
2 Car sin GRoDT 2 [Tsinx
Sp(zp) ==Y — —2n / dx ~ 1.17898
ne Tin W )y =

for n — oo.

Thus for the trigonometric series (3.5.35)
limsup Sp(xz) >1 for x> 0.
n—oo

In a similar way one can prove that

liminf S, (z) < =1 for xz <0.

n—oo

Exercise 3.8.10 Prove conservation of the quantity

l
Pt) = /0 pun(, Dy (a, 1) d, (3.8.1)

P(t) = P(0) for vibrating string with fized end points.

This quantity can be interpreted as the total momentum of vibrating string.
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4 Laplace equation

4.1 Ill-posedness of Cauchy problem for Laplace equation

In the study of various classes of solutions to the Cauchy problem for the wave equation we
were able to establish

e existence of the solution in a suitable class of functions;
e uniqueness of the solution;

e continuous dependence of the solution on the initial data (see Exercise 3.2.2 above) with
respect to a suitable topology.

One may ask whether these properties remain valid for all evolutionary PDEs satisfying
conditions of the Cauchy — Kovalevskaya theorem?

Let us consider a counterexample found by J.Hadamard (1922). Changing the sign in the
wave equation one arrives at an equation of elliptic type

Ut + GQU;M =0. (4.1.1)

(The equation (4.1.1) is usually called Laplace equation.) Does the change of the type of
equation affect seriously the properties of solutions?

To be more specific we will deal with the periodic Cauchy problem

u(z,0) = ¢p(x), u(z,0) =(x) (4.1.2)

with two 27-periodic smooth initial functions ¢(x), 1(z). For simplicity let us choose a = 1.
We will see that the solution to this Cauchy problem does not depend continuously on the
initial data. To do this let us consider the following sequence of initial data: for any integer
k > 0 denote uy(x,t) solution to the Cauchy problem

in k
w(z,0) =0, w(,0)= Smk ’ (4.1.3)
The 27-periodic solution can be expanded in Fourier series
ap(t) )
ug(x,t) = + Z [an (t) cos nx + by (t) sin na]
2 n=1
with some coefficients a, (), b, (t). Substituting the series into equation
Ut + Ugy = 0
we obtain an infinite system of ODEs
ay = n2an
bp = n2by,
n = 0,1,2,.... The initial data for this infinite system of ODEs follow from the Cauchy

problem (4.1.3):

bu(0) =0, b,(0) = { 1ék :;/f



The solution has the form

an(t) =0 Vn, by(t)=0 Vn#k
I
bi(t) = 2 sinh kt.

So the solution to the Cauchy problem (4.1.2) reads

1
up(z,t) = e sin kz sinh kt. (4.1.4)

Using this explicit solution we can prove the following

Theorem 4.1.1 For any positive ¢, M, ty there exists an integer K such that for any k > K
the initial data (4.1.3) satisfy

s[up ](\uk(:v,O)\ + [Opug(x,0)]) < € (4.1.5)
z€[0,27

but the solution uy(x,t) at the moment t = to > 0 satisfies

sup  (Jug(z,to)| + |Opur(x, to)|) > M. (4.1.6)
z€[0,27]
Proof: Choosing an integer K satisfying

1
Ky > -
€

we will have the inequality (4.1.5) for any k£ > K. In order to obtain a lower estimate of the
form (4.1.6) let us first observe that
kt

1 1
xes[lolgﬂ (lug(z,t)| + [Orug(z,t)]) = = sinh kt + z cosh kt > 2—2

where we have used an obvious inequality

1 1
—>— for k>1.
k= k2
The function .
Yy = 22
is monotone increasing for x > 2 and
ex
lim — = +oo.
r—-+40o0o I

Hence for any tg > 0 there exists xp such that

er M
>

— > — for x> x.
R
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Let K9 be a positive integer satisfying

Ko > @
to

Then for any k > Ko

ekto 9 ekto 26.’20

=1 >t > M

k2 O(ktg)2 T a2

Choosing
K = maX(Kl, KQ)

we complete the proof of the Theorem. O

The statement of the Theorem is usually referred to as ill-posedness of the Cauchy problem
(4.1.1), (4.1.2).

A natural question arises: what kind of initial or boundary conditions can be chosen
in order to uniquely specify solutions to Laplace equation without violating the continuous
dependence of the solutions on the boundary/initial conditions?

4.2 Dirichlet and Neumann problems for Laplace equation on the plane

The Laplace operator in the d-dimensional Euclidean space is defined by

9* 9*

A= — e ——
8x%+ +8x§

(4.2.1)

The symbol (coinciding with the principal symbol) of this operator is equal to
(@4 4+&) <0 forall ££0.

So Laplace operator is an example of an elliptic operator.

In this section we will formulate the two main boundary value problems (b.v.p.’s) for the

Laplace equation
Au=0, uw=u(z), (r)cQcRL (4.2.2)

The solutions to the Laplace equation are called harmonic functions in the domain €.

We will assume that the boundary 92 of the domain €2 is a smooth hypersurface. Moreover
we assume that the domain € does not go to infinity, i.e.,  belongs to some ball in R?. Denote
n = n(x) the unit external normal vector at every point x € 92 of the boundary.

Problem 1 (Dirichlet problem). Given a function f(z) defined at the points of the
boundary find a function u = u(z) satisfying the Laplace equation on the internal part of the
domain 2 and the boundary condition

u(z)|zeon = f(2) (4.2.3)

on the boundary of the domain.
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Problem 2 (Neumann problem). Given a function g(x) defined at the points of the
boundary find a function u = u(z) satisfying the Laplace equation on the internal part of the
domain 2 and the boundary condition

on the boundary of the domain.

The normal derivative in this equation is defined as follows. Let aq, ..., ag be the angles
between the coordinate axes and the unit normal vector n. Then
ou(x) ou ou
=cosay— + -+ cosag—. 4.2.5
on ! ox1 Tt daxd ( )

Example 1. For d = 1 the Laplace operator is just the second derivative

d2
T dz?

The Dirichlet b.v.p. in the domain Q = (a, b)
u(z) =0, wu(a)=fa, ud)=f
has an obvious unique solution

uw) =27 Ie 0y g

The Neumann b.v.p. in the same domain
u(z) =0, —u'(a)=ga, W(b)=g

has solution only if
9a+ 95 = 0. (4.2.6)

Example 2. In two dimensions the Laplace operator reads.

0? 0?
=—+—. 4.2.7
Ox? + Oy? ( )
Exercise 4.2.1 Prove that in the polar coordinates
T = T COoS¢
Y= rsing } (4.2.8)
the Laplace operator takes the form
0? 10 1 02
A= (4.2.9)

o Tror T ag
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In the particular case
Q= {(z,y)|2* +y° < p?} (4.2.10)

(a circle of radius p) the Dirichlet b.v.p. is formulated as follows: find a solution to the
Laplace equation

0? 0?
Au = 8—;;—1—8—;; =0, uw=u(zy), for z>+y*<p’ (4.2.11)

satisfying the boundary condition
ulr=p = f(). (4.2.12)

Here we represent the boundary condition defined on the boundary of the circle as a function
depending only on the polar angle ¢. Similarly, the Neumann problem consists of finding a
solution to the Laplace equation satisfying

(g:f)rp = g(¢) (4.2.13)

for a given function g(¢). Indeed, the partial derivative

coincides with the normal derivative (see the formula (4.2.5)).
Let us return to the general d-dimensional case. The following identity will be useful in
the study of harmonic functions.

Theorem (Green’s formula). For arbitrary smooth functions u, v on the closed domain
Q with a piecewise smooth boundary 0S) the following identity holds true

/ Vu-VvdV—f—/ ulAvdV = u@dS. (4.2.14)
Q Q a0 On
Here 4
ou Ov
Vu-Vov = ; 0z, o,

is the inner product of the gradients of the functions,
dV =dzq...dxq

is the Euclidean volume element, n the external normal and dS is the area element on the
hypersurface 9f2.

Example 1. For d =1 and 2 = (a,b) the Green’s formula reads

b b
/ uxvxdx—i—/ uvmdm:uvm\g
a a

since the oriented boundary of the interval consists of two points dla,b] = b — a. This is an
easy consequence of integration by parts.
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Example 2. For d = 2 and a rectangle Q = (a,b) X (¢,d) the Green’s formula becomes

b d
/Q(vax + uyvy) de dy + /Q U (Vg + Vyy) dx dy = / (u vy)g dx + / (u vgc)f1 dy

(the sum of integrals over four pieces of the boundary 92 stands in the right hand side of
the formula).

Let us return to the general discussion of Laplace equation. The following corollary follows
immediately from the Green’s formula.

Corollary 4.2.2 For a function u harmonic in a domain  with a piecewise smooth boundary
the following identity holds true

/Q(W)2 Z/mi u’ dS. (4.2.15)

Proof: This is obtained from (4.2.14) by choosing u = v. O
Using this identity we can easily derive uniqueness of solution to the Dirichlet problem.

Theorem 4.2.3 1) Let uy, ug be two functions harmonic in the domain Q and smooth in
the closed domain §2 coinciding on the boundary 02. Then uy = us.

2) Under the same assumptions about the functions ui, ug, if the normal derivatives on
the boundary coincide

Our _ dus
on  On

then the functions differ by a constant.

Proof: Applying to the difference u = ug — u; the identity (4.2.15) one obtains

/Q (Vu)?dV =0

since the right hand side vanishes. Hence Vu = 0, and thus the function u is equal to a
constant. The value of this constant on the boundary is zero. Therefore u = 0. The second
statement has a similar proof. O

The following counterexample shows that the uniqueness does not hold true for infinite
domains. Let € be the upper half plane:

Q={(z,y) eR?|y >0.}.

The linear function u(x,y) = y is harmonic in  and vanishes on the boundary. Clearly u # 0
on €.

Our goal is to solve the Dirichlet and Neumann boundary value problems. The first result
in this direction is the following
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Theorem 4.2.4 For an arbitrary C'-smooth 2m-periodic function f(¢) the solution to the
Dirichlet b.v.p. (4.2.11), (4.2.12) exists and is unique. Moreover it is given by the following
formula

1 21 p2 _ T‘2
u@}¢)::2whé d272pT004¢4—¢)+43j(¢)d¢’ (4.2.16)

The expression (4.2.16) for the solution to the Dirichlet b.v.p. in the circle is called
Poisson formula.

Proof: We will first use the method of separation of variables in order to construct particular
solutions to the Laplace equation. At the second step we will represent solutions to the
Dirichlet b.v.p. as a linear combination of the particular solutions.

