Toda Lattice

Tamara Grava

December 29, 2024

Contents

8

9

0.1 First integrals associated to a Lax pair . . . . . . ... .. ..

The Toda system

1.1 Toda flows and orthogonal polynomials . . .. ... .. ...
1.2 Integration of Toda lattice . . . . . . .. ... ... .. ...,

Periodic Toda

Jacobi operator and its spectra

Direct spectral problem

Integrability of Toda periodic

The union of periodic and antiperiodic spectra
Inverse spectral problem

Time evolution of Dirichlet eigenvalues

Action-angle variables

10 Translated coordinates

11 Construction of angles and actions

19

22

25

30

31

34

38

42

42

47



1 First integrals associated to a Lax pair

One of the most known method to construct first integrals of a Hamiltonian system is
through symmetries of the space P. Another powerful method is due to Lax [?] and
represents the starting point of the modern theory of integrable systems. Given an ODE

i=f(z), z= (..., zN) (1.1)
and two m x m matrices L = (Lj;(z)), A = (A;;(x)), they constitute a Lazx pair for the
dynamical systems if for every solution x = x(t) of (1.1) the matrices L = (L;j(z(t))) and
A = (A;;(x(t))) satisfy the equation

L=[AL]:=AL—-LA (1.2)
and the validity of (1.2) for L = L(x), A = A(z) implies (1.1).

Theorem 1.1 Given a Lax pair for the dynamical system (1.1), then the eigenvalues
Ai(x), ..., Am(x) of L(x) are integrals of motion for the dynamical system.

Proof. The coefficients ai(x), ..., an(z) of the characteristic polynomial
det(L —XI) = (=1)™ [\ — ap ()AL 4 ag(2) A2 4 4 (=1)"am ()] (1.3)

of the matrix L = L(z) are polynomials in tr L, tr L2, ..., tr L™

1
a; =tr L, a2 =3 (trL)2—trL2], as =...

Next we show that
tr LF, k=1,2,... (1.4)

are first integral of the dynamical system. Indeed for k = 1

itrL:trL:tr(AL—LA):O.

dt
more generally
d ok _ k—1y _
dttrL = ktr ([4,L] L") =0. (1.5)
Since the coefficients of the characteristic polynomial L(x) are constants of motion it
follows that its eigenvalues are constants of motion. O



Another proof of the theorem, close to Lax’s original proof, can be obtained observing
that the solution of the equation L = [A, L] can be represented in the form

L(t) = Q(t) L(t0) Q™ (1) (1.6)
where the evolution of @ = Q(t) is determined from the equation
Q=AH)Q (L.7)
with initial data
Q(to) = 1.

Then the characteristic polynomials of L(ty) e Q(t)L(to)Q'(t) are the same and conse-
quently the eigenvalues are the same.

2 The open Toda lattice

Let us consider the system of n points ¢1, g2, - . ., ¢, on the real line interacting with nearest
neighbour interaction potential

n—1

Ulqr,...,qn) = Z edi—gi+1

=1

the so called Toda lattice. The Hamiltonian H(q,p) € C*°(T*R") takes the form

1 n n—1 o
H(q.p) =5 ) pi + ) ettt (2.1)
i=1 =1

There are two possible boundary conditions:
e open Toda with gy = —o0 and gp4+1 = 400
e closed Toda with g1 = gn41-

Here we analyse the open Toda lattice. The Hamilton equations with respect to the
canonical Poisson bracket

are
. oH
dk = 75— = Dk k:17"'7n
Opx;
a2 if k=1
Pr = _gfj = el-17% — e+ f2<k<n-—1
Uk edn—17n ifk=n



Since the Hamiltonian is translation invariant, the total momentum is a conserved quantity
together with the Hamiltonian.

Flaschka [5],[6] and Manakov [11] separetely showed that the Toda lattice is a com-
pletely integrable system. Let us introduce a new set of dependent variables

1 —
akzie% ng’ k=1,...,n—1
1 (2.3)
bk:_gpka kzl,...ﬂ’L,
with evolution given by the equations
ar = ag(bpr1 —bg), k=1,...,.n—1
. (2 o : (2.4)
by =2(aj —az_qy), k=1,...,n,

where we use the convention that ag = a,, = 0. Observe that there are only 2n—1 variables
and this is due the translation invariance of the original system. The equations (4.3) have
an Hamiltonian form with Hamiltonian

n n—1
H(a,b) = QZb? +4Za22
=1 =1

with Poisson bracket define on (R*)"~! x R"™ given by
1 1 , .
{ai,bj}:—Zéijai—l—zéi,j_lai? t1=1,....n—1, 7=1,...,n,

while all the other entries are equal to zero. We observe that the total momentum » ", by
is a Casimir of the above Poisson bracket



Next we introduce the tridiagonal n X n matrices:

bl aq 0 .o 0 0
aq b2 a9 0 0
0 as b3 0
L =
0 bp—1 an—1
0 an-—1 by,
(2.5)
0 aj 0 e 0 0
—al 0 a9 0 0
0 —a2 O 0
A=
0 0 an—1
0 —Ap—1 0

where A = L, — L_ and we are using the following notation: for a square matrix X we
call X, the upper triangolar part of X

. Xija 1< j
(X4)yy = { 0, otherwise

and in a similar way by X_ the lower triangular part of X

_ ) Xy, i<y
(X-)ij = { 0, otherwise.

A straighforward calculation shows that
Lemma 2.1 The Toda lattice equations (4.3) are equivalent to

% = [A,I). (2.6)

Exercise 2.2 Determine the Lax pair for the closed Toda lattice.

The open Toda lattice equation is sometimes written in the literature in Hessebeg
form. Conjugating the matrix L by a diagonal matrix D = diag(1, a1, aqas,..., H;L:_ll a;)



yelds the matrix L =DLD™!

bb 1.0 ... 0 0
a? by 1 0 0
0 a3 b3 0

=~
I

™

3

0 b1 1
0 az_ | by

The Toda equations (4.3) take the form

dL SO
— = 9[A,L 2.8
7 [A, L] (2.8)
where the matrix A = L_ namely
0 0 0 . 0 0
a3 0 0 0 0
0 a2 0 0
A= (2.9)
0 0 0
0 az_, 0

From the results of the previous section, the Lax formulation guarantees the existence
of conserved quantities, namely the traces

Fj=tr 'Y j=0,....n—1.

are conserved quantities. To show the independence of the integrals Fy, ..., F,—1 we
observe that

n
Fj_1= Z bi + lower order polynomials of a; and by.
k=1

Since the polynomials b{ + b% 4+ 4 b for j = 1,...,n are linearly independent with
respect to the variables by, ..., b,, it follows that the integrals Fy, ..., F,,_1 are functionally
independent. Next we show that the integrals are in involution. For the purpose we need
the following lemma.

Lemma 2.3 (i) The spectrum of L consists of n distinct real numbers A\ < Ay < --- <
An-



(ii) Let Lv = \v with v = (vy,...v,)t. Then vy # 0 and v, # 0. Furthermore, vy =
v1pr(N\) where pr(N) is a polynomial of degree k in .

Proof. We will first prove (ii). From the equation Lv = Av one obtains

(b1 — A)Ul +aivg =0 (2.10)
ap—1Vk—1 + (b — Nvg + agvrr1 =0, 2<k<n. (2.11)

Since a; # 0 clearly v; = 0 = vy = 0, but then from (2.11) with & = 2, since ay # 0,
then v1 = 0 and vy = 0 implies v3 = 0. Hence v = 0 if v1 = 0. Therefore v; # 0. In the
same way it can be proved that v, # 0. From (2.10) and (2.11) it easily follows that vy
is a polynomial of degree k in A\. To prove (i), since L is symmetric, the eigenvalues are
real. In order to show that the eigenvalues are distinct, let us suppose that v and v are
two eigenvalues corresponding to the same eigenvector A. Then the linear combination
av + (0 is also an eigenvector of L with eigenvalue A. But then one can choose o # 0 and
B # 0 so that av; + 01 = 0 and by (ii) it follows that v + S0=0 implying that v and ©
are dependent. O

Using the above lemma one has

1 1.1
OF; 212X ... 2\,
deton | .. . L angw—&#a
V) VB ) I

because the eigenvalues are all distinct. This shows that we can take the eigenvalues
A1, ..., An as a new set of functionally independent variables. In order to show that the
Toda lattice is an integrable system we also need to show that the functions Fi,..., F,,
or equivalently the eigenvalues A1, ..., \, commute with respect to the canonical Poisson
bracket. For the purpose let us consider the equation

Lv = v, (2.12)
where v is a normalised eigenvector, v = (v1,...,v,)" and (v,v) = 1. Then we introduce
the discrete Wronkstian

Wi(v, w) = a;(viwi+1 — vip1w;) (2.13)

where w is an eigenvector with respect to the eigenvalue . We use the convention that
Wy =W, = 0. It is easy to see using the equation (2.12) that the Wronkstian satisfies

W, = (u — /\)'ini + W;_1. (2.14)



Indeed we have from (2.12)
(bi — Nv; + ai—1vi—1 + a;vip1 = 0, (b — p)w; + a;—_1wi—1 + a;wiy1 = 0.

Multiplying the first equation by w; and the second by v; and subtracting them, one
obtains the statement. We are ready to prove the following.

Proposition 2.4 The eigenvalues of L commute with respect to the canonical Poisson

bracket (2.2).
Proof. Let us consider the equation (2.12) and its variational derivative
dLv+ Lév=v\ +Adv
Taking the scalar product with respect to v and using (v,v) = 1 one obtains
oA = (v,0Lv) + (v, (L = X)dv) = (v,0Lv) + ((L — A\)v,dv) = (v,0Lv) (2.15)

where we use the fact that the operator L is symmetric.
Let A and u be two eigenvalues of L with normalized eigenvectors v an w respectively.
Then from (2.15) one has

Ox _ (v 8—Lv) = _102

opi ' op 2 (2.16)
oA oL : '
o (v, afqv) = Q;ViVi41 — Gi—1VV;—1, T =1,...,m,

where we use the fact that (v,v) = 1 and we define a9 = 0 = a,,. The same relations hold
for the eigenvalue pu. Then one has

B /0N O OX Ou
ot = Z (5%‘ Op;  Op; aqz')

i=1

(2.17)

1 n
=3 > (wiwi(ai(viwiyr — vis1ws) + aio1 (wivi1 — viwi 1))
i=1
Using the definition of Wronkstian in (2.13) and the identity (2.14) one can reduce the
above relation to the form

n

2 12
O i) = gy S = W2y = et o

i=1



Summarazing, we have proved the following theorem.
Theorem 2.5 The Toda Lattice is a completely integrable Hamiltonian system.

By Liouville theorem it follows that the Toda system can be integrated by quadratures.
Let us show how to do this. By the lemma 2.3 it follows that

L=UAU" (2.18)
where A = diag(Aq, . .., \,) with distinct eigenvalues and U is an orthogonal matrix UU* =
1 with entries U;; = w;; the normalized eigenvectors u; = (u1j,...un;)" of L. From

UU! = UU = 1 one has

n

(ui,uj) = 5@', Z(ukj)2 = 1, i,j = 1, B
k=1

We know the eigenvalues of L(t), since they are constants of motion. In order to know
L(t) at time ¢ we need to know the orthogonal matrix U = U(t), with entries U;; = u;;.
From (2.6) and (2.18) one has that

U= AU. (2.19)

In particular, the dynamics implied by the above equation on the first row uy;, i =1,...,n
of the matrix U is quite simple.

Lemma 2.6 The time evolution of the first row of the matriz U, namely the entries ui;
i1=1,...,n are given by

eQAituli(O)Q
S ety (0)2

uy;(t)? = i=1,...,n. (2.20)

Proof. From (2.19) one has

dul'
dtl = (AU)1; = a1us
and from the relation Lu; = \ju;, with u; = (uy;, ..., us;)t, one reduces the above equation
to the form g
U1j
dtl = (A — br)uy;.

The solution is given by

u;(t) = E(t)et'ui;(0), E(t) = exp (— /Ot bl(T)dT)



Using the normalization conditions

n n

L= ui(t)’ = E(t)* Y *N'ui(0)?
i=1 =1

which implies

n —1
B(t)? = (Z e%"tuu(o)?)
=1

one arrives to the statement of the lemma. O

2.1 Inverse spectral problem for the open Toda lattice

The goal of this section is to reconstruct the 2n — 1 variables a;(t) and b;(t) from the
spectral data Aq,..., A\, and the entries wuy;(t), ¢ = 1,...,n, of the matrix U with the
constraint )", u2.(t) = 1. We are going to use three different procedure to solve inverse
spectral problem and integrate the Toda lattice:

e the QR algorithm du to Symes;
e the continued fraction expansion due to Moser;
e orthogonal polynomials (follows from the first algorithm).

Introducing the notation

LGi(t) =wuy(t), i=1,...,n (2.21)
one can see from lemma 2.3 that the orthogonal matrix U can be written in the form
Si(Wpo(A1t)  &B)po(A2,t) ..o &a(t)po(An,t)
v GOp1(A,t)  L)pi(Aet) oo &u()pi(An,t)
51 (t)pn—l()\lu t) 52 (t)pn—l (>\2’ t) s én (t)pn—l()\nv t)

where pi (A, t) is a polynomial of degree k in A. Since U is an orthogonal matrix, the
orthogonality relations on the rows of U take the form

> &G pmM)pi(Ak) = 6. (2.22)
k=1

In other words, the polynomials p;(A,t) are normalized orthogonal polynomials with re-
spect to the discrete weights 5,% at the points \;. To find the orthogonal polynomials from

10



the weights, is a standard procedure. We will use QR factorisation, which is a decompo-
sition of a matrix A = QR into an orthogonal matrix () and an upper triangular matrix
R. If A is invertible, then the decomposition is unique if the diagonal entries of R are

positive.
Let us consider the non degenerate matrix V in the form
w1 (t)po(A1,0)  Vwi(®)p1(M1,0) ... wi(t)pr—1(A1,0)

w9 (t)p()()\Q, 0) w9 (t)pl()\z, 0) e w9 (t)pn71(>\2, 0)

Hpo(An, 0)  Vwn(t)p1(Mn,0) .o Vwp(t)pr—1(An,0)

s w1 (t) wp,(t) i
= diag ( w1 (0)’ wn(0)> U(0)
By the QR algorithm one has
= diag wal®) ) 10yt = U ()R,
wp,(0)

It is easy to check that R is indeed upper-triangular by observing that the entry (j,1) of
the product U(t)V takes the form

Zwk(t)pj<)\kat)pl()\k,0) =0, forl<y,
k=1

due to the orthogonality of the polynomials p;(Ag, t) with respect to the weights w1 (), ... wp(t).
Multiplyingthe matrix V from the left by U(0) and observing that

w](t) — E(t)eAjt
)
w;(0)
one arrives to the relation

E@®U(0)e U (0)! = E(t)e'"® = U(0)U(t)'R

or equivalently

eHO) = U (0)U ()R, (2.23)
where the scalar term FE(t) has been absorbed in R. From the relation
L(t) = U)AU(t)! = U@)U(0)'L(0)U(0)U(t)! (2.24)

one realizes that L(t) can be obtained from L(0) by knowing U(0)U(t)!. Therefore, the
solution of the Toda lattice equations can be obtained by the following steps

11



e from L(0) determine e*“(*)

e apply Gram-Schmidt orthogonalization procedure to e“(0) = U(0)U(t)'R so that
one obtains U(0)U(t)*
e determine L(t) from the identity L(t) = U(¢)U(0)'L(0)U(0)U (¢).

