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1 HOLOMORPHIC FUNCTIONS

WEEK 1

1 Holomorphic functions

1.1 Introduction:complex numbers, complex plane
We define the following structure
Ci={z:= (a,9) | 2.y € R}
and endowed C with the following operations
(z1,91) + (22, 92) := (21 + 22,41 + ¥2)

(z1,11) - (x2,92) == (z122 — Y1Y2, T1Y2 + Y122)

with neutral element (0,0) for addition and (1,0) for multiplication.

Lemma 1.1. The set (C,+, ) satisfies the azioms of a field with multiplication inverse

z = (z,y) # (0,0), 2_1:< : ¥ )

x2_|_y2’x2_|_y2

so that
2271 =(1,0).

We will use the following short-cut
1:=(1,0), i:=(0,1), 0:=(0,0)
so that we can write any complex number in the form
z=1-x+4+1y, z,yeR

Note that i = (0,1) - (0,1) = (=1,0) = —(1,0) = —1.
We also define the real part and imaginary part of a complex number z = x + iy as follows

Re(z) :=z, Im(z)=y,
and the operation of complex conjugation

- C—>C

z—Z:=x—1y.

Then we have the following elementary properties
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1.1 Introduction:complex numbers, complex plane 1 HOLOMORPHIC FUNCTIONS

Another important map is the modulus
| ‘ : C— RZO’
defined as

2| =Vzz=+22+y?, z=x+iy

with the properties for any z,w € C
|z| > 0,and |z| =0 if and only if z =0
[zw| = [2] |w]
|z +w| < |z| + |w].

The distance between two complex number z; = x1 + iy1, 29 = T3 + iy2 is then given by

d(z1,20) = |21 — 22| = V&1 — 22)2 + (y1 — y2)2.

Polar coordinates. A nonzero complex number z € C can be represented by the standard
rectangular coordinates z = = + iy or polar coordinates r > 0 and ¢ € [0, 27) by

z:a:+iy:\/x2+y2< ’ il ) = r(cos ¢ + isin @),

+
VitttV 4P
Re(z) Im(z)

2| K

The angle ¢ is denoted as the argument of the complex number, namely arg(z) = ¢(mod2r).

r=|z|] cos¢= , sing =

Exercise 1.2 (Euler’s formula). For z = z + iy show that
e* T = e%(cosy + isiny).

From Euler’s formula, it follows that any complex number z = = + iy can be written in
the form

z=x+iy=|z|(cosp + ising) = |z[e®, ¢ = argz.

Exercise 1.3. Show that a linear map A : R? — R? that is a rotation of an angle ¢ with
respect to the origin and a dilatation by p can be represented in an orthonormal basis in R?

in the form
_ cos¢ —sing
Ap(sind) cos¢>‘

Show that such transformation can be represented in the form z — Az for z € C for a suitable
A. Calculate A.

. L 9 L . cos¢p —sing
Solution. A rotation in R* by an angle ¢ is given by the matrix (sin 6 coso >, and a

1
dilation by p is simply given by p <O ?) . Combining the two operations one gets the matrix

A.
Setting A = p(cos ¢ + isin ¢) then the map z — Az is equivalent to <§> — A (5)
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1.2 Sequences, series, and convergence 1 HOLOMORPHIC FUNCTIONS

Exercise 1.4. Show that
2122 = |ZIHZ2’ ei¢l+i¢27 ¢k = argzi, k= 17 27
arg(z1 z2) = arg(z1) + arg(z2) mod 27.

Solution.

2k = |2x|(cos ¢, + isin ¢y) = ]zk]ei¢k,

so that

2120 = |21]|20]€7%1 €92 = | 21| 22|(cosgy + isin ¢1)(cosdy + isin o)
= |21]|22|[cos 1 cos P — sin ¢1 sin Py + (oS P1 Sin Pg + cOs P2 sin P1)]
= |21]|z2/(cos(¢1 + d2) +isin(dr + p2)) = |z1|zp|e"r T2
so that arg(z122) = ¢1 + ¢ = argz; + argze  mod 27.
As a consequence of the above exercise we have that for n integer

2" = (|2]e™)" = 2" = |2|"(cos(ng) + i sin(ng)).

1.2 Sequences, series, and convergence

The space (C,]|.|) is a metric space which can be identified with R? with the euclidean
distance.

Definition 1.5. A sequence {z,}nen converges to a point w € C if for € > 0 there exist a
nog € N such that n > ng, implies |z, — w| < €. The limit is denoted as

lim z, = w.
n—o0

A sequence of complex numbers {2z, }nez., is called Cauchy sequence if for given € > 0 there
exist a ng € N such that |z, — z,,| < € for all n,m > ng.

It is not hard to see that {z,}nen is a Cauchy sequence if and only if {Rez, }neny and
{Imz, }nen are Cauchy sequences. It follows that since R? is a complete metric space so is

C.

Lemma 1.6. The space (C,||) is a complete metric space, namely every Cauchy sequence of
complex numbers converges to a complex number.

As for real numbers the converge of series is defined according to the converge of partial
sum, namely the series
o0
>
n=0

n
converges iff the sequence of partial sums s, = ) z; converges.
§=0
We also recall the Cauchy rule from real analysis: the series of real numbers > > by,
b, > 0 converges if limsup, .. |by|'/" < 1 and diverges to +oo if limsup,, . |ba|"/" > 1
(Hm sup,,_, 0 [an|"/™ = lim, o0 sup{|an|'/™, |an+1//"*1, ... }). Thefore the series S°0° |2y
converges if

ll/n

limsup |z,|"/" < 1.

n—oo
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1.3 Differentiation and holomorphic functions 1 HOLOMORPHIC FUNCTIONS

Exercise 1.7. Show that if the series >~ |z, | converges, then the series ) 7, z,, converges

as well and
o0 (o)
PIEIED B
n=0 n=0

If >0 o |2n| converges we say that Y 7, 2, is absolutely convergent.

1.3 Differentiation and holomorphic functions

Definition 1.8. A subset G of C is called a domain if it is open and path connected.
Next we will study the properties of complex functions
f:G—C.

We will use the notation

Z:.’If‘i‘ly, f(Z) :U(.’E,y)‘i‘l’l)(.%',y),

where u(z,y) and v(z,y) are functions from R? to R. We can also write

As for real functions we can introduce the concepts of limit and continuity.

Definition 1.9. The function f has a limit ¢ at a point 29 € G

lim f(z)=¢, =z,20€@G,
Z—20
if
Ve >0 36 > 0s.t.|z — 20| < 6, then |f(z) — | <e.

Let us make an example of a function f that does not have a limit.