The method of separation of variables starts from looking for solutions to the Laplace

equation in the form
u = R(r)®(¢). (4.2.17)

Here r, ¢ are the polar coordinates on the plane (see Exercise 4.2.1 above). Using the form
(4.2.9) we reduce the Laplace equation Au =0 to
/! 1 / 1 "
R/(r)(0) + -R'(r)8(6) + SRV (9) = 0.
After division by T%R(r)q)(gb) we can rewrite the last equation in the form
R'(r) + ;R(r) _ ®"(¢)
= R(r) ®(¢)

The left hand side of this equation depends on r while the right hand side depends on ¢. The
equality is possible only if both sides are equal to some constant A. In this way we arrive at
two ODEs for the functions R = R(r) and ® = ®(¢)

.m+1H—3R=0 (4.2.18)
r r2

" + AP = 0. (4.2.19)

We have now to determine the admissible values of the parameter A. To this end let us begin
from the second equation (4.2.19). Its solutions have the form
Ae‘/j’\‘b+Be_‘/j¢, A<0
O(p) = A+ B, A=0 .
AcosvVAp+Bsinvig, A>0
Since the pairs of polar coordinates (r, ¢) and (r, ¢+ 2m) correspond to the same point on the

Euclidean plane the solution ®(¢) must be a 2w-periodic function. Hence we must discard
the negative values of A. Moreover A\ must have the form

A=n% n=0,1,2,.... (4.2.20)

This gives
®(¢) = A cosng + B sinng. (4.2.21)
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The first ODE (4.2.18) for A\ = n? becomes

1 2
R'+-R-"R=o,
r r2

This is a particular case of Euler equation. One can look for solutions in the form
R(r) =r*.
The exponent k£ has to be determined from the characteristic equation
E(k—1)+k—-n*=0

obtained by the direct substitution of R = r* into the equation. The roots of the characteristic
equation are k = +n. For n > 0 this gives the general solution of the equation (4.2.18) in
the form

b
_ n
R=ar"+ e
with two integration constants a and b. For n = 0 the general solution is
R=a+blogr.

As the solution must be smooth at r = 0 one must always choose b = 0 for all n. In this way
we arrive at the following family of particular solutions to the Laplace equation

Up = 1" (a, cosng + by, sinng), n=0,1,2,... (4.2.22)

We want now to represent any solution to the Dirichlet b.v.p. in the circle of radius p as a
linear combination of these solutions:

u = % + Zr” (Ay, cosng + B, sinng)
n>1
(4.2.23)
u’r:p = f(¢).

The boundary data function f(¢) must be a 27-periodic function. Assuming this function to
be C!-smooth let us expand it in Fourier series

f(o) = % + Z (an, cosng + by, sinng)

n>1
1 2m 1 2m
ap = — f(@p)cosnopdp, b, =— f(@)sinng de. (4.2.24)
T Jo T Jo
Comparison of (4.2.23) with (4.2.24) yields
A= g, =
p p
or, equivalently
n
u=2 4 Z r (ay, cosne + by, sinng) . (4.2.25)
2 n>1 P
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Recall that this formula holds true on the circle of radius p, i.e., for

T < p.

The last formula can be rewritten as follows:

™

u_l/27r 1-1-2<r>n(cosn¢cosnw+sinnqﬁsinn¢) f() dip
0 2 n>1 P

[T (5) cosnto )| swrae

n>1

To compute the sum in the square bracket we represent it as a geometric series converging
for r < p:

N |

+
/\
\/

(@)

o)

»n
=R
8\
E
\

_|._
=]

@
/~
N
m@
2
ks
£

n>1 n>1
1 r el =) 1 1 r i) reH{o—Y)
=-4+Re——FF—F =+ ,
2 p—rez(¢*¢) 2 2 p—re’((ﬁ*d’) p—re i(p—7)
B 1 p2 _ 7’2
2p%—2pr cos(¢p — ) +r?

a

In a similar way one can treat the Neumann boundary problem. However in this case one
has to impose an additional constraint for the boundary value of the normal derivative (cf.
(4.2.6) above in dimension 1).

Lemma 4.2.5 Let v be a smooth function on the closed domain € harmonic inside the
domain. Then the integral of the normal derivative of v over the boundary 0S) vanishes:

ov
— = 4.2.2
o O ds = 0. ( 6)

Proof: Applying the Green formula to the pair of functions v = 1 and v one obtains

/AvdV / —dS
o0

The left hand side of the equation vanishes since Av = 0 in . O

Corollary 4.2.6 The Neumann problem (4.2.4) can have a solution only if the boundary
function g satisfies

/ gdsS = 0. (4.2.27)
o0

We will now prove, for the particular case of a circle domain in the dimension d = 2 that
this necessary condition of solvability is also a sufficient one.
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Theorem 4.2.7 For an arbitrary C'-smooth 2m-periodic function g(¢) satisfying

27
/0 () do = 0 (4.2.28)

the Neumann b.v.p. (4.2.11), (4.2.4) has a solution unique up to an additive constant. This
solution can be represented by the following integral formula

po[* P
u(r, ) = 27r/0 log Iy p—n g(¥) dip. (4.2.29)

Proof: Repeating the above arguments one arrives at the following expression for the solution
u=u(r, ¢):
u= Ao + Zr” (Ap cosng + By sinng)
2 n n

n>1

(?;)Tp = 9(¢).

Let us consider the Fourier series of the function g(¢)

(4.2.30)

g(p) = %0 + Z (an cosng + by, sinng) .

n>1
Due to the constraint (4.2.28) the constant term vanishes:
ag = 0.
Comparing this series with the boundary condition (4.2.30) we find that

u(r,¢) = % +p Z% <;>” (an cosng + by, sinng)

n>1

7T s

27 27
in =~ /0 cosntp g() dip, by = = /0 sinnep () do.

Here Ay is an arbitrary constant. Combining the two last equations we arrive at the following
expression:

uro) =2 [ Tyt (2) cosnto - wyg(w) av (12.31)

T

n>1
It remains to compute the sum of the trigonometric series in the last formula.
Lemma 4.2.8 Let R and 0 be two real numbers, R < 1. Then

1
1—2Rcosf + R?’

— 1 1
E —R"cosnb = - log (4.2.32)
on 2
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Proof: The series under consideration can be represented as the real part of a complex series
o
n=1

The latter can be written as follows:
7Rnein9 — / 7Rnein(9 dR.
> Ly ["5°1
n=1 n=1

We can easily compute the sum of the geometric series with the denominator Re?. Integrating

00 1 A
R"cosnb = Re Z ﬁRnem@.

n=1

S|

we obtain
> . R i ,
Z ~R"e = / — 5 AR = —log (1 - Rew) .
n o 1— Re?
n=1
Hence
o
1 1 1 1 1 1
—R" 0=—-|1 — +1 —| ==1 .
;n CORT= 9 [Ogl—Re“’+ Ogl—Re—“’} 2 1 _9Rcosd + R?

O

Applying the formula of the Lemma to the series (4.2.31) we complete the proof of the
Theorem. d

4.3 Properties of harmonic functions: mean value theorem, the maximum
principle

In this section we will establish, for the specific case of dimension d = 2, the two fundamental
properties of harmonic functions.

Let Q C R? be a domain. Recall that a point 2o €  is called internal if there exists a
ball of some radius R > 0 with the centre at xg entirely belonging to €. For an internal point
o € Q denote

S (20, R) = {x € R?| |z — mo| = R}

a sphere of radius R > 0 with the center at xg. The radius is chosen small enough to guarantee
that the sphere belongs to the domain . Denote ag_; the area’ of the unit sphere in RY.
For any continuous function f(x) on the sphere the mean value is defined by the formula

- 1
= — x)dS. 4.3.2
P o o1 (432)

In the particular case of a constant function the mean value coincides with the value of the
function.

"The area of the (d — 1)-dimensional sphere of radius 1 in the Euclidean space is given by the formula

/2
g—1 =d+ ————. 4.3.1
e Ey (43.1)

Clearly the area of a sphere of radius R is equal to aq_1 R ™.
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For example, in dimension d = 1 the “sphere” consists of two points x¢ = R. The formula
(4.3.1) for the area of the zero-dimensional sphere gives

al/2

3
r'(3)
So the mean value of a function is just the arithmetic mean value of the two numbers f(zo£R):

f(zo+ R) + f(zo — R)
5 :

ag = =2

f=
In the next case d = 2 the sphere is just a circle of radius R with the centre at zy. The area
(i.e., the length) element is dS = Rd¢. The restriction of f to the circle is a 27-periodic
function f(¢). So the mean value on this circle is given by

1 21

f=5:) f@as

Theorem 4.3.1 Let u = u(x) be a function harmonic in a domain 2. Then the mean value
of u over a small sphere centered at a point xg € ) is equal to the value of the function at
this point:

1
u(xo) = ——— u(x) dS. 4.3.3
(20) = T [ M) (133)

Proof for d = 2. Denote f(¢) the restriction of the harmonic function u onto the small
circle |z — z9| = R. By definition the function u(z) satisfies the Dirichlet b.v.p. inside the
circle:

Au(z) =0, |r—xo| <R
u(x)||acf:vo\:R = f(¢)

As we already know from the proof of Theorem 4.2.4 the solution to this b.v.p. can be
represented by the Fourier series

u(r, @) = 20 4 Z (1>n (an, cosng + by, sin ne) (4.3.4)
2 n>1 R
for r := |z —x9| < R (cf. (4.2.25) above). In this formula a,, and b,, are the Fourier coefficients

of the boundary function
f(¢) = u($)|\$—zo|:R'

In particular
ao 1 2

5 =a ) f@ds

is the mean value of the function u on the circle. On the other side the value of the function
u at the center of the circle can be evaluated substituting » = 0 in the formula (4.3.4):

_ %
u(xg) = 5
Comparing the last two equations we arrive at (4.3.3). O
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Using the mean value theorem we will now prove another important property of harmonic
functions, namely the maximum principle. Recall that a function u(x) defined on a domain
Q C R? is said to have a local mazimum at the point zg if the inequality

u(x) < u(z) (4.3.5)

holds true for any x € Q sufficiently close to xzg. A local minimum is defined in a similar way.

Theorem 4.3.2 Let a function u(x) be harmonic in a bounded connected domain Q and
continuous in a closed domain Q. Denote

M = sup u(z), m= inf u(x).
or=ts10) €O

Then
1)m <wu(x) <M forall z € Q;

2) if u(x) = M or u(x) = m for some internal point x € § then the function u is constant.
Proof: Tt is based on the following Main Lemma.

Lemma 4.3.3 Let the harmonic function u(x) have a local mazimum/minimum at an in-
ternal point xg € Q. Then u(x) = u(xg) on some neighborhood of the point xy.

Proof: Let us consider the case of a local maximum. Choosing a sufficiently small sphere
with the centre at xg we obtain, according to the mean value theorem, that

1
adfle_l /x—xozR ( )

We can assume the inequality (4.3.5) holds true for all 2 on the sphere. So

u(zo) =

1 1
W = g [ w@as s o [ wgds =) (430)

If there exists a point z sufficiently close to xo such that u(x) < u(zg) then also the inequality
(4.3.6) is strict. Such a contradiction shows that the function u(x) takes constant values on
some ball with the centre at zg. The case of a local minimum can be treated in a similar
way. U

Let us return to the proof of the Theorem. Denote

M’ = sup u(z)
zeQ

the maximum of the function « continuous on the compact Q. We want to prove that M’ < M.
Indeed, if M’ > M then there exists an internal point xy € € such that u(xg) = M’. Denote
Q' C Q the set of points z of the domain where the function u takes the same value M’.
According to the Main Lemma this subset is open. Clearly it is also closed and nonempty.
Hence €' = Q) since the domain is connect. In other words the function is constant everywhere
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in 2. Because of continuity it takes the same value M’ at the points of the boundary 9.
Hence M’ < M. The contradiction we arrived at shows that the value of a harmonic function
at an internal point of the domain cannot be bigger than the value of this function on the
boundary of the domain. Moreover if the harmonic function takes the value M at an internal
point then it is constant. In a similar way we prove that a non-constant harmonic function
cannot have a minimum outside the boundary of the domain. O

Corollary 4.3.4 Given two functions ui(z), ua(x) harmonic in a bounded domain 2 and
continuous in the closed domain Q. If

lui(z) —ug(x)| <e for =€ N

then
lui(x) —ug(x)| <e for any x€Q

Proof: Denote
u(x) = uy(x) — ua(x).
The function u is harmonic in Q and continuous in Q. By assumption we have —e < u(z) < ¢
for any = € 9€). So
—e < inf wu(x), sup u(z)<e.
€082 =510)
According to the maximum principle it must be also

—e < inf u(z), supu(z)<e.
zef e

O

The Corollary implies that the solution to the Dirichlet boundary value problem, if exists,
depends continuously on the boundary data.

