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Class of 141 evolutionary systems

wi—l—Aé-(w)wi—I—s (B;(w)wgm + %C;k(w)w%wi) +0(e?) =0
1=1,...,n

e small parameter

e-expansion: Coefficient of €™ is a polynomial

in we, weg, ..., w™TL) of the degree m + 1

degw® =k E>1



Perturbations of hyperbolic system
v%—l—Aé(v)v%zO, i=1,...,n

eigenvalues of (Ag.(v)) are real and distinct
for any v = (vl,...,v™) € ball C R".

Particular class: systems of conservation
laws

vl 4 0z (v) =0, i=1,....

. study of Hamiltonian perturba-
tions of hyperbolic systems



(Weakly dispersive) KdV

g2

wt+wwa:+§wxa:x =0

Toda lattice

Continuous version:

Un = Q1 —n = u(ne),  vn = gn =v(ne), tro et
= v(z +¢) —v(z) _ _— lsvm + O(2)
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uw(z+e) _ u(x) 1
vy = € € = euux —I— 58 (e“)m -I— 0(52)
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Camassa - Holm equation

1 (3 1
wy = (1 - 82832;> ! {Ew Wy — &2 [wwwm + Ew wxm] }
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w' — = fé(w) -+ Z 5kf,i(w; Wg, - - - ,w(k))
k>1

deg f}i(w; Wy, . . . ,w(k)) =k

det <af6(w)> %= 0.

owJ

f}i(w;wx,...,w(k)) polynomials in derivatives



structure of solutions for

o L < tc

ot~ 1C

ot >1c



- small ¢, quasitriviality. Locality of
perturbative expansion

Riemann wave — KdV

2
E
vgt+vve =0 — wt"‘wwx‘l'ﬁ’wxa:x:o
T he substitution
+ € 82 (Iog vy)
w = v — Vg
2407 V109
1A% 3
402 v [ Uz 6
) — O(€%).
e (1152U§ 102003 T 36ovg) +0()

Baikov, Gazizov, Ibragimov, 1989 So, for small
t the solution to the Cauchy problem with
smooth monotone initial data behaves like

w(z, t) = v(x,t) + O(e?)
v(xz,t) defined by x = vt — f(v)
Universality for Riemann wave equation: near

the point of gradient catastrophe any Sso-
lution locally behaves as (A- singularity at

(z,t) = (0,0))



Riemann wave — Camassa-Holm
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. (B.D., S.-Q.Liu, Y.Zhang)
e Any Hamiltonian PDE — system of con-
servation laws

w%—l—@xwi(w;wx,...;e)ZO, 1=1,...n

e Any bihamiltonian PDE is quasitrivial.
T he solution can be reduced to solving linear
systems



e EXxplicit construction: under assumptions of
existence of a tau-function and linear ac-
tion of the Virasoro symmetries onto the
tau-function

T+ 748 Lint + O(6%), m>—1

All solutions regular in £ obtained from the
vacuum solution

Lmm=0, m>-1

by shifts along the times of the hierarchy
(completeness needed!).

Parametrized by Frobenius manifolds =
n(n—1)/2 parametric family of integrable hi-
erarchies (integrable hierarchies of the topo-
logical type)



n = 2 One-dimensional polytropic
gas

equation of state p = R_’Iﬁlp"ﬂ‘H:

2
Ut"‘(%‘FPK) =0

X

pt + (pu)z =0

Bihamiltonian structure (Olver, 1980)
{u(@), u@)} = 20" H2) §'(x —y) + ("), 5(z —y),
{u(@), p(y)}Y = <u<sc> NS —y) = /(2) 6z — ),

{p(x), p(x)} = = (2 p(x) §'(x —y) + p'(x) 5(x — y))
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K3 zraz ¢ — O °
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op 5> [((2—k)(k—3) 1
T~ a.f s X — xr
ot T {pu+€ ( 12k,  lePrtgl

+e*(k — 2)(k = 3) [b1 p™ a p3 + b2 07> 2 Usa
+b3 9_3 Uz P Pz + b4 P_2 Uzx Pxx + bs P_2 Uzzx Px

+b6 0_2 Ug Pxrxx + b? P_l ua:a;ac:c] } = 0(66)
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T he coefficients are given by
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. Critical behavior
For KdV

2

€
= — 82 (log v,
w v—|—24w( g vg)

I
ag 2 vV ( VpgUrra v3
+e

O 6
115202 192003 36Ov4) +0(e).

Near critical point
’U;UN]./E:, Umle/EQ,...,U(m)N&?_m

All terms of the same order.
Resummation needed

. Prove that near critical point the
solution behaves as (universality)

0 () +o )

where U(X,T) is the unigue smooth solution
to the ODE

U3 UiV

Yoot 2 " v
5 (U +2U U)+24O

depending on the parameter T.
Prove existence (cf. Brezin, Marinari, Parisi

1992) of such a solution (see also Kudashev,
Suleimanov)

X=TU —
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- After phase transition: oscillatory be-
havior. Gurevich, Pitaevski 1973, Whitham
asymptotics (leading term)

Determine full asymptotic behav-
ior of averaged quantities, € — O

Hermitean matrix integrals

1 —1Trv(4)
Zn(A\e) = € dA
N(Xi€) Vol(Uy) N><Ne

1
V(A) = EAQ — 3 AR
k>3

as function of N =z/e, A
is a tau-function of Toda lattice

Tau-function

T(x 4+ e)7(x — €)
72(x)
0 (x + e).

