Chapter 1

Riemann surfaces

1.1 Definition of a Riemann surface and basic examples

In its broadest sense a Riemann surface is a one dimensional complex manifold that
locally looks like an open set of the complex plane, while its global topology can be quite
different from the complex plane. The main reason why Riemann surfaces are interesting
is that one can speak of complex functions on a Riemann surface as much as the complex
function on the complex plane that one encounters in complex analysis.

Elementary example of Riemann surfaces are the complex plane C, the disk

D={z€eC, |z] <1}
or the upper half space
H={zeC, J(z) > 0}.

B. Riemann introduced the concept of Riemann surface to make sense of multivalued
functions like the square root or the logarithm. For the geometric representation of multi-
valued functions of a complex variable w = w(z) it is not convenient to regard z as a
point of the complex plane. For example, take w = +/z. On the positive real semiaxis
z € R, z > 0 the two branches w; = ++/z and wy, = —+/z of this function are well
defined by the condition w; > 0. This is no longer possible on the complex plane. Indeed,
the two values wy , of the square root of z = re'V

P L4271

Wy = Ve, wy = —reT = i T, (1.1)

interchange when passing along a path

z(t) = ret W+, te0,2n]
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encircling the point z = 0. It is possible to select a branch of the square root as a function
of z by restricting the domain of this function for example, by making a cut from zero to
infinity. Namely the function /z is single-valued in the cut plane C\[0, +0). Riemann’s
idea was to combine the two branches of the function /z in a geometric space in such a
way that the function is well defined and single-valued. The rules are as follows: one has
to take two copies of the complex plane cut along the positive real axis and join the two
copies of the complex plane along the cuts. The different sheets have to be glue together
in such a way that the branch of the function on one sheet joins continuously with the
branch defined on the other sheet. The result of this operation is the surface in figure 1.1.

Figure 1.1: The two branches of the function +/z

Note that such surface can be given for (w, z) € C? as the zero locus
F(z,w) = w* —z = 0.

A similar procedure of cutting and glueing can be repeated for any other analytic function.
For example the logarithm logz is a single valued function on C\[0, +0) with infinite
branches. Each adjacent branch differs by an additive factor 27i. The infinite branches
attached along the positive real line are shown in the figure 1.2.

Next we will give a more abstract definition of a Riemann surface and we will show
how the surface defined by the graph of a multivalued function fits in this definition.

Definition 1.1.1. A Riemann surface I is defined by the following data:
o a connected Hausdorff topological space T;

o an open cover {Uy}aea of T;
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Figure 1.2: The infinite branches of the function log z

e for each a € A, a homeomorphism ¢,
Po: Uy — Vy

to an open subset Vo < C in such a way that for each o, € A, if Uy n Up # &, the
transition functions

(1)‘3 ¢ (P;l : (Pa(ua N U‘[g) — Qbﬁ(ua ) uﬁ)’
is bi-holomorphic, namely, holomorphic with inverse holomorphic.

Remark 1.1.2. Let us observe that the sets o (Us N Up) and ¢g(U, N Ug), are subsets of
the complex plane, and therefore the request of having holomorphic maps between these
two subsets makes sense.

The pair {U,, ¢o} is called complex chart. Complex charts are also called local pa-
rameters or local coordinates. Two charts (Uy, ¢a) and (Up, ¢p) are compatible if either
U, n Ug = I or the transition function ¢g o ¢, is bi-holomorphic. If all the complex
charts {Uy, a}aca are compatible, they form a complex atlas A of I'. Two complex atlas
A and A are compatible if their union A U A is a complex atlas. The equivalence class of
complex atlas is called a complex structure or also a conformal structure. With the definition
of complex structure we can define a Riemann surface in the equivalent way:.

Definition 1.1.3. A Riemann surface is a connected one-complex dimensional analytic manifold,
or a two real dimensional connected manifold with a complex structure on it.
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Let ¢ and ¢ be two local homeomorphism from two open sets U and U of T’ with
UnU# & Let Pand Py two points in U n U and denote by z = ¢(P) and w = ¢ (P) the

two local coordinates with zg = ¢(Pp) and wy = ¢(Pp). Then the holomorphic transition
function T = ¢ o ¢! must be of the form

z=T(w) = T(wp) + Z ar(w —wo)k, a1 #0 (1.2)
k>0

with holomorphic inverse

w=T"(z) =T '(z0) + ). iz — 20)", b1 #0,
k>0

namely the linear coefficient of the above Taylor expansions near the point wy or zp is
necessarily nonzero.

Remark 1.1.4. We recall that that a manifold is called orientable if it has an atlas whose
transition functions have positive Jacobian determinants. If I is a Riemann surface, then
the manifold I is orientable. Indeed let z = x + iy be a local coordinate in some open
neighbourhood of zp in I'. Another local coordinate w = u + iv is connected with the first
by a holomorphic change of variable w = T(z) with wy = T(zp) which thus determines a
smooth change of real coordinates. We want to show that the determinant

ou
det giﬁ gg = UyVy — UyUy
ox dy
calculated in (xo, yo) is positive. We observe that w = w(z) is a holomorphic function of z
and d_zZU‘Z:ZO # 0. We can use Cauchy Rieamnn equations u, = v, and u, = —v, to write
d dw
“_ Uy — iUy and —Zf) = Uy + iU, to conclude that
dz dz
u o 2
ox dy 2 o dw
d t - x=xg — |~ O
el o o (y + ”y)ly:yoo .. >
ox oy/ 1z

Y¥=Yo

Example 1.1.5. Elementary examples of Riemann surfaces

(@) The complex plane C. The complex atlas is define by one chart that is C itself with
the identity map.
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(b) The extended complex plane C = C U o0, namely the complex plane C with one
extra point o0. We make C into a Riemann surface with an atlas with two charts:

u, =C
U, = C\{0},

with ¢ the identity map and

1/z, forze C\{0}
P2(z) = { 0, forz= oo.