We are going to derive a different procedure to integrate the Toda lattice due to Moser
[12]. Recall that we have denoted by (&1,...&,) the first row of the matrix U. Consider
the set

Spec = {A1 <Ay <-- < Apy (1,000 ), & >0, Y & =1}, (2.25)
i=1
which is the spectral data associated to the matrix L = L(a,b). The matrix L is a Jacobi

matrix, namely a tridiagonal symmetric matrix where the lower and upper diagonal entries
are positive.

Theorem 2.7 (Moser) The spectral map
S: L(a,b) — Spec
is a bijection between Jacobi matrices and the set Spec.

Proof. We need to show that for a given set (A,&) € R” x R™ where A = (A1,...,\n),
with Ay < Ay < -+- < Ay and € = (&1,...,&,) with (£,£) =1 and & > 0 there is a unique
Jacobi matrix with such spectral data. For the purpose define for j = 0,...,n — 1 the
(n —j) x (n — j) matrices

z — bj+1 —aj+1 0 0
—aj+1 zZ — bj+2 —aj+2 0
AJ’ (Z) = det 0 —aj542 Z — bj+3 —aj4+3
0 0 —Qp_1 zZ—by

with Ap(z) := 1 and A,41(2) = 0 and Ag(z) = det(zl — L). It is easy to see that A;
is a polynomial of degree n — j. Furthermore, expanding the determinant along the first
column, one obtains the recursion relation

AJ’(Z) = (Z — bj+1)Aj+1 - a?+1A]‘+2. (226)

Now let us consider the entry (1,1) of the resolvent R := (zI — L)~!. Such entry turns
out the be equal to




by the form of the inverse of a matrix. On the other hand, one also has

R(z)n = (I = L)' = (U(zI = MU, =

U= AUy =) —

i1 ° Ai
Combining the above two relations and the recursive formula (2.26) one arrives to the
continued fraction expansion

g1 1 B 1
P vl 7 2 (2.27)
i=1 ‘ p 2—bi—xr z-bi— -
Ay z—by— 2
o
z—bn
O
For example from the continued fraction expansion one has

b= N& an-1=Y (N — )&
i=1 i<j
So the integration of the Toda lattice is obtained by the following diagram:
direct spectral problem
{ai(0), b:(0)} —

{A1,.

4
inverse spectral problem
{ai(t)v bl(t)} — {)‘17"'7>\n7 El(t) agn(t)}
Such procedure is called inverse scattering.

Example 2.8 In the particular case n = 2 from the continued fraction expansion

g . 8 _ 1
Z2=A  z—= X S a?

z — bg
one can get easily the explicit formulas of the solution

)\g 02 2/\1t+)\£ 02 2ot

bi(t) = —5p1 =& ()% + Aaa(t)® = 1£1E0;222/\1t T 53(5)(26)2th
1 )\5022>\1t+/\€ 022)\2t

ba(t) = P2 = A1 (1) + M&a(t)? = 25120;2%” T 521((?)(222;275

13



1 a1-a A2 — A1)€1(0)&5(0)ePr A2t
a; = 56 2 = ()\2 — )\1)61 (t)£2(t) = ( 51(0)216)2)‘11S _)|_ zi(())(;2€2)\2t

or equivalently
g =— log (51 (0)262)\1t 4 62(0)262)\215)

g2 = —2(M + A2)t — 21og(2(A1 — A2)&1(0)E2(0)) + log (§1<0)2e”11t + 52(0)%”%) .

Observe that for ¢ — +o00 one has
al(t) — 0, bl(t) — )\2, bQ(t) — )\1.
Exercise 2.9 Prove that for t = 400 the Lax matrix becomes diagonal with entries

L — drag(An, Adn—1, -+, A2, A1)

2.2 Toda flows and orthogonal polynomials

It is instructive to relate the integration of the Toda flows to orthogonal polynomials. Let
du(N) be a positive measure on the real line such that

/ Nedu(N\) < oo, k>0.
R
Consider the (n+ 1) x (n 4 1) Hankel matrix M,, with entries
(My)ij = / NFI=2du(N), i, j=1,...,n+1.
R

Lemma 2.10 The matriz M, is positive definite.

Proof. It is sufficient to consider the positive integral

0< /(ZtkAk)Qdu()\) :/ > et N dp(h) =< t, Myt >
R R

k=0 4,k=0

where t = (tg,...,t,). For the arbitrariness of ¢ it follows that M, is a positive definite
matrix. O

14



We define the determinant
D,, = det M, (2.28)

which is by lemma 2.10 positive. For convenience we are setting D_; = 1.
Let us now consider the polynomial of degree n

[ ()
M,
Tn(A) = det 1 [ AP =Ldpu(N) (2.29)

PUNED LD U AT

1
po(A) =
” Vo (2.30)
Fn(A) \/m -1 ’
n(A) = = AT+ O\" , 0,
are orthonormal polynomials with respect to the measure du(X), namely
/an(k)pm(k)du(k) = Onm- (2.31)

Proof. The orthonormality condition (2.31) is equivalent to the conditions [p pr (M)A dp(X) =
0 for m < n and [ pn(X)2du(A) = 1 Using the fact that the determinant is a multilinear
map one has

S Amd(A)
[ 0N di(3) = det I tau | =0, m<n.
R
AN [N () AL [ AN

The above determinant is equal to zero because the last row of the above matrix is equal
to the (m + 1)th row. Regarding the normalising condition one has

1 . B
/an(A)Qdu(A) = ZMM/RDMA T (N dp(N) = 1.

15



Lemma 2.12 The orthogonal polynomials (2.30) satisfy a 3-term recurrence relations

Apo(A) = a1p1(A) + bipo(N)

(2.32)
)‘pn()\) == an+1pn+1()\) + bn—i—lpn()\) + anpn—l()\)a
with
Dn 1Dn71
An+1 = 572 (2.33)
Gn Gn—l
by = =2 — , 2.34
o Dn Dn—l ( 3 )

where Gy,—1 1is the determinant of the minor of Dy, (\) that is obtained by erasing the (n+1)
row and the n column,

Proof. The polynomial Ap,(\) is of degree n + 1 so one has

n+1
Apn(N) = Y Aek(N),
k=0

for some constants ~;’. Multiplying both sides of the above identity by p;(A), 0 < j <n-—1
and integrating over du(A) one has, using orthogonality

0= [ W Nd() =55, 0<j<n-1.
because Ap;(A) is a polynomial of degree at most j + 1 and Ap,()) is at most of degree

n+ 1. Therefore only v;;,1,7;, and 7;,_; are different from zero. In order to determine the
coefficient ;}, | let us observe that

Dy _
Po(N) = [ AT OO,

and comparing the right and left-handside of (2.32) one has

Dypi1Dp—
o1 = 7n+11)2n == Ap41 (2.35)
n

Regarding ~,'_; one has

= /R A (A Dot (V) dp(A) =

16



so that 7)'_; = a,. Defining G,,_; the determinant of the minor of D, (\) that is obtained
by erasing the (n + 1) row and the n column, one has that

anl anl -1 -2
AV \" O\"
Dn an n—1 * ( )

so that comparing the left and righthandside of (2.32) one obtains

pn()‘) =

b _ G G
i Dn anl '

(2.36)

2.3 Integration of Toda lattice
Now let us consider the measure associated to the Toda lattice
di(N) = E2(t) > e®MP6(A — Ai)un i(0)%dA,
j=1
with E(t) a function of time as in (?7). Then it is easy to check that the ratios G, /D,

Dypi1Dy—
in (2.36) are independent from E(t) as well as the ratios 4/ % in the definition of
n

ap. Therefore we can set E(t) = 1 without loss of generality. It in an easy calculation to

derive the identity
oD,
= 2G,.
ot "

So using the above identity one can write the coefficient b,,4; in the form

, 10, D
= —— 10 .
T 950 8D,

(2.37)

We conclude that the integration of the Toda lattice equation is given by the relation
(2.37) and (2.33) with respect to the measure

n
dp(A\t) = u1i(0)%€*M(A — Ay)d.
j=1
We are now interested in determining the evolution of the coefficients a, and b, as
a function of the parameter t. To operate in a more general setting let us introduce the

modified weight
dp(\) = X=Xt dj(y),

17



with dfi(\) independent from the times tx,k = 1,...,s and with ¢t; = ¢. Consider the
tridiagonal seminfinte matrix L

b1 al 0 e 0 0
al bg a9 0 0
0 ag b3 0
L=1... (2.38)
0 b1 an—1
0 an—1 by,
and the infinite vector
po(A)
p1(A)
A
p(\) = p%? ')
pn(A)

Then the 3-term recurrence relation can be written in the compact form
Ap(A) = Lp(N). (2.39)
Now let us introduce the quasi-polynomials
Yr(A) = pr(A)eXr=1V1r,
Clearly from the orthonormality of the polynomials py(\) it follows that

/R GO (N i(A) = 5. (2.40)

Now we are going to investigate the dependence of ¢;, on the times t1, ..., ts.

Lemma 2.13 The following relation is satisfied:

i) |
8;; ) _ ST (A)imt¥m(N), a=1,....s, (2.41)

with A, antisymmetric matric.

18



Proof. Let us differentiate with respect to ¢, the orthonormality relations (2.40)

TR AC T

[ Cadimin N+ [0 Y At W)

= (Aa)jk + (Aa)r; =0

so that

Lemma 2.14 The following relation is satisfied
Ay =LYy — (L), a=1,...,s, (2.42)
where (L%) 1 is the projection of L* to the upper/lowe triangular part of L“.

Proof. We observe that

Yp(A) = (\/Tkl)\k + O()\k 1)) ezzsizl)‘ﬁtﬁ7
0 o D, .
?:g( ) - = Yr(A )87& (log \/DTkl> FAYE(A) + ONF ) elb=1 Vs

so that for j > k

Agj = /R azg’zf)wj(x)dg(x): /R A% (N (N di(N) = /R > (L) emtbm(Nw; (N dji

= (LY)kj

so that

Using the antisymmetry of A,, (2.42) follows. O

Lemma 2.15 The semiinfinite matrix L satisfies the Lax equation

dL

i, =[An, L], a=1,...,s. (2.43)

19



Proof. We differentiate with respect to ¢, the 3-term recurrence relation (2.39) to obtain

dip
— L— ) =0 2.44
dta¢+( Vi (2.44)
where () = p(A)eZi=11A" Using (2.41) one obtains
dL dL
— = Ao, L
v+ =N = (G~ 141w =0
so that by the completeness of 1) one has (2.43). O

Remark 2.16 Let (\q,..., ;) be the zeros of the polynomial p,()), then the relation
(2.39) takes the form

bl al 0 e 0 0 pg()\j) pO()\j)
aq bg ag 0 0 p1(>\j) pl()\j)
0 ay by 0 p2(X)) p2(A;)
0 bn—l an—1 pn—Z()\j) pn—Q(Aj)
0 an—1 by, Kpnfl(/\j) \pnfl(/\j)

The above equality says that the zeros of p,(\) are the eigenvalues of L defined in (4.4)
and therefore, by lemma 2.3, its eigenvalues are distinct and real. The eigenvector relative
to the eigenvalue \; is given by (po(};), p1(Aj)s .-, Pn—1(Xj))"

Remark 2.17 From the construction of this section and the relation (2.22), in order to
solve the Toda lattice equations, given the Lax matrix L(0) at time ¢ = 0, it is sufficient
to determine its eigenvalues Aq,...,\, and the first entry of the eigenvectors u;(0) ,
7 =1,...,n and then construct the measure

Zulj 0)2eM(N — \j)dA,

where d()) is the Dirac delta function. Given the measure du(A) the solution of the Toda
lattice equation is obtained from (2.28), (2.37) and (2.35).
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3 Periodic Toda

We consider the Toda lattice for b,,a, with n € Z and the periodicity condition in N:
(bnyan) = (@n+N,bn+n). The phase space becomes M = RN x RY;. The Hamiltonian

takes the form
1 N N
_ 1t 2 2
HolY Y
n=1 n=1

Now the equations of motions are:
by, = a2 —a2_, (3.1)
ap = %an(bn+1 - bn)

These equations have an Hamiltonian structure. Indeed, the canonical Poisson bracket
transforms to

{aTL?am} = 0 = {bna bm})
1
{bny am} = §(am5n,m - amén,m—l-l)

for every 1 < n,m < N. Such bracket can be written in the compact form using a 2N x 2N

matrix: 4
0

where A is a N x N matrix defined by:

a 0 e 0 —an
—al a9 0 e 0
1 . .
A= 5 0 —Qag as T : . (3.3)
. . . 0
0 NN 0 —aN-—-1 anN

For every point of the phase space (b,a) = (by,an)i1<n<n the Poisson brackets between
two generic C*°(M) functions F, G, is:

{F,G};(b,a) = (Vy,F, Vo F), J(VyG, VaG)) gan

3.4
= (VpF, AV ,G)gn — (Vo F, A'V,G)g. (3:4)

Then we have that the equations given in 3.1 are exactly:
by = {bn,H};, an="{an,H};, 1<n<N,

From now on, we will consider the periodic Toda lattice in Flaschka coordinates.
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Remark 3.1 Because of the old coordinates’ periodicity, we have that va\,le anp = 1.
Indeed:

N N
H(I H %q" In+1) —e2 Zn 1(‘1n Gni1) =1.

So we have immediatly found another constant of motion, together with 27]1\[21 by,

The last thing to observe about the Poisson structure {, }; , is that it is degenerate
and it admits some Casimir functions. Indeed, one can observe that the matrix A has not
maximum rank, since:

as 0 0 —ag az ... 0

det(A) = ay —.a2 as S an (=11 0 —az : o,
: - 0 : 0
0 ... —aN_1 GN 0 0 —an_1

but rank(.A) = N —1: one can find a nonzero minor of this dimension, for example the one
obatined removing the first column and the first row of 4 has the value Hf\; ga; =1/a1 #0.
Then, from the definition of J, rank(J) = 2N — 2, in every point of the phase space.

Definition 3.2 A Casimir function for a Poisson structure {, } is a smooth function
f: C°(M) with the property that {f,h} =0, Vh € C*(M).

In our case, the two Casimir functions associated to the Poisson bracket {, }; are the
conserved quantities:

1 N N %
N Z bp, Cp= (H @n> . (3.5)
n=1 n=1

Calculating the gradients in a certain point (b,a) € M, we find:
Vil = (Vo1 VaCh) = (— oo =~ 0, 0) (3.6)
b,a“1 = b“1, Va1l) — N TN ) .
Cs Cs

vb@CZ = (VbCQ, vaCZ) = (07 sy 0, )a (37)

Na;”" """ Nay

namely they are linearly independent vectors for every point (b, a). Then, one can consider
for every (B,a) € R x R the level set given by:

Mﬁ,a = {(b, a) eM: (01702) = (ﬁ7 a)}a

and since the gradients V; ,C7 and Vy ,Co are linearly independent on each point of M,
Mg « is smooth submanifold of M of codimension two. Every Mg , has also the property
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to have the restricted Poisson structure (induced by J) nondegenerate, and then it has a
symplectic structure.
In other words Mg, is the symplectic foliation of M.
Furthermore in our specific case Co = 1, so a must be 1 and then the foliation is of the
type Mg 1.