4.4 Harmonic functions on the plane and complex analysis

Recall that a differentiable complex valued function f(z,y) = u(z,y) + iv(x,y) on a domain
in R? is called holomorphic if it satisfies the following system of Cauchy — Riemann equations

ou v __
o oy =0

(4.4.1)
v ou __
o Ty = 0
or, in the complex form
of . o0f
- — =0. 4.4.2
Ox e oy ( )

Introducing complex combinations of the Euclidean coordinates

z=x+ 1y
Z=x—1y
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we will have

o _1(9 ,90
0z 2\ 0z Jy
(4.4.3)
9 _1(0 .0
0z 2\ 0z oy )’
So the Cauchy — Riemann equations can be rewritten in the form
of
— =0. 4.4.4
0z 0 ( )

Example. Let f(z,y) be a polynomial
flay) = anay'.
k,l

It is a holomorphic function iff, after the substitution

2+ 2z
x:

2
_2—2
Y=

there will be no dependence on Z:

24+2\* /2 -2\

m

In that case the result will be a polynomial in z. For example a quadratic polynomial
f(z,y) = ax® + 2bxy + cy?
is holomorphic iff a +c=0and b= %(a — c).

More generally holomorphic functions are denoted f = f(z). The partial derivative 9/0z
of a holomorphic function is denoted df /dz or f’(z). One can also define antiholomorphic
functions f = f(2) satisfying equation

of
5 =0 (4.4.5)

Notice that the complex conjugate f(z) to a holomorphic function is an antiholomorphic
function.

From complex analysis it is known that any function f holomorphic on a neighborhood of
a point zg is also a complex analytic function, i.e., it can be represented as a sum of a power
series

oo
f(2)=> an(z—2)" (4.4.6)
n=0
convergent uniformly and absolutely for sufficiently small |z — zg|. In particular it is continu-

ously differentiable any number of times. Its real and imaginary parts u(z,y) and v(z,y) are
infinitely smooth functions of x and y.
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Theorem 4.4.1 The real and imaginary parts of a function holomorphic in a domain 2 are
harmonic functions on the same domain.

Proof: Differentiating the first equation in (4.4.1) in z and the second one in y and adding
we obtain

0?u  0%u
— +— =0.
0x?  Oy?
Similarly, differentiating the second equation in x and subtracting the first one differentiated
in y gives
v v
— + == =0.
ox?  Oy?
U
Corollary 4.4.2 For any integer n > 1 the functions
Rez" and Imz" (4.4.7)

are polynomial solutions to the Laplace equation.

Polynomial solutions to the Laplace equation are called harmonic polynomials. We obtain
a sequence of harmonic polynomials

T, Y, x2—y2, Ty, a:3—3:1:y2, 33:2y—y3,....

Observe that the harmonic polynomials of degree n can be represented in the polar coordi-
nates r, ¢ as
Rez" =r"cosng, Imz" =r"sinng.

These are exactly the same functions we used to solve the main boundary value problems for
the circle.

Exercise 4.4.3 Prove that the Laplace operator
0? 0?
=53 4 0
in the coordinates z, Z becomes 52

A=14 .
0207z

(4.4.8)

Exercise 4.4.4 Prove that any harmonic polynomial is a linear combination of the polyno-
mials (4.4.7).

Using the representation (4.4.8) of the two-dimensional Laplace operator one can describe
all complex valued solutions to the Laplace equation.

Theorem 4.4.5 Any complex valued solution u to the Laplace equation Au = 0 on the plane
can be represented as a sum of a holomorphic and an antiholomorphic function:

u(,y) = (2) + 9(2). (4.4.9)
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Proof: Let the C?-smooth function u(z,y) satisfy the Laplace equation

9%u B
020z

Denote
ou

F=—.
0z
The Laplace equation implies that this function is holomorphic, F' = F(z). From complex
analysis it is known that any holomorphic function admits a holomorphic primitive,

F(z) = f'(2)
Consider the difference g := u — f. It is an antiholomorphic function, g = g(2). Indeed,
09 _Ou_p_y,
0z 0z
So u = f(z)+ g(2). O

Corollary 4.4.6 Any harmonic function of two variables can be represented as the real part
of a holomorphic function.

Notice that the imaginary part of a holomorphic function f(z) is equal to the real part of
the function —i f(z) that is holomorphic as well.

Corollary 4.4.7 Any harmonic function of two variables is C*°-smooth.

Another important consequence of the complex representation (4.4.8) of the Laplace op-
erator on the plane is invariance of the Laplace equation under conformal transformation.
Recall that a smooth map

f: Q-

is called conformal if it preserves the angles between smooth curves. Translations
(x7 y) = (JI + o,y + yO)a

dilatations
(z,y) — (kz,ky)
with k # 0, rotations by the angle ¢

(z,y) — (xcos¢p — ysin g, xsin ¢ + ysin @)

and reflections
(z,y) — (z,—y)

are examples of linear conformal transformations. These examples and their superpositions
exhaust the class of linear conformal maps. The general description of conformal maps on
the plane are given by
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Lemma 4.4.8 Let f(z) be a function holomorphic in the domain Q with never vanishing
derivative:
df (2)

dz

#0 VzeQ.

Then the map

z— f(2)
of the domain ) to Q' = f(Q) is conformal. Same for antiholomorphic functions. Conversely,
if the smooth map (z,y) — (u(z,y),v(z,y)) is conformal then the function f = u + v is
holomorphic or antiholomorphic with nonvanishing derivative.

Proof: Let us consider the differential of the map (x,y) — (u(x,y),v(z,y)) given by the real
u = Re f and imaginary v = Im f parts of the holomorphic function f. It is a linear map
defined by the Jacobi matrix

ou/0x  Ou/dy ou/0x —0v/0x
ov/dx  Ov/dy ov/Ox  OJu/0x
(we have used the Cauchy — Riemann equations). Since
ou\ ov\?
/ 2 el e
0 £ 17 P = (5) +(52) -

we can introduce the numbers » > 0 and ¢ by

r=1f'(z)], cos¢= Ou/0z . sing = ov/0x

The Jacobi matrix then becomes a combination of the rotation by the angle ¢ and a dilatation
with the coefficient 7:

Ou/dx Ou/dy cos¢ —sing

ov/dx Ov/dy sing  cos¢

This is a linear conformal transformation preserving the angles. A similar computation works
for an antiholomorphic map with nonvanishing derivatives f/(z) # 0.

Conversely, the Jacobi matrix of a conformal transformation must have the form
cos¢p —sing
sin ¢ cos ¢
or

cos ¢ sin ¢

sing —cos¢
In the first case one obtains the differential of a holomorphic map while the second matrix
corresponds to the antiholomorphic map. O

We are ready to prove
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Theorem 4.4.9 Let
f:Q-=qQ

be a conformal map. Then the pull-back of any function harmonic in Q' will be harmonic in
Q.

Proof: According to the Lemma the conformal map is given by a holomorphic or an anti-
holomorphic function. Let us consider the holomorphic case,

z—w = f(2).

The transformation law of the Laplace operator under such a map is clear from the following
formula:

o2 , 5 52
= 4.4.10
020z £ )l Qwow ( )
Thus any function U on € satisfying
0*U
- =0
Ow 0w
will also satisfy
02U
- =0
0z 0z
The case of an antiholomorphic map can be considered in a similar way. a
A conformal map
f: Q-

is called conformal transformation if it is one-to-one. In that case the inverse map
-0

exists and is also conformal. The following fundamental Riemann theorem is the central
result of the theory of conformal transformations on the plane.

Theorem 4.4.10 For any connected and simply connected domain €} on the plane not coin-
ciding with the plane itself there exists a conformal transformation of € to the unit circle.

The Riemann theorem, together with conformal invariance of the Laplace equation gives
a possibility to reduce the main boundary value problems for any connected simply connected
domain to similar problems for the unit circle.

4.5 Exercises to Section 4
Exercise 4.5.1 Find a function u(x,y) satisfying
Au = 2% — 2

forr < a and the boundary condition u|,—, = 0.
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Exercise 4.5.2 Find a harmonic function on the annular domain
a<r<b

with the boundary conditions

B ou 9
Ulp=gq = 1, <57‘>sz = cos” ¢.

Exercise 4.5.3 Find solution u(x,y) to the Dirichlet b.v.p. in the rectangle

Hint: use separation of variables in Euclidean coordinates.

5 Heat equation

5.1 Derivation of heat equation

The heat equation for the function u = u(z,t), € R%, t € Ryg reads

ou 9
= — a?Au. 1.1
5 = 4 Au (5.1.1)

Here A is the Laplace operator in R?. We will consider only the case of constant coeffi-
cients a = const. For d = 3 this equation describes the distribution of temperature in the
homogeneous and isotropic media at the moment ¢.

The derivation of heat equation is based on the following assumptions.

1. The heat @) necessary for changing from u; to ug the temperature of a piece of mass
m is proportional to the mass and to the difference of temperatures:

Q = cpm(ug —uy).

The coefficient ¢, is called specific heat capacity.

2. The Fourier law describing the quantity of heat spreading through a surface S during
the time interval At. It says that this quantity AQ is proportional to the area A(S) of the
surface, to the time At and to the derivative of the temperature u along the normal n to the

surface: 5
U
AQ = —k A(S)— At.
Q (S) o

Here the coefficient k& > 0 is called thermal conductivity. The negative sign means that the
heat is spreading from hot to cold regions.
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In order to derive the heat equation let us consider the heat balance within a domain
Q C R? with a smooth boundary 9. The total change of heat in the domain during the
time interval At is

AQ = /Qcpp [u(t + At, z) — u(t, z)] dV-

where p is the mass density, such that the mass of the media contained in the volume is equal

to
m:/pdV.
9)

In the case of a homogeneous media the mass density is constant, so the heat quantity is
equal to

ou
AQ ~ cpp/Q aAth.

This change of heat must be equal, with the negative sign, to the one passing through the

boundary 0f2

AQ = k% s At
o0 8n

Using Green formula we can rewrite this heat flow in the form
k / AudV - At.
Q

Dividing by At in the limit At — 0 we arrive at the equation

cpp/ g?dV:k/AudV
Q Q

Since the domain 2 is arbitrary this gives the heat equation with the coefficient

k
a? = —
cpp

(it is called thermal conductivity or thermal diffusivity).

5.2 Main boundary value problems for heat equation

The simplest boundary value problem is in finding a function u(z,t) satisfying

0
8—1; =a?Au
(5.2.1)
u(z,0) = ¢(z), zcR<
This is the already familiar Cauchy problem. The physical meaning of this problem is clear:
given the initial temperature distribution in the space to determine the temperature at any
time ¢t > 0 at any point = of the space.