1.1.1 Affine plane curves

Let us consider a polynomial F(z,w) = Y./ a;(z)w' of two complex variables z and w.
The zero set F(z,w) defines a n-valued function w = w(z). The basic idea of Riemann
surface theory is to replace the domain of the function w(z) by its graph

I:={(z,w)eC?®|F(z,w) = anai(z)w”_i =0} (1.3)
i=0

and to study the function w as a single-valued function on I' rather then a multivalued
function of z. As in the example of /z, the multivalued function w = w(z) = /z becomes
a single-valued function w = w(P) of a point P of the algebraic surfaceI': if P = (z,w) €T,
then w(P) = w (the projection of the graph on the the w-axis). From the real point of
view the algebraic curve (1.3) is a two-dimensional surface in C> = R* given by the two
equations

RF(z,w) =0

JF(z,w) =0 }

In the theory of functions of a complex variable one encounters also more complicated
(nonalgebraic) curves, where F(z,w) is not a polynomial. For example, the equation
e” —z = 0 determines the surface of the logarithm or sinw — z = 0 determines the surface
of the arcsin. Such surfaces will not be considered here.

Definition 1.1.6. An affine plane curve T is a subset in C? defined by the equation (1.3 ) where
F(z,w) is polynomial in z and w. The curve I is nonsingular if for any point Py = (zo,wp) € T
the complex gradient vector

0F(z,w) 0F(z,w)
gdeF]pO=< = 7w

does not vanish. If the polynomial F(z,w) is irreducible, the curve I is called irreducible affine
plane curve.

(z=20,0=1wy)
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Remark 1.1.7. A non trivial theorem states that an irreducible affine plane curve is con-
nected (see Theorem 8.9 in O. Forster, Lectures on Riemann surfaces, Springer Verlag
1981).

In order to define a complex structure on I' we need the following complex version of
the implicit function theorem.

Lemma 1.1.8. [Complex implicit function theorem] Let F(z,w) be an analytic function of the
variables z, w in a neighborhood of the point Py = (zo,wo) such that F(zo,wo) = 0 and
OwF(z0,wo) # 0. Then there exists a unique function ¢(z) such that F(z,$(z)) = 0 and
¢(z0) = wo. This function is analytic in z in some neighborhood of zo.

Proof. Letz = x + iy and w = u + iv, F = f + ig. Then the equation F(z,w) = 0 can be
written as the system

fx,y,u,v) = 0
e 2o a9

The condition of the real implicit function theorem are satisfied for this system: the matrix

of of
ou 0v
g 08

51/! av (ZQ,WO)

is nonsingular because

of of

ou  ov 2
det = 6_13 >0,

ou ov

(we use only the analyticity in w of the function F(z, w)). Thus, in some neighbourhood of
(zo, wo) there exista smooth function ¢(z,z) = ¢1(x, y)+ip2(x, y) such that F(z, ¢(z,z)) = 0,
with ¢(zo,Z9) = wo. Differentiating with respect to z

0= %F(z,cp(z,z)) = Fw%qb(z,z).

Since F,, # 0, the above relation implies that ;—qu(z,z) = 0 which shows that ¢(z) is an

analytic function of z. A constructive way of obtaining the function ¢(z) is to apply the
Residue Theorem. Indeed let us consider the function F(z, w) where z is considered a
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parameter. Let Dy be a small disk around wy where F(zo, wo) = 0 and Fy,(zo, W)|w=w, # 0.
Then the number of solutions of the equation F(zp, w) = 0 counted with multiplicity is
given by the integral

1 F(zo, w)

— dw,
27t Jop, F(zo,w) @

where 0Dy is the boundary of Dy. We assume Dy sufficiently small so that the equation
F(zo,w) = 0 has only the solution wy in the closure of Dy. Then the above integral is equal
to one. Furthermore one has applying the residue theorem

LJ w—Fw(ZO' ) dw = w,
2ni Jop,  Flzo,w) 0-

By continuity, for z sufficiently close to zp there is a disk D centred at w such that the
equation F(z, w) = 0 has only one solution w = ¢(z) in the closure of D and

1 Fy(z,w)
2mi aDw F(z,w) dw = p(z).

where ¢(zg) = zp and F(z, ¢(z)) = 0. Clearly the function ¢(z) is analytic function ofz. O

Theorem 1.1.9. Let I be an irreducible affine plane curve defined in (1.3). If I is non singular,
then I is a Riemann surface.

Proof. T is connected since F(z, w) is irreducible. Let us define a complex structure on I'.

Let Py = (zo, wo) be a nonsingular point of the surface I. Suppose, for example, that the

F
derivative 2_ is nonzero at this point. Then by the lemma 1.1.8, in a neighborhood U of
the point Py, the surface I' admits a parametric representation of the form

(z,2w(z))e Uy T, w(zg) = wy, (1.5)

where the function w(z) is holomorphic. Therefore, in this case z is a complex local
coordinate also called local parameter on I in a neighborhood Uy of Py = (zp, wo) € I'. For
this kind of local coordinate, the transition function is the identity.