The Lax pair for the periodic Toda lattice is given by two N x N matrices LT, A:

by ap 0 - tan
ap by ap . :
L¥(b,a)=| 0 ay by . 0 (3.8)
: . : anoy
tay ... 0 an_1 by

that is a Jacobi matrix with extra entry in the right-upper and left-lower corner (that
leave it symmetric), and the skew-symmetric one:

0 aq 0 —anN
1 —aq 0 a9
A=51 0 -—a B (3.9)
aN-1
anN NN 0 —aN_—-1 0

one can prove, through straightforward calculation, that the system given by
it = (A, L]

is equivalent to the Toda lattice equations 3.1, i.e. L™, A form a Lax pair for the periodic
Toda lattice. (The same is true for the matrix L~ but changing the sign of the terms ay
in the matrix A).

Now,using the property of Lax pair formulation, recalled above, one finds the following
proposition.

Proposition 3.3 For every solution (b(t),a(t)) of the periodic Toda lattice 3.1, the

eigenvalues {)\;E}K . of L* (b(t),a(t)) are conserved quantities.
<<

This result explains why it is fundamental for us, to study the spectrum of such periodic
Jacobi matrices: it gives us the constants of motion that we need in order to say that the
Toda lattice is an integrable system.
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4 Jacobi operator and its spectra

The spectral theory of the matrices LT defined in (3.8) is strictly connected with the
spectral theory of Jacobi operators. So we dedicate a section entirely about this topic. We
start from the Jacobi operator and we introduce some particular spectra for this operator,
namely the periodic/antiperiodic spectrum and the Dirichlet spectrum. Then we show
how these two spectra are associated to the Lax matrices L™ of the periodic Toda lattice.

Definition 4.1 We call Jacobi operator, an operator acting on the space I2(Z) as the
following combination of shift operators:

(Ly.0y)(n) = an—1(S™'y)(n) + ba(S%)(n) + an(S'y)(n), (4.1)

for every y € I?(Z), where (S™y)(n) = y(n +m),Vm € Z is the m—shift operator, and
b = {bn},cz is a sequence of real numbers and a = {an},cy is a sequence of real and
positive numbers.

On each sequence of 12(Z), the Jacobi operator is realised as an infinite dimensional sym-
metric tridiagonal matrix such that: the b, stay on the diagonal and the a,, stay on the
upper and lower diagonals.

Definition 4.2 A real Jacobi matrix of size N is the finite dimensional analogue of the
Jacobi operator. So it is a symmetric, tridiagonal matrix:

b1 al 0 N 0
a1 by as 0
L = 0 ay b3 . 0 , (4‘2)
0 an_1
0 0 ... AN bN

where the entries a, € Rsg and b, € R for 1 < n < N. A periodic Jacobi matrix is a
matrix of the same kind, but it has also two nonzero positive elements: one in the right
upper corner and another in the left lower corner, that leave it symmetric but no more
tridiagonal. For example the matrix L* defined in 3.8 are periodic Jacobi matrix.

Remark 4.3 The open Toda lattice, is defined by the equations

ap = ap(bpsr —by), k=1,...,N—1

. 4.3
by =2(a; —a;_,), k=1,...,N, (43)
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where we have a9 = ay = 0. Its Lax pair is given by the matrix (4.2) and the matrix

so that the equations (4.3) are equivalent to the Lax equations

0 a0 ... 0 0
—al 0 a9 0 0

0 —ax O 0
0 0 an—1
0 —Qp—1 0

dL

— = 1A, L]

dt [ 7 ]

Now we look at the difference equation for the Jacobi operator:

(Lpay)(n) = Ay(n), n € Z

(4.4)

(4.5)

in our case, when b,, a,, are periodic, and we define two different spectra associated to this

equation.

Remark 4.4 Solutions {y(n)}, .z of the equation 4.5, are functions of A, so we denote
y(-) = y(-, A) for every \ satysfing the equation.

Definition 4.5 The periodic/antiperiodic spectrum of the Jacobi operator Ly, (of period
N), is formed by the A € R such that the eigenfunctions of 4.5 satisfy the periodic/anti-
periodic condition y(n + N) = +y(n), for every n € Z.

We now show that this spectrum exactly corresponds to the set of eigenvalues of the
matrix L*. Indeed: we know from the properties of Flaschka-Manakov coordinates that
our sequences of by, a, are periodic of period N. Then using the periodic condition on the
eigenfunction, we obtain that the the difference equation 4.5 is reduced to N equations:

aoy(0) + bry(1) + a1y(2) = My(1) & any(N) + biy(1) + a1y(2) = Ay(1)
ap—1y(k — 1)+ bry(k) + apy(k + 1) = Ay(k),2 <k <N -1

an—1Y(N = 1) + byy(N) + any(N +1) = Ay(N) <
& an-1y(N — 1) + byy(N) + any(1l) = Ay(N),

that are equivalent to the eigenvalues equation for L*:

(L = AD)(y(1),...,y(N))" =0,

and similarly for the anti-periodic spectrum.
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Definition 4.6 The Dirichlet spectrum of the Jacobi operator L; 4, is formed by A € R
such that they are solution of 4.5 and the correspondent eigenfunction respects the zero
boundary conditions, i.e. y(1) =0 =y(N +1).

Also in this case, we can find a relation between this spectrum and the eigenvalues of
a matrix related to the Lax matrix for Toda periodic L. In particular the Dirichlet
spectrum corresponds to the eigenvalues of the matrix Lév obtained removing the first
column and the first row of L™. Indeed using the periodicity of b,,, a,, and the zero boundary
conditions, the equation 4.5 is reduced to N — 1 equations:

a1y(1) + b2y (2) + a2y(3) = Ay(2) & bay(2) + agy(3) = Ay(2)
ar—1y(k — 1) + bpy(k) + ary(k + 1) = Ay(k),3 <k < N -1
an-1y(N — 1) + byy(N) + any(N + 1) = \y(N) < an-1y(N — 1) + byy(N) = Ay(N)

that are equivalent to the eigenvalues equation for L3':

(LY = AD(y(2). ... y(N))! = 0.

We recall that from Lemma 2.3 the eigenvalues p1, ..., ux_1 of the matrix LY are all
distinct.

Remark 4.7 For the periodic Toda lattice, the matrices L, do not have necessarily
distinct eigenvalues. The Dirichlet spectrum p;(0), ..., un—1(0) that are the eigenvalues
of the matrix Lév are distinct, and this enable us to use the orthogonal decomposition,
namely LY (0) = U(0)diag(u1, ..., un—1)U'(0) where U(0) is an orthogonal matrix whose
column are orthogonal polynomials with respect to an orthogonal measure p(0). Such
measure is determined from the eigenvalues )\f, ceey )\ﬁ of L* and the Dirchlet spectrum.
However in this case, the eigenvalues p; are not constant of motion but evolve according
to so called Dubrovin type equation [?]. The integration is much more complicated,
however once we have the measure p(t) and the Dirichlet spectrum p1(t), ..., un—1(t), we
can obtain the orthogonal matrix U(t) by Gram-Schmidt procedure and then recover the
matrix L (t) as

LY = Ut)ding(ua (t), ... i1 (D)UH(E), ¢ > 0.

This enable to obtain ag,...,anx—_1 and by, ...,by. The evolution of a;(t), b1 (t) and an(t)
is obtained using the two conserved quantities of the Toda lattice, namely C7,Co, and by
fixing the normalization of the measure p(t).

We summarise the integration procedure with the following diagram:
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i 1 1
direct spect_rz)x problem Eigenvalues of L*(0), L} (0)

and spectral measure p(0)

{br(t =0),ar(t = 0)}

Toda evolution

i tral bl
e SE A D Eigenvalues of L*(t), LY (t)

and spectral measure p(t)

{bk(t), ar(t) }

The key step is to observe that the Dirichlet sprectrum, after a nonlinear change of
coordinate, evolves linearly on the Jacobi variety of the Riemann surface

N
Si={(w,A) € C*[w® =[(A= XA =)},
j=1

where we assume that generically the )\;-t are distinct. Such coordinates correspond to the
angle variable of the Toda lattice.

5 Direct spectral problem

In this section we want to describe the periodic/antiperiodic spectrum and the Dirich-
let spectrum for the operator L;,. As a first step we construct a basis of normalised
eigenvectors.

Definition 5.1 We call fundamental solutions c(k, A), s(k, A) the solutions of 4.5 with
initial conditions:

c(0,A) =1, s(0,)\) =0,
c(L,A)=0, s(1,))=1.

Then given any arbitrary initial conditions, the solution y(k, ) will be a linear com-
bination of the two fundamental solutions:

y(kv )‘) = y(oa )‘)C(ka )‘) + y(17 )‘)S(ka )‘)
Definition 5.2 We call Wronskian, for every k € Z, the quantity:

W(k) = ag(c(k)s(k + 1) — c(k + 1)s(k)). (5.1)
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The Wronkstian does not depend on k.
Proposition 5.3 (Wronskian Identity) The following is satisfied:

W(k) = ao, Vke N. (5.2)
Proof. Using the relation (4.5) we have
W (k) = ar(c(k)s(k +1) — c(k + 1)s(k))

= ay C((II]?((/\ —by)s(k) —ag—1s(k—1)) — SC(LIZ)(()\ —bg)e(k) — ag—1c(k — 1))
=ag_1(c(k —1)s(k) —s(k —1)c(k)) = W(k —1).
(5.3)
Using the definition 5.1 we have that W (0) = ao. O

Now we characterise the fundamental solutions c(k, A), s(k, A).

Proposition 5.4 For each k € N, the eigenfunctions c(k,\) and s(k,\) are polynomials
in A of degree at k — 2 and k — 1 respectively. In particular we have:

C(N +1, )\) = —(a1a2 S aN_l)_l)\N_l + ...,

5.4

s(N+1,)) = (araz...an) AV 4 ... (54
Proof. We first introduce the following notation: Lf is the the quadratic matrix obtained
from LT without first i — 1 rows and columns and without last N — j rows and columns.
Then we can take the determinant of this quadratic matrix:

Al = det(\ - L) (5.5)

for 1 <i<j < N. We also put Aﬁ_l =1 and A§_2 =0.
We are going to prove that, Vk € Z, the fundamental solutions can be expressed with the
following formulas:

c(k) = —ap(ay . ..ak_l)_lAg_l, s(k) = (a1 . ..ak_l)_lA'f_l, (5.6)

and since A’;*l, Alffl are monic polynomials in A of degree k — 2 and k — 1 respectively
we have the first statement of the proposition. Then, in the case K = N + 1 we obtain
exactly the relation (5.4).

We have to prove the relation (5.6). We prove it by induction on k. We restrict to the
eigenfunction c¢(k, A), since the case for s(k,\) can be obtained in a similar way. If £ =1,
from the equation 4.5 we have that:

Ae(1,A) = ape(0, A) + bic(1,\) + are(2, A),
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and substituting initial conditions, one obtains ¢(2,\) = —aoal_l: then recalling that we
put Aﬁfl = 1 we are done.

Now, supposing that the formula is valid for kK — 1, we prove that it is also valid for k.
Recalling the same eigenvalue equation:

Ae(k —1,0) = ag—ac(k — 2, \) + bg—1¢(k — 1, \) + ag—1c(k, N),
and using the induction hypothesis, we find:
c(k,A) = a, ' (—ag—2c(k — 2,\) + (A = by—1)c(k — 1,\))
= a; ' (—ap—a(—aop(ai . .. ap—3) TAETY £ (A = bp_1)(—ao(ar . .. ap_o) T1ALT?)

= —ag(ay...ap_1) (—ai_ AL+ (N —b_1)AL?)

= —ao(a1 ... akfl)flAg_l.

For every eigenfunction f(k) of the operator £, we have

f(k, ) = f(0,Ne(k, ) + f(1,N)s(k, A)

<f<m)1>> B <c<zcv(]—vk)1> 8&@1)) GE?D

Using the Wronkstian identity 5.2, the matrix

c¢(N) s(N)
My = (c(N +1) s(N+ 1)) (5.7)

and in particular

has det(My) = 1. Therefore its eigenvalues are

A+VAZ—4

det(My — €)= -~ AE+1=0 & &= 5 ;

where A(X) = Tr(My(X)) = c¢(N,A) + s(N + 1, A).
The quantity A()), is called discriminant. We observe that the eigenvalues £ of the matrix
My have the following properties

e if A(N\) = £2, then {4 = +£1 is a double eigenvalue of the matrix My;
e if |A| < 2, then the eigenvalues £+ are complex conjugate and |[4| = 1;

o if |[A] > 2, then the eigenvalues are real and {4 > 1 and - < 1.
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The eigenvectors of the matrix My can be parematrized as

(le:) Ca= 516—(;(17;; 0l

The Bloch eigenfunctions are defined by
Yie(k+1)=s(k+1)+xxc(k+1), keZ
We observe that ¢4 (1) = 1. One can immediately verify that

Ye(N +1) = Eetpe (1) = &4
so that
Pe(m(N +1)) =E"Y(1), meZ

Therefore when the eigenvalues &1 are real, the Bloch eigenfunction ¢ (m(N + 1)) grows
exponentially for m positive and )_ (m(N +1)) grows exponentially for m negative. When
the eigenvalues £4 are complex we have

[ (m(N + 1)) = g"[Y£(1)] =1, meZ

The values of A for which
A(N) = £2,

correspond to the periodic and anti-periodic spectrum of the operator £ 4. This spectrum
corresponds to the eigenvalues of the matrices L™ respectively. Since the matrices L* are
symmetric, it follows that the equations A(A) = £2 have N real solutions each.

The set of values A € R for which

AN <2

corresponds to the stability zones of the spectrum of Ly ,.
The Dirichlet spectrum corresponds to the values of A € R for which the polynomial
¢(N + 1) of degree N — 1 is equal to zero. Indeed, from the relation 5.6, we have:

c(1,\) =0, c¢(N+1,1)=0.

Such spectrum corresponds to the eigenvalues of the matrix Lév , which is a tri-diagonal
matrix. The next result shows that the eigenvalues of tridiagonal matrices are all distinct.

Proposition 5.5 Fvery Jacobi matriz L of size N has exactly N different real eigenval-
ues.
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Proof. The idea of the proof is first to show that every eigenvector v = (v(1),...,v(N))!
of L for a certain eigenvalue A, i.e. (L — AI)v = 0, has the property that the first and the
last entry must be different from zero. Indeed, if for example v(1) were zero, then writing
explicitly the eigenvalues equation one has:

(b1 — Mv(1) + a1v(2) =0,
that implies v(2) = 0. Then:
a1v(1) + (ba — Mv(2) + azv(3) =0,

that implies v(3) = 0. Going on in this way one obtains that all the components of v
are zero, in contraddiction with the fact that v was eigenvector. The same proof is valid
supposing that v(N) = 0.