Example 1.10. Let
2xy 2
fe)={ T Ty C70
0 z=0

The function does not have a limit at z = 0. Indeed the approach to zero along the line

% =k for any fixed k will give the limit 11’22.

Definition 1.11. The function f is continuous at a point zy € G if the limit of f at zy exists
and

lim f(z) = f(z0)

Z—rZ20

If f is continuous at every point z € G then f is continuous in G.

The concept of continuity of f is clearly the concept of continuity for any map in a metric
space. For example the function f = u+iv is continuous in G if v and v are continuous in G.
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1.4 Basic properties of complex differentiation 1 HOLOMORPHIC FUNCTIONS

Definition 1.12. Let GG be a domain in C and f : G — C a complex function on G. The
function f is (complex) differentiable at a point zg € G iff the limit

ooy e J(z0+h) = f(20)
f(z0) = lim .

lim (h#0, 20+ h € Q)

d
exists and is finite. The limit is also denoted as = (2)]2=2-
2

The above definition implies that the limit is independent from the direction in the complex
plane in which h goes to zero.

Example 1.13. The function f(z) = 2? is differentiable. Indeed

fz4+h) = f(z) (24 h)* - 2? _ 22h + h?

=2z+h

h h h

and

o 1)~ 1)
h—0 h

so that f(z) = 22 is differentiable at any point of z € C and f’(z) = 2z.

=2z

Example 1.14. The function f(z) = zZz is not differentiable for z # 0. Indeed

f(z—l—h})L—f(z) _ (z—l—h)(zh—i—h) —2Z _ sz—Z:—i—hﬁ :zZ—l—z+h
and _
lim —
h—0

, h A
does not exist. Indeed we can write h = pe'® so that — = e~2¢ which clearly does not have

a limit for h — 0 since we can choose ¢ in an arbitrary way. So the function f(z) = zZ is not
differentiable for any z # 0. For z = 0 we can see that

lim F0+h) - £(0) _ lim h = 0.
h—0 h h—0

This means that the function f(z) = zz is complex differentiable only at z = 0.

1.4 Basic properties of complex differentiation

The concept of complex differentiability shares several properties with real differentiability:
it is linear and obeys the product rule, quotient rule, and chain rule. The exercises below
describe these basic properties.

Exercise 1.15. Let G C C be an open set and f: G — C, g : G — C complex functions on
G, 29 € G, a € C*. Suppose that the functions f, g are differentiable at the point z5. Then
the following functions f + g, af, fg are differentiable at the point zy and

(f+9)'(20) = f'(20)+9'(20),  (af)(20) = af'(20),  (f9)'(20) = f'(20)9(20)+7(20) f (20)-
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1.5 Cauchy-Riemann equations 1 HOLOMORPHIC FUNCTIONS

Exercise 1.16. Let G C C be an open set and f: G — C, g : G — C complex functions on
G, 29 € G. Suppose that the functions f, g are differentiable at the point zg and ¢'(zg) # 0.
Then f/g is differentiable at the point zy and

Ty = F(20)9(20) = g'(20) f (z0)
(g) ( 0) 92(20) :

Exercise 1.17. Prove that if f is differentiable at a point zp € G then f is continuous at z.

Exercise 1.18. (CHAIN RULE) Let G C C, B C C be open sets. Suppose that f: G — C is
differentiable at zp € G, f(G) C B and g : B — C is differentiable at f(zy) € B. Prove that
then the composition go f : G — C is differentiable at z and

(9(f))'(20) = g'(f(20)) ' (20)-

Next we introduce the definition of holomorphic function.

Definition 1.19. A function f : G — C defined on a domain G is called holomorphic in G if
it has a complex derivative at all points of the domain G. A holomorphic function f: C — C
is called entire.

1.5 Cauchy-Riemann equations

We start observing that the function f(z) = z does not have a complex derivative in the
sense of definition 1.12. However it is a differentiable function as seen as a function from
R? — R2. Indeed in this case (z,y) — (u = x,v = —y) which is clearly a differentiable map
from R? — R2. Clearly complex differentiation requires extra conditions on the functions
u(z,y) and v(z,y).

Theorem 1.20. (CAUCHY-RIEMANN THEOREM 1) If the function f : G — C, f(z) =
u(z,y) +iv(z,y), 2 = x + iy, is complex differentiable in zy € G then the functions u(zx,y)
and v(x,y) have partial derivatives at (xo,yo) € G and satisfy the following Cauchy—Riemann
equations:

(1 1) %(l‘o,yo) = (%(517071/0),
Go(zo,y0) = —§a(wo, o).

In this case, the derivative of f at z can be represented by the formula

ou ov ou ov
12 ! = — ) —— = — ) —— _ .
(1.2) f'(20) o (z0,%0) +Zax($0,yo) By (w0, yo) + ay(xoayo)
Proof. Assume that the function f is differentiable at zg = xg + iyg. Then we can chose

h=teR

f/(z()) _ 1155% f(ZO + ti - f(ZO)
— lim u(zo +t,90) — u(wo, yo) + i(v(xo +t,90) — v(wo, Y0))
t—0 t

= g (0, Yo) + 1vz(x0,Y0) -
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1.6 Another perspective on complex differentiation 1 HOLOMORPHIC FUNCTIONS

We can also chose h = it € iR so that

f(z0 +it) — f(z0)

!/ — 1
f(z0) 150 1t
t) — ] — t
— lim u(zo, yo +t) — u(@o, yo) +.Z(U(I‘o7y0) v(xo, Yo +1)) ity (0, %0) + vy(20, 90)-
t—0 it
Comparing the above two expressions of f/(zy) we obtain (1.1). O

1.6 Another perspective on complex differentiation

We start by recalling the concept of Fréchet differentiation.

Definition 1.21. (Differentiability for normed vector spaces). Let V' and W be two normed
vector spaces. Then g : V — W is Fréchet differentiable at x € V iff there exists a bounded
linear map L : V — W such that

_lg(x +h) —g(x) — Lh|lw

lim

=0.
h—0 [|h]]v

This notion of differentiability is called Frechet differentiability and the linear map L is
g
ae;°

Remark 1.22. Note that g having partial derivatives is actually not enough for it to be

the Jacobian J(g) of g, namely L;, = J(9)r =

Fréchet differentiable. A sufficient condition is that the partial derivatives a—gk exist and are
L
continuous in an open neighborhood.

If we consider the holomorphic function f = u + iv as a real map F : R? — R2, <Zj> —

<u(az7 y)>, then the Jacobian of F' takes the form

v(z,y)
_ [(Uz Uy
JF_Q%UJ.