Often we are interested in the temperature distribution only within the bounded domain
Q C R%. In this case one has to add to the Cauchy data within  also the information about
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the temperature on the boundary 92 or about the heat flux through the boundary. In this
way we arrive at two main mixed problems in a bounded domain:

The first mized problem: find a function u(z,t) satisfying

a—u:a2Au, t>0, €
ot
u(z,0) = ¢(x), ze€f) (5.2.2)

u(z,t) = f(x,t), t>0, x€d.

The second mized problem is obtained from (5.2.2) by replacing the last condition by

<8u> =g(z,t), t>0, xze€d. (5.2.3)
M /) yeon

In this equation n is the unit external normal to the boundary.

In the particular case of the boundary data independent of time

f=f) or g=g(z)
one can look for a stationary solution u satisfying
ou
— =0.
ot
In this case the first and the second mixed problem for the heat equation reduce respectively
to the Dirichlet and Neumann boundary value problem for the Laplace equation in R

5.3 Fourier transform

Our next goal is to solve the one-dimensional Cauchy problem for heat equation on the line.
To this end we will develop a continuous analogue of Fourier series.

Let f(z) be an absolutely integrable complex valued function on the real line, i.e.,

| @l <. 5:31)

— 00

Definition 5.3.1 The function
£ 1 > —ipT
f(p) := o f(z)e Pdx (5.3.2)
™ — o
of the real variable p is called the Fourier transform of f(x).

Due to the condition (5.3.1) the integral converges absolutely and uniformly with respect
to p € R. Thus the function f(p) is continuous in p.

Example. Let us compute the Fourier transform of the Gaussian function

22

f@)=c%.
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We have
2 1 - \2 p2
/ ez PPy = / e~ 2(@t+ip) =1 g,

—00 — 00

We want to perform a change of variables
s =ux +1ip.
To do this one can consider the integral
_22_ 1.9 .
7{ e 2 2P dz, z=ux+iy (5.3.3)
C

over the boundary C' of the rectangle on the complex z-plane
It is easy to see that the integrals over the vertical segments z = +R, 0 < y < pin (5.3.3) tend

to zero when R — oo. The total integral is equal to zero since the integrand is holomorphic
on the entire complex plane. Hence

Ry a1, —R 1 (atip)2— 22
e 2% TP dx + e 20T "5 dr -0 as R — oo,
—-R R

x oo 2
1,212 1 2 \2_ P
/ e 2" TP g =/ ez (@) =17 gy
—0o0 — 0o

o0 12
/ e 2dr=+V2rm (5.3.4)

SO

Using the Euler integral

we finally obtain the Fourier transform of the Gaussian function

. 1 2
= e 7. (5.3.5)

We will now establish, under certain additional assumptions, validity of the inversion
formula for the Fourier transform:

/00 f(p)e™*dp = f(x). (5.3.6)

Theorem 5.3.2 Let the absolutely integrable function f(x) be differentiable at any point
x € R. Then

R
lim /_R f(p)eP*dp = f(x). (5.3.7)

R—o00

Proof: Denote Ir(x) the integral in the left hand side of (5.3.7). Using continuity and uniform
convergence of the Fourier integral (5.3.2) we can apply Fubini theorem to this integral and
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thus rewrite it as follows:

R R o0 . .
o) = [ wera= [ (o [ fwemay) iy
1 o0

R 3 o0 . .
=g [ ([ ) ar= [t

R r—y
1 [ sin R s 1 [ sin R s
:/ flz+s) ds:/ [f(z+ )+ f(z—s)] ! ds.

™ J_co S m™Jo
We will now use the following Dirichlet integral:
Exercise 5.3.3 Prove that o

/ S e =T (5.3.8)
0 X 2

Using this value we can rewrite the difference Ir(x) — f(x) in the form

In(@) - f(z) = i/ooo fats) =2/@+1@=3) g p g,

S

Because of differentiability

i f@ ) =2 @)+ fa—s) | f@ts) -~ f@)

s—0 S s—0 S s—0 S

the integrand
flzts)=2f(@)+f(z=s) #£0

S )

F(s;x) =
0, s=0

is a continuous functions in s depending on the parameter x. The proof of the inversion
formula (5.3.7) will follow from the following Riemann—Lebesgue lemma.

Lemma 5.3.4 Let a continuous function f(x) be absolutely integrable on R. Then

A—00

lim / f(x)edx = 0.

Proof: Because of convergence of the integral ffooo f(z) dz the difference

/::f(a:)dx—/abf(x)dx

tends to zero when a — —oo0 b — oo. So it suffices to prove the Lemma for the finite integral.
Because of integrability of f(x) there exists, for any given € > 0, a partition of the interval

a=rg<x1 < -<xp=">
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such that , .
O</ f(w)dar—ijij <€
a j=1
where

A.I‘j = $j - ZL‘j_l

mj = inf  f(x).

T€lTj_1,7;]

Introduce a step-like function

glx)=m; for zerj1,25], j=1,...,n
Then
b A b A b ‘
[ 1weie = [ g@erad < [ 17w - g [¢¥] do
b
- [ - g@)ds <
But the integral
’ A —~ 1 /4 A
IAT _ = IAT IAT; 1
/Qg(x)e d$_;i)\( j j )mj
tends to zero when A — oo. O

In order to complete the proof of the Theorem let us represent the last integral in the
form

/ f(x+s) —2f( )+ fla—s )SinRSdsz/lF(s;x)sinRSdS
0

/ f+s) f( )sindes—Zf(x)/OOSinRSds.

1 S

The first integral in the r.h.s. vanishes according to the Riemann—Lebesgue lemma. The same
is true for the second integral. Finally the last integral by a change of integration variable
x = R s reduces to

[o@) : x :
/ stst:/ Smxdaz—>0 for R — oo.
1 S R T

a

Exercise 5.3.5 Let f(x) be an absolutely integrable piecewise continuous function of x € R
differentiable on every interval of continuity. Let us also assume that at every discontinuity
point xq the left and right limits f—(xo) and fi(xo) exists and, moreover, the left and right

derivatives
lim f(xo+8) — f—(z0) and  lim f(zo+s) — fr(zo)
s—0— S s—0+ S
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exist as well. Prove the following modification of the inversion formula for the Fourier trans-

form
f(x), x is a continuity point

R ~ .
lim/ f(p)eP*dp = " (5.3.9)

R—
IR M, x is a discontinuity point

The main property of Fourier transform used for solving linear PDEs is given by the
following formula:

Lemma 5.3.6 Let f(z) be an absolutely integrable continuously differentiable function with
absolutely integrable derivative f'(xz). Then

o0
/ f(x)e "P"dx = ip f(p). (5.3.10)
—0o0
Proof: From integrability of f/(z) it follows existence of limits

r—F00 r—3Fo00

f(£o0):= lim f(z)= f(0)+ lim / f'(y

Because of absolute integrability of f the limiting values f(4o0o) must be equal to zero.
Integrating by parts

/ fl(a)e™ P da = (e f ()" +ip / f(x)e~ P dx = ipf(p)
we arrive at the needed formula. O

Denote F,_.,, the map of the space of functions in x variable to the space of functions in
p variable given by the Fourier transform:

Foep(f) = f(p). (5.3.11)

The inverse Fourier transform will be denoted F,—.,. The property formulated in the above
Lemma says that the operator of z-derivative transforms to the operator of multiplication by
the independent variable, up to a factor :

Foon (4 1) = 05D (5:3.12)

This property of the Fourier transform will be used in the next section for solving the Cauchy
problem for heat equation.

A similar calculation gives the formula

L ) (5.3.13)

valid for functions f = f(x) absolutely integrable together with z f(z). We leave the proof of
this formula as an exercise for the reader.
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5.4 Solution to the Cauchy problem for heat equation on the line

Let us consider the one-dimensional Cauchy problem for the heat equation

ou 5, 0%
E—a @7 t>0

(5.4.1)
u(z,0) = ¢(z), =R

Theorem 5.4.1 Let the initial data ¢(x) be absolutely integrable function on R. Then the
Cauchy problem (5.4.1) has a unique solution u(x,t) absolutely integrable in x € R for all
t > 0 represented by the formula

u(zx,t) = /_OO G(x —y;t) ¢(y) dy. (5.4.2)
where )
G(z;t) = ! e 1%, (5.4.3)

2a+/t

The integral representation (5.4.2) of solutions to the Cauchy problem is called Poisson
integral.

Proof: Denote
1 [ :
u(p,t) = / u(x,t)e”Prdx

2 J_ o

the Fourier-image of the unknown solution. According to Lemma 5.3.6 the function u(p,t)
satisfies equation

= —a’p*i(p,1).
This equation can be easily solved
N ~ _ 22
a(p,t) = a(p,0)e" P,

Due to the initial condition we obtain
. 1 [ A
(p,0) = 0) = 5 [ dlo)e .
™ —o

Thus A -
a(p,t) = ¢p(p)e 7. (5.4.4)

It remains to apply the inverse Fourier transform to this formula:

co 1 00 ) e’} )
wwst) = [ @iy = o [ (e [T o) ay) dp

1 Rl
= — d)(y) </ ezp(x_y)_a2p2tdp> dy

2m J_
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The integral in p is nothing but the (inverse) Fourier transform of the Gaussian function. A
calculation similar to the above one gives the value for this integral

o] z—1)2
/ eip(z—y)—anQtdp _ ﬁ 67% )
—00
This completes the proof of the Theorem. O

Remark 5.4.2 The formula (5.4.2) can work also for not necessarily absolutely integrable
functions. For example for the constant initial data ¢(x) = ¢o we obtain u(x,t) = ¢o due to
the following integral

! /OO T (5.4.5)
e 4a“t = 1. A
2avV/ 7t J_so Y

We will now use the Poisson integral (5.4.2) in order to prove an analogue of the maximum
principle for solutions to the heat equation.

Theorem 5.4.3 The solution to the Cauchy problem represented by the Poisson integral
(5.4.2) for all t > 0 satisfies

inf ¢(x) < u(x,t) < sup p(x). (5.4.6)
zeR z€R

Moreover, if some of the inequalities becomes equality for somet > 0 and x € R then u(x,t) =

const.

Proof: The inequalities (5.4.6) easily follow from positivity of the Gaussian function and
from the integral (5.4.5). Due to the same positivity the equality can have place only if
¢(x) = const. But then also u(x,t) = const. |

Corollary 5.4.4 The solution to the Cauchy problem (5.4.1) for the heat equation depends
continuously on the initial data.

Proof: Let uy(xz,t), ua(z,t) be two solutions to the heat equation with the initial data ¢1(z)
and ¢9(z) respectively. If the initial data differ by e, i.e.

|p1(x) — p2(z)] <e VreR

then from the maximum principle applied to the solution u(x,t) = ui(z,t) —us(x,t) it follows
that
lui(x,t) — ua(z, t)| <e.
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5.5 Mixed boundary value problems for the heat equation

Let us begin with the periodic problem

ou  ,0%

a =a W’ t>0

u(x 4+ 2m,t) = u(zw,t), t>0
u(z,0) = ¢(z)

where ¢(x) is a smooth 27-periodic function.

(5.5.1)

Theorem 5.5.1 There exists a unique solution to the problem (5.5.1). It can be represented

in the form
1 2w
u(@,t)=o— | O@—yt)e(y)dy, t>0
2 0

@(:c;t) — Z 6—a2n2t+mw.

neL

where

Proof: Let us expand the unknown periodic function u(z,t) in the Fourier series:

u(a,t) = dn(t)e™

neL

1 2w )
U (1) /0 u(z, t)e” " dx.