Now we can prove our thesis. Suppose that a certain A, eigenvalue of L, we have two
different eigenvectors v, w: we are going to show that they are linearly dependent. Indeed:
from the property above we know that v(1) # 0 and also w(1) # 0. Then we can choose
a couple of real numbers ¢, d such that (¢, d) # (0,0) and cv(1) + dw(1) = 0. And now we
can consider the vector cv + dw: this is still an eigenvector for L with respect to A, but its
first component is zero, and so we have that cv + dw is the null vector for ¢, d coefficients
nonzero both. This exactly means that v, w are linearly dependent and so every eigenvalue
of L has multeplicity one. a

Remark 5.6 In this chapter we introduced all the tools to prove the integrability of the
periodic Toda lattice. Indeed we introduce

e the Flaschka-Manakov coordinates {a, bk}{f:l and we show that there are two con-
stants of motion:

N N
E bn, H Qn,.-
n=1 n=1

e We show that the Hamilton equation of motion for the periodic Toda lattice are
equivalent to the Lax equation

i* = [1%, 4],

where L* are the periodic Jacobi matrices defined in (3.8) and A is defined in (3.9).
This allowed us to show that all the eigenvalues of the Lax matrix L* are constant
of motions. Clearly these quantities cannot be all independent.

e Then we related this set of eigenvalues to the periodic, anti-periodic spectrum of
the Jacobi operator 4.1, and we defined also its Dirichlet spectrum, showing that it
coincides with the set of eigenvalues of the matrix LY, submatrix of L* obtained by
erasing the first row and column of L*.
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In the next chapter we are going to solve the inverse spectral problem for the periodic Ja-
cobi matrix, namely we will show how to reconstruct the periodic Jacobi matrix associated
to Toda lattice from its spectral data.

6 Integrability of Toda periodic

In this chapter we are going to show a way to integrate the equations in 3.1.

The main idea is to think at the problem from another point of view: we want to resolve the
inverse problem for the spectrum of periodic Jacobi matrix. This means that we suppose
to know the eigenvalues of the matrix L™, and we want to reconstruct, starting from these,
the entries of L™. Unfortunately the only spectrum of the matrix it is not enough, but we
have to use the already known Dirichlet spectrum. This information, together with the
construction of a basis of eigenvectors with respect to every Dirichlet eigenvalue, permit
us to reconstruct the periodic Jacobi matrix LT, that has the initial fixed spectrum and
Dirichlet spectrum, and Hfzle ay, constant.

Actually, this can be done with a certain degree of non uniqueness, that depends essentially
on the choice of a sign in front of some square roots needed in the construction of the
eigenvectors cited above. In particular, one can see that the space of isospectral periodic
Jacobi matrices with constant Hﬁ;l ay, is a torus of dimension at most N — 1. This is all
for the inverse spectral problem for periodic Jacobi matrix.

So in the case of periodic Toda equations, fixing the initial conditions a,,(0), b,(0), we can
compute the eigenvalues of L*, that are constants, as we already know, and we have that
ngl an, = 1. Then applying the result for the inverse spectral problem, if we are able to
calculate also the time evolution for the Dirichlet spectrum, that it is no more constant,
then we are able to describe the temporal evolution of the coordinates a,,, by,

For this reason, in the last part of the chapter we will show how to find the system of
differential equations for the Dirichlet eigenvalues.

7 The union of periodic and anti-periodic spectra

This section is kind of technical. We are going to introduce a new matrix ) of dimension
2N, that will be useful for other computations.

First of all we want to show how the spectrum of this matrix is related to the periodic/anti-
periodic spectra of 4.1, already defined in the section 4.

Definition 7.1 . We define a new periodic Jacobi matrix @, of size 2V, constructed by
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taking two copies of L*:

bt a1 0 an
al bg
aN-1
0 an—1 by an
ay b1 a
aj
aN-1
aN ... ... eer ov. ... an—1 by

The spectrum of @) is described by the following result. Note that since @ is a real
symmetric matrix, it has 2N real eignevalues, but we do not know anything about the
multeplicity of each one.

Theorem 7.2 (Q spectrum) The spectrum of Q
AM <A< A3 <A << dovae < dav—1 < Aow

is such that: if N is even, then A1, A\g, A5, ..., AaN—4, AaN—3, Aan are the roots of A(N\)—2 =
0 and they have periodic eigenvectors of period N; all the others are the roots of A(A)+2 =0
and they have eigenvectors of period 2N. If N is odd, then Aa, A3, Ag, ..., AaN_4, AaN_3, AaN
are the roots of A(X) —2 = 0, with eignvectors of period N and the others are the roots of
A(N)+2 = 0, with eigenvectors of period 2N. Only the intervals [Ag;, A2i+1] may degenerate
to one point.

Before to start the proof we need the following lemma, that describes the derivative of

A(N).
Lemma 7.3 We have that:

A 1Y
Do D (s(N)P(k) = (e(N) = s(N + 1))e(k)s(k) — e(N + 1)s>(k)). (7.1)
k=1

Proof. We take y(k) and z(k) generic solutions of eigenvalues equation 4.5, respectivly
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for two different A and p. Then:

N

N
— 1) > y(k)z(k) =Y (y(k)z(k) — pz(k)y(k))

k=1

o
—_

(2(k)(ar—157" +bpS” + arSh)y(k) — y(k)(ar—18™" + 0xS° + arS")z(k))

I
M=

B
Il
—

(ako1 (2(k)y(k — 1) — 2(k — Dy(k)) + an(2(k)y(k + 1) — y(k)=(k + 1))

I
M) =

B
Il

—~ =

y(0)2(1) = 2(0)y(1)) + an(2(N)y(N + 1) — y(N)z(N + 1)).

|
N

0

Choosing y(k) = c¢(k,\) and z(k) = c(k, ) and using initial conditions, remains:

N
Zc c(k,p) = an(c(N, p)e(N +1,X) — (N, N)e(N + 1, 1)),
k=1

and now dividing by A — p and for A — pu, we finally have an expression for the norm of
c

lle|? = Zc = an(c(N)d(N +1) — ¢(N + 1) (N)). (7.2)
The same is valid for the norm of s and something similar is true for the scalar product

(c,s). Then substituting these formulas in % = (N,\) + s (N + 1, \) one obtains the
thesis. O

It follows the proof of the previous theorem on the spectrum of Q).

Proof. (Q spectrum) Now we are looking for f solution of the eigenvalues equation, so
f = foc+ fis alinear combination of the fundamental solutions, where fo = f(0,\), f1 =
f(1,X). Then we also impose that it is periodic (or antiperiodic) of period N, i.e. f(k+
N) = +f(k). These two things together are equivalent to the following condition (in the

periodic case):
@8) B (f(JJCvU—Vr)w) B (c(fv(]—vk)n s<§v(]—vk)1>> @89 '

But this means that the matrix:

c¢(N) s(N)
My = <C(N +1) s(N+ 1)) (7.3)
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has only eigenvalues 1. Now observe that these eigenvalues come from:

det(My —€1) =& - A{+1=0 & 5:Ai\/2ﬁ27—4’

where A =Tr(My) =c¢(N) + s(N +1).
So, we have that f is a periodic solution of period IV of the eigenvalues equations for @,
if and only if A —2 = 0. We can conclude that the eigenvalues of () that admits periodic
eigenvector comes from the zeroes of the polynomial A(A) — 2 (that is of degree N).
Repeating the same procedure with antiperiodic condition, one finds that the eigenvalues
satysfing this condition are exactly the roots of A(\) + 2. The eigenvectors then can be
extended to periodic solution of period 2N.
To show the alternetion of the eigenvalues, we are going to use the formula from the past
lemma:

an 1 g

D an > (s(N)P (k) = (e(N) = s(N + 1))e(k)s(k) — (N + 1)s>(k)).
k=1

We observe that here appears a quadratic form, whose discriminant is exactly A% — 4.
Indeed:

((e(N) = s(N +1))* + 4s(N)c(N + 1)
= *(N) + s*(N +1) —2¢(N)s(N + 1) + 4s(N)e(N + 1)
=cA(N) +s*(N 4+ 1)+ 2¢(N)s(N +1) — 4
=A% -4

Then we can say that, as long as A2 —4 < 0, % will have the sign of ¢(N + 1). Moreover

this polynomial cannot vanish untill A2 — 4 < 0, because otherwise from the Wronskian
relation we would have ¢(N)s(N + 1) = 1, and then:

Al =¢(N)+ ——=]|>2
1A] = 6) + 73551 > 2
that is in contraddiction with the fact that A? —4 < 0. So ¢(N + 1) vanishes or changes

of sign only when A% —4 > 0. a
Corollary 7.4 The eigenvalues of Q are the union of the eigenvalues of L*.

Remark 7.5 [Desplacements of Dirichlet eigenvalues, respect to Q eigenvalues|We al-
ready observed in the section 4, that the definition of Dirichlet spectrum for the operator
Ly q, for which are requested zero boundary conditions, coincides exactly with the spec-
trum of the matrix L) and also with the roots of the polynomial ¢(N + 1). Then, from
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Figure 1: This is the graphic of a generic polynomial A(\) for N = 4. All the eigenvalues
for the matrix () are identified by the abcsissas of the orange points, that describes the
intersections between y = A()) and the lines y = 2. In this case all the gaps are open,
and we find 8 different eigenvalues of @, \1 < Ao < A3 < -+ < Ag.

the proposition 5.5, we have exactly N — 1 distinct Dirichlet eigenvalues that we call
pr <o < UN-1.

One can then observe that everyone of these eigenvalues stay in an interval of the type
[A2i, A2it1], already called interval of instability. Indeed, evaluating the Wronskian relation
for k=N, for A= pus,s =1,... N — 1 one obtains:

1

N pg) = ——— 7.4

(N, ps) SN T L0 (7.4)
and then the discriminant in ps becomes:
1

Alps) = ———— N+ 1, us). 7.5

) = S F o+ L) (75)

Therefore |A(us)| > 2. In this way, we find that ps € [Aas, A2st1], and by the formula

proved for % we have that there is only one Dirichlet eigenvalue for each of these intervals.

For example, in the Figure 1, for N = 4, we find the 3 Dirichlet eigenvalues that lay one
on each of the orange segments, that are exactly the ones for which |[A(N)| > 2.

8 Inverse spectral problem

Suppose we have fixed the spectrum of the matrix @ (and so of L*), and also the
Hfl\;l ap = A and we want to describe the entries of these matrices. We now enunci-
ate the main result for the inverse spectral problem.

Its proof explains in detail why the matrix @), of given spectrum and Dirichlet spectrum,
is not univocally defined. The proof is constructive, so one can also find in which way the
entries of the matrix are reconstructed from these spectra.
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Theorem 8.1 If A< Ay < Ag <M< < )\2]\7_2 < )\QN_l < /\gN 1s the spectrum Of
a matriz Q, then for every sequence {,us}zzivfl such that Aos < ps < Aasy1, there are

exactly 2" matrices QQ with that periodic spectrum and Aév(us) =0, Vs.
Note that r is the number of us that are nondegenerating in Aos2541.

Proof. We follow the proof in [20].
For every Dirichlet eigenvalues we define ®(k, us) for k = 1,..., N — 1 the corrispondent
eigenvector for LY, with the condition ®(1, izs) = 1. Then we have:

(k, s) = —j—;c(k + 1, ), V.

Indeed, ®(k, us) must solve the equations:

(b2 = N)@(1) + a22(2) = 0
ap—1P(k—2)+ (b — NPk —1) +ap®(k)=0,k=3,...,N—1
an_1B(N —2) + (by — N)®(N —1) =0

that are exactly satisfied from —ay \ ayc(k + 1, us), for k=1,..., N — 1.
Recalling the formula 7.2 for the norm of ¢ and evaluating it in A = ps remains:

N

le(us)I? =k, ps) = ane(N, ps)e! (N + 1, ps).
k=1

Then we also have that:

a? (N + 1, ps)

O2(k, ps) = —-
(k. pis) an s(N +1,pus)’

hE

k=1

where in the last equality we used the Wronskian relation 7.4 for £k = N already used.
The latter formula also give us a new way to write s(N + 1, us):

A(ps) = /A (ps) —4
5 :

S(N+1,pus) = (8.1)

where we know from before that the radicand is positive or zero, so the squareroot is a
real number.
Moreover observing that we can rewrite the polynomial ¢(N + 1, \) as:

N-1

e(N+1,0) =—(a1...an-1) " J]T A= ps) = —(a1...an—1) "' P(N),
s=1
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we find that the square of the norm of the eigenvector correspondent to us, r3, is exactly:

—1
7‘3 _ —alAP (1) (A(NS) £ /A% (ps) — 4) . (8.2)

2

Now, if we consider the normalized eigenvector for pg, its components are:

Ohops) N1

2
Ts

But then, thinking about the orthogonal matrix formed by the basis of normalized eigen-
vectors for LY, we also have that:

N-1
<I>2k
S Ok, 1) —1,k=1,...N -1

s=1

and in particular for £ = 1, using the condition imposed above:

1
Zgz

This means that:
N-1

—A

s=1

O'
P/

»—Al\D

where we set
A(NS) + Az(,us) —4
5 .

U(Ms) =

With this last formula we can now describe the entry aj, knowing the values of A and of
all ps. It’s important to note that in this reconstruction of a;, we have to choose a sign
in the factor o(us) every time that A%(us) — 4 # 0, i.e. for every us that not coincides
to Aa2s2s+1, beacuse we know that the zeroes of this polynomial are the eigenvalues of Q).
This is the reason from which comes the nonuniqueness of the matrix Q).
Once one has aq, one can use the trace formula in order to determine by:

N-1
1 _ 1 1
b1 = i(Tr(LJr) +Tr(L7)) — Tr(LéV) = 5()\1 + An) + 3 Z (A2i + A2ip1 — 2u4).  (8.4)
i=1
Then, for what concernes the entries as,...,ay_1 and bo, ... by we use some results about

orthogonal polynomials with respect to a given measure.
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First, we observe that since (®(1, ps),..., ®(N —1,us))t, s =1,..., N —1 are eigenvectors
of a real standard Jacobi matrix LY, they correspond to a family of orthogonal polyno-
mials with respect to the spectral measure dp(\) associated to Lév . Moreover, being real
orthogonal polynomials, they satiesfies a three terms recurrence relation (given exactly
from the eigenvalues equation for L), where it is well known that the coefficients are
determined by special formulas:

by = /ACI>2(k— 1L,Ndp(\),k=2,...,N

ay = //\@(k,)\)@(k —1,\dp(\),k=2,...,N—1

Defining the spectral measure as the following discreate measure:

132
dp(N) = —5 D —50(A — ps)dA, (8.5)
ay s=1 s
we finally find:
N—-1
1 (I)Q(k — 1, ps)
bk—i Hs 7 ; 5( 5)7 k:27 7N
N-1 ’
1 Dk —1, us)®(k, s
== ( P,/u)( u)é( O k=2 N-1
Ly —) (12s)

O

With this theorem we are able to write 2" different matrices ) with same eigenvalues,
Dirichlet eigenvalues and fixed A, just choosing different signs for every o(us) everytime
that us is not degenerate.

9 Time evolution of Dirichlet eigenvalues

The main result of this section will be the following formula for the derivative of each
Dirichlet eigenvalue, that is the analogue of the formula of the Dirichlet eigenvalues for
periodic problem of the KAV equation.