The Cauchy-Riemann (CR) equations imply that
(1.3) JF = (“w _“x> .
Uy Uy

Recalling that the multiplication of complex numbers z + iy — (a +ib)(z +iy) = (ax — by) +
i(bx + ay) can be lifted to a matrix acting on a 2-dimensional vector

()G 2)6)

_>

Y b a)\y

see exercise 1.3, we see from the above expression of JF' that the linear map L = JF of

definition 1.21 is a C-linear map, namely the Jacobian JF is a rotation of an angle arg(f’(z))
followed by a dilatation of |f’(z)|. We summarize this consideration in the following theorem
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1.6 Another perspective on complex differentiation 1 HOLOMORPHIC FUNCTIONS

Theorem 1.23. A function f : C — C is complex differentiable if the associated map F' :
R? — R? is Fréchet differentiable with the further restriction that the linear map L = JF is
C-linear, namely of the form (1.3). Furthermore

det(JF)(z) = uf +v7 = |f'(2)*,

Next we want to represent the Cauchy-Riemann equations in a different form. Let f :
G — C be a a complex valued function and suppose that f, and f, exist in G. We introduce
the Wirtinger derivatives that are defined as the following linear partial differential operators
of first order:

o, 1[0, .0 o, 1(0, 8

Lemma 1.24. If the function f = u + iv is holomorphic in a domain G C C, the Cauchy-
Riemann equations can be written in the form

(1.5) aazf = 0.

Proof. Let us calculate

0 1/0 .0 ) 1 ) i ) 1 i

92! =2 <8:): “ay> (utiv) = G s i) o 5 (v vy ) = 5 (e = 0y) + 5 (00 uy).
. . . 0

Then the Cauchy-Riemann equations are equivalent to 7 f=0. ]
Z

Therefore for a holomorphic function f in a domain G, the Cauchy-Riemann equations
can be interpreted as the independence from Z of the function f.

Example 1.25. Consider the function

A o 2 e o\
)= oz for=cCMO)
0 for z = 0.
Determine where it is differentiable. The function f is continuous in C. The function f =
4 252
% = % = 72 for z # 0. Hence applying Lemma 1.24 we have
z z

iszZ;éO, for 2 # 0
0z

that shows that f is not differentiable for z # 0. To calculate the derivative at z = 0 we apply
the definition and calculate the limit
0+h)— f(0 h?
L F0R) — £(0)

h—0 h :}LS%F:O

which implies that the function f is differentiable at z = 0.

The validity of the Cauchy Riemann equations in a point does not guarantee differentia-
bility in that point as the following example shows
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1.6 Another perspective on complex differentiation 1 HOLOMORPHIC FUNCTIONS

Example 1.26. Consider f : C — C defined by

_ 0, =zy=0,
f(z)—{ 1+, xy#D0.

Then u = Re(f) = H,v = Im(f) = H where

0, zy=0,

In this case the function f(z) is not complex nor real differentiable in (0,0) since it is not
continuous in a neighbourhood of (0,0). However the partial derivatives in (0,0) do exist,

indeed
ou u(0+ Az, 0) — u(0,0) 0-0

%(0’ 0)= Al:}cgo Az - Alalcrgo Az 0
ou . u(0,0+ Ay) — u(0,0) . 0-0
55”0 = A% Ay A% Ay ="

and the same relations hold for v,(0,0) = 0, vy(0,0) = 0. Therefore the Cauchy Riemann
equations are satisfied at z = 0, but the function is not continuous or differentiable at z = 0.

In the following we are going to give conditions for a functions f to be complex differen-
tiable.

Definition 1.27. The function f : G — C is a C'-complex valued function with f = u + iv
if w and v have continuous partial derivatives in G or equivalently if v and v are Fréchet
differentiable in G.

Definition 1.28. Let w(z) be a complex function in a neighbourhood of the point z = 0.
The function w(z) = o(z), if

tim ) g,
z—=0 Zz
The function w(z) = O(z) if
lim w(z) =c¢, c#0.
z—0 z

The following theorem shows that first partial derivatives give a linear approximation of
a C! complex function in a neighbourhood of a point.

Theorem 1.29. If the function f : G — C, f(z) = u(x,y) + iv(z,y), 2 = z + iy, is a
C'-complex valued function in G then for any zp,z € G with z in a neighbourhood of zy we
have

(1.6) f(z) = f(20) = (2 — 20) f2(20) + (2 — 20) f2(20) + o(2 — 20)-

Proof. Let us define uy = u(zg, yo) and vg = v(zo, y0), Au = u(z,y) — u(xo, yo), Az = z — 29,
Ax = x — x9, Ay = y — yo. By the hypothesis of existence of partial derivatives we define

Au — ug(20) Az — uy(20) Ay
Az

The goal is to show that lim,_,,, €1(z, z9) = 0. We observe that

(1.7) e1(z, 20) :=

Au = u(z,y) — u(z,yo) + u(z,yo) — u(xo, o)
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1.6 Another perspective on complex differentiation 1 HOLOMORPHIC FUNCTIONS

and by the continuity of first partial derivatives and the real mean value theorem there are
real numbers a and b (depending on z and zp) such that

Au = uy(z,b)Ay + ug(a, yo) Az
and therefore

(uz(a, yo) — ua (w0, 40)) Az + (uy(x,b) — uy (0, y0)) Ay
Az

€1(z,20) =
Evaluating the modulus we obtain

le1(2, 20)] < |uz(a,yo) — uz(xo, yo)| + |uy(x,b) — uy(xo, yo)|

which show, by continuity of the first partial derivative that that lim, ., €1(z,20) = 0. We
conclude that

u(z,y) — u(xo, yo) = (¥ — o) uz(z0,yo) + (¥ — yo)uy(zo,Yo) + (2 — 20)€1(2, 20).

In a similar way we can obtain

v(z,y) — v(Z0,Y0) = (T — 20)vz(T0, Y0) + (¥ — Yo)vy(z0,y0) + (2 — 20)€2(z, 20)

where lim,_,,, €2(2, 20) = 0. Summing up the first equation with the second one multiplied
by 7 we obtain

F2) — Flz0) = At ito = Aafy(z0) + Ayfy(0) + (= — z0)(e1(2:20) + iea(z 20))
- %fx(zo) + %fy(ZJO) + (2 = 20)e(z, 20)

= Az f.(20) + AZfz(20) + (2 — 20)€(z, 20)

where € = €] +ieg and in the last identity we use (1.4). It then follows that (z — z9)e(z, 20) =
o(z — zp) and we have the statement. O
The above lemma expresses the linear approximation of the complex C! function f in a
neighborhood of zy. Note that however the limit of the quantity
(z — 20) o(z — 20)
0] ) 4 2220

f(Z)_f(Z(]) :fz(20)+ .
Z— 20 zZ— 20 Z— 20

does not have a limit.