OF
Similarly, if the derivative e is nonzero at the point Py = (zo,wp), then we can

take w as a local parameter (an obvious variant of the lemma), and the surface I' can be
represented in a neighborhood Uy of the point Py in the parametric form

(z(w),w) e, z(wo) = zo, (1.6)

where the function z(w) is, of course, holomorphic. For a local parameter of this second
kind the transition function is the identity map. For a nonsingular surface it is possible to
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use both ways for representing the surface on the intersection of domains of the first and

second types, i.e., at points of I where S—F # 0 and Z—F # 0 simultaneously. The resulting

w Z
transition functions w = w(z) and, z = z(w) are holomorphic and invertible. ]

The preceding arguments show that such Riemann surfaces are complex manifolds
(with complex dimension 1).
Let us consider a Riemann surface I defined in C? by a monic polynomial

F(z,w) = w" + a1(2)w" ' + --- 4+ a,(z) = 0. (1.7)

Here the a1(z),...,a,(z) are polynomials in z. This Riemann surface is realized as an
n-sheeted covering of the z-plane. The precise meaning of this is as follows: let 7 : I' — C
be the projection of the Riemann surface onto the z-plane given by the formula

ni(z, w) = z. (1.8)
Then for almost all z the preimage 7t~!(z) consists of 1 distinct points

(z,w1(2)), (z,w2(2)), ,...(z,wn(z)), (1.9)

of the surface I' where w;(z), ..., wy,(z) are the n roots of (1.7) for given value of z. For
certain values of z, some of the points of the preimage can merge. This happens at the
branch points (zp, wo) of the Riemann surface where the partial derivative Fy,(z, w) vanishes
(recall that we consider only nonsingular curves so far).

If zp is a branch point then the polynomial F(zp, w) has multiple roots. The multiple
roots can be determined from the system

F(zp,w) =0
E, (Zg’w) 0 } (1.10)

The ramification points on the z-plane can be determined, therefore, as the zeros of the
resultant R(z) of F(z,w) and Fy(z, w). The resultant can be computed as the determinant
of a (2n —1) x (2n — 1) matrix called Sylvester matrix constructed from the coefficients of
the polynomials

1

F=u"+mw" " + - +a,_ 1w+ ay,

and

Fo=nw"t+(n—-Daw" 2+ - +a,_4
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in the following way

1 al aZ al’l*l an 0 0
0 1 M an—1 An 0
_ n(n=1) 0 0 .. oo Ay_1 4y
R(z) = (1) 7" det n (m—1a (n—2a Ay_1 0 0
0 n (n—1)m 2a,_ > ay,_1 O 0
0 0 ‘o ‘e N Zan_z Apn—1
(1.11)

For example, the discriminant of a cubic monic polynomial is given by the formula
1 ai an as 0
0 1 a ap das
R(z)=—det| 3 211 ay 0 0 |=a2a3—4a)—4aia; + 18aya0a3 — 27a3. (1.12)
0 3 249 ao O
0 0 3 2(11 az

The resultant is also equal to

n n—1
R(z) = Iﬂm@—wﬂ» (1.13)
1j=1

where w;(z),i = 1,...,n, are the roots of the polynomials F(z, w) and @;(z), j = 1,...,n—1
are the roots of the polynomials F;(z, w) where z is considered as a parameter.

The choice of the variables z or w as a local parameter is not always most convenient.
We shall also encounter other ways of choosing a local parameter 7 so that the point (z, w)
of I can be represented locally in the form

z=2z(1), w=w(1) (1.14)

where z(7) and w(7) are holomorphic functions of 7, and

dz dw
(E,E> 40, (115)

We study the structure of the mapping 7 in (1.9) in a neighborhood of a branch point
Py = (zo,wp) of T defined in (1.3). Let 7 be a local parameter on I in a neighborhood of
Py. It will be assumed that z(t = 0) = zp, w(t = 0) = wp. Then

z =204+ a7 + O(T"), a4 #0

1.16
w = 1wy + bytT + O(T1*1), b, £0, (1.16)
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where a; and b, are nonzero coefficients. Since w can be taken as the local parameter
in a neighborhood of Py it follows that g = 1. We get the form of the surface I' in a
neighborhood of a branch point:

k k+1
z=2z9+ a1 + O(1 ,
0o ( ) ) (1.17)
w = wy + by + O(7),

where k > 1. Thus, the points of the form

Pi(z) = (z,wo + €1c/z— 20+ ...), ..., Pr(z) = (z,wo + €xc/z — 20 + ... ), (1.18)

i

where €1, ..., € are the primitive kth roots of unity and ¢ = bia, * lie in the complete

inverse image 7~ !(z) in any sufficiently small neighborhood of Py merging into a single
point at this point itself (the dots stand for the terms of the form o(+/z — zo).

Definition 1.1.10. The number b,(P) = k — 1 is called the multiplicity of the branch point, or
the branching index of this point with respect to the projection (z, w) — z.

Exercise 1.1.11: Let Py = (zo, wo) be a branch point for the curve (1.7) with respect to the
projection (z, w) — z. Suppose that the local parameter in the neighbourhood of P is of
the form (1.17) with k > 1. Show that

dIF(z,w)
j
dw (c00)

Lemma 1.1.12. Let (zo, wo) be a branch point of a Riemann surface I defined in (1.3) with respect
to the projection (z, w) — z. Then there exists a positive integer k > 1 and k functions w(z), ...,
wy(z) analytic on a sector S, 4, of the punctured disc

0<|z—2z0| <p, arg(z—z0) <o
for sufficiently small p and any positive ¢ < 27t such that
F(z,wj(z)) =0 for ze€S,y, j=1,...,k
The functions w1 (z), . .., wi(z) are continuous in the closure S, 4 and
w1 (z0) = -+ = wy(z0) = wo.