Proposition 9.1 For every s=1,... N — 1 is true that:

2
(397 ) =A%) -1 (9.1)
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In the proof of this proposition, we need some algebraic properties of the matrices Lév -1

and Lév , that we state in few tecnical lemmas.
Lemma 9.2 The time derivative of the quantity A%(A), for every value of \, is:

d i1
—A =2 ( 2N - alAJ) (9.2)
Proof. We procede by induction over j. Before to start we recall that from the equations

of motion we have:

d

L= b)) =22, — )

J
and

d 2 d 2
£(—%‘+1) = 20541 0541 = 2(=ajp1) (A = bjy1) — (A = bj12)) .
Then for j = 3 the equation is satisfied since:

%Az _ % (A= ba)(A — bg) — a)

= 2(af — a3)(A — bs) + 2(A — ba) (a3 — a3) — 2a3 (A — b)) — (A —b3)).
=at (A —b3) — a3(\ — by)
= alA3 — a3AL

Then supposing that the formula is true for every j < N — 1, we prove it for ¢ = j + 1,
indeed:

d . i1 d ) i1
@Aﬁ —ﬁ(()\— j+1) A — aj A )

=2(a? — a2, )AL + (A — bj41)2(alA] — a2A) )+

—2a3((A = b)) — (A = bje1)AY " — 2a3(@3A] " — a2 A7)

= =207 A) + 207 (A = b 1) AL — aJALT) = 203 (=AY + (A= b)ALT —af_ A7)
2(a7 A5 — aj1109),

where we used the induction hypothesis for j, 7 — 1. So the formula is true for every value
of j < N. O

Lemma 9.3 For every s=1,...,N — 1 the following formula is true:

AN () A (15) H a,. (9.3)
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Proof. In order to prove the relation stated in the lemma, we prove the following one,
for every 4, j and for each value of A:
i A+ j+1 A d 2 2
Then for ¢ = 2,7 = N — 1, evaluating the above formula in one of the ps, we obtain the
thesis:
N—1AN N AN—1 2 2
Ay A (ns) — Ay AT (us) = ay ... ay .
N——
=0

Now, for induction over %, j, one proves 9.4, simple expressing the determinants Afill , Af 41
respect to the last row:

iy 11 A . . o i1 . 2 x i—1x A d

AgAgH — A Ag+1 = A} (A - j+1)Ag+1 - ajAfH) — (A =bj+1)A] - ajAg )AZH

2 J=1AJ N
=aj (A7 Al — AJAL),

-~

—a2 2
=ag...a5_4

where in the last equality we used the induction hypothesis. O

Now, using these two relations, we prove the proposition stated at the begenning of the
section.

Proof. First of all, looking for the proof of the proposition above, we observe that the
determinant of the matrix LT — X\l explicited respect to the first row is:

as 0
bs— A a3 0
det(LE — M) = (by — NAY —2AY + (-1D)Vlajay| @ ba—A s

0 bn_1— A

az b3—A a3 0
0 as by — A ay 0

+ (=1)V Laya, |0 0 ag by — A 0 — a3 A
0 an-—1

N
= (b1 = NAY — afAY — R AY T 22DV ] an.
n=1

(9.5)
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If we valuate this formula in A\ = ug, Vs we have:
det(LE — o) = —a3 A (115) — a3 AV~ (ug) £ 2(—1)V 1, (9.6)

Now we recall what we have proved in the section 4 for the spectrum of periodic Jacobi ma-
trices: the polynomials A(X) & 2 correspond respectevely to the caratteristic polynomials
of L*. In this way, we can say that:

A%(ps) — 4 = det(LT — psI) det(L™ — pgl)
= (@303 (1) + a3 AY () 4 0.7)
= (FAY (1) — A DY ()
where in the last equality we used the formula 9.3 in such a way that
atay A (ps) AY () = 1.

At the end, combining the last formula with 9.2 one obtains the thesis:

1d 2 dus 2
APpug)—4=(=—=AY) =(=22P(uy) ) .
(1s) <2dt 2) (2 o ( ))

9.1 Integration of the equations of the Dirichlet spectrum

We are finally going to show how to determine the time dependence of the Dirichlet
eigenvalues. Remembering that these are the the roots of the polynomial P(\), one can
show the following formulas:

N-1 i
-5 =0,r=0,...,N—3 9.8
2 P ) 38)
and Nt
-1 N-2
Hs
sy, (9.9)
s=1 P (MS)

Indeed, the function G(\) = %, for every r > 0, has p1,..., un—1 as poles of first order.

Then taking v any contour around all these poles, using the residual calculation rules, one

has:
N—1 .

1 / " 8
— | L _a\= L -
2mi J, P(A) ; P'(ps)
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But, on the other side:

1 r AT 0,r=0,...,N—3
— [ Z—d\= —Respeoo—— =¢ e
QWl/yP()\) A=P(N) {1,7«:N—2

Now, substituting the formula for P’ (us) from 9.1 in these polynomials properties, one
finds the following system of differential equations for the Dirichlet eigenvalues:

N-—1
dyus /dt
Zug’;—/:o,rzo,...,zv—?, (9.10)
= VA (s) — 4
and Nl
- dps /dt
Zﬂ*z‘;—/ = 2. (9.11)
s=1 /A (MS)_4

Note that these equations make sense if and only if we suppose the nondegenerancy of all
the intervals of instability (otherwise some denominator in the above formula goes to zero).
On the other side, for every interval that degenerates, we know that the corrispondent g
will be constant 1 = A2 2441, so we do not need any differential equations to describe
its temporal evolution. In a certain way, the number of equations of the above system
decrease in a proportional way respect to the degenerating ps. For simplicity we assume
that the instability zones are all open.
We introduce the change of variables (p1,...,unv—1) = (&1,...,&N-1)

A U

N-1
_ A, 9.12
w=3 [ Jmm -

for every I,..., N — 1.

We check that the trasformation that sends (u1,...,pun—1) into (&1,...,&n—1) is really a
change of variables, verifying that its Jacobian is nondegenerate.

Calculating its determinant one finds that it can be expressed through a multiple of the
determinant of Vandermonde matrix in p1,..., gn—1.

Then, since the Dirichlet eigenvalues are all dinsticts, the determinant is nonzero and the
trasformation above is a change of variables.
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Indeed:

. L 1
VG VR VG
N-1 o L U = S
det (aa) _ |VR(m)  /R(u2) N
aﬂ] l,j=1
N11V72 #972 #%:2
VR()  /R(un—2) T VR(in—1)
1 1 . 1
X R | Gy -
/lev 2 Mév 2o ,u%_%
1
=——— I w-m=#o
VI R 15528
20

The temporal evolution of these new variables takes the following form:

-1 N—-1 l
M~ dpy _22 Hj

d&
Z\/ R(uy) dt = = P'(w)’

where in the last equality we used the already proved formula (9.1) that describes the
derivative of p;. Now using the property of polynomials given by (9.8),(9.9), we finally

obtain:
g {O,Z:L...N—Q

N-1

dt ~ |2,0=N-1

Then:

5_ Cl,l:L...,N—Q
T 2%ty i=N-1

and setting all the integration constants to zero, one has:

N—-1
0 231 )\QJF)

0 G A
| = A2j )
0

N-2
2t f)\zj \))7)

For every non degenerate ug, the sign of its time derivative at the time zero must be
chosen in such a way that it is consistent with initial data ay(0),br(0). The main issue
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with the explicit integration (a concrete useful formula) is the explicit expression of the
inversion of the above integrals, namely the expression of j1; = p;(t). Such problem is
a classical problem in the theory of Riemann surface and it is called Jacobi inversion
problem.

10 Action-angle variables

In order to define the action-angle variables for the periodic Toda lattice, we have to define
another pair of variables p;,v;,¢ = 1,... N — 1, where the u; are exactly the Dirichlet
eigenvalues (and we are assuming that they are all non degenerate). We will show that
these new variables are canonical, and from that we will construct actions and angles [20].

11 Translated coordinates

We consider the space €2 formed by:

s. t. every p; stays in appropriate interval,
Q= {)\{f <A <A << AL (i BV A2 () — 4),

Z M =0, and A(X) + 2 has N roots.

For what we proved in previous chapters, we know that this set is in corrispondence to
the space that describes the periodic Toda lattice in Flasckha coordinates, i.e:

D= {ai,bi,izl,...7Ns. £ b =0]]ai =1 >o}.

In © we introduce a two form w that is globally defined and closed (so it is a symplectic
form):

where A is the discriminant.

With next theorem we are going to show that it admits a global canonical form, choosing
appropriate coordinates on € that we will call translated coordinates (for reasons that will
be clear after the proof).

We first recall some properties of the discriminant A that will be used later. Combining
9.6, and the corollary 7.4 we have that (for example if N is even):

AN = (b1 = NAT(N) = af AT (V) — aiy A7),
and then for A = y; fori =1,..., N — 1 it remains:

A(pi) = —aAF (i) — afy A (i), (11.1)
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because Aév(ui) = 0. Then in particular, as seen in 9.7, one has:
A2 () — 4= (i A (us) — aR A (us)).

Theorem 11.1 On ) there is a global system of coordinates q?,p? for 2 < i < N such
that w can be rewritten as:

L N1
_ 0 0
w = 3 z;dqj A dps.
]:

Proof. The main idea is to write w using only a;, b; and then through Flasckha trasfor-
mation we will return to standard coordinates g;, p;.
First of all we define for every p; the corrispondent:

1
i = =5 loge(N, )]

From the relations above and from the Wronskian relation 5.2, we express c¢(IV, y;) in
terms of A, and we obtain:

1, Aw) £ /A%() — 4
vi= 1 log (14) ; (1) |
1, 1 _
= & log | ((—at + a}) A3 (i) + (—aky F aR) A2 ()],

where in the last equality we used the relations recalled above.
Note that the sign corresponds to the sign chosen in € for (u;, ++/A%(u;) — 4).
We can observe that, since:

1 9 A 11
Lt (12 VaA() = e dA
2Ai\/A2—4( \/A2—4> ) = F5 77—

we can write w with the second definition of v;:

dv; = (144),

N-1
w= Z dpi N\ dv;.
i=1
Now from the formula 9.3:

1

a22’

AN AN () -
10N

we show that v; can be written as function of a;, b;, in the following way:

1 1 1
i = = log |5 (—1 + DafAY () + (-1 5 1)

1
———~— )| = —= log| — afAY ()]
a1A§V(Mi) 2 1
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Now we introduce the following notation: we call u,(j) fork=1,..., N—I+1 the eigenvalues

of LlN (1 <1< N), so that our p = u,(f). Recall that, expanding the determinant respect
to the first row, one has:

AN = (b= MDA (V) = af AT (V).

then " "
AN (V) = a2 AN (u ). (11.2)
It follows that: N1
1\ dAY (1)
w=—= dpi N — 2
2 ; A (i)

In order to manipulate this last expression of w, we are going to show two recursive
formulas, with the notation introduced above:

N—i41 dA @ Nl dAN (i
EREGN A{\:l((l?))) __;; d”yH)AAN((Md*”; "
2= AN( Dy =1 2= Aoy (l ))
(11.4
(11.5
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and this is true for every [ = 1,..., N. Indeed:

N—l+41 N O N—l+1
1 n AN () 1 ! !
—3 > dug)Aﬁ =5 E dp A d(log AN, (1))
i=1 1+1(Mi ) i
| V-t

— Z dplY A d( Zlog O u)

d
I+1 l
i=1 31M§+) g)

| N z N—i+1 l z
1 1
= o> ou Adlog( IT —#E))>
=1 i=1
_ !
1N ! 1+1) A dAN( (+1))
AN( (H‘l)) ’

Then, going on from this one can also obtain the second formula, applying 11.2 to the
result above:

+1) dAN(Nng)) . 1~ (I+1) da%A{iz( (ZH))
; AN 2;“3 aP AN ()
-~ ld @) dal 1]§du(l+1) N dA[ 5 (p Y“)).
st 2j:1 J Aﬁrg( I+ ))

Taking the last expression for w, we use this last formula for [ = 1 and then the first for
[ = 2, it follows that:

N-1 {2 N, 3)
2) . dai @) A0 (1)

w=— E du;” N — — E dp; " N ———— = ...
j=1 ’ “ j=1 ’ Aév(u§- ))

and reapiting this procedure for every [ one arrives to:

N-2

dal (3) . dag (N) . dan—1
:_E:d ——E dp;” N——---—d A ;
My a2 # aN-1

J=1
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that is equivalent to:

3) day (3) (4) da1  dao
Jj= 1 Jj=1 j=1
d d dan—
fd,ugN)/\ a1+ﬂ+ - aAN-1
a1 a2 aN-—1

Then remembering the fact that every LfV is a standard Jacobi matrix, so in particular

it is diagonalizable (i.e. LN Udzag(ug), . ,,ug\l,)_l +1)U ¢ with U orthogonal matrix), and
using the invariance for smuhtude of the trace, one finds that

N—-Il+1

Z Mk = Z bk
and therefore:

d d d d d day_
w:_dwal_dbgA<m+@>_..._dbM<a1+a2+ .4 dan 1).
al al a2 ai az aN—-1

Finally, we can write w in a more compact form using that [], a; = 1. This implies that:
log(H a;) = Zlog a; =0
i i
and then:
a S loga: | =344 g
i Z 7 Y
In this way:
N da;
— ) el
w—Zdb]/\ Z — (11.6)
Jj=2 J<i<N

So w is expressed only through a;,b;. Applying Flaschka transformation one can returns
to the begenning coordinates:

da;
2— = dg; — dgj41
aj
dpj = —dej
and then
1
=35 Z dg; — dq1) A dp;.
7=2
Defining new coordinates q? =q; —q1 and pj = p; one then obtains the thesis. O
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12 Construction of angles and actions

Finally we can start from these new canonical coordinates p;, v; to construct action-angle

variables. First we define the actions: for every [ = 1,..., N — 1, choosing «; a curve
around the interval [Ag;, Agjy1]
el M1 Ay £ /A2 () — 4
Ji=¢ S vidp = 2/ 5 log | (vt . i) =4, (12.1)
ar Aoy
K2

For now on we will use the following notation R(\) = A%()\) — 4.
In order to construct the angles, we have to send the periodic variables u; into some new
ones that will be linear in time. The intermediate step is to consider the variable §; defined
in (9.12). We define the 1— forms:

)\l—l

-2 a\ l=1,...,N—1. 12.2
il 0 (12.2)

Then we call A, the (N — 1) x (N — 1) matrix given by:

A2j+1
Aji= 2/ m.
>\Qj

It is a standard result in the theory of Riemann surface that the determinant of A is
nonzero, and so A is invertible . Then we can define the N — 1 normalized forms:

in the sense that f)fj]“ w, = ;.
Finally we define the angle variables 6; as:

Hj 0 -
9 [ w1 0 A1 N-1
1 N-1 My w A
C | = SR S R Y 2 (12.3)
On-_1 j=1 . : 0 ~
f;j WN-1 ot AN_1N—1
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where A is the inverse of the matrix A. These functions 6; are actually angles, indeed
sending p; — p; + a; where o is a circle surrounding [Agj, Aojy1], we have that:

=z

—1
Al V(1 + o)

M

,uj +Oéj

2

1 Z )\k 1 Ak 1
A,
—~ Ik Ao / /

N-1 N-1

= 0i(p;) + Z Ayt Z Ajk

k=1 =1
N-1

= Oi(py) + Z ju = Oi(pj) + 1.
1

j:
So for p1; — p; + aj, then 6, — 6; + 1, and this is true for every [ =1,..., N — 1.