. zZ—Z
as z — zp does not exist because %

Theorem 1.30. (CAUCHY-RIEMANN THEOREM 2) If the function f : G — C, f(z) =
u(z,y) +iv(z,y), 2 = x + iy, is a C-compler valued function in a neighbourhood of a point

20 € G and the functions u(z,y) and v(zx,y) satisfy the Cauchy—Riemann equations (1.1) at
20 = xo + Yo, then f is complex differentiable at z.

Proof. To prove the statement we use Theorem 1.29 and the assumption that v and v satisfies
CR equations so that by lemma 1.24 fz(z9) = 0. Then using (1.6) we have

(1.8) f(2) — f(20) = (2 — 20) f2(20) + (2 — 20) fz(20) + 0(2 — 20) = (2 — 20) f2(20) + 0(z — 20).
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1.6 Another perspective on complex differentiation 1 HOLOMORPHIC FUNCTIONS

Now we observe that

Jz= L <8—ia> (u+1v)

“ 2\ 0z oy
1 ) ) 1.1 ,
= i(ux +ivg) + 5(—zuy + vy) = Uy + 10,
The quantity
Z—Z0 Z— 20 Z— 20

has a limit as z — 2z and therefore

o) — tim 1B =G0

Z—20 zZ— 20

= ug(20) + 1vz(20) = f2(20).

O

Geometric interpretation of Cauchy Riemann equations. Let f = u + iv be an
holomorphic function in C and let us consider the level curve

U(ZE,y) = Co, U(xay) = C1, Cp,C1 € C.

Then the vectors Vu = (ug,uy) and Vo = (vg,vy) are orthogonal to each level surface
respectively. Now let us consider their scalar product and apply Cauchy Riemann equation

(Vu, V) = ugty + UyVy = UgVp — Vptty = 0.

Namely Vu and Vo are orthogonal to each other. It follows that Vu is tangent to the level
surface v(x,y) = ¢1 and Vv is tangent to the level surface u(x,y) = co, (see figure 1).

Figure 1: The function f(z) = 22, and the level set of u(z,y) = 22 — y? and v(x,y) = zy.

Mathematician of this section:

o Baron Augustin-Louis Cauchy (1789 - 1857), French mathematician

e Georg Friedrich Bernhard Riemann (1826 - 1866), German mathematician,

o Wilhelm Wirtinger (15 July 1865 — 15 January 1945) Austrian mathematician.
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2 INTEGRATION OF COMPLEX FUNCTIONS

Week 2

2 Integration of complex functions

2.1 Paths and contours on the plane

Let [a, 5] C R be a closed interval of real numbers and G C C an open set.

Definition 2.1. A path is a continuous map

v:la, Bl = G.
We call () the initial point, and (/) the final point of the path 7. We say that ~ is
e closed if 7(a) = 7(8):
e simple if v does not intersect itself (except at the end points in case of a close path);

e smooth if the derivative 7/(t) exists and it is continuous on [a, b]:

7' (t) = lim w, Yi(a) = lim +'(t), v_(b) = lim +'(¢).

e—0 € t—ay t—b_

where 7/ (a) and 4" (b) are respectively the right and left derivatives.

simple, smooth path smooth path

(not closed) (not closed, not simple) contour

Example 2.2. (a) Let a,b € C be points on the complex plane. Then
~v(t) = (1 —t)a + tb, t € [0,1]

is called the line segment from a to b. This is frequently denoted by [a,b]. Observe that the
path 3(¢t) = ta+ (1 —t)b (t € [0, 1]) is the same line segment having the ”opposite direction”
from b to a.

(b) Let a € C and r > 0. The path

v(t) = a +re’, t € [0,2n7]
is called the positively oriented circle of radius r centered at a. This is frequently denoted by

St (a). Observe that, e.g., the path v1(t) = a + r(cos(2wt) + isin(2nt)) (¢t € [0, 1]) represents
the same ”geometrical” circle with the same ”positive orientation”.
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2.2 Integration 2 INTEGRATION OF COMPLEX FUNCTIONS

A path
v:ile,fl = C

is piecewise smooth, if there exists a partition of [«, J]

to=a<t1 <ta<---<t,=p

so that  is smooth on each interval [ty, tx11]. Denoting by ~; the k —th smooth path defined
on the interval [t;_1,tx] we can write

YEN AR

Definition 2.3. A curve is a piecewise smooth and simple path and a contour is a piecewise
smooth and close path.

Example 2.4. Let «; and 79 be given by
y(t)=t, te]-1,1]

and '
To(t) = ™D, e [1,2]

Then the contour v = 7 + 72 is the semicircle shown in the figure.

YZ

'
o

>

Definition 2.5. Let v : [a1,81] — G be a path. A path 75 : [ag,f2] — G is called a
reparametrization of 1 iff there is a continuously differentiable function ¢ : [y, £1] — [ae, 52

with ¢'(t) > 0, ¢(a1) = az, ¢(B1) = Ba, such that y1 =2 0 ¢.

Taking ¢(t) = é:—i, every path can be reparametrized to the path with parameter interval
in [0, 1].

Remark 2.6. The condition ¢/(t) > 0 (hence ¢ is increasing) and ¢(aq) = g, ¢(51) = P
means that v has the same orientation, initial and final points as ~1.

2.2 Integration of complex functions

Integral over the real segment. Let F : [a, 5] — C be a continuous function, F'(t) =
u(t) +iv(t). Define the integral of F' over the real segment [a, (] to be

/j Ft)dt = /j w(t)dt + i /j o(t)dt,
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2.2 Integration 2 INTEGRATION OF COMPLEX FUNCTIONS

where integrals of v and v are the usual (real) Riemann integrals. Such defined integral
respects the usual properties of the Riemann integral. Note however that the integral of F’
over [a, 5] is a complex number!

Now we are ready to define the integral of a complex function along a path.