T o
The substitution to the heat equation yields

Ot (t)
ot

= —a®n%i, (1),

SO
G (t) = 4 (0)e™ "t n e

At t = 0 one must meet the initial conditions, hence we arrive at the formula

ﬁn(t) _ éne—a2n2t

. 1 [27 .
On=5- [ olyle™dy.
T Jo
For the function u(z,t) we obtain
1 o —a?n2t+in(z—y)
u@ )=o) [ e d(y)dy.
nez’0

(5.5.2)

(5.5.3)

In order to complete the proof of the Theorem it suffices to show that the series (5.5.3)
converges absolutely and uniformly for all x € R and all £ > 0. This easily follows from

convergence of the integral

o
/ ey < 00 for t>0.
0
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In a similar way one can prove that the series (5.5.3) can be differentiated any number of
times. The theorem is proved. a

The function defined by the series (5.5.3) is called theta-function. It is expressed via the
Jacobi theta-function

O3(p|7) =Y emimiTHaning (5.5.4)
nez
by a change of variables
1 a’t
O(z;t) =05(p| 1), o= g% T=i— (5.5.5)

The convergence of the series (5.5.4) for Jacobi theta function takes place for all complex
values of 7 provided
Im7 > 0. (5.5.6)

The function ©(x;t) is periodic in z with the period 27 while the Jacobi theta-function is
periodic in ¢ with the period 1. It satisfies many remarkable properties. Some of them will
be now formulated as a series of exercises.

Exercise 5.5.2 Prove that )
T

O(z;t) dx = 2m. (5.5.7)
0

Exercise 5.5.3 Prove that the series

Z e—a2n2t+inz (5.5.8)

neL

converges for any complex number z = x + iy uniformly on the strips |Imz| < M for any
positive M. Derive that the theta-function (5.5.3) can be analytically continued to a function
O(z;t) holomorphic on the entire complex z-plane.

Exercise 5.5.4 Prove that the function ©(z;t) satisfies the identity

O (2 + 2ia’t;t) = e*“Qt”Z@(z; t). (5.5.9)
The complex number 2ia’t is called quasi-period of the theta-function.

Exercise 5.5.5 Prove that the theta-function has zeroes at the points

zp =72k +1)+id’t (21 +1), k,1€Z. (5.5.10)

Exercise 5.5.6 Prove that the theta-function has no other zeroes on the complex plane.
Derive that, in particular
O(z;t) >0 for zeR (5.5.11)
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Hint: Compute the integral
1 dO(z;t)
211 Jo ©(z,t)
over the oriented boundary of the rectangle
C={0<z<2m 0<y<2d%}
on the complex z-plane, z = x + iy.

Another proof of positivity of the theta-function follows from the following Poisson sum-
mation formula that is of course of interest on its own.

Lemma 5.5.7 Let f(z) be a continuously differentiable absolutely integrable function satis-
fying the inequalities

[f@)] < CA+]z)77 fp)] < C(L+[p)~'

for some positive . Here f(p) is the Fourier transform of f(x). Then

> f@mn) =" f(m). (5.5.12)

ne”Z meZ

Proof: We will actually prove a somewhat more general formula
Z f(z+2mn) = Z f(m)e™=. (5.5.13)
nez meZ

Since the function in the left hand side is 2-periodic in z, it suffices to check that the Fourier
coefficients ¢, of this function coincide with f(m). Indeed, the m-th Fourier coefficient of
the left hand side is equal to

I .
Cn = 5 ; (Z flx+ 27m)> e " d.
neL
Due to absolute and uniform (in z) convergence of the series
Z f(x 4+ 2mn)

neL

one interchange the order of summation and integration to arrive at

1 2w )
Cn = 5= Z/o f(z+2mn)e " dx.

nez

Doing a shift in the n-the integral

=x+ 2mn
one rewrites the sum as follows:
_ i 2r(n+l) —imy—27rimnd _ i > —imyd —
em =15 f(ye y = fly)e ™dy = f(m)
™ 2mn 27 —00
nez
since e~ 2mimn — 1 O

Using the Poisson summation formula we can prove the following remarkable identity for
the theta-function.
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Proposition 5.5.8 The theta-function (5.5.1) satisfies the following identity
(z+27‘rn)2
Z rreran (5.5.14)

Proof: It can be obtained by applying the Poisson summation formula to the function

1 a2 o
f(m):aﬁ e, f(p) = e,

Remark 5.5.9 The formula (5.5.14) is the clue to derivation of the transformation law for
the Jacobi theta-function under modular transformations

O

b
o T e deZ, ad—be=1.
ct+d
Let us now consider the first mixed problem for heat equation on the interval [0,1] with
zero boundary conditions:

8U 2 82

ot 922
U(O,t) - u(l>t) =

0
u(z,0) =¢(z), 0<ax <L

0<x<lIl, t>0
(5.5.15)

Like in Section 3.6 above, let us extend the initial data ¢(z) to the real line as an odd 2I-
periodic function. We leave as an exercise for the reader to check that the solution to this
periodic Cauchy problem will remain an odd periodic function for all times and, hence, it
will vanish at the points x = 0 and x = [. In this way one arrives at the following

Theorem 5.5.10 The mized b.v.p. (5.5.15) has a unique solution for an arbitrary smooth
function ¢(x). It can be represented by the following integral

l
0=17 [ 8wt dy (55.16)

where

O(z,y;t —226 a’n? smﬂs m;y. (5.5.17)

5.6 More general boundary conditions for the heat equation. Solution to
the inhomogeneous heat equation

In the previous section the simplest b.v.p. for the heat equation has been considered. We

will now address the more general problem

0 9%u
a;t 282’ t>0 0<z<l (5.6.1)

’U,(O, )—fO( )7 u(lﬂt):fl(t)7 t>0
u(z,0) = ¢(z), 0<zx<lI.
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The following simple procedure reduces the above problem to the b.v.p. with zero boundary
condition for the inhomogeneous heat equation

ov 5 0%
EfaaxQ—i—F(x,t), t>0, 0<z<l (5.6.2)
v(0,t) =v(l,t) =0, t>0

v(z,0) =®(x), 0<xz<lI

where the functions F'(x,t), ®(x) are given by

dfo(?) n % <df1(t) B dfo(t)ﬂ

n%w:—[

dt dt dt
(5.6.3)
(@) = 9(x) = [fo(0) + T(/1(0) = fo(0))]
Indeed, it suffices to do the following substitution
u(e,t) = via,t) + | folt) + TR0 = folt)] (5.6.4)

observing that the expression in the square brackets is annihilated by the operator 92/0z2.
Moreover, the function in the square brackets takes the needed values fo(t) and fi(t) at the
endpoints of the interval.

In the more general case of multidimensional heat equation with non-vanishing boundary
conditions

881; =d’Au, t>0, z€QCR? (5.6.5)

U(%t”xeaﬂ = f(iU,t), t>0
u(x,O) :¢($)7 z e

the procedure is similar to the above one. Namely, denote ug(x, t) the solution to the Dirichlet
boundary value problem for the Laplace equation in & depending on t as on the parameter:

Aug=0, ze€QCR? (5.6.6)
UO(xat)‘xeé?Q = f(l',t).

We already know that the solution to the Dirichlet boundary value problem is unique and
depends continuously on the boundary conditions. Therefore the solution ug(z,t) is a contin-
uous function on 2 x R<g. One can also prove that this functions is smooth, if the boundary
data f(z,t) are so. Then the substitution

u(z,t) = v(x,t) + uo(z,t) (5.6.7)
reduces the mixed b.v.p. (5.6.6) to the one with zero boundary conditions

v(x,t)|zeon =0, t>0
with the modified initial data

v(x,0) = ¢(x) —up(z,0), =€
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but the heat equation becomes inhomogeneous one:

O Dot Fa1), Flat) =

 Oug(w, 1)

Q.
ot , T E

We will now explain a simple method for solving the inhomogeneous heat equation. For
the sake of simplicity let us consider in details the case of one spatial variable. Moreover we
will concentrate on the infinite line case. So the problem under consideration is in finding a
function u(x,t) on R x Ry satisfying

ou  ,0%u
u(x,0) = ¢(x).

Theorem 5.6.1 The solution to the inhomogeneous problem (5.6.8) has the form

wr.y = [ar [ Glo—yt-niwnirs [ Ge-ynowd 669
where the function G(x;t) was defined in (5.4.3).
Proof: As we already know from Theorem 5.4.1 the second term
we )= [~ Gl i0) ol dy

in (5.6.9) solves the homogeneous heat equation and satisfies initial condition
ug(,0) = ¢(x).
The first term
t 00
w(et)= [ dr [~ G-yt —) Sy
0 —o00
clearly vanishes at ¢ = 0. Let us prove that it satisfies the inhomogeneous heat equation

Ouy _ 20
ot~ ¢ oa2

+ f(z,t).
Denote

v@iﬁ%=[%G@—yﬁ—ﬂf@JMy

Like in the Theorem 5.4.1 we derive that this is a solution to the homogeneous heat equation
in x,t depending on the parameter 7. This solution is defined for ¢ > 7; for t = 7 it satisfies
the initial condition

v(z,7;7) = f(x, 7).

Applying the heat operator to the function

t
ul(m,t)—/ v(x,t;T)dr
0

one obtains

g el Yo =ewen+ [ (5wl venmar == s
5 @ gz ) wlnt) = vt o @ 5 ) vla T dr = o(z, tt) = f(z.8).

O
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5.7 Exercises to Section 5

Exercise 5.7.1 Let the function f(z) belong to the class C¥(R) and, moreover, all the func-
tions f(x), f'(z), ..., f¥)(x) be absolutely integrable on R. Prove that then

fo=0(x) o bl (5.7.1)

Exercise 5.7.2 Let f(p) be the Fourier transform of the function f(x). Prove that e f(p)
is the Fourier transform of the shifted function f(x + a).

Exercise 5.7.3 Find Fourier transforms of the following functions.

.
fla) =) = { 3 o= (5.7
f(x) =T 4(x) coswz (5.7.3)
||
fay =] A (1 - 7) o lel< 4 (5.7.4)
0, otherwise
f(z) =cosazr® and f(z)=sinaz? (a>0) (5.7.5)
fz)=l|z["2 and f(z)=|2|"2¢%® (a>0). (5.7.6)

Exercise 5.7.4 Find the function f(x) if its Fourier transform is given by

A~

flp)=eMPl k>0 (5.7.7)

Exercise 5.7.5 Let u = u(x,y) be a solution to the Laplace equation on the half-plane y > 0
satisfying the conditions
Au(z,y) =0, y>0

u(z,0) = o(x)
u(z,y) -0 as y— +oo forevery z€R (5.7.8)

1) Prove that the Fourier transform of u in the variable x

1 [ «
u(p,y) = / u(z,y)e Pdx

2 J_ s

has the form )
i(p,y) = p(p)e ¥ 7.

Here ¢(p) is the Fourier transform of the boundary function ¢(z).
2) Derive the following formula for the solution to the b.v.p. (5.7.8)

u(z,y) = 1/00 qus) ds. (5.7.9)

™
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6 Introduction to nonlinear PDEs

6.1 Method of characteristics for the first order quasilinear equations

Let us recall (see Section 2.5 above) the procedure of construction of the general solution for
the first order linear homogeneous equation

d

ou ou
i=1 v
Here and below z = (z1,...,24). One has to consider the system of equations for the

characteristics of (6.1.1)

ii:ai(w,t), iZl,...,d

t=—-1.

