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1. letnik - 1. stopnja Fizika in astrofizika
Linear Algebra written exam
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Lecturers: L. Giacomazzi, Z. Benher.

\t[I\H\ VINCES

Questions and exercise 1 are mandatory. You can then choose one other
exercise among exercise 2 and 3.

Q. 1. [3 pt] Show that the set of symmetric square matrices 2x2 i.e.
{AcR*»? | A=A}

equipped with the usual sum and product by a scalar, is a vector space of
dimension 3.

Q. 2. [3 pt] In the affine space A3 two points are given @ = (1,2,1) and
A = (3,-1,2). Provide the cartesian equation of the plane 7 such that
Q@ € 7 and the vector A — @ is along the normal direction to .

Q. 3. [2 pt] Say if the following bilinear form p : R[X]o x R[X]o — R defined
as
pla+bX +cX?d +VX +X?) =cd

(a,b,c,a’, b, are real numbers) is a scalar product. Justify your answer.

Exercise 1. Let V be the vector space of symmetric square matrices in
R%2 and B = {v1,vs,v3} a basis of V. An endomorphism ¢ : V — V is
such that ¢(v1) = 3v1 + v3, ¢(v2) = 2va, P(v3) = v1 + 3vs.

i) [2 pt] Write the matrix A = M}""
ii) [5 pt] Write the characteristic polynomial pg(A)
iii) [5 pt] Find the eigenvalues \; and eigenvectors &; of ¢.
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[2 pt] Write the eigenvectors &; explicitly as matrices of R??



Exercise 2. Given the linear application f : R? — R* which with respect
to canonical basis is defined as:

i) [2 pt] Write the matrix A = M}?4753
ii) [4 pt] Find the dimension of Im(f) and a basis for Im(f )L

)

iii) [3 pt] find the dimension and a basis of ker(f).

iv) [2 pt] calculate G =tAA
)

v) [2 pt] Write the matrix A" = Mf“’B where {B = {v1,v2,v3} and v; =
€] — €2, Vg = €3 + €3, VU3 = €3 — 261.

Exercise 3. Consider the subspace of R* given by W = L(v1,vs,v3,v4)
where vy = (2,1,0,1), vo = (—2,—1,1,1), v3 = (4,2,0,2), v4 = (0,0,1,2).

i) [2 pt] Do the vectors vy, ve,v3,v4 form a basis of R* ?

ii) [5 pt] Using Gram-Schmidt, find an orthonormal basis B for the sub-
space W [hint: choose &1 = va/||v4l]]-

iii) [5 pt] Find the orthogonal projection of the vector v = (1,1,0,0) on
the subspace U generated by the vectors of the set {8} U{(0,0,0,1)}.
[hint: find U]