Definition 2.7. Let G C C be an open set, f : G — C a continuous function and v : [«, 5] —
G a smooth path. Define the integral of f along v to be

[i=] "t o,

This is also frequently written f,y f(2)dz.
Example 2.8. Let v = S;f(a). Then

(2 — a)'dz = 2mi ifn= -1,
VYT 0 ifnezn# L
Proof. We may write v(t) = a + re® (t € [0,27]). Then ~'(t) = ire’’. We obtain
27 ) )
/(z —a)"dz = / (a+re' — a)"iredt
o7 0

27 ) ) 2
= / (re™)" ire'dt = ir™ T / el gy
0 0

i [27dt = 2mi ifn=—1,
= a1 el Dt e .
ir™ ei(ni-‘rl)o = 0 1fn€Z,n7é—1,
by taking into account the periodicity e* = e**2™ (2 € C, n € 7Z). O

Exercise 2.9. Let us consider the function f(z) = Z and compute the integral

dz.
]CSYw)f(Z)Z

We have using v(t) = €' for t € [0,27] that

27

/ f@dz= [ fe) @
s (0) 0

27 - 27 ) ) 27
:/)eWé%b::/ eﬂ%ﬂﬁ:i/ dt = 27i .
0 0 0

Now let us define the integral along a curve. If v = 1 479, then we just need to integrate
along v and 2 and then add the result. If the curve + has the form

YENFRA AT

then the integral of f along r v is

/vf:/%f+[y2f+---+/%f.
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2.2 Integration 2 INTEGRATION OF COMPLEX FUNCTIONS

Exercise 2.10. Let f(z) = 2% and calculate the integral along the contour v = v; + 72 where
1 (t) =t with t € [-1,1] and v = €%, ¢ € [0, 7).

Aszf+Aj-
[ylf:/_llt‘gdt:til

=0
™ ) T edit
/ f :/ (e)3ietdt = 2/ etitdt =i —
72 0 0 4i |y

~1
/7f20.

Now we define a very useful concept, the lenght of a path.

Definition 2.11. The length of a smooth path v : [«, 5] — G is defined by

B
- [ W,
If v(t) = x(t) + iy(t) we have that
(6] = V(@) + (¥ ()%

We can interpret y(t) as the position of the particle at time ¢ along the path v and |y/'(¢)] as
the speed of the particle. Let zop = y(to), to € o, 8]. If 4/ (to) # 0 then the tangent line at zy
along ~ is in the direction of v/ (tp).

=0

so that

For a curve v = y1 +v2 + - - - + 7y, we have that

L(v) = L(y) + L(v2) + -+ + L(7n)-

We will use the length of the smooth piecewise path v to estimate the contour integral of f
along ~. First we need the following exercise

Exercise 2.12. Prove that if F' : [, 8] — C is continuous then

/F dt' /|F )|dt.

Lemma 2.13. (ESTIMATION LEMMA) Let G C C be an open set, f : G — C a continuous
function and v : [a, B] = G a curve. If sup,, |f| < M then

/1

Proof. Assume for simplicity that 7 is a smooth simple path. Then, by using (2.1),

(2.1)

< ML(7).

dt‘ﬁ/jlf(())llv @l <M [ ol =2

[1-

O]
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2.3 General properties of complex integtalsSINTEGRATION OF COMPLEX FUNCTIONS

2.3 General properties of complex integrals

A very simple consequences of the definition of integral of a complex function f along a curve

% Af=L7wwh%Wf

is that the integral is linear

/V(Af+ug)—/\/7f+ufvg (A€ C);

For any path v : [a,b] — G we may define the reverse path —v : [a,b] — G by

—y(t) =y(a+b—1t).

This is merely ~ traversed in the opposite direction.

¥(b) -Y(a)

("\\ss_,/// (*\s;\\‘,//

(a) —Y(b)

-l

The above exercise says that the value of the integral does depend on the orientation
of the curve. We are going to show that it does not depend on the particular choice of
parametrization.

Exercise 2.14. Prove that

Lemma 2.15. Let G C C be an open set, f: G — C a continuous function and 7 : [, B] = G
a smooth path. Let 7 : [, 8] — G be a reparametrization of vy, namely v = y o ¢ with
¢ :[a, 8] = [@, B, ¢(a) = &, ¢(B) = B and ¢' > 0. Then

[=1

B
[ 1= sampae
vy (0%
By the real Chain Rule applied separately to real and imaginary parts of v we obtain

V(1) = (3(e(1) =7 (¢(1)¢' (1)
Set s = ¢(t) be a new variable. Then

Proof. By definition,

B B B
| 16— [ G (e o= [ G = [ 1.
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The changing of variables in a complex integral over a real segment is justified by applying
the usual rule to its real and imaginary parts. O

Lemma 2.16. (CURVE CHAIN RULE) Let G C C be an open set, F : G — C a differentiable
function and 7 : [, B] = G a smooth path. Then

Proof. Set F = u+iv and v = 71 +iv2. Applying the real Chain Rule to real and imaginary
parts of F'(v(t)) and using the Cauchy—Riemann equations we obtain

(F(y®) = (u(n(t),72() +iv(n(t), ()

= SO + 5O + 5 OO + i3 @)%
- <gz(7(t)) - z’ZZ(%t))) (m(B) +i72(t) = F'(v()Y' (1),

Theorem 2.17. (FUNDAMENTAL THEOREM) Let G C C be an open set, f : G — C a
continuous function and v : [a, 5] = G a smooth path with initial point a = v(«) and final
point b =(B). Suppose there is a differentiable function F': G — C such that

F'(z) = f(z) inG.

Then
/f = F(b) — F(a).

In particular, if v is a contour (close curve) then f7 f=0.

Proof. By the Curve Chain Rule we obtain

B B8 B8
— "(£)dt = F ") dt = F 'd:Fb—Fa,
A f / S (B)dt / (v (0 (B)dt / (F(~(8)))dt = F(b) - F(a)

which is required. O

Application of the Fundamental Theorem can save a lot of effort in computations.

Example 2.18. Let v : [a, 5] — C be a curve. Then

_an—l—l a _an+1
[Gmara = QO b0ty
v

(z—a)"+1

since (z — a)" = < |

/
) in C. In particular,

/+ (z—a)"dz=0 (n e NUO).
i (a)
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Antiderivatives. The Fundamental Theorem suggests the following definition.

Definition 2.19. Let D C C be a domain and f : D — C a continuous function. We say
that f has an antiderivative in D iff there is a differentiable function F' : D — C such that

F'(z) = f(2) inD.

Example 2.20. Let n € N, n > 2. The function F(z) = 27" is an antiderivative of the
function f(z) = —nz"""! in any annulus 4, g(0) == {z € C:r < |z2| <R} (0 <7 <R <
+00).

Exercise 2.21. The function f(z) = 27! has no antiderivatives in an annulus A, (0) :=
{zeC:r<|z| <R} (0<T < R< +00).

Proof. 1t follows by the Fundamental Theorem from the fact that | S5(0) 27 ldz = 2mi # 0 for
any p € (r, R) (see Example 2.8). O

2.4 Converse to the Fundamental Theorem

Let G C C be an open set. We recall that G is path connected, namely it consists of one
piece, if, for every a,b € G, there is a continuos path v : [, 8] — G with v(a) = a and
~v(B) = b. In this case G is called a domain.