Proof. By the nonsingularity assumption F,(zg, wo) # 0. So the complex curve F(z,w) = 0
can be locally parametrized in the form z = z(w) where the analytic function z(w) is
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uniquely determined by the condition z(wp) = zg. Consider the first nontrivial term of
the Taylor expansion of this function

k+l+.

z(w) = zo + ag(w — wo)k + a1 (w — wo) .., k>1, ap#0.

Introduce an auxiliary function

1
k

fla0) = = 00) [ 1+ o) + 0 (w0 — o))
= B(w — wp) {1 + %(w —wp) + O ((w— wo)Z)]

where the complex number f is chosen in such a way that g¥ = a;. The function f(w)
is analytic for sufficiently small |w — wy|. Observe that f'(wy) = f # 0. Therefore the
analytic inverse function f~! locally exists. The needed k functions w;(z), ..., wi(z) can
be constructed as follows

2mi (j—1)

wj(z) = 1 <e o (z —zo)l/k) , j=1,...k (1.19)

where we choose an arbitrary branch of the k-th root of (z — zg) forz € S 5. m]

Example 1.1.13. Elliptic and hyperelliptic Riemann surfaces have the form

T = {(z,w) € C* |[w* = Py(2)}, (1.20)

where P, (z) is a polynomial of degree 1. These surfaces are two-sheeted coverings of the
z-plane. Here F(z,w) = w? — P,(z). The gradient vector gradF = (=P}, (z), 2w). A point
(zo, wo) € I is singular if

wo =0, Pl(zo) =0. (1.21)
Together with the condition (1.20) for a point (zg, wp) to belong to I' we get that
Pu(z0) =0, Pl(z) =0, (1.22)

i.e. zg is a multiple root of the polynomial P,(z). Accordingly, the surface (1.20) is
nonsingular if and only if the polynomial P,(z) does not have multiple roots:

Py(z) = H(z —2zi), zi#zj fori#j. (1.23)
i=1
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The curve I' is called an elliptic curve for n = 3,4 and it is called hyperelliptic for n > 4.

We find the branch points of the surface (1.20). To determine them we have the system
w? = P,(z), w=0,

which gives us n branch points P; = (z = z;,w = 0),i = 1,...,n. All the branch points
have multiplicity one. In a neighborhood of any point of I' that is not a branch point it is

natural to take z as a local parameter, and w = +/P,(z) is a holomorphic function. In a
neighborhood of a branch point P; it is convenient to take
T=+2—2, (1.24)

as a local parameter. Then for points of the Riemann surface (1.20) we get the local
parametric representation

z=z+7, w=r1 H(T2 +z; — zj) (1.25)
j#i

where the radical is a single-valued holomorphic function for sufficiently small 7;(the
expression under the root sign does not vanish), and dw/dt # 0 for T = 0.

Exercise 1.1.14: Prove that the total multiplicity of all the branch points on I' over z = z
is equal to the multiplicity of z = zg as a root of the discriminant R(z).

Exercise 1.1.15: Consider the collection of n-sheeted Riemann surfaces of the form

F(z,w) = 2 ai]'ziwj (1.26)

i+j<n

for all possible values of the coefficients 4;; (so-called planar curves of degree n). Prove
that for a general surface of the form (1.26) there are n(n — 1) branch points and they
all have multiplicity 1. In other words, conditions for the appearance of branch points
of multiplicity greater than one are written as a collection of algebraic relations on the
coefficients a;;.

1.1.2 Smooth projective plane curves

We recall the the projective space IP" is the quotient of C"+1\ {0} by the equivalence relation
that identifies vectors v and av in C**1\{0} with & € C*. Namely P" = C"*1\{0}/C*. The
space P! is a singly point, IP! can be thought as the complex plane C plus a single point oo
and it can be identified with the Riemann sphere. IP? can be thought as C? together with
a line at infinity, namely a copy of IP! and so on.

The projective line is the simplest example of a compact Riemann surface. The example
of compact Riemann surfaces that we are going to considered are embedded in IP2.
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Definition 1.1.16. The projective plane P2 is the set of one-dimensional subspaces in C> or
equivalently P> = C3\{0}/C*. Let (X, Y, Z) be a nonzero vector in C°. A point in P? is denoted
by [X:Y:Z]and

[X:Y:Z]=[AX:AY:AZ], A#0,AeC

As a quotient space, P? is endowed with the quotient topology. Indeed let the projec-
tion map 7 : C3\{0} — IP? be defined as

n(X,Y,Z)=[X:Y:Z].
Then we can give to IP? the quotient topology induced from C3\{0}, namely a subset U
of P? is open if and only if 7~!(U) is open in C*\{0}. As a topological space, P" is a
Hausdorff space, namely two distinct points have disjoint open neighbourhoods.
Proposition 1.1.17. The space IP? is compact.
Proof. Let

S ={XY,Z) eC||X?+|YP+|Z =1}.
Then S° is a sphere of real dimension 5. It is a closed and bounded subset of C® and by
the Heine-Borel theorem is compact. The restriction of 7tgs : S° — IP? is continuos. The
image of a compact set under a continuous mapping is compact. Next let us show that
Ttgs is also surjective. If [X : Y : Z] € P? then