Using t as the parameter along the characteristics one can recast the above system into the
form

dIi
dt

Any solution to the system (6.1.1) is a function u = u(x, t) constant along the characteristics.
Recall that such functions are called first integrals of the system of ODEs (6.1.2).

tai(z,t)=0, i=1,...,d. (6.1.2)

In order to construct the general solution to (6.1.1) one has to find d independent first

integrals, i.e., d particular solutions uq(z,t), ..., uq(x,t) to the PDE (6.1.1) satisfying the
condition
8U1/a$1 e 8U1/6$d
det £0 (6.1.3)
Oug/0xry ... Oug/0xy

at a given point (zg,%p) € R? x R. Then the general solution to the PDE (6.1.1) near this
point can be written as follows

u(z,t) =U (u1(z,t),...,uq(x,t)) (6.1.4)

where U(uq,...,uq) is an arbitrary smooth function of d variables. Indeed, the following
simple statement holds true.

Proposition 6.1.1 Let u(x,t) be a solution to the Cauchy problem for the equation (6.1.1)
defined in a neighborhood of the point (xg,to) and satisfying the initial condition

u(z, to) = ¢(x), |z —mo| <p (6.1.5)
with a smooth function ¢(x) defined on the ball |x — xg| < p for some positive p. Then there
exists a smooth function U(uy,...,uq) on some neighborhood of the point

u® = (ul, ..., uY) = (u1(zo,t0), ..., uq(zo, o)) € R?

such that the solution u(x,t) can be represented in the form (6.1.4) for |x —xzo| < p1 for some
positive p1 < p.
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Proof: Applying the theorem about the inverse mapping to the system

uy = uy(z, to)

ug = uq(z, to)

one obtains smooth functions

x1 =x1(U1,...,uq)

xg=xq(ur, ..., uqg)
defined on some neighborhood of the point «° and uniquely determined by the conditions
zi(ud, . ud) =22 i=1,...,d
This can be done due to the assumption (6.1.3). We put
Uugy ... ug) := ¢ (x1(ur, ..., uq), ..., xq(uu1,...,uq)) .

Such a function gives the needed representation of the solution u(x,t). O

Let us now consider a quasilinear equation, not necessarily homogeneous. By definition
such an equation has the form

d
ou ou
5 ;:1 a;(u, x,t)a—xi + b(u, x,t) (6.1.6)
with the coefficients aq(u,x,t), ..., ag(u,x,t), b(u,x,t) being smooth functions on some

neighborhood of a point (ug, zg,t9) € R x R? x R. The following trick reduces the problem
(6.1.6) to the previous one. Let us look for solutions to (6.1.6) written in the implicit form

Flu,z,t) =0 (6.1.7)

where f(u,x,t) is a smooth function defined on some neighborhood of the point (ug, zo, o)
satisfying the condition

fuluo, zo,t0) # 0. (6.1.8)

According to the implicit function theorem, the assumption (6.1.8) implies existence and
uniqueness of a smooth function u(z,t) defined on some neighborhood of the point (zg, ty) €
R? x R and satisfying u(zq,t0) = ug. Let us derive the condition for the function f that
guarantees that u(z, t) satisfies (6.1.6). According to the implicit function theorem the partial
derivatives of the function u(z,t) determined by (6.1.7) can be written in the form

u _ flwa,t)  Ou - fu(u,z,1)
ot fulu,x,t) Oz fulu,a,t)’

=1,...,d. (6.1.9)

The substitution to (6.1.6) yields a linear homogeneous PDE for the function f of d + 2
variables

g - Zai(u,x,t)% - b(u,x,t)a—i. (6110)



The solution f(u,z,t) to this PDE with the initial data chosen in the form
fu,z,t0) = u— ¢(z) (6.1.11)
give a solution to the original PDE (6.1.6) specified by the initial data
u(z,tg) = ¢(x), |z —z0l <p (6.1.12)

for some positive p. Note that the function ¢ must satisfy ¢(z9) = up. The PDE (6.1.10)
can be solved by the method of characteristics. The characteristics in the (d+ 2)-dimensional

space with the coordinates w, x1, ..., x4, t can be determined from the following system of
ODEs
O
%+ai(u,x,t) =0, i1=1,...,d
(6.1.13)
0
8—? = b(u,z,t).

Like above, one has to find (d+ 1) independent first integrals, i.e., (d+ 1) particular solutions
folu,z,t), ..., fa(u,z,t) satisfying

6f0/8u 6f0/8af1 .. 8f0/8$d
6f1/8u 8f1/8:c1 e afl/a.%'d

det 40 (6.1.14)
8fd/8u 8fd/8.1‘1 PN 8fd/8:nd

at the given point (ug, zo,tp). The general solution to the PDE (6.1.10) can be represented
in the form

flu,z,t) = F (fo(u,x,t), fi(u,x,t),..., fa(u,x,t)). (6.1.15)

The smooth function F' of (d + 1) variables has to be determined from the Cauchy data
(6.1.11)

F (fo(u,z,to), ..., fa(u,x,t9)) = u — ¢(x). (6.1.16)

As above we establish local existence and uniqueness of such a solution. We leave the details
of the proof as an exercise for the reader.

Let us consider in more details the case of quasilinear homogeneous equations in one
spatial dimension with coefficients independent from z and ¢

u = a(u)uy. (6.1.17)

The equations for the characteristics become very simple in this particular case:

dzx

(6.1.18)
du
)
dt
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The solutions are straight lines
u = const, x + a(u)t = const. (6.1.19)
Thus the general solution u = u(x,t) can be written in the implicit form
x4+ a(u)(t —to) = f(u). (6.1.20)
The function f(u) has to be determined from the initial condition
u(z, to) = ¢(x).

This gives
z = f(o(x)).

The solution to the last equation exists if the initial function ¢(z) is monotonous near the
point = xg. Then the function f coincides with the inverse function ¢~!.

Example. In the proof of the Cauchy—Kovalevskaya theorem we arrived at the following
Cauchy problem

Mn
Ut = 1—%@1):[
M
v(x,0) = i
p—x

for an arbitrary function f(v) to be determined by the initial data. To do this one has to

solve the equation
Mz

p—x

v =

for x. This gives

__pv .
= e f(v).

Thus the solution to the above Cauchy problem has to be determined from the algebraic
equation

Mn pv
6.1.21
v 1— v M+ ( )
This coincides with (1.2.27).
For the particular case a(u) = c=const the equation
ur + a(u)ugy =0 (6.1.22)

describes propagation of waves with constant speed c¢. The characteristics in this case are
just parallel lines
T =ct+ xg.
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We will now concentrate our attention at the simplest example of a nonlinear PDE of the
above form
ve+vvy =0 (6.1.23)

called Hopf equation. This equation can be used as the simplest example of equations de-
scribing motion of an ideal incompressible fluid. The fluid can be considered as a system
of an infinite number of particles distributed with some density p that in the incompressible
case will be assumed to be constant. The particles can be “labeled” in two different ways.
In the Lagrange parameterization one can label the particles by their positions £ € R at a
certain initial moment of time. The motion then will be described by a pair of functions

r=x(&,t) (6.1.24)
v=uov(,1)

where z(&,t) and v(&, t) are the coordinate and the velocity of the particle with the “number
£’ at the moment ¢. By definition we have

ox(,1)
ot

= (&, 1). (6.1.25)

In the Fuler parameterization we just follow the motion of the particle passing through
the point z at the moment ¢. Any physical quantity f assigned to every particle (e.g., the
temperature® of the particle) will be characterized by a function f = f(x,1).

Proposition 6.1.2 If the quantity f is conserved, i.e., it depends only on the initial position
of the particles, f = f(§), then the function f(x,t) satisfies the equation

of(x,t) +ola t)af(x,t) _
’ ox

o 0. (6.1.26)

Proof: By using the chain rule along with (6.1.25) we obtain

d,.. Ofox 0f Of Of
— 21

0 “cot ot ot Vo

a

Exercise 6.1.3 In the three-dimensional case of a fluid moving with the velocity v = (vg, vy, v2)
derive a similar equation for dependence of a conserved quantity f = f(x,y, z;t):
of of of of _

a+vm%+vy87y+vz$—

0. (6.1.27)

Let us consider the free motion of an ideal incompressible fluid. In this case no external
forces act on the particles of the fluid. Because of this the momentum of every particle is
conserved. From the Proposition 6.1.2 one immediately obtains

8In the case f=temperature of the water in the river the function f(z,t) is obtained by measuring the
temperature sitting on the beach while f(&,t) can be measured from the boat drifting freely along the stream
of the river.
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Corollary 6.1.4 For the free motion of an ideal incompressible fluid the velocity v(x,t)
satisfies equation (6.1.23).

According to the general procedure the Cauchy problem for the equation (6.1.23) with
the initial data

v(z,0) = ¢(z) (6.1.28)

for small time ¢ can be written in the implicit form

r=vt+ f(v) (6.1.29)
f (@) = .

on every interval of monotonicity of the initial data ¢(z). Let us try to figure out what can
happen when the time is not that small.

The solution v = v(x,t) to the equation (6.1.29) exists provided the conditions of the
implicit function theorem hold true:

t+ f'(v) #0. (6.1.30)

At this moment the function vt + f(v) is not monotone any more, so the equation (6.1.29)
cannot be solved for v. Let us assume for simplicity that the initial data is a globally
monotone decreasing function. Then the inverse function f(v) will be monotone decreasing
as well. Denote ty the first moment of time for which the function vt + f(v) becomes not
a monotone function at some point vg. It is clear that vy must be an inflection point of the
graph

x=vt+ f(v)

i.e., at this point one must have

f"(vo) = 0.

In this way we arrive at the considering the following “bad points” (zg,to,vg) where the
implicit function theorem does not work any more. The coordinates of these points can be
determined from the following system

zo = voto + f(vo)
to+ f'(vo) =0 (6.1.31)
f’l(vo) =0.

Such a point (z, o) is called the point of gradient catastrophe. The solution to the Cauchy

problem (6.1.28) exists for all z € R only for ¢ < ty; the derivatives u, and u; become infinite
at the point of gradient catastrophe.

6.2 Higher order perturbations of the first order quasilinear equations.
Solution of the Burgers equation

As we have seen in the previous section the life span of a typical solution to the equations of

motion of an ideal incompressible fluid is finite: the solution does not exist beyond the point
of gradient catastrophe. Such a phenomenon suggests that the real physical process can be
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only approximately described by the equation (6.1.23). Near the point of catastrophe higher
corrections have to be taken into account.

We will consider two main classes of such perturbations of Hopf equation: Burgers equa-
tion
Vi UV = VUsgy (6.2.1)

and Korteweg - de Vries (KdV) equation
Ut + Vg + Vgpp = 0. (6.2.2)

The small parameters v and e will be assumed to be positive. The Burgers equation arises
in the description of one-dimensional waves in the presence of small dissipative effects; the
small parameter v is called the viscosity coefficient. The Korteweg - de Vries (KdV) equation
describes one-dimensional waves with no dissipation but in the presence of small dispersion.
It turns out that in both cases the perturbation, whatever small it be, resolves the problem
with non-existence of solutions to the Cauchy problem for large time. However we will see
that the properties of solutions to the equations (6.2.1) and (6.2.2) are rather different.