Theorem 2.22. Let D C C be a domain and f : D — C a differentiable function. If f'(z) =0
on D then f is constant on D.

Proof. Let a,b € D and v : [a, 5] — D be a smooth path with v(«) = a and v(8) = b. By
the Contour Chain Rule

(fy@®) = f'(v)y'(t) =0,

since f’(z) = 0. Thus writing f = u + iv we conclude that (u(y(t))) = 0 and (v(y(t))) =0
for all ¢ € [«, B8]. From Analysis, we know this implies that u((t)) and v(7(t)) are constant
functions of ¢. Comparing the values at ¢t = a and ¢t = b we conclude that f(a) = f(b). O

Remark 2.23. Clearly connectedness is needed. If a set G C C consists of “two pieces” then
we could let f to be equal 1 on one “piece” and 0 on another. Thus f’ vanishes on G but f
would not be constant on G.

Converse to the Fundamental Theorem. According to Fundamental Theorem, if a
function has an antiderivative, then the integral does not depend on the path of integration.
We are going to show the converse, namely if the integral of a function does not depend on
the path of integration then the function has an antiderivative. Firstly we will prove the
following statement.

Lemma 2.24. Let D C C be a domain, z € D, f : D — C a continuous function. Then

1 .1
}ILE% h /[z,z-‘rh} /= }lllg% D /[z,z-‘rh} flw)dw = f(z).

Here [z,z + h| is the segment from the point z to the point z + h which is assumed to be
contained in D.
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Proof. We observe that

/ dw=(z+h)—z=h
[z,2+h]

Since D is open there exists €9 > 0 such that B,(z) C D. Hence for any h € B, (0) the line
segment [z, z + h| lies in D. Therefore

1 =t _J@)
h /[z,z-i-h] f(w)dw f(z) ~h /[z,z+h] f(w)dw h /[z,z+h] dw
1
" h

[ - fe)du.
[z,24h]

Then by the Estimation Lemma and continuity of f we obtain

F@ I gy < L ez m) sup [f(w) - £2)] =
[z,2+h] h |h’ wE|(z,z+h)

= sup |f(w)—f(z)] =0 as h—0.
wE[z,z+h]

The construction of an antiderivative is described in the following lemma.

Lemma 2.25. Let D C C be a domain, f : D — C a continuous function. Assume that for
any path 7y : [, B] — G the integral f,y f depends only on the initial and final points of v. Fix
a point a € D. Define a function Fy: D — C by

(2.2) Fu.(z) = 1

Ya,z

where Yq,» : (o, f] = D is a smooth path with initial point a and final point z. Then
Fo(2) = f(z) in D,

that is F, is an antiderivative of f in D.

Remark 2.26. The integral in (2.2) correctly defines a (single-valued) function Fy(z) from
D to C because, according to the assumption, f% . f depends only on the initial and final
points of the smooth piecewise path v, ..

Proof. Let z be a point in D. Since D is open there exists 9 > 0 such that B (z) C D.
Hence for any h € B, (z) the line segment [z, z + h] lies in D. Then

Fo(z+h) = /7 f+/[z’z+h} I

Fo,(z+h) — F,(z 1
(z+h) (z) _ /[wwf

Thus

h h

Hence by Lemma 2.24 we conclude that
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Fo(2) = lim Falz+h) = = lim — / (2)
h—0 h h—=0h Ji, Z+h

in D, as required. ]

The theorem below summarizes relations between the existence of antiderivatives and
independence of the integral on the path of integration.

Theorem 2.27. (CONVERSE TO THE FUNDAMENTAL THEOREM) Let D C C be a domain
and f: D — C a continuous function.

The following statements are equivalent:
(a) f has an antiderivative in D;

(b) For any smooth piecewise path v : [a, 8] — D, fvf depends only on the initial and
final points of v;
(¢) For any closed contour v : [a, 5] — D, then f,y f=0.

Proof. The implication (a) = (c) is already proved in the Fundamental Theorem.

In order to prove the implication (¢) = (b), let a,b € D. Suppose 1,72 : [a, ] = D are
two smooth piecewise paths from a to b. Then ~ := ;3 — 72 is a closed contour. Hence

=[f=1 -/ I
fr=1-1,
So [, f=[,, f, which is (b).

Finally, the implication (b) = (a) has been proved in Lemma 2.25. O

2.5 Complex exponential, logarithm and power

In this section we study the complex exponential, logarithm and power functions. The log-
arithm and power functions are multivalued functions. The logarithmic function is defined
as the inverse of the exponential function. We start the section with the properties of the
exponential function.

The complex exponential. Let z = x 4 iy. The complex exponential is the function
e* = e = e%(cosy + isiny).

This function is holomorphic in the whole complex plane. Indeed decomposing it in real and
imaginary parts we see that

u(z,y) = e*cosy, v(w,y)=e"siny
are real differentiable functions in R? and the Cauchy-Riemann equations (1.1) are satisfied:

Uy = €7 CoSY =y, Uy =—e"siny=—v;, (x,y)€ R2.

20 December 29, 2024



2.5 Complex exponential, logarithm an? ptW#FEGRATION OF COMPLEX FUNCTIONS

The differential of e is then , using (1.1) and (1.2)
(e*) = e

Recall also that

(2.3) eF1T%2 — #1722

that can be verified using the addition formulas of trigonometric functions. The modulus of
the exponential function is

€] =[] = |e®el¥] = [e7||e"]| = ¢
Finally we observe that the exponential is a periodic function with period 2mi. In fact
(2.4) eF T2 — o7,

Therefore the complex exponential is not a one to one function in sharp contrast with the
real exponential. From the definition we have

et = ¢, if and only if 21 = 29 + 2win, n € Z.
We can divide the complex plane in horizontal strips of height 27
Sp={x+iyeCst.Cn—r<y<(2n+1)r}, n=0,%£1,4£2,....

in such a way that in each strip the exponential is one to one. In this case if z; and z3 belong
to the same strip S,,, then e®* = e*2 implies z1 = z».

The complex logarithm. We define
log z = log |z| + i arg z.

Clearly arg z is a multivalued function because it is defined modulo 27win with n € Z. Observe
that the exponential function is the inverse of the logarithmic function

elog(z) — elog\z|+zarg(z)+27rm — | zarg(z)e27rzn

zle =z,
while
log(e?) = log |¢?| +iarg(e”) = log |®| +iarg(e®e™) = x +iarg(e") = x4 iy +2miZ = 2+ 2milL.
Example 2.28. Let us find the value of log(1).
log(1) =log |1| + targ(l) = {z € C : z =2min, n € Z}.
In a similar way

log(—1) =log| — 1| +darg(—1) =0+ im + 2min n € Z.