X+ [YP+(ZP=A>0
and

[X:Y:Z]=[A2X:A"2Y: A 2Z].
Combining the above two relations one has that

ATIXPE+ AT IYR 4 A 2Z)E =1

sothat [X : Y : Z] € 7(S°). Namely the map 7 : S> — IP? is surjective and continuos which
implies that IP? is compact. O

Remark 1.1.18. The spaces IP", n > 0 are all compact. The proof of this statement is a
simple generalisation of the proof of proposition 1.1.17.
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The space P? can be covered with three open set homeomorphic to C? :
Up={[X:Y:Z]eP*| X0}

U ={[X:Y:Z]eP?|Y #0}
Uz ={[X:Y:Z]eP?*|Z#0}.

The homeomorphism on Uy is given by the map [X : Y : Z] — (Y/X,Z/X) € C? and
similarly for the other open sets U; and Uo.

Definition 1.1.19. Let F(X, Y, Z) be a homogeneous non constant polynomial of degree d, in the
complex variables X, Y and Z with complex coefficients. The locus

I={[X:Y:Z]eP*|F(XY,Z) =0} (1.27)
is the projective curve defined by the polynomial F.

Remark 1.1.20. Observe that the curve I is well defined since the condition F(X,Y,Z) =
0 is independent from the choice of homogeneous coordinates since F(AX,AY,AZ) =
AF(X,Y,Z). Furthermore T is a closed subset of IP? and therefore it is compact.

The intersection of I' with any of the U; is an affine plane curve. For example
To=Tn U= {(u,v) e C*|F(1,u,0) =0}.
Now we show that under non singularity assumptions, I is a Riemann surface.

Definition 1.1.21. The curve (1.27) defined by the zeros of the homogeneous polynomial F(X, Y, Z)
is nonsingular if there are no non zero solutions to the equations

_OF _OF F

F=x~ov~ a2z~

0.

Exercise 1.1.22: Show that the projective curve I' defined in (1.27) is non singular if and
only if each of the affine components I'; = I' n U;, i = 1,2,3 is non singular. Hint: use
Euler equation that is obtained differentiating the identity F(AX,AY,AZ) = AF(X,Y, Z)
with respect to A and setting A = 1, namely

XFx + YFy + ZF = Fd. (1.28)

Lemma 1.1.23. If the projective curve I defined in (1.27) is non singular, then the polynomial
F(X,Y, Z) is irreducible.



1.1. DEFINITION OF A RIEMANN SURFACE AND BASIC EXAMPLES 15

Proof. Let us suppose that the polynomial is reducible, namely F = F;F, where F; and F;
are homogeneous polynomials in X, Y and Z of degree d and d — d;. The condition of I'
being singular takes the form

F,F1 =0, Fp0xF1 + F10xF» =0, FQayF1 + F1ayF2 =0, Fy07F1 + F107F, = 0.

Such system of equations has always a solution as long as there is a point P in the
intersections of the curves defined by F; = 0 and F, = 0. The resultant R(X,Y) of the
polynomials F1 (X, Y, Z) and F»(X, Y, Z) with respect to Z is a homogeneous polynomial of
degree di(d — dp). Indeed it is easy to show that R(AX, AY) = A41(#=4)R(X,Y). Therefore
the curves defined by the equations F1(X,Y,Z) = 0 and F>(X,Y,Z) = 0 intersects in
di(d — dq) points counted with multiplicity, (such result is called Bezout’s theorem). We
conclude that if F is reducible, then F is singular. m]

In order to give a complex structure onI'let us recall that each I'; is a smooth irreducible
affine plane curve and hence a Riemann surface. The coordinate charts are given by the
projections. For example for the curve I'y the coordinate charts are y/x or z/x and the
transition functions are as the same as the one obtained for smooth affine plane curves.
We have then to check that the complex structures given on each I'; are compatible. Let
PeTonI'iwhereP = [X:Y:Z]and X # 0and Y # 0. Since each affine plane curve is non
singular (see exercise 1.1.22), we assume without loss of generality that Fx and F are non
zero. Let ¢ : Tp — C with ¢o(P) = Y/X and with inverse qbo_l(Y/X) =[1:Y/X:h(Y/X)]
where & is a holomorphic function. Let ¢; : I'1 — C with ¢1(P) = Z/Y with inverse

o g [¢(£),1, £] where g(£) is holomorphic for Y # 0 and non zero since we assume
X #0. Then ¢ 0 gbo_l(Y/X) = Xh(Y/X)/Y which is holomorphic because Y # 0, X # 0 and
h(Y/X) is holomorphic. In the same way ¢ o ¢ Yz)y) = éﬁ which is holomorphic
because Y # 0 and g is nonzero. Similar checks can be done with the other coordinate
charts.

Since IP? is compact and I' is a closed subset of P2, it follows that T is compact.

Proposition1.1.24. Let F(X, Y, Z) be an irreducible homogeneous polynomial. Then the projective
plane curve T that is the zero locus of F in P? is a smooth compact Riemann surface. At every
point of I one can take as a local coordinate a ratio of the homogeneous coordinate.