— e—— 1|0
T Bt 00 (2

u = log
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LLarge N ~ small e expansion of

T(x,t;¢) = Zn(X; €)

N
r — ?, tk — (]{ —|— 1)!>‘k—|—1
has the form
logr = ) 629_2.7:9(30,‘5)
920
so the solution uw, v admits regular expansion

u= > ekuk(a:,t)

k>0

v = Z ekvk(a:,t)

k>0
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For small A the e-expansion can be obtained
by applying the saddle point method to

—<TrV(4A) 44

1
Zy = /
N VO|(UN) ©
= Fy(x,t) = generating function of numbers

of fat graphs on genus g Riemann surfaces

Corresponds to the one-cut asymptotic dis-
tribution of the eigenvalues of the large size
Hermitean random matrix A
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Multicut case: gaps in the asymptotic dis-
tribution of eigenvalues of random matrices
= singular behaviour of the correlation func-

1at

tions (terms ~ e ¢ arise)

O /:J/ s
(c) :

08

04t

(from Jurkiewicz, Phys. Lett. B, 1991)

Smoothed correlation functions: average
out the singular terms

Question: Which integrable PDEs describe
the large N expansion of smoothed correla-

tion functions?
18




n =2,

1
F(u,v) = Euvz + e

The Frobenius manifold

M? = {)\(p) = ep—l—v—l—eu_p}

=symbol of the difference Lax operator

L=A+v+e*A"L A=
Extended Toda hierarchy
(G.Carlet, B.D., Y.Zhang)
oL 1
€E—— —
ot~ (k+ 1)!
oL 27, ,
o = Tl [( (IogL—ck))_I_,L]
1 1
=14 -4 ...4+—
Ck + 5 +...+ k

sg = x, other times s1,so, ...are new.

[(Lk+1)+’ L}

Interchanging time/space variables
x = sg <> tg = x transforms Toda <« NLS
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(B.D., T.Grava, in
progress)

Claim Substituting

(t07t17t27“';807817827"';6)

to=0, t1=-1, tx = (k+ 1) Nyq1, ,k>2
sop=z, s, =0, k>1

one obtains

F :=log (0,—1,3'\3,4! M4, ...;2,0,...;€)
2 2g—2
3 g— B
=x2<|09$——>——|09w+2( ) 29
2¢ 2 §>2 2g(2g — 2)

+ Z 629_2Fg(m; >\37 >‘47 - - )
g=>0
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Fg(CB, A3, A4, - )

T Z Z ag(k17°°-7kn))\k1 )\knxh,

o kq,...
I _
h=2-—2g n E k| =k1 4+ ...+ kn,
and
ag(h k) =3
g 1)--->~n - #Syml—
where
[ = a connected fat graph of genus g
with n vertices of the valencies k1,..., kn.

genus 1, one vertex, valency 4
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1 3
F=¢? [EwQ (Iog x — 5) 4+ 623232 + 22304 + 21621320 + 18x* )42
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+6480x3 A3 a5 +30023 0524324002 MaX52+ 1022 X6 +33302323° N6
46002346 + 316802 Ma%Xg + 6660024 A3As)6 + 28350022 \5° N6

+2400x* g2 4 270000x° A4 )62 + 6960002523

1

2 R—
T | = 54022

1
+ 2402043 4+ 14402A3)4 )5 + 51653cA52 4+ 2835022 A4 )52
+6752A3° A6+ 1562 a)6+2808022 X1’ X +561602° A3 5 6+580950x3 A5 \g

4238522 X2 4+ 58068023 A4 )62 + 2881800x4>\63] + ...
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Proof uses and the
for the Hermitean matrix integral
(‘t Hooft; D.Bessis, C.Itzykson, J.-B.Zuber)

1 —1Trv(4)
Zn(\e) = € dA
N(Xi€) Vol(Uy) NxN

1
V(A) = §A2 — 3\ AR
k>3

where one has to replace
X
N — —

€

This is the topological solution for
the (extended) nonlinear Schrodinger hierar-
chy
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Multicut case: G gaps in the spectrum of
random matrices

Claim: The full large N expansion of the
smoothed correlation functions is given via
the topological tau function associated with
the Frobenius structure M"™, n = 2G + 2 on
the Hurwitz space of hyperelliptic curves

2G+2
p?= T Ov—uy)
i=1
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Recall the general construction: Frobenius
structure on the Hurwitz space M"™ = moduli
of branched coverings

A Zo— Pl

fixed degree, genus G, ramification type at
infinity, basis of a- and b-cycles (n = number
of branch points A = u; for generic covering).

Must choose a primary differential dp (say,
holomorphic differential with constant a-
periods)

Then, for any two vector fields 01,0, on M™
the inner product

~ 01(Adp) 92 (Adp)
Z resA:ui X
i=1

for any three vector fields 01, 0o, 03 on M"

(01,02) =

Z resy_ 31(>\dp)32(>\dp)33()\dp)

01-02, 03)
(01:02,03) = N dp
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G = 1 (two-cut case). Here n = 4.
Flat coordinates on the Hurwitz space of el-
liptic double coverings with 4 branch points
are u, v, w, 7. Can describe by the superpo-
tential (= symbol of Lax operator)

A(p) = v +u (Iog O1(p — w|7)>/
01(p + w|T)
The Frobenius structure given by
’ 1 01(2
F:LT’UQ—Q’LL’U’UJ—F’LLQK)Q 1/( w|T)
47 mu 07(0|T)
Recall
O1(x|T) | , = " sinmTmuz
og [—weg(oh)] _IogS|n7r;r;—|—4mz_:l1_q2m -

LT
q—¢
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Corresponding integrable hierarchy of the
topological type for the functions u, v, w,
7, four infinite chains of times

tWwP VP WP tTP T hen

7~ TvaC
witht@ 1 — ¢ l_1 %0 = 0, 1% = (k+1)1N,11
t'U,,O —_—

— X

other couplings = O.
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Critical and after critical be-
haviour for Camassa - Holm?~
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