Let us first explain in what sense the equation (6.2.1) has to be considered as a dissipative
equation but there is no dissipation in (6.2.2). First observe that both equations have a family
of constant solutions

v =c.

We will now apply the general linearization procedure in order to study small perturbations
of constant solutions. The idea is to look for the perturbed solutions in the form

v(x,t) = c+ dv(z,t). (6.2.3)

The perturbation as well as its derivatives are assumed to be small, so we will neglect the
terms quadratic in dv etc.. In such a way we arrive at the linearized Burgers equation

OV + cOvp = U Oy (6.2.4)
and the linearized KdV equation
Svp + ¢ Ovy + €20V455 = 0. (6.2.5)

Let us look for the plane wave solutions to these equations:

Sv = aeikm—iwt

The substitution to (6.2.4) and (6.2.7) yields the dispersion relation between the wave number
k and the frequency w. Namely, we obtain that

w=ck—ivk? (6.2.6)
for Burgers equation and
w=ck— k3 (6.2.7)

for the KdV equation. We conclude that the small perturbations of the constant solutions to
the Burgers equation exponentially decay at t — 400

ik(z—ct)—v k3t —vk2t

v=uae , |ov] = lale —0
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while for the KdV equation the magnitude of small perturbations remains unchanged:

ik(x—ct)+ie2k3t ‘50‘

v=uae ) = |al.

We postpone the explanation of the dispersive nature of the KdV equation till Section 6.4.
We will now concentrate our attention on the solutions to Burgers equation. We will first
prove global solvability for (6.2.1) for a suitable class of initial data.

Theorem 6.2.1 The solution to the Cauchy problem

v(x,0) = ¢(z)

for the Burgers equation (6.2.1) exists and is unique for all t > 0. It can be represented in
the following form

AT B SN O ST Y PR

Proof: The central step in the derivation of the formula (6.2.8) is in the following

Lemma 6.2.2 (Cole - Hopf transformation). The substitution

v = —ZV(%logu (6.2.9)

transforms the Burgers equation (6.2.1) to the heat equation

Up = VUypy. (6.2.10)

Proof: We have
Uty — U Ugt
VUVt = 2v - 9
u

2

Uy — UlUgg

Uy = 21/72
U

U Up gy — UBUppy — Qui

Vg = 2V
u3

After substitution into the Burgers equation and division by (—2v) we arrive at

0= u (U — Vgg), — Up (U — VUgy) _ gut—yum

u? ox u
So, if u = u(x,t) satisfies heat equation (6.2.10) then the function v given by (6.2.9) satisfies
Burgers equation. a
We can now complete the proof of the Theorem. The solution to the heat equation (6.2.10)
with the initial data u(x,0) = ¢ (x) can be represented by the Poisson integral
_(@-u)?

1
vt d .
Nl ¥(y) dy
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u(z,t) =




According to (6.2.9) the initial data for the Burgers and heat equations must be related by

¢(x) = —2v [log(z)],
Integrating” one obtains
() = e 5 I3 o)’
Hence
1 © _@=w? LY () dy
u(x,t) = 4vt 0 Y dy

2vmuvt

Applying the transformation (6.2.9) one arrives at the formula (6.2.8).

a

Example. Let us consider the solution to the Burgers equation (6.2.1) with the step-like

initial data
1, =<0

¢(x):{ ~1, >0

(6.2.11)

Integrating one obtains the initial data for the heat equation The Poisson integral gives the

solution in the form

U(a) = e
So
1 0 (=% y > (z—vy)
Ux,t = e 4vt _gd +/ e 4t +2ud:|
@)=y | [ v [ y
0 - x 00 Caet)2 "
= 1 |:/ e -~ 4y+tt) +t43 dy —|-/ e_(y 4ytt) ‘“Zi dy:|
2vmvt |- 0
00 x4t
_ L [ez / “ds e / v 6_52d5]
z—t
T 2t oo
=t
_ L e /oo e ¥ ds — /Nﬁ e ds
™ 0 0
1 &/ = @ 1 + | = T+t —t
= —edv (@21/ +e_2u) + —ed |e2v Erf( > — e 2v Erf(
2 2 [ 2V/vt 2Vv
where

Erf(z / —5*ds
T E

is the error function.

)

x+t

0
t42z 2 2Vt .2
Le 4 / esds+/uesds
—0o0 0

I

Tt is easy to see that another choice of the integration constant changes u — cu with a nonzero constant

c. Such a change leaves invariant the logarithmic derivative % log u.
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0.3

-D.5

Fig. 7. Graph of the error function

Observe that the error function takes values very close to £1 away from the interval (—2,2);
near the origin it is well approximated by the linear function with the slope

Erf’ (0) = \37? ~ 1.128.

Substitution to the formula (6.2.8) gives, after simple computations, the solution to the
Burgers equation with the step-like initial data

sinh % + % [G%Erf 2% + e~ 3 Erf 2%}

= — .2.12

'U(xy t) Coshl + l [e%EI‘f x+t _ e_;TEI'f r—t :| (6 )
2v 2 Qm 2t

When ¢t — +0 the arguments of the Erf functions tend to oo for x > 0 or x < 0 respectively.
So for positive x the numerator and the denominator both tend to sinh 5 + cosh 57, thus the
function v(z,t) tends to —1. For negative x the numerator tends to sinh 5, — cosh 5, and
the denominator tends to cosh o, — sinh 5, thus v(z,t) — +1.

It is also easy to describe the large time asymptotics of the solution (6.2.12). Indeed, for

t — 400 one has
T+t r—t

- _i_oo7 -
2Vt 2Vt

— —0OQ.

Observe that for small v the limiting curve is very close to the original step-like profile.
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Fig. 8. Solution to the Burgers equation with ¥ = 1 with the step-like initial data (6.2.11)

From Fig. 8 it is clear that, for small time the solution v(x,t) departs rapidly from the initial
data but then the deviation becomes more slow. The next picture suggests that the smaller
is the viscosity v the closer to the initial step-like data remains the solution.
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Fig. 9. Solution to the Burgers equation with v = 0.2 with the step-like initial data (6.2.11)

Exercise 6.2.3 Prove that the solution (6.2.12) for any x, t (with t > 0) for v — 0 tends to
the step-like function (6.2.11).

One can prove that, more generally speaking a generic solution to the Burgers equation
in the limit of small viscosity ¥ — 0 tends to a discontinuous function within a certain region
of the (z,t)-half-plane. In fluid dynamics such discontinuities can be interpreted as shock
waves. The proof of this statement will not be given in the lectures. Our nearest goal is
to study the behaviour of generic solutions to the Burgers equation for v — 0. In the next
section we will introduce a necessary analytic tool for such a study.

6.3 Asymptotics of Laplace integrals. Stationary phase asymptotic for-
mula

In this section we will derive an important asymptotic formula for calculation of the Laplace
integrals of the form
S(z)

b
I(e):/ f(z)e” < dx (6.3.1)

with smooth functions f(z), S(z) depending on a small positive parameter e. The basic idea
is that, for ¢ — +0 the main contribution to the integral comes from the minima of the phase
function S(x). More precise statements are contained in the following propositions.

Lemma 6.3.1 Denote m = inf,c(qp) S(x). Suppose that the integral (6.3.1) converges ab-
solutely for some €9 > 0. Then it converges absolutely also for any positive € < eg and the
following estimate holds true

[I(e)] < Ae™ ¢ (6.3.2)

for some real constant A.

Proof: Indeed,

[1(e)| =

b S(2) b _ S(x) _(sm)_sm))
/f(a?)e < dx /f(a:)e e \ ¢ < /dr
a a
1 1 S(x)

b m
< e‘m(e‘m)/ @)l do= Ae?,

S(x)

m b
A:efo/ |f(z)le <o dx.

a

The next statement gives a rough estimate of the contribution of a minimum of the phase
function.
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Lemma 6.3.2 Let the smooth function S(x) attain a minimum m = inf ¢, p) S(x) at an
point xo € |a,b], and the smooth function f(x) satisfies f(xo) # 0. Assume that the inte-
gral (6.3.1) converges for some ey > 0. Then for every § > 0 and every sufficiently small
neighborhood Uy, C [a,b] one has the estimate

_5@=)
(x)e” "¢ dx
Ung

_ S(zg)+d
€

> Be (6.3.3)

for some positive constant B wvalid for any positive € < €.

Proof: For a given d > 0 take any neighborhood Uy, of z¢ such that
1
m = S(xog) < S(x) <S(xg)+d and |f(z)] > §\f($o)| for x € Uy,.

Then we have

_ S(:ro)+5

—5() 1 _S@)
= [ Ui ez [ i e > pe
U. U 2

a

Lemma 6.3.3 (Localization principle) Let the integral (6.3.1) converges for some ¢y > 0.
Let the function S(x) have a unique point xo € [a,b] of absolute minimum. Assume that
f(zo) #0. Then

/ ’ f@)e e = | fa)e P de (14 O@)  Vn € Zeo (6.3.4)
a Uzo

for an arbitrary small neighborhood U, of the point .

Proof: As it follows from the second lemma for any 6 > 0 and a sufficiently small neighbor-
hood of the point xy one has an estimate

S(x)
(x)e” "¢ dx
Usg

_ S(zg)+3

>Be ¢ (6.3.5)

for some positive constant B. At the same time from the first lemma we derive the following
estimate for the integral over the complement

S(x)

/ f(z)e” < dx
[a,6]\Usg

Hence the inequality (6.3.5) holds true for an arbitrary small neighborhood Uy, of xy. Rep-
resenting

<Ae ¢, pu= inf S(z)> S(xo).
< Ae LR (z) > S(zo)

b _S@) 5@ 5@
f(x)e” e dox = (x)e” ¢ dx+ f(z)e” "¢ dx
a Uszq [a,b]\Uz

one arrives at the proof of (6.3.4). |
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Proposition 6.3.4 Let S'(x) > 0 for all x € [a,b] and f(a) # 0. Then

b S(x a S(a
/ f(z)e™ ol Sf’((a)) e (14+0()). (6.3.6)

Proof: Doing a change of the integration variable

one arrives at the integral

Integration twice by parts yields

S(b)
I(e) = —eF(y)e™* |50 — €2F (y)e™* |50 + €2 / F(y)e " dy
S

e . S(b)
= ¢ |F(a) + eF'(a) - (F(b)+eF’(b))e‘M} o2 +e2/ F'(y)e 2 dy.
S(a)

S(b)—5(a)
The term e™ "« is exponentially small for e — +0. The last integral can be estimated as
S(b) S(a)
62/ F"(y)e*%dy <Ae e
5(a)
This completes the proof of the proposition. O

Theorem 6.3.5 (Laplace formula) Let the smooth function S(x) have a unique nondegen-
erate minimum at an internal point xo € (a,b). Then

I(e) = \/ﬁf@:o)e‘ el (14 0(e)) (6.3.7)

Proof: According to the localization principle one can reduce to the integration over a small
neighborhood [a1, b;1] of the point z¢ € (a1,b1),

b S() b1 S()
[ t@e = [ e s+ 00).

al

Choosing the neighborhood sufficiently small we can assume that
S(x) > S(xg), S'(z)#0, z€la,bi], =z F# zo.