To make the logarithmic a single valued function we need to make the arg(z) a single
valued function. We introduce the following definition.
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Figure 2: The real (left) and imaginary part (right) of the logarithmic function plotted as a
multivalued function.

Definition 2.29. We define Arg(z) the principal value of the argument as
Arg(z) =60 <— z = |z|(cosf +isinf), 6 € (—m, 7.

To make the logarithm a single valued function we restrict arg(z) to its principal branch
Arg(z). We define the principal branch Log of the logarithmic function

(2.5) Log(z) :=log|z| + i Argz, —7 <argz <.

Clearly Log(z) is a discontinuous function on the negative real axis. Indeed let z1 = x + ie,
with £ < 0. As € — 0 the points z1 tend to the same point z on the negative real axis, from
the upper and lower complex plane, but the argument Arg(zy) is as in the figure.

g &

1 x

A

Zooxde r%(x—{g)l _r.(_s

The logarithm gives

lim Log(z4) = lir% log |z + i€e| + tArg(x + i€)] = log |x| + im
€E—

e—0

lim L —_) = lim [l —1 A —ie)| =1 — 4.
lim og(z_) egr(l)[og]ac ie| + iArg(x — i€)] = log |x| —im

Therefore this function is not continuous anywhere on the negative real axis or the origin.
The negative real axis is called a branch cut for the logarithm and the origin is called a branch
point.

Definition 2.30.

Instead of chosing Arg(z) € (—m, w] we could actually chose

AI‘gB(Z) € (_/87 _B_'_Qﬂ-]a B S [0?27‘-]
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This is also a choice of the branch for the multivalued argument function and therefore also
for the logarithmic. Notice that
Arg = Argg_.

Then the line 8 [0,00) is a branch cut for the function Argg and the corresponding logarith-
mic. The branch point z = 0 is the same for all the choices of branch cuts.

Exercise 2.31. Show that Log(z) is a differentiable function in C\(—o0, 0].

Solution. The logarithmic is clearly a continuous function in its domain of definition. It
can be represented in the form

Logz = log|z| + iArg(2) = u(x, y) +iv(z,y)
where now u(z,y) = 1log(z? + y?) and v = arctgZ. Clearly u and v are C! functions in

C\(—00,0] and
1

Up = ey = 2
B A g—z
so that u, = v, and similarly one obtains u, = —v, and the Cauchy-Riemann equations are

satisfied. Therefore Log(z) is a complex differentiable function in its domain of definition The
differential is

X .
22+ 92 1+% 224y 22 2

(Logz)' = uy + iv, =

Complex powers. With the logarithmic, we are able to define complex powers of complex
numbers. Let a be a nonzero complex number. For z # 0 we define the a-th power z* as

2X — O logz _ e log |z|+icarg(z)
The multivaluedness of the argument arg(z) means that generically there will be an infinite
number of values of z* and the value of each branch of the logarithm gives a branch of the
complex power. To make more manifest the multivaluedness we write

22X — eaLog(z)+27rian’ nez
where Log(z) has been defined in (2.5). Depending on the value of « there is one, finitely
many or infinitely many values of €?™", In particular when a € Z such definition of complex
power agrees with the usual integer powers of z because in this case e2™°" = 1.

When o ¢ Z to make the complex power a single valued function we need to choose a
branch and we define the principal branch to be

a _ eaLog(z)

z , —m<arg(z) <.

As for the logarithmic, the function z® for a: not an integer is not continuos on the negative
real axis. Defining z4+ = x £ ie, with > 0, we have

lim 2% = lim e®t08(z+) = || et
e—0 + e—0
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Figure 3: The real part of the square root function plotted as a multivalued function. The
first sheet corresponds to the choice —m < arg(z) < .

and

lim 2% = lim e®F08(3-) — |g|e T,

e—0 e—0
In particular for a« = 1/2 the values of the function y/z on the two side of the branch cut
(—00,0] differ by a sign.
The power z® is holomorphic in the same domain where Log is holomorphic and by the
chain rule we have

d a _ ieaLog(z) _ 6oaLog(z)g e

@z dz z

Exercise 2.32. Calculate a branch cut of the function f(z) = y/2(z — 1).

, 2z €C\(—00,0].

«
z

Complexity of functions. Let us recall the complexity of numbers: N C Z C Q C R. To
pass from the rational numbers QQ to the real, one has to consider irrational numbers: these
are the transcendental numbers like 7 and the algebraic numbers that are roots of polynomial
equations with integer coefficients, like 2 — 2 = 0 that gives # = +/2. Note that not
all algebraic numbers are irrational (for example the roots of 22 — 4 = 0 are not irrational
numbers). An analogous classification roughly holds for complex functions:

e polynomials p,(z) = an2® + ap 12"V 4+ - 4 a1z + ag, where a; € C;

z
e rational functions f(z) = Pn(2) , where p,, and q,, are polynomials;

qm (z)
e algebraic functions f(z) that are solutions of a polynomial equation in two variables
P(z,w) = 0 with complex coefficients. For example f(z) = 4/z is the solution of

w? — z = 0 that gives w = +4/z. Algebraic functions are usually multivalued functions.

e Transcendental functions are solutions to linear differential equations in the complex
domain. For example f(z) = e is the solution of the equation f’'(z) = f(z). Note that
the inverse of a transcendental function is transcendental as the logarithmic, and the
sum of two transcendental functions like e* + e™* = 2 cosh(z) is also transcendental.

e New transcendental functions are solutions to nonlinear differential equations in the
complex domain.
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3 CAUCHY’S THEOREMS

Week 3

3 Cauchy’s theorems

In this section we continue to study the integral of a complex differentiable function and in
particular the property of independence of the integral from the path of integration. We first
need to introduce the concept of homotopy.

3.1 Homotopy

Definition 3.1. Let D C C be a domain. Two closed paths 79,71 : [, 5] — D are called
homotopic in D if there exists a continuous map H = H(t, s) : [, 8] x [0,1] — D such that
(a) H(t,0) =70(t) and H(t,1) = 7(t) (¢ € o, B]);
(b) H(Oé, 3) = H(Bv 3) (S € [07 1])
We write yg~v1 in D.

A similar definition holds when the curves are open.

Definition 3.2. Let D C C be a domain. Two paths 9,71 : [, 8] = D with

a="(x) =7(a), b=%(8)=n(B)

are called homotopic with fixed end-points if there exists a continuous map H = H(t,s) :
[, B] x [0,1] — D such that

(a) H(t,0) =0(t) and H(t,1) = n(t) (t € [a, 5]);
(b) H(a,s) =a, H(B,s)=0b(se]0,1]).