Lemma 12.1 The variables (0,J) defined in (12.1) and (12.3) respectively, are canoni-
cally conjugate variables.

The proof follows the classical lines of constructing a generating function of a canonical
transformation between the (u,v) variables and the action angle variables.

13 Solution through Riemann Theta functions

In the work done before this chapter, we proved the integrability for the periodic Toda
lattice and we constructed angle action variables to describe the motion of the system on
the torus where it takes place.

Now we are looking for an explicit formulation for the a,,b,: in order to do this, we
have to work on the Riemann surface associated to our problem. Here we can construct
a homology basis of cycles and of holomorfic differential: through these then are defined
the so called Theta functions, with which we are going to write our solution.

Once stated the main features of these objects, we have to define the second tool we need.
We call the k—shifted solutions c(k,n), s(k,n), the solutions of the spectral equation for
the k—shifted operator Ly ,, obtained replacing ay,, b, with a,, by4%. Then we are able to
find an expression for every by, through the sum of all the N —1 zeros, y;(k), of c(k, N +1)
one of the two fundamental solutions for the shifted spectral equation. This formula will
be used at the end to find the Theta functions formulation for b;. To obtain it, we have
to work on the sum of these (k).
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Recalling some particular solutions for the spectral equation for L', called Bloch eigen-
functions and already defined in 4, and studying their analytical properties on the Riemann
surface we will find a connection between them and the y;, 11;(k). Here comes the crucial
point: we will define a 1— form on the Riemann surface as the differential of the loga-
rithm of the Bloch function, and using some typical properties of the Riemann surfaces as
the Riemann bilinear relations and the Riemann vanishing theorem, we will arrive to the
expression through Theta functions for the sum of the p;(k).

14 Riemann surfaces

In this section we recall the basic ingredients of Riemann surfaces, see e.g. [?]. In order
to define the Riemann surface associated to the periodic Toda lattice, we have to recall
the eigenvalues for the matrix Q, given by the roots of the polynomial A2 —4: A\; < Ay <
Az <A << dan—2 < Aonv—1 < Aan.
Now we consider only the case in which there are exactly 2g + 2, listing eigenvalues and
we rename them as:

A <A< </\Qg+2.

Furthermore we have the inequality Ag; < p; < Agj41, 7=1...,¢.
We define the polynomial of degree 2¢g + 2:

2g+2

RN = [T (A=)

j=1
Finally, we define the Riemannian surface S associated to the periodic Toda lattice as:
S ={(w,\) € C*|F(\,w) —w* — R(\) =0} (14.1)
For g =1, S is also called an elliptic curve and for ¢ > 1 an hyperelliptic curve.

Remark 14.1 Note that the projection map 7 : S — C,7(A\,w) = A realizes S as a
two-sheeted coverings of the A—plane. The branch points of this covering are the points
for which the pre-images merge in one point, i.e. the points determined by the system:

F(A\w)=0 o w? — R(\) =0
Fy(Aw) =0

w=20

namely P; = (A;,0), 7 =1,...,2g + 1. All branch points have multeplicity one.
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We choose the function /R(\) analytic in C\[A1, 2] U [A3, A - - U [Aags1, Adgg+2] and we
assume that /R(\) is real and positive on [Agg19,00). We define as the first sheet of
the Riemann surface S and denote it by ST, the sheet where \/R()) is positive on the
interval [Agg42,00). Clearly the second sheet S~ is identified with the sheet where \/R(\)
is negative on the interval [Ayg42,00).

The curve S can be compactified to a compact Rieamnn surface by adding the two
points at infinity oo™ on the sheet S* and a complex structure. The complex structure
is obtain as follows. In a neighborhood of any point of S that is not a branch point the
projection A is a local parameter, or local chart. Near such points the surface S has a
local parametric representation (A, y/R(\)) for a suitable choice of the sign of the square
root.

Instead, in a neighborhood of a branch point P; a local chart is given by

T=VA— A, (14.2)

Then for the branch points of S we get the local parametric representation

A=XN+7% w=T [T+ XN = ) (14.3)
J#
where the radical is a single-valued holomorphic function for sufficiently small 7;(the ex-

pression under the root sign does not vanish), and dw/dr # 0 for 7 = 0. The two points
at infintiy have local chart

1
A=—, 1e€C".

-
The genus of the surface S can be calculated using the Riemann-Hurwitz formula

1 m
genus = 5 Z bj —n+1. (14.4)
j=1

where in our case, b; = 1 is the branching number of each branch point and n = 2 is the
degree of the covering map m. So we obtain

1
genus = 5(2g+2)—2+1 =g.
In the next three paragraphs we are going to summarise the most important features

and properties of a Riemann surface, applied in particular on S . We limit to give some
statements of theorems, and all the prooves can be find in [?].
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Figure 2: Representation of the Riemann surface S, in the case of genus g = 3, as two
copies of the complex plane with the appropriate cuts.

T1

Tz

Figure 3: Two curves 71,72 for which is calculated the value of the function v(P), for
every P in which they intersect.
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Figure 4: The canonical homology basis of cycles choosen for S, for genus g = 3. Observe
that with the dashed line we denoted the passage of the curve on the lower sheet of S.

Canonical homology basis Now we want to define a basis for the for the first homology
group of S, such that it is canonical.

Definition 14.2 We call a canonical basis for H1(S,Z), a basis of cycles a1, ..., o4 and
B1, ..., By such that the intersection number satisfies the following conditions:

ajoa;=fo0B;=0, oofj=20;, i,j=1...,g (14.5)

Now, using the representation of S made by two copies of C with cuts along the real
intervals [Agj_1, Ag;] for every j = 1,...,9 + 1, we choose a canonical basis of cycles, as
represented in the figure 4 in this way:

e every o is a counterclockwise cycle around the interval [Agj, Agj41] in the upper
sheet, and two different o; never intersect themselves;

e cvery f3; is a counterclockwise cycle that starts in the interval preceding Ag, intersects
only the a; cycle (and the correspondent surrounded interval) in the upper sheet,
then passes to the lower sheet returning to the point of begenning.

Holomorphic and meromorphic differentials We are going to introduce some prop-
erties of differentials on Riemann surfaces, that will be useful later on.

Definition 14.3 A differential w is holomorphic/meromorphic if in local coordinates can
be written as
w = ho(2a)dza,

where hq(24) is a holomorphic/meromorphic function.
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Note that holomorphic differentials are all closed differentials. Now we use the following
result to construct a basis of exactly g holomorphic differentials.

Theorem 14.4 The space of holomorphic differentials on a Riemann surface of genus g
has dimension g (as a vectorial space).

In particular, for our S, we can explicitly find a basis of holomorphic differentials, given
by:
DU WD Lnk¥: O
L = = 5 kzl,...7 . 146
77 ” e g (14.6)
We have to check that n; are all holomorphic.
This is certainly true at any finite point that is not a branch point of S, so first we see
what happens in one of the branch points P; = (\j,0). We consider the local parameter

T = /A — ), then we obtain 7, = (;(7)dr with:
(72 4+ \j)F 127 _ 2(\j + 72)F-1
\/H29+2 +)\j_Ai) \/Hj;éi(TQ-f-)\j—)\i)

that is holomorphic for small .
Then at the infinity point we consider the local parameter 7 = %, and in this case we
obtain ng = ¢(7)dT with:

( )k+1 _27.g—k

T )g+1 l{2g+2\/ﬁ 22 /1 nr)

that is also holomorphic for small 7.
So we can conclude that 7, form a basis of holomorphic differential of S.

Pr(T) =

Remark 14.5 We already met this holomorphic differentials during the construction of
angle action variables in the previous section 12. Indeed, they are exactly the differential
constructed in 12.2 to define the coordinates change from the Dirichlet eigenvalues to some
new coordinates & linear in time.

Matching this last result with what we found in the previous paragraph 14, we can take a
canonical homology basis for S, formed by a1, ..., a4, B1,..., By, and we can normalize the
basis of holomorfic differentials 75 in the sense that the normalized basis of holomorphic
differential wy, is such that:

% Wi :(5j’]€, j,k: 1,...,g. (14.7)
o

J
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Indeed, we set:
A2j41 Akfld)\

Ak’:%nkZQ et} ]>k:17ag
! o A2; \/R()‘)

J

(14.8)

This matrix is nonsingular. Indeed, otherwise there are constants ¢, ..., ¢4, not all zero,
such that ), Ajpc, = 0. But then ), cpmp = 0, since this differential has zero a-periods.
This contradicts the independence of the differentials 7, ...,n,.

So we can take fl;w- the inverse matrix of A;, and we define:

9. g A A=\
— k .
Wy = § :A]knk: bl ];()\) , J=1..9 (149)

Then we can consider the integral of the normalized basis on the S-cycles and the matrix
we will obtain in this way has the following properties:

Proposition 14.6 Let wi,...w, be the normalized basis of holomorphic differentials as
in (14.7) and (14.9). Let

By, :y{ wg, Jk=1,...,9. (14.10)

J

Then the matriz (Bjy) is symmetric and has positive-definite imaginary part.
The matriz (Bji) is called a period matriz of the Riemann surface S.

Remark 14.7 The surface S has all the branch points real. Furthermore, with the choice
of the homology basis given in fig. 4 and the choice of the branch cuts for y/R(\), we can
conclude that the matrix A is real and the matrix B is pure imaginary.

We will also need to consider meromorphic differentials on S. They take the form w =
H(\, w)d\, where H(\, w) is a rational function of A and w. If P is a pole of multeplicity
k for w, in a local coordinate z(P) centred in Py, namely z(Pp) = 0, it takes the form

L (CZ—T’f+...+%+O(1))d2.

For the meromorphic differential there is the freedom to fix the normalisation to zero
on the « cycles. Indeed it is possible to add the meromorphic differentials so that the
differential

g
w=w-+ E CjW;
Jj=1

has zero a-periods, namely it is sufficient to chose ¢; = — faz w.
A property of the meromorphic differentials is given by the following theorem.
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Theorem 14.8 (The Residue Theorem) The sum of the residues of a meromorphic
differential w on a Riemann surface, taken over all poles of this differential, is equal to
zero.

Any meromorphic differential can be represented as the sum of a holomorphic differential
and the following elementary meromorphic differentials.

1. Normalised abelian differential of the second kind €% with a only a pole of multi-
plicity n + 1 at P and principal part of the form

Q= <an+1 + 0(1)> dz (14.11)

with respect to some local parameter z, z(P) =0, n=1,2,....

2. Normalised Abelian differential of the third kind £2pg with simple poles at the points
P and @) with residues +1 and —1 respectively.

For the hyperelliptic Riemann surface S and given the points P = (p,w,) and Q = (q, wy)

we have that p
d\ [w+w w4+ w
QO _ p q o
PQ 2w()\—p )\_q>+j§::1c]wj

where ¢; are the normalising constants so that fa' Qpg=0forj=1,...,9.
J
Regarding the second kind differentials we consider for future use the one with a pole
at oot of order two which we denote as Q(oi)i It takes the form

SO DY TSV < b W VA S (S (14.12)

0
J=1

where the constants sg,...,s,—1 are determined by faj leo)i =0,7=1,...,9. The 3
periods of the above canonical meromorphic differentials can be expressed in terms of the
holomorphic differential using the Riemann bilinear relation.

Lemma 14.9 Let Qpg a normalized Abelian differential of the third kind, and wy, a nor-
malized basis of holomorfic differentials with respect to the canonical homology basis cho-
sen. Then:

P
f QPQ:27TZ'/ wg, 1=1,...,g, (14.13)
% Q

where the integration from @) to P in the integral does not intersect the cycles a1, ..., ag4,

B, By

58



As an example we consider the third kind differential Q.- ,.+. Its periods are

1 o
Uk = T Qoo*,oo* = / Wk € R i= 17 -9, (1414)
™ B oot

where from our choice of homology basis, the periods Uy are all real. A smilar results
holds for the second kind differential

Lemma 14.10 Let Qc(i)i be the second kind normalised differential with second order pole

at £oo. Then
j{ O = dmigp(2)|sc0, k=1,....9, (14.15)
k
1
where wy, = Yr(z)dz is the holomorphic differential in the local coordinate z = 5, near the
point oo™ .
We observe that 0
95, Q?:c;o 0
ol 0
b = 4wt (14.16)
$5, 0L !

where A is the period matrix (14.8) of the non normalised holomorphic differentials. We
define the vector V as

1 (1) .
= — Q =1,...,9. 14.1
‘G 270 éj t+oor  J ) g ( 7)

From (14.16) we have that the vector V is real and it is related to the angle variables
defined in (?7).

Jacobi variety, Abel map and Theta functions. With the same notations above for
the canonical homology basis of cycles and the basis of holomorphic differentials on the
Riemann surface S of genus g, we consider the period matrix of S, that we already called
B. We recall that B is a g X g complex matrix, with the properties, stated in 14.6, to be
symmetric and with imaginary part positive-definite.

Then, thanks to these properties, for any basis e, ..., e, of C9 we have that the vectors:

e1,...,eq, Bei, ..., Beg

are linearly independent on R. Now consider in CY the integer period lattice generated by
the this family of independent vectors. Every vector in this lattice can be written in the
form:

m+nB, m,neZ9. (14.18)
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and by the independence of the generetors ey, ..., eq, Be1, ..., Beg, the quotient of C9 by
this lattice is a torus of maximal rank, that we define as the Jacoby variety (or Jacobian)
of S.

Definition 14.11 If B is the period matrix of S, then the torus:
T2 = T%9(B) = CY/{m +nB}. (14.19)
denoted by J(S) is the Jacobi variety of S.

Now we can define the Abel map. Fixing a point Py € S, for every P € S we consider
the integral:

P
uk(P) = /P Wk k= 1,...,g. (14.20)
0

Then the vector-valued function
A(P) = (u1(P), ..., ug(P)) (14.21)

is called the Abel map (the path of integration is chosen to be the same in all the integrals
u1(P),...,uqg(P)). This function is connected with the Jacobi variety of S in the sense
that it takes values on it.

Lemma 14.12 The Abel mapping is a well-defined holomorphic mapping
A:S— J(S).

Proof. A change of the path of integration in the integrals ug(P) leads to a change in
the values of these integrals according to the law

uk(P)%uk(P)_}'%wka k=1,...,9,
¥
where 7 is some cycle on S. Decomposing it with respect to the basis of cycles, v ~
Y mjoj + > n;f; we get that:
uk(P)—>uk(P)+mk+ZBkjnj, k=1,...,9.
J

The increment on the right-hand side is the kth coordinate of the period lattice vector
2miM + NB where M = (my,...,mg), N = (n1,...,ng). The lemma is proved. O
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Finally we can start talking about Theta functions on our Riemann surface S.