On such an interval the change of variable



is smooth and smoothly invertible. We arrive at the integral

b1 x S(zq) B 2
[ r@e = [T pg)e
al

Aq
A1 = —\/S(al) — S(a}o), Bl = S(bl) - S((IJQ)

( 2f(x)\/S(x)—S(x
SOVSESE

Fly)={ fao) /sty y=0

_2f(@)/S(@)=5(x0) <0
5(z) o Y<sv
The last step in the proof is given by the following

Lemma 6.3.6 Let the function F(y) be smooth on the segment [A1, B1] 2 0. Then

By 2
/ Fly)e=dy = /e F(0) (14 O(e)). (6.3.8)

A

Proof: Due to the localization principle one may assume the interval [4, B;] to be sufficiently
small in such a way that the function F(y) admits a representation

F(y) = FO)+yF'(0)+r(y), Ir(y)|<Cy® yelA,Bi
for some positive constant C'. So
By 2 By 2 B 2 By 2
/ F(y)e  <dy = F(O)/ e cdy+ F’(O)/ ye edy —i—/ r(y)e <dy
A Aq Ay Aq

The first and the second integral can be replaced by

[e’e) 2 o) 2
/ e edy=+me and / ye edy=20

—00 —0o0

respectively since the contribution of the tails

0o B
/ and /
Ay -0
is exponentially small. The last integral can be estimated by

By 2 By 2 By 2 00 2
/ r(y) e_yedy‘ < / |T(y)\6_y?dy<0 y? e_dey< C / yze_dey:Cﬁeg’ﬂ.
A A A —o0 2

This proves the Lemma and completes the proof of the Theorem. a

We leave as an exercise to generalize the Laplace formula (6.3.7) to the case of infinite
intervals.

96



Let us apply the Laplace formula to the study of small viscosity solutions to the Burg-
ers equation (6.2.1). According to the previous Section the solution is proportional to the
logarithmic derivative of the function

( t) 1 /OO _S(y;z,t)d
u\xr, = e v
2vVrvt J o 4

where the phase function S(y;z,t) depending on the parameters z, ¢ is given by

2 Y
r—y 1
st =S4 5 [N oway. (6.9)
0
Here ¢(z) is the initial data for the Burgers equation.

Theorem 6.3.7 Let ¢(x) be a monotone increasing smooth function. Then the solution
v(x,t) to the Cauchy problem to the Burgers equation with the initial data ¢(x) satisfies

lv(z,t) —w(z,t)] -0 for v—0 (6.3.10)

uniformly on compact subsets of the half-plane (z,t). Here w = w(x,t) is the solution to the
Hopf equation with the same initial data:

wy +wwy =0
(6.3.11)
w(z,0) = é(x).
The same asymptotics (6.3.10) holds true for monotone decreasing initial data for the times

before the time to of gradient catastrophe for the solution to the Hopf equation (6.3.11) pro-
vided that the derivative ¢'(x) of the initial function is bounded on the real line.

Proof: The stationary point y = y(x, t) of the phase function is determined from the equation

apo ¥z L
Syy;,t) = =5+ 56(y) =0
equivalent to
r=y+to(y). (6.3.12)

For t = 0 the solution is unique, y(z,0) = z. For a monotone increasing function ¢ the
solution remains a unique one also for all ¢ > 0 since the y-derivative of the equation (6.3.12)
remains positive for all y € R. This stationary point is a nondegenerate minimum. Indeed,
the second derivative at the stationary point is always positive

1+t¢
Syy(y(z,t);2,t) = "i_zf(y) > 0.
Applying the Laplace formula one obtains
1 S(y(est)ie,t)
= TR 1+ o).

\/1+t¢’(y)e
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Taking the logarithmic derivative yields

ou(z,t)

v(z,t) = —2uw 5

=25 (y(z,t);z,t) + O(v) = ¢(y(, 1)) + O(v).
It remains to observe that the function w = ¢(y(x,t)) satisfies the implicit function equation
z = f(w)+tw

where, as above, the function f is inverse to ¢. Thus w = w(z,t) coincides with the solution
to the Cauchy problem (6.3.11).

For the case of monotone decreasing initial function ¢(z) with bounded derivative ¢'(z)
all above arguments remain valid for small times, ¢ < ¢y, where ¢y is the time of the gradient
catastrophe for the solution to the Cauchy problem (6.3.11). a

At the end of this Section let us give, without proof, the complex version of the Laplace
formula. This is the so-called stationary phase formula for the asymptotics of the integrals

with complex phase function
5 (x)

b
I(e) = / Fa)e S gy (6.3.13)

Like in the case of Laplace integrals the localization principle says that the main contribution
to the asymptotics comes from the stationary points of the phase function S(z) and from
the boundary of the integration segment. However, differently from the Laplace method, the
stationary phase asymptotics involve contributions from all stationary points of the phase
function, not only from the minima. More precisely,

Proposition 6.3.8 Let f(z), S(x) be C™ functions, such that f(x) vanishes at the boundary
of the segment [a,b] with all derivatives, and S’(x) # 0 Vx € [a,b]. Then

b iS(x)
/f(:c)e < dr=0(") Vn e Zso.

Proposition 6.3.9 Let f(x), S(z) be C*® functions, such that f(x) vanishes at the boundary
of the segment [a,b] with all derivatives, and S(x) has a unique nondegenerate stationary
point xg € (a,b). Then

b iS(@) 2Me  i5G0) 4 ingon o (x
/ flw)e e de =, gty S S w0) (f(29) + O(e)) (6.3.14)

The crucial step in the derivation of the stationary phase formula is in the computation
of the following integral.

Exercise 6.3.10 Prove that

/1 e dr = JreeT (14+0(e)). (6.3.15)
-1
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6.4 Dispersive waves. Solitons for KAV

We are now in a position to explain the effect of dispersion in the theory of linear waves. Let
us assume that a linear PDE admits plane wave solutions

v(z,t) = a etk (6.4.1)
for any real k. Moreover we assume that the dispersion law
w=w(k) (6.4.2)
is a real valued function satisfying
(k) #0 for k#O0. (6.4.3)
These assumptions hold true, e.g., for the linearized KdV equation (6.2.7) where
w(k) = ck — k3.
Another example is given by the Klein—Gordon equation
Vit — Vg + mv = 0. (6.4.4)
In this case the dispersion relation splits into two branches
w(k) = £VE2 + m?2. (6.4.5)

For the linear wave equation
2
Uit = A Ugy

the dispersion relation reads
w(k) = tak.

The condition (6.4.3) does not hold.

More general solutions can be written as linear superpositions of the plane wave
v(z,t) = / a(k)e'Fe=w®)) gp; (6.4.6)
K

where the integration is taken over a domain in the space of wave numbers. Here a(k) is the
complex amplitude of the k-th wave. Let us describe the asymptotic behaviour of the solution
(6.4.6) for large x and ¢. More precisely the question is: what will see the observer moving
with a constant speed ¢ for sufficiently large time? The answer is given by the following

Lemma 6.4.1 Let us assume that the equation
c=uw'(k) (6.4.7)

has a unique root k = ko belonging to K. Then fort — oo the solution (6.4.6) restricted onto
the line
xr = ct+ xg

behaves as follows

2m it[cko—w(ko)]— Esign w’ (ko )+ikoxo 1
=4 1 - . 4.
v(x,t) ; \w”(kg)]a(k())e 1 +0 " (6.4.8)
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Proof: 1t follows immediately from the stationary phase formula (6.3.14). O

Let us apply the result of the Lemma to the case of wave-trains, i.e., solutions of the
form (6.4.6) obtained by integration over a small neighborhood of a point k.. In this case
the remote observer will be able to detect a nonzero value of the wave only if

~ W' (ky).

SRS

We conclude that, from the point of view of the remote observer the wave-train with the
wave number k, propagates with the velocity w’(k.). For this reason the number w'(k,) is
called the group wvelocity of the wave-train.

In short we can say that the velocity of propagation of dispersive waves depends on the
wave number.

The linearized KdV equation is an example of a dispersive system. Indeed, the group
velocity is equal to
W'(k) = ¢ — 3€%K>.

That means that the rapidly oscillating (i.e., |k| >> 1) small perturbations propagate from
right to left. At the same time, as we know from the analysis of Hopf equation, the slow
varying solutions with positive magnitude propagate from left to right.

The full mathematical theory of solutions to the KdV equation is too complicated to
present it here. Here we will present only a small output of this theory describing an important
class of particular solutions to the KdV equation. They are created by a balance between the
nonlinear and dispersive effects. The idea is to look for solutions in the form of simple waves

—ct
vz, t) =V (m : ¢ > . (6.4.9)
Substitution to (6.2.2) yields an ODE for the function V = V(X)

—cV'+VV + V" =0.
Integrating one obtains a second order ODE

1
V" + 5V2 —cV=a (6.4.10)

where a is an integration constant. This equation can be interpreted as the Newton law for
the motion of a particle in the field of a cubic potential

_9P(V) 1
v

Sv2_av. (6.4.11)

Vl/ — — _
6 2

One should expect to apply the law of conservation of energy to integration of this equation.
Indeed, after multiplication of (6.4.10) by V' one can integrate once more to arrive at a first

order equation
c
“VZ_aV =0

1, 1
V4oV -
2" TG 2
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where b is another integration constant (the total energy of the system (6.4.11)). The last
equation can be integrated by quadratures

X - Xo= / v : (6.4.12)
\/2 (=3V3+5V2+aV +b)

For general values of the constants a, b, ¢ the solution (6.4.12) can be expressed via elliptic
functions. We will now determine the values of these parameters that allow a reduction to
elementary functions. This can happen when the cubic polynomial under the square root has
a multiple root. Moreover we will assume that this double root is at V' = 0. To meet such a
requirement one must have

a=b=0.

We arrive at computation of the integral

2 c—
~ tanht X2
C

/ v
Vije— %V Ve
Inverting one obtains

V =3¢ (1 — tanh? veX - XO)) = 3¢
cosh?

X - Xo=

2 V(X —Xo)

2
We arrive at the following family of solutions to the KdV equation

2
v(z,t) = — ’“?Ef‘“;?"““ (6.4.13)

where we put k = /c.

/I

255 \

20

.1.5 = |

= €=2/3

s=|r3'-__
-3 22 2 4

Fig. 10. Soliton solutions to the KdV equation with ¢ = 0, kK = 1 for various values of €
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6.5 Exercises to Section 6

Exercise 6.5.1 Derive the following formula for the solution to the Cauchy problem

dv(x,0) = ¢(x)

for the linearized Burgers equation (6.2.4):

1 x (@y—cn?
Mww:%E”/ S o(y) dy.

Exercise 6.5.2 Obtain the following representation for solutions to the linearized KdV equa-
tion (6.2.7) with the initial data 6v(x,0) = ¢(x) rapidly decreasing at |x| — oco:

dv(x,t) = /_OO A(x —y — ct, 62t)gb(y) dy

where
o0

1 )
Alz,t) = %/ (ke tk) g (6.5.1)

—0o0

The integral (6.5.1) can be expressed via Airy function

1 ) T
) = g ()

defined by the integral

~  Ai(x)
[ 04
02\
ST I A T (S0 B [ s o
| \ %
-0.2
-0.4
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Fig. 11. Graph of Airy function

Exercise 6.5.3 Derive the following Stirling formula for the asymptotics of gamma function

Dz +1) = /Ooo e tdt = Vora (g)‘r (1 +0 (i)) , oo, (6.5.2)

Hint: after the substitution ¢ = x s the integral rewrites as follows

MNx+1)= me/ e~ ®(s=logs) g,
0
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