The simplest example of projective curve is the projective line
aX+pY +yZ=0

where (a,,7) # (0,0,0). The tangent line to a projective curve I' defined by a homoge-
neous polynomial F(X, Y, Z) at a non singular point (Xo, Yo, Zo) has the form

(X — XQ)FX(XO, YOZO) + (Y — YO)Fy(Xo, YoZo) + (Z — Zo)Fz(Xo, Y()Zo) =0
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Observe that using the Euler identity (1.28) one can write the tangent line in the form
XoFx(Xo, YoZo) + YoFy(Xo, YoZo) + ZoFz(Xo, Y0Zo) = 0.

Exercise 1.1.25: Let F(X,Y,Z) be an irreducible homogeneous polynomial of degree d
defining a smooth projective curve I'. The Hessian of this polynomial is defined as

Fxx Fxy Fxz
H(X,Y,Z) =det | Fyx Fyy Fyz|.
Fzx Fzy Fzz

A non singular point [X : Yo : Zg| € T is called and inflection point if H(Xy, Yo, Zo) = 0.
Show that

Fx Fy FA4

Fxx Fxy FX)
a—1

Z’H(X,Y,Z) = (d — 1)*> det (Fyx Pyy Py

Suppose that Z # 0 and Fy is not zero. Then the equation F(X, Y, 1) = 0 locally defines Y
as a holomorphic function of X. Show that
¢Y(X) HXYZ)
2 3
ax (d—1)2Py

d?Y(X
namely a point [Xp : Yp : 1] is an inflection point for the curve T if and only if d}gz )
vanishes at Xj.

1.1.3 Compactification of affine plane curve
Complex affine plane curves ' := {(z,w € C? |F(z,w) = 0} where F is a nonsingular

polynomial, are non compact Riemann surfaces. To compactify them one needs to add
point(s) 0!, 02, ... oN at infinity z — o0, w — o0 and introducing proper local parameters
at these points in such a way that

fF=Tuw!v?u-- vl
is a compact Riemann surface.
The plane curveT’, defined by the polynomial equation F(z, w) = 0, can be compactified
by embedding it in CIP>. The mappings
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and the inverse mapping
(z,w) > (z:w: 1)

establish an isomorphism between an affine part of CIP> and C2. The whole projective
plane is obtained from the affine part C> by adding the part at infinity of the form
(X:Y:0) ~CP' ~ §2. An embedding of T in CIP? is defined as follows. Suppose that

F(z,w) = Fx(z,w) + Fx_1(z,w) + - - - + Fo(z, w),

where each Fj(z,w) is a homogeneous polynomial of degree j. Then we define the
homogeneous polynomial

_ap (XY
Q(X,Y,Z7) —ZF<Z,Z> (1.29)

of degree k. A complex compact curve I"is given in CIP? by the homogeneous equation
[:={[X:Y:Z]eP?* | QX Y,Z) =0}. (1.30)

The affine part of the curve [' (where Z # 0) coincides with T. The associated points at
infinity have the form

Q(X,Y,0) = 0. (1.31)

Since X # 0 or Y # 0, the equation (1.31) has a finite set of solutions. The surface I" is
compact and is thus the desired compactification of the surfaceI.

Remark 1.1.26. Even if the curve T is non singular, the curve I' might be singular. If this
is the case, the compactification of the smooth affine plane curve as a singular projective
curve is not a good compactification.

Example 1.1.27. T = {(z,w) € C* | w* = z}. A local parameter at the branch point
(z=0,w = 0) is given by T = 1/z, i.e. z = 72, w = 1. The compactification [" has the form
[ = {[X:Y:Z] eP?|Y? = XZ}. The point at infinity is given by solving the equation
(1.31), that gives P* = [1: 0: 0]. For X # 0 we introduce the coordinates u, v
Y w V4
"=xT7 U7X
which define the affine curve u~ = v. The point at infinity is given by (v = 0, u = 0) which
is clearly a branch point for the curve defined by the equation u?> = v and +/v is a local
parameter near this point. Therefore in a neighborhood of the point at infinity in " we
have that

) (1.32)

N =

N

(2, w) — —

vz

is a local homeomorphism.
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Example 1.1.28. T = {w? = z? — 4?}. The branch points are (z = +a,w = 0) and the cor-
responding local parameters are z = +a + 7> and w = 7+/72 + 242. The compactification
has the form ' = {Y? = X2 — 42Z?}. The point at infinity is given by solving the equation
(1.31), that gives P = [1: £1 : 0]. Making the substitution (1.32) we get the form of the
curve [ in a neighborhood of the ideal line: u? = 1 — a?v?. For v = 0 we get that u = +1.
We can take v = 1/z as a local parameter in a neighborhood of each of these points. The
form of the surface " in a neighborhood of these points Py is as follows:

1 1
z==, w:igx/l—azzﬂ, v—0 (1.33)

[

where /1 — 4?02 is, for small v, a single-valued holomorphic function, and the branch of
the square root is chosen to have value 1 at v = 0.

Example 1.1.29. Let us consider the class of hyperelliptic Riemann surfaces
I = {(z,w) € C* | F(z,w) = w* — Pn(z) = 0}, (1.34)

where Py(z) = H?]zl(z —aj),and a; # a; for i # j.
If we consider the projective curve defined by the zeros of homogeneous polynomial

QX Y,Z) = Y?ZN=2 — ZNPN(X/Z) = 0

one can check that the curve is singular at the point [0 : 1 : 0] if N > 4. Therefore, for
N > 4, the embedding of T in IP? is not a good compactification. For N = 3 the projective
curve

Y?Z = (X —m1Z)(X — 13Z) (X — a3Z)

is a compact smooth elliptic curve. By a projective transformation such curve can be
reduced to the form

Y?Z = X(X-Z)(X - AZ), AeC\{0,1}.