Generally speaking, chosen B = (Bj;) a symmetric g X g matrix with positive-definite

imaginary part and z = (21,...,24) and N = (Ny,...,N,) some g-dimensional vectors,
we can define the Riemann theta function (associated to B) as its multiple Fourier series,

O(2) =O(2;B) = Y exp(mi(NB, N) + 2i(N, 2)), (14.22)
NeZ9I

where the angle brackets denote the Euclidean inner product:

g g
(N,z) =Y Ngz, (NB,N)= Y ByN;Np.
k=1 G k=1

The summation in 14.22 is over the lattice of integer vectors N = (Ny,...,Ng). The
obvious estimate Re (i(NB, N)) < —b(N, N), where b > 0 is the smallest eigenvalue of the
matrix Im (B), implies that this series defines an entire function of the variables 21, ..., z,.

Proposition 14.13 The theta-function has the following properties.
1. ©(-z; B) =0(z; B).
2. For any integer vectors M, K € Z9,
©O(z+ K+ MB;B) =exp (—mi(MB, M) — 2mi(M, z)) O(z; B). (14.23)

3. It satisfies the heat equation

0 19 L,
8BU@(27 B) - 2171 82’1'2]'@(2’ B)a ¢ 7é J (14 24)
8Bu = N 471 8212 . ’

Note that, from the equation 14.23 in the second point of the above proposition, the theta-
function is an analytic multivalued function on the g-dimensional torus 729 = C9/{N +
M B}.
For e = (e1,...,e4) € CY we define the function F': S — C as

F(P)=0(A(P)—e;B). (14.25)

Then using the properties of the holomorfic differentials and the periodicity of the ©—
function given by 14.23, we have that F(P) transforms in the following way:

o F(P+a;)=F(P) (14.26)

P
o F(P+pBj)=F(P)exp (—m’Bjj — 27r7j/ wj + 27r7jej> . (14.27)
Po
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Also F(P) is non single-valued on S from its definition. But we can study the set of its
zeros as the study of the intersection of the Abel mapping’s image A(P) C J(S) with the
set, of zeros of the Riemann ©—function. For this we have the following result.

Theorem 14.14 (Riemann Vanishing Theorem) If F'(P) is not identically zero, then
it has g zeros Q1,...,Qq, counted with their multiplicity.!
Furthermore the following equality holds:

g Qj
Z/ w=e+Kp, (14.28)
=171

where Kp, is the vector of Riemann constants, that depends only on the surface and its
marking and on Fy.

15 Bloch eigenfunctions

In this section we return to the spectral problem for the operator Ly ,, analyzed before.
In particular, we consider the k—shifted spectral equation for £y ,, i.e. the equation 4.5
where the coefficients ay,, b, are replaced by a4y, bx+n, and we show the relations between
its fundamental solutions and the fundamental solutions for the non-shifted spectral equa-
tion. Through these new functions we find an expression for every by, that will give at the
end the explicit solution.

Then we introduce some particular eigenfunctions of the matrix L', called Bloch eigen-
functions, that will be the main mean for the explicit formulation of b;. Indeed, considering
these functions on the Riemann surface S, and studying their analytical properties we will
find a way to relate them to the expression for by.

Definition 15.1 We define the two fundamental solutions c(k, n), s(k,n) of the k—shifted
spectral equation 4.5, the ones with initial conditions:

c(k,0)=1 s(k,0)=0
c(k,1)=0 " |s(k,1)=1
As seen in the case of the non-shifted equation 4.5, also these fundamental solutions

c(k,n), s(k,n) are polynomials in A\ with respectively degree n — 2 and n — 1. Indeed,
following an analogue proof with respect to the one done for the proposition 5.4 we can

! Actually, here we are considering F(P) as a single-valued analytic function on S, that is the Poincaré
polygon of S. This is a 4g—polygon obtained cutting and gluening all the cycles, and their inverse, of the
canonical homology basis.
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find the following expressions:
n—1 n—1
c(k,n) = —ay H a;l)\"_Q +..., s(kn)= H a;l)\"_l + ... (15.1)
=1 =1

In particular, defining the k— shifted matrix of LY, of dimension N — 1:

bk+2 Af+2 0 “e 0
ag+2  brts akys ... 0
(L) =1 0 apy3z - : ;
0 . ag+N-1 brgn
we can find that:
n—1
c(k, N +1) = —a; [ [ a; " det(Lig) — AI). (15.2)

=1

This formula will be useful later on. With the next proposition we establish the relation
between c(k,n), s(k,n) and the old fundamental solutions.

Proposition 15.2 [17]. For every fized k € N, and for everyn € Z the following relations

TGy ) ) o

Proof. Once k is fixed, we proceed by induction over n.
For n = 0 the relations hold, indeed:

c(k,0) =1 =ag" ag (s(k + 1)c(k) — c(k + 1)s(k)),
=W (k)

since we know from the property of the Wronskian 5.2, shown in proposition 5.3 that

W (k) = ag for every k. And
5(k,0) = 0 = ag'ag (—s(k)c(k) + c(k)s(k)).

For the same reason also for n = 1 the identities hold:

c(k, 1) =0=ag ay (s(k+ V)e(k + 1) — c(k + 1)s(k + 1)),
s(k,1) =1 = agtag (—c(k +1)s(k) + c(k)s(k + 1))
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Then supposing that they hold for every j < m — 1, we obtain the thesis for n, indeed
using the spectral equation:

c(k,n) = a,;in L (A= brgn—1)c(k,n — 1) — agqn—oc(k,n — 2))
:a,;in 1 ( — bkn—1)ag ak( (k+1)c(k+n—-1) —c(k+1)s(k+n—1)))—|—
+ a,;in | (—@kgn—2ay Yag (s(k +De(k +n—2) —c(k +1)s(k +n — 2)))
= aalak (s(k + )ak+n_1 (N =bggn-1)c(k+n—1) — agyp_oc(k +n — 2))) +
+ ag tay, (—c(k + 1)a,;+1ni1 (A = brgn—1)s(k +n — 1) — agyn_2s(k + n — 2)))
= apag (s(k + Ve(k +n) — ek + Ds(k +n)),

That is exactly our thesis for ¢(k,n) and with the same argument is obtained the formula
for s(k,n). O

Definition 15.3 For a fixed k, we denote by p;(k) for j =1,..., N — 1 the roots of the
polynomial ¢(k, N + 1).

Remark 15.4 For k = 0, we have that ;;(k) are exactly the Dirichlet eigenvalues 1, so
we refer to the p;(k) as shifted Dirichlet eigenvalues. As well as the p;, these u;(k) are
no more constant quantities in time.

One can observe that also the (k) belong to the interval [Agj, Aojy1], so they coincide
to the corrispondent Dirichlet eigenvalue, whenever the interval degeneretes to one point.

We recall now the useful expression 8.4, that gives b; in terms of Dirichlet eigenvalues
and we show how we can write something similar for every by, using the shifted Dirichlet
eigenvalues defined above.

During the proof of the theorem 8.1, that gave the solution for the inverse spectral problem
for the matrix @), we used the fact that:

N-—1
1 N
by = STr(Q) = Tr(Lj ZA Zl ;.
]:

This can also be obtained looking at the coefficient of the term AN ~2 of the polynomial

¢(N +1) and at the coefficient of the term A2V~ of A% —4 in two different ways. Indeed,
for ¢(N +1), since it is, up to a multiplicative factor, the characteristic polynomial for the
matrix L), we can write it as:

p N-1 NN\N—-2 1 N\\2 N\2\yN-3
e(N+1)=]] " ()\ = Tr(L)AN 2 4 S(Tr(L5)? = Tr(L3)*)A +>

=1
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On the other side, calling the roots of A as i, we can write ¢(N + 1) using the Viéte’s
formulas and we have:

N-1 N—
= H a; b AN - Z IANTZ 4 Z pip ) AN ]
i=1 j=1 1<i<j§N—l
and so Zj U =Tr(LY).
The same argument is used for A2 — 4 to obtain Tr(Q) = ZQN i
Now we can reapeat all this for ¢(k, N + 1). Indeed, using the expression in 15.2 we have

that the coefficient cy_s of the term AV—2 is (up to a multiplicative factor):
CN—2 = —TT L(k Z bn,
n;ég—i-l

from the periodicity of b,. On the other side, using that it has roots p;(k), we obtain
through the following formulas that:

N-1
enoa ==Y p(k)
j=1

Then, for every k > 1, we can write that:

1 1 2N N-1
bipr = 5T7(Q) = Tr(Lw) = 5 Y A= D (k). (15.4)
i=1 j=1

This formula plays a crucial role for our work. Indeed, recalling that the eigenvalues of
L* are constants of motion for the periodic Toda lattice, if we denote with

1 2N
=1

with the formulas 8.4, 15.4 we expressed by in such a way that its temporal evolution is
totally contained in the term Zj 1 (k).

So, these quantities are exactly the ones that we are going to study on the Riemann
surface S, looking for an explicit time formulation through Theta functions of S. Finally
the temporal evolution of b, will come from:

=A=) pk=1,¢), k=1,...,N. (15.5)

Now, we are going to define the Bloch eigenfunctions and to show some of their properties
in connection to what we have done untill now.
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Definition 15.5 We call Bloch eigenfunctions ¢ (k) the eigenfunctions for the matrix L™,
i.e. such that:

(L) (k) = Mp(k),

with the normalization (1) = 1. Furthermore the following condition must hold:

<wﬁv(]i)1>> - <c(j\§]i)l) s(j\g]j—)l)> <¢(10)> =¢ <¢§0)> : (15.6)

for € some eigenvalue of the matrix My already defined in 7.3.

Recalling that Tr(My) = A, the eigenvalues of My have the form:

A+VAT 1

£+ 5

Then using the second equation from condition 15.6:
P(0)e(N +1)+s(N+1) =&y,
we can rewrite 1(0) in the following way:

:A:I:\/A2—4—23(N+1) ~ (e(N)=s(N+1))+ VA2 -4

v(0) 2¢(N +1) N 2¢(N +1)

Finally, using the fact that every eigenfunction of L™ can be written as linear combi-
nation of the fundamental solutions ¢, s, we find a particular expression for the Bloch
eigenfunctions:

(e(N)—s(N+1)) £ VA% -4
2¢(N +1)

YEk+1)=s(k+1) + c(k +1), (15.7)
for every k > 0.

Clearly, the plus or minus sign for the Bloch eigenfunction is chosen accordingly to the
sign in front of the squareroot. In this way we have two Bloch eigenfunctions and, if we
consider their product ¥+ (k + 1)1~ (k + 1), we find a compact formula that joins them,
¢(N +1)and ¢(k, N +1).

In order to prove it, we need the following lemma.

Lemma 15.6 The following relations hold:
(i) = (0 s i) () 159

for every k > 0.



Proof. The proof comes from the periodicity of ay, bx. We proceed by induction over k.
For k = 0, we have that:

I
a

2
SN—

{C(N)C(O) + ¢(N +1)s(0)
s(N)c(0) + s(IN +1)s(0) = s(IV)

just using the initial conditions of the two fundamental solutions. The same for k = 1,
indeed:

c¢(N)e(1) +e¢(N +1)s(1) =c(N +1)

s(N)e(1) 4+ s(N +1)s(1) = s(N +1)
Now supposing that the relations are true for every j < k — 1, we obtain that also for k,
using the spectral equation:

c(k+N)=a;}y_1 (A =brsn—1)e(k + N = 1) = apyn—2c(k + N — 2))
= a;;lN 1 (A= bean—1)(c(N)e(k — 1) + ¢(N + 1)s(k — 1)) +
— g (arn—2(e(N)e(k = 2) + (N + 1)s(k — 2)))
= c(N) (a; 'y (X = bg—1)e(k — 1) — ag_oc(k — 2)) +
+c(N+1) (ak LA =bg_1)s(k — 1) — ap_2s(k — 2))
=c(N)c(k) + (N + 1)s(k),
where we use the periodicity of ax_1,ax_2,br_1,bp_2.

In the same way is obtained the formula for s(k + V), and then the thesis hold for every
k. O

Finally we can give the formula that matches the three types of eigenfunctions we intro-
duced in this section. It will be used later on, in order to show the analytical properties
of Bloch eigenfuntions considered as a function on the Riemann surface S.

Proposition 15.7 The product of the two Bloch eigenfunctions is such that:

_pc(k, N +1)

P (k+ 1)y~ (k+1) = agay, NI (15.9)

for every k > 0.

Proof. We note first that for k¥ = 0 the thesis is true since ¢(0, N + 1) = ¢(N + 1) and
1) =9 (1) =1
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Then for every k > 0, we use the expressions obtained in 15.7 and we rewrite the product
of the Bloch eigenfunctions:

bk + 1) (k+1) = (s(k L1y 4 V)= 5(2‘]:(; 1+))1)+ VA 4 it 1)) X
y (S(k RN GEY) _5(2]:(; 1+>>1)— \/7A2—4C(k+1)>
B ¢(N)—s(N+1)
= s2(k+1)+s(k+1)ec(k +1) (N1 D)
(c(N) = s(N +1))* = (A* —4)

Ck+1) 42(N + 1)

Working on the numerator of last term, using the definition of A, we can rewrite it as:
(c¢(N) = s(N +1))* — (A% —4) = —4¢(N)s(N + 1) + 4 = 4(—c(N + 1)s(N)),
where in the last equality we used the well known property of the Wronskian 5.2, namely

for k = N W(N) = ag, that implies ¢(N)s(N +1) — ¢(N + 1)s(N) = 1.
Then we can proceed with the chain of equalities started before substituting the quanitity
above and making common denominator of the three terms, we have that:

_ 2(k+1)e(N +1) + sk + De(k + 1) (e(N) — s(N +1)) — s(N)c(k + 1)

¢(N+1)
_ C(Nlﬂ) s(e+ 1) (s(k + el + 1) + e(N)e(k + 1))
=c(k+N+1)
+ c(Nl—i—l) —c(k+1)(s(k+1)s(N+1)+s(N)e(k+1)) | =...
=s(k+N+1)

where we used the relations from the lemma 15.6.
At the end, recalling the expression for the shifted solution ¢(k, N + 1) in function of the
fundamental solutions, given in 15.3, we conclude that:

= C(N1+1)(s(k+1)c(kz+N+1)—c(k:+1)s(k+N+1))
B _1c(k,N+1)
= apay, W,

and this is exactly our thesis. O

In particular, we will have that one between 1" (k + 1) and ¢~ (k + 1) has some zeros in
(k) and some poles in fi;.
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16 Explicit integration

In this section we will combined all the results obtained in the previous section in order
to arrive at the formulation of by through Riemann ©—functions. Similar formulas have
been obtained for the theory of the Korteweg de Vries equation with periodic potential in

7).

Theorem 16.1 (Explicit integration for the periodic Toda lattice) The Flaschka
coordinates by, for the periodic Toda lattice have the following temporal evolution:

OtV + (k= 1)U + ¢o, B)
g/az Mear(X th (10g © (tV + kU + ¢y, B) ) ) (16.1)
fork=2,...,N.