The point at infinity is given by P* = [0 : 1 : 0]. For Y # 0 the substitution u = X/Y and
v = Z/Y gives the curve

Qu,1,v)=v—u(u—v)(u—Av) =0

The point (0,0) is a branch point for the above curve. Indeed for (u,v) # 0 the projection
7 : (4,0) — vis a local coordinate. The preimage 7! (v) consists of three points. At the
point (0,0) one has Q,(0,1,0) = 0 and Q,4(0,1,0) = 0 so that the preimage of n1(0)
consists of a single point. A local coordinate near the point (0, 0) takes the form

u=11+o0(1)), v=1(14+o(1)).
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We look for the holomorphic tail in the form

with g(7) analytic and invertible in a neighbourhood of 7 = 0. Plugging the above ansatz
in the equation Q(u,1,v) = v — u(u — v)(u — Av) = 0 one obtains that

(x) = L
§ JA—2)1-Ar)
Since
_ X _u Yy 1
itz Ty YTz 5

one has that a local coordinate near the point at infinity for the curve I is given by

1 1
z = 7 w=—3 (1—’?2)(1—/\’(2).
T T

The above example shows that not all the affine plane curves can be compactified by
embedding them in IP2. Below we are going to illustrate another way of compactifying
affine plane curves.

Definition 1.1.30. Let I' be a non compact Riemann surface such that there exists open subsets
UguvlUpu---uoldn=UycT

such that T\Uy, is compact and U .;, j = 1,..., N, are homeomorphic to puncture disks
¢j: Uy — D\{0} ={zeC|0<|z| <1}

and the homeomorphism ¢;, j = 1,...,N are holomorphically compatible with the complex
structure of I'. Then T is called a Riemann surface with punctures.

We extend the homeomorphism ¢ jto the whole disk D

¢j: Uy = Uy, v/ > D (1.35)
by defining ¢j(c0/) = 0,j =1,...,N. A complexatlasonl = Tu ool U+ U 0" is defined
as the union of the complex atlas on I' and the coordinate charts defined in (1.35) which
are compatible with the complex structure of I'.
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Example 1.1.31. We recall first how to compactify the complex z-plane C. It is necessary
to add to C a single “point at infinity” co. In this case Uy, = C\{0} and Uy = Uy U

and the map ¢ : Uy, — D is defined by ¢(z) = % and ¢(c0) = 0. A complex atlas on

C = C u w is then defined as in example 1.1.5. We get a surface C with the topology of a
sphere (the “"Riemann sphere”). Topological equivalence to the standard sphere is given
by stereographic projection, with one of the poles of the sphere passing into the point
. Another description of € is the complex projective line P! := {(z1,22) | |z1]*> + |22|* #

0, (z1:22) ~ (Az1 : Azp), A € C, A # 0}. The equivalence P! — C is established as

follows: (z1 : zp) —> z = i—l The affine part {z; # 0} of IP! passes into C and the point
2
(1:0) into co.

Example 1.1.32. Let us consider the class of hyperelliptic Riemann surfaces
I = {(z,w) € C*| F(z,w) = w* — Pn(z) = 0}, (1.36)
where Py (z) = ]_[] 1(z—aj), N > 4and a; # a; for i # j. We need to consider separately

the case of N odd or even. Let us rewrite the curve in the form

N

2
1
(Z:‘;) —-[la-azm =0, N=2n+1,

j=1

2 2 N
(zn+1> ~[[a-a2) =0, N=2n+2,

j=1

The map

e (122)

describes a biholomorphic map from a neighbourhood of infinity

Uy = {(zw)eT | |z| >c>1aj], j=1,...,2n + 1}
where ¢ > 0, to the punctured neighbourhood
V= {(xy) el |]0<x <1/}
of the point (x,y) = (0,0) of the curve I" defined by the equation

N
F={(xyeC|P—x[[0-xs) =0}, N=2n+1, (1.37)
j=1



1.1. DEFINITION OF A RIEMANN SURFACE AND BASIC EXAMPLES 21

or the points (0, +1) of the curve

N
F={xyeC|P-]]0-x1) =0}, N=2n+2. (1.38)
j=1

The local coordinate near (0,0) of the curve I in (1.37) is defined by the homeomorphism
(x,y) — +/x, while the local coordinate near the point (0, £1) of the curve (1.38) is given
by (x,y) — x. Therefore for N = 2n + 1 the curve (1.36) has one puncture at infinity and
the local parameter in its neighbourhood is given by the homeomorphism

while for N = 2n + 2, the curve (1.36) has two punctures oo* = (o0, £00) distinguished by
the conditions

w
(z,w)—>ooi<—>n—+1—>i1forz—>ooandw—>oo}
z

and the local parameter near these points is given by the homeomorphism

1
P1(zw) = =, Pi(0F) =0.
Proposition 1.1.33. The local parameters

(z,w) — z near an ordinary point
z,w) — 4/z — zj near a branch point (z;,0)

(2, w) — 1/+/z near the point at infinity, N odd
’ 1/z near the voints at infinity, N even
p Y

—~

describe a compact Riemann surface T = T U oo of the hyperelliptic curve (1.36) for N odd and
['=T U ot for N even.

Exercise 1.1.34: Compactify the curves defined by the equations
4 3

wr=zt+a*, wP=z+a4, aeR".

Find the local coordinates in the neighbourhood of the points at infinity.
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Quotients under Group action

Complex Tori. Let w1 and w; be two complex numbers which are linearly independent
over the real numbers. Define the lattice

Lo w, = Zw1 + Zwy = {mw1 + hwy | m,n € Z}. (1.39)

Two complex numbers z and Z are equivalent mod L, «, if z — Z € Ly, 0, The set of all
equivalence classes is denoted by C/L,, «», and an element in C/L,,, ., is denoted by [z].

Proposition 1.1.35. The quotientI’ = C/L, «, is a compact Riemann surface that is topologically
a torus.

Proof. To prove the statement one needs to construct a complex structure on I'. Let
1t : C — I' be the projection map. Let us endowed I' with the quotient topology namely a
set U = T is open if n~1(U) is open in C. This definition makes 7 continuous and since C
is connected so is I'. Furthermore, it is easy to check that 7t is an open mapping. Indeed
let U be an open set in C, then n(U) is open if 7~1(r(U)). But this is certainly the case
since 11 (r(U)) = e (@ + U) is open. In order to define a complex structure on T, let
D, = D,, . be adisk centered at z, € C and of radius € where € is chosen in such a way that
|w| > € for every non zero w € L. Then the map 7t|p, : D, — 1(D,) is a homeomorphism.
Let o : m(Dy) — Dy be the inverse of the map 7t|p,. The pairs (11(D,)), Pa)aca defines
a complex chart. We now must check that the charts are compatible. Chose two distinct
points z; and z and consider two charts ¢ : m(D1) — D; and ¢, : n(D2) — D, with
U := (D7) nnt(Dy) # &J. We need to check that the transition function T(z) = ¢» (q,‘)l*l (2))
is holomorphic for z € ¢1(U). Observe that 1(T(z)) = m(z) for all z € ¢ (U). Therefore
T(z) — z = w(z) € L. Since T(z) is continuos and L is discrete, w(z) is constant. Therefore
T(z) = z + w for some w € L, namely the transition function T(z) is holomorphic. The
collection of charts {(D,, ¢a) | za € C} is a complex atlas on I'. We conclude that I' is a
Riemann surface. The surface I' is compact because it is covered by the image under 7 of
the compact set

{awy + o, a,pe[0,1]}
O

Remark1.1.36. Let A € SL(2, Z) namely A is 2 x 2 matrix with integer entries and det A = 1.
Suppose that
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Then the Ly, = L

) Indeed for m,n € Z one has

/
-1 (W /1 ’o
Loy, @ M1 + nwy = (n,m)A (a)’l> =mw; +nw,e Lm;,w
2

é/
because m’, n' € Z since the matrix A has integer entries and determinant equal to one.
The above relation shows that Ly, w, S Lo ). Repeating the same reasoning for a

pointin L, ., one obtains that Loty S Loy, which shows that Ly, ., = Lot -

Remark 1.1.37. Any automorphism of the complex plane, F : C — C is of the form
F(z) :== az + p with @ # 0. We choose f = 0 so that F(0) = 0. A lattice Ly, «, is
transformed under F to the lattice Lyy, aw,- The corresponding tori are isomorphic, with
the automprhism given by [z] — [az].
Let us define 7 = % with J(7) > 0. Then the lattice L, 4, in (1.39) and
2
it

Lin={n+mt|mneZ}, t=
w32

defined tori C/Ly, «, and C/L.; that are isomorphic. Combining the above remarks one
arrive to the following theorem.

Theorem 1.1.38. Let T and T, two tori defined by the lattices L1 and Ly 1 with 3(t) > 0 and
I(7') > 0. These tori are isomorphic if and only if

, _at+b (a b

= — L(2,7Z). 1.4
t T rrd d>eS(, ) (1.40)
The proof is left as an exercise.

Exercise 1.1.39: Consider the group 2nZ under addition and consider the quotient C/2nZ.
This surface is clearly homeomorphic to the cylinder S' x R. Show that C/2nZ is a
Riemann surface.

Exercise 1.1.40: Let G be the multiplicative group G := {a" | n € Z} and a € R*. The
quotient

r:=cCc*/G
is defined as the set of equivalence class with respect to the equivalence relation
z~2 22t eG.

(i) Prove that there exist a unique structure of a Riemann surface on I' such that the
canonical projection 7t : C* — T’ is locally biholomorphic.
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(ii) Show that the Rieamann surface constructed in (i) is isomorphic to a torus
C/(Z+17Z), 1eH:={zeC]|I(z) >0}
Calculate 7.
The above construction of Riemann surface as quotients can be generalized

Definition 1.1.41. Let A be a domain of C. A group G : A — A of holomorphic transformations
acts discontinuously and fixed point free on A if for any P € A there exists a neighbourhood V > P
such that

VnV=yg, VgeG, g#1
The action of G is called proper if the inverse image of compact subset is compact.

Introducing an equivalent relation between points of A, namely P ~ P’ if 3g € G so
that P’ = gP, one can define the quotient space A/G of equivalent classes.

Theorem 1.1.42. If a group G acts on a domain A of the complex plane properly discontinuously
and the action is fixed point free, then the quotient space A/G has the structure of a Riemann
surface.

The proof of the above theorem is very similar to the proof given above for obtaining
a complex structure on the complex one-dimensional tori. In the frame of the uniformiza-

tion theory, it is proven that all compact Riemann surfaces can be described as quotients
A/G.