Here A* = Z2g+2 Aj withg < N—1and U andV are the g—dimensional vectors defined
in (14.14) and (14 17) respectively, namely :

U:(Oj;wl, oj"wg) (16.2)

oot
V=W, ..., V),
1
Vi=— [ oY 1=1,..4 (16.3)
2mi Jg,
where w1, ...,wy are the g holomorphic differentials and Qc(i;)i is the normalised second

kind differential defined in (14.15) and ¢o is a constant real vector. The quantity B is
the g x g period matriz (14.10) associated to the curve S and ©(z,B) is the Riemann
Theta-function defined in (14.22).

Remark 16.2 Note that the vectors U and V are real, and the period matrix B is pure
imaginary. It follows that the value of the Theta-function is real. Furthermore, we observe
the linear dependence on k and ¢, in the argument of the Theta functions. We also observe
that the integrals fal Awi () are real, since the holomorphic differentials w; are real on the
a-cycles.

Then, as a conseguence of this, we will obtain similar formulations for all the others
coordinates of the periodic Toda lattice.

To start with, let reconsider the Riemann surface defined in 14.1 as the zero locus in C?
of the polynomial w? — R(\), where we recall that this polynomial is given by:

2g+2

RO = [T (=),

J=1
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with A\; < --- < Agg4o, the different eigenvalues of Q.

We also recall that we renamed p; < --- < pg the Dirichlet eigenvalues for which the
interval of instability is non-degenerate, i.e. Agj < p; < Agj41 for each j = 1,...,g. The
same is true for p;(k).

The crucial point, now, is to see these (k) as simple poles for a certain meromorphic
differential on S, that we are going to define. Starting from this, we arrive at the most
useful result of this section, that describes the sum of 41;(k) in terms of Riemann Theta
functions, for every k > 1.

The proof of theorem 16.1, namely the derivation of the explicit expression (16.1) is based
on the equation (15.5),

and the fact that when A\oj = p; = Agj41 these quantities disappear from the above sum,
and the following theorem.

Theorem 16.3 [Formula for the sum of k—shifted eigenvalues] The following relation
holds:

s — ld O (Vt+ kU + é0, B)
jz::luj(k) = Z/a Awi(A) = 5o <10g@(Vt+(kz+1)U+¢o,B)) (16.4)

for k> 1, where U and V are the vectors defined in (16.2) and (16.3) respectively and ¢q
s a constant phase.

In order to prove theorem 16.3 we first need to introduce several quantities.

On S, we can consider the meromorphic function ¢ (k + 1) which is the extension on
S of the Bloch eigenfunctions (15.7) namely ¢ (k + 1) defined in the upper sheet and
¥~ (k4 1) in the lower sheet, for every k > 0.
Then, being ¥ (k + 1, \) a meromorphic function on S, it is completely defined by its zeros
and poles: these informations come from what we already proved in the previous section.
Indeed, the formula 15.9 given in the last proposition allow us to say that (k4 1, A) has
simple zeros at pj(k) and simple poles at ;.
Furthermore, if we use the expression 15.7 for the two branches of ¥)(k+1, \), we can make
some considerations about the infinity points. On the upper sheet, for A\ large enough, we

have:
(¢(N)=s(N+1))+ VA2 -4

th+1)=sk+1 k+1
deg=k deg=k—1
—x0 343
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then we conclude that 1(k+ 1, \) has a pole of order k at co™. Instead, on the lower sheet:

(¢(N)—=s(N+1)) — VA% -4

“k+1) =s(k+1)+ k+1),
deg=k ~~ deg=k—1
~0-3-3

then ¢ (k + 1, \) has a zero of order k at co™.

Now we define a meromorphic differential on .S using this funcion.
Definition 16.4 We denote by w(k + 1, A) the following 1—form:

kE+1,A
wk+1,)) = ;)\ log (¥(k+ 1,\))d\ = Yk +1, )\)ad}(a—;’)d)\, (16.5)

for every k > 0.

This differential has simple poles at u;(k) and p; for every j = 1,..., g with residue +1
and —1 respectively. It has simple poles at co™ and co™ with residue respectively —k and
k.

Then, from the study of differentials on Riemann surface done in the paragraph 14, we
know that on S every meromorphic differential can be represented as a combination of
abelian differentials of second and third kind plus some linear combination of holomorphic
differentials. So, we define the following normalized abelian differential of the third kind:

L]
Q,uj(k),,ujvj =1,...,9, (166)
that has just simple poles at p;(k) with residue +1 and at p; with residue —1.

Qoo oot (16.7)
that has just simple poles at co™ with residue +1 and at co™ with residue —1.

The canonical homology basis is the one described in Figure 4 and the corresponding
canonical basis of holomorphic differentials on S, is the one constructed in 14.9 and denoted
by wj, for j =1,...,g,. We conclude that we can represent the differential w(k + 1, \) as:

g

g
Wk +1L,0) => Qo + FQom oot + Y djw;. (16.8)
j=1 j=1

where d; are some constants to be determined.
Now fixing some Py = (Ao, wp) € S, using (16.5) and (16.8) we can represent the function
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(k4 1) in the form

P 9 P
Wik +1,P) = exp z/ AR I Sy
Py j=1 0

The function ¥ (k + 1, P) is a single-valued function on S. This means that for every
a—cycle and every f—cycle, and for every P € S the condition:

{Mk+LP+a0=m®@mWW“”4”P) I=1,....g (16.9)

Y(k+1, P+ Bi) = exp(2mimy)y(k + 1, P)

must hold for some constants n;, m; € Z.
The first equality can be rewritten as (we are dropping the dependence on k + 1):

P+al P+al

P+al
i ).y k/P Qoo oot + Zd / wi
0

exp(2ming)Y(P) = ex
p(2min p ;;/

x0)

9 g
P)exp Z/ k‘/ Qoo 00t +Zdj/ wj
j=1 it j=1 it
¥(P) exp(dy),

since all the abelian differentials €, (1) ;. loo— oo+ are all normalized.
So we have that the constants d; are fixed:

d =2ming, 1=1,....q. (16.10)
Doing the same steps, the second equality in (16.9) becomes:
P+p P+5 9 P+B;

g
exp(2mimy)y(P) = exp Z/ Qi ke +E Qoo oot + Zdj wj
=1/ Po =1 Jh

g g
Z/ pj(k),m + k/ Qoo*,ooJr + Zdj/ Wil
j=1 Bi

j=1 B

and so we must have that:

g
2mimy = Z/ (k) s —l—k‘/ﬁ Qoo oot —|—2m’2njBlj,
1

=1
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where we used the condition 16.10, and we recall that Bj; is the period matrix of S for
the fixed canonical homology basis and the fixed holomorphic differentials basis.

Next we can apply the lemma 14.10 that gives us a way to calculate the S—periods of
normalized Abelian differentials of the third kind through holomorphic differentials.

So the equation above becomes:

g o0 g
ity = 2mi Y / wy + 2mik / w +2mi Y n;By.
oot

j=1"Hj j=1

wj (k)

Finally, choosing a fixed point Py € .S, we can split all the integrals as:
1 (k) m (k) Hy
[ [ [
Bj P P
and we conclude that:
9 (k) 9. i oo™ g
S [y [Cak [ a- Y onBym (16.11)
j:1 P() j:1 P() oot jZl

We denote by v the vector formed by the right hand side of the above equation:

g Mj oo g
”1:2/ wz—k/+ w =Y niBj+m, l=1...g (16.12)
j=1 Py 00

j=1

Next we we consider the function

P
F(P)=06(Ap,(P)—e€,B)=06 (/ w—e,B) ,
Py
where the complex vector e = v — Kp,, with v the vector defined above and Kp, is the
vector of Riemann constants. We apply the Riemann Vanishing theorem 14.14 to the
function F'(P) and conclude that its g zeros Q1,...,Q, satisfy the following relation

9. rQ; 9. (k)
Z/ w:e—i-KpD:v:Z/ w, (16.13)
j=171o j=171o

namely such zeros @); coincide with pj(k). This statement is true because the p;(k) are
all distinct and therefore the associated divisor of degree g is not special.

Now we are ready to prove theorem 16.3: namely we are solving the Jacobi inversion
problem, inverting the formula 16.13. This means find symmetric functions in p;(k) given
the vector v.
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Proof. (Formula for the sum of the k—shifted eigenvalues). We introduce the differential:

0
=A——logF .
G(N) >\8)\ og F'(A)dA

The differential G(\) has the following analytical properties

e it is multivalued on the surface S and single-valued on the Poincaré polygon S
obtained from S
e it has g simple poles at the points (u1(k), ... pug(k));

e it has simple poles at co*.

Therefore we can evaluate the integral | 55 G, where dS is the boundary of S, using the
residue theorem. We obtain

1

g g
3 o G(A\)d\ = ZRes)\:W(k)G(}\) + Resy—oot (G(N)) = Z,uj(k:) + Resy—oot (G(N)).
j=1 j=1

We conclude that
J 1
> pi(k) == | G(N)dA = Resy_ox (G(N)). (16.14)
o 21 J53

From the explicit calculation of the r.h.s. of the above expression we will find a represen-
tation for the sum of k—shifted Dirichlet eigenvalues through the Riemann ©—functions.

Lemma 16.5 The following relation is satisfied

1a O (Vt+k [ w+ 0, B)

C2dt g@(Vt+(k+1)fo‘j+w+¢o;B)
(16.15)

Resy—oo (G(V)) + Resy_os (G(N)

where the vector V' has been defined in (14.17) and ¢q is a constant vector.

Proof. We first start to compute the residue of G at oo™, i.e. :

A0 (0w — (v = Knr), B)jw; (V)
F(P) ’

Res—oot (G(V)) = Resy—oor

where the A\—logarithmic-derivative is computed recalling that (-, B) is a vectorial func-
tion and @(f;‘o w— (v— Kp,), B); is the derivative with respect to the j-argument. First

74



we observe that oo™ is a simple pole for G. To do this, we use the explicit form of the
canonical basis of holomorhpic differentials w; on S, already defined in 14.9. Using the
local parameter A = < we rewrite the holomorphic differentials as:

_ X At A
R(A)

g AJkskll( %)
2942
SHWH (1 Ais)
Zkl ]ksg kds

\/H29+2 1\, S)

where we recall that the matrix A is the inverse matrix of the a—periods matrix for the
holomorphic differentials ny, not still normalized.
In such coordinates, the product Aw;(A) becomes:

1 9= J
,wj(s)_ Zk 1 k’s Z ]ksg k— 1d8 1+0( ))

5 \/H29+2 1—)\3) k=

that for £ = ¢ has a simple pole in s = 0. The residue at A\ = co™ is then calculated as:

w;(s)

1
Res)—oo+ Awj(A) = Resszogwj(s) =—Ajg,
the coefficient of the term s~ 1.
Applying this result to the residue of G at co™ we obtain:

A (0w — (v = Kn). B)jeo; (V)
F(P)

X (O @ (v - Kr).B)Ay,)

fPO W= U_KP0)7B> .

Resy—oot+ G(N) =Resy—qo+
(16.16)

Now, with some manipulations, we can rewrite this quantity as a logarithmic derivative
with respect to the time of the Theta function. Indeed, we recall that, with our choice of
v in (16.12) we have :

g9 Hj oo

v—Kp, = E / w—k/ w—nB+m—Kp, |,
- P oot
j=1770
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where the vectors n = (nl)?zl, m = (ml)f:1 and B is the period matrix of S and u; =

The crucial point here is that, in this sum only one of the term that appears depends on

time, and it is:

9 .U‘j(ovt)

> / w, (16.17)
j=1"Fo

that appear in the calculation of the angle variables (12.3). Combining the expression of
the angle variables (12.3) with the definition of the period vector V' in (14.17) we obtain
that

9. rri(0t) .
Z/ wp = 2tAg +to=—tV; + 1o (16.18)
j=1"1b

where t( is a constant vector and A is the inverse of the period matrix of the non normalized
differentials (14.6).
Combining (16.16) and (16.18) we conclude that

% <1og@ </°° w—(v— Kpo),3)> — 9Resy_os (G(N), (16.19)

Py

In the same way we can calculate the residue at co™ obtaining

Py

% <log@ ( / Y (v Kn), B)) — C9Resy_o (GV). (16.20)

Combining the above expressions and setting Py = oot we obtain (16.15). O

Finally, the last term we have to compute is the integral:

1
— G(A)dA.
21 o8 ( )

We have the following lemma.

Lemma 16.6 The following relation is satisfied:
1 g

— G(N)dA =
as —

21

/ (). (16.21)

=1

Proof. We perform the integral on the boundary of the Poincaré polygon S associated
to S, so that we can rewrite the integral as a summation of integrals on all the a, 5—cycles
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Qy

Figure 5: Each point of «; is connected to the correspondent one of 041_1 through the cycle

Bi-

and their correspondent inverse, and then we can use the properties of F' (due to ©) to
calculate each one of them. So we consider:

1 1 (<
5 8§G()\)d)\— o (;( . G()\)Jr/al G(\) + allG(A)—k/ﬁllG(A))),

and first, for every [ = 1,..., g, we take the sum of the integrals on «; and on al_l. This
can be rewritten as:

dlog F()\) _/ dlog F(A+ B;)
/alAf?A A alA—ﬁA A,

since the points on ozl_l are the same of the ones on a; less then a S—cycles, as shown in

the Figure 5. Then we work on the function F, and we see that:

A8 A
F()\-l-ﬁz):@(/P w—(v—Kpo),B):@ /Pw—l—/ﬁw—(v—KpO),B
0 0 1

=e!B

Now we recall the property of the function F', given in 14.27, and we apply it in our case
(taking K = 0 and M = ¢!), so we have:

P
F(P—I—BZ>ZF(P>GXP <—7TiBll—27Ti/ wH—?m’el).
Po
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Then the integrals sum becomes:

dlog F(\) _/ Olog F(A+ ) _/ dlog F(\)
/al )\70)\ dA 5 )\—a)\ d\ = 5 )\78)\ dA

dlog(F(N)) / d < ) . /* . ) .
— A—" — A— | —miBy — 27i wy + 2mie; | dA = 2m/ Awj.
a o\ o OA Po a

So this is exactly a constant contribute. It is also the only one, since if we take a sum of
integrals on the cycles 8; and on Bl_l, we obtain that this sum is null for every I =1,...,g.
Indeed, with the same remarks done before, we can consider every point on the cycle ;" !
as a point of 5; less then the Oél_l cycle. In this way, we have that:

log F’ log F((\ —
B Bt | oA B oA

but this time, using the property of the funtion F' given in 14.26, we have that F'(P—«;) =
F(P), and so the quantity above is null. Then we conclude that:

1 g
— G(\)d\ = /Aw)\.
577y V=32 [ Yt

O

Finally, combining lemma 16.5 and lemma 16.6 we can conclude the proof of theorem 16.3
by re-writing (16.14) in the form (16.4). O

Remark 16.7 The integration of b; is obtained by observing that the total momentum

is conserved and therefore
N 1 2N
Z b =A= 5 Z )‘jv
k=1 Jj=1

In this way, applying the theorem 16.1 we have that:

N
bi(t) =A=> by
k=2

—A—(N-1) <A*—

i /al AMA)) L ld <10g@(tV+NU+¢o),B)>'

2 dt O (tV + U + ¢y, B)

=1

We obtain the integration of the Toda equations in the canonical variables by observing
that

Gr = pr. = —by.
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Therefore, direct integration gives

g 1 OtV +(k—1)c+¢),B

for some integration constant K.
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