The idea of these definitions is that the path ~y can be continuously deformed to -
without passing outside of the domain D. Or, in other words, as s changes from 0 to 1, we
have a family of paths that continuously (”without cutting”) change its shape from ~ to 1
without leaving D. Note that the paths can be self-intersecting!

Exercise 3.3. Prove that the homotopy of two closed paths in a domain D is an equivalence
relation.

Definition 3.4. A set G C C is called convex iff, for every a,b € G, the line segment [a, ] is
contained in G. Clearly every open convex set is connected.

Definition 3.5. We say that a set D C C is a starshaped domain iff D is open and there
exists a point a € D, called a star—center of D, such that for any z € D one has that the
segment [a, z] C D.

Exercise 3.6. Let D C C be a convex domain. Then any two closed paths vo, 1 : [, f] = D
are homotopic in D.

Proof. Define the linear homotopy between g and ; by

H(t,s) := (1= s)v0(t) + sm(0).
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Since D is convex, H maps [«, 3] x [0,1] into D. Since vp,71 : [o, 5] — D are continuous, so
is H. Clearly H(t,0) = vo(t), H(t,1) = y1(t) (¢t € [a, 5]) and H(a,s) = H(S,s) as s € [0, 1].
Thus v ~ 71 in D. O
Exercise 3.7. Prove that:

(a) a starshaped domain is a domain (i.e. prove that any starshaped domain is connected);
(b) C is a starshaped domain;

(¢) a convex domain is a starshaped domain (cf. Definition 3.4);

(d) C\ (—o0,0] is a starshaped domain with a star—center 1;

(e) C\ {0} is not a starshaped domain.

Exercise 3.8. Let D C C be a domain. Let a,b € C and r, R > 0 be such that:

(a) By(a) C Bgr(b) (but not necessarily B,(a) C D);

(b) A:=={2€C:|z—b <R,|z—a|>r} CD.

Prove that the positively oriented circles S} (b) and S, (a) are homotopic in D.

Hint. Consider the linear homotopy between S (b) and S, (a).

Let D C C be a domain and a € D a fixed point. Denote by v, : [a, 3] = D the constant
path

Ya(t) :={a}.
Obviously 7, is a closed smooth path in D with |y/(¢)| = 0.

Definition 3.9. We say that a closed path v : [, 8] — D is homotopic to a point in D if
there is a point a € D such that v ~ v, in D.

Definition 3.10. A domain D C C is called simply connected if every closed path ~ : [o, 8] —
D is homotopic to a point in D.

Intuitively simply connected means that the domain ”has no holes”. An equivalent defini-
tion of simply connected domain, is to request that any two curves with the same end points
are homotopic.

Exercise 3.11. Let D C C be a domain and v : [a, f] = D a closed path. Let a € D be a
given point. Assume that v ~ v, in D. Prove that «v ~ ~, in D for any other point b € D.

Exercise 3.12. Prove that:
(a) a convex domain is simply connected;
(b) a starshaped domain is simply connected.

According to Theorem 2.27 a continuous function f has an antiderivative iff fv f=0

for any closed contour 4. Cauchy’s Theorems put forward conditions under which [ f =0
when there is no initial reason to have an antiderivative. Instead, differentiability of f will
be assumed.

We first recall Stoke theorem from real analysis.

Theorem 3.13. STOKE THEOREM. Let P(xz,y) and Q(x,y) be continuously differentiable
functions in a connected domain G C R2. Let D C G be a simply connected domain with
the closure D C G compact and bounded and such that the boundary OD := D\D consists of
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piece-wise smooth paths. Let the orientation of 0D be such that the domain D remains on
the left while moving along the oriented boundary. Then

(31) | Plads + Quay) = [ Q. Py)dsdy

oD D
Proof of Stokes theorem. We give a sketch of the proof by restricting to the case in which the
domain D is a rectangle. The general proof consists in showing that the domain D can be

approximated by a covering of rectangles and then by applying the cancellation of integrals
over common boundaries oppositely oriented. See MARSDEN, pp.99-113 for the full proof.

Y4

Pt

S -

AN\

%

L : ~
X Xz
Figure 4: The rectangular domain D.

Let D be a rectangle like in the figure 4 with boundary 0D = 1 +2 +v3+74 and . Then

/D (Qn — P,)ddy — /y y ( / x Qm(:v,y)dx> dy — / do /y y P, (a,y)dy
Y2

- [ 102 — @ity - [ " de[P(e, 42) — Pla, )]

Y1 z1

= / Qdy + / Pdzx
Y2+74 Y1+73

= / (Pdx 4+ Qdy) = / (Pdx + Qdy)
E?:l Vi oD

where in the identity in the last line we use the fact that Pdz is constant along 2 + 74 and
Qdy is constant along v; + 73. O

Now let us apply Stoke theorem to the complex differentiable function f = u + v in the
same setting as Stoke theorem.

Corollary 3.14. Let f : G — C be a complex function, [ = u + iv and u,v continuous
differentiable functions, D C G a simply connected domain with piece-wise smooth oriented
boundary. Then

.. [ Of
(3.2) /BD fdz = QZ/D gdxdy
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1
where we recall that 882 = 3 <§x + za(?y)

Proof. The above formula is a direct application of Stokes theorem:

- fdz = /(‘)D(u—i-iv)(dx +idy) = /8D(udx — vdy) —i—i/aD(vd:U+ udy)

@b —/ (Vg + uy)dady + Z/ (uz — vy)dady
D D

. o .0 . g .0
_z/D (&v —|—zay) udzdy — i (81” +Zay> vdxdy

1[0 0
T N A .
= z/ 2( i y)(u+w)dmdy

We are now ready to prove a weak form of Cauchy theorem.

Theorem 3.15. (CAUCHY THEOREM) Let G C C be a simply connected domain and f :
G — C a complez differentiable function. Let v : [, 5] — G be a (closed) contour. Then

[ raz=o.
.

Proof. We prove a weak version of the theorem by assuming that f is continuously complex
differentiable. Then the proof is a simple application of Stokes theorem, in particular we use
the equation (3.2). For any closed path v in G we define by Int(vy) C G the domain whose
boundary is 7. Then by applying (3.2) we obtain

dz = — ~dzdy = 0
A f(2)dz /Inwf vdy

where in the last identity we use the Cauchy Riemann equations (1.1) written in the compact
form f; = 0. O

Remark 3.16. The Cauchy theorem under the assumption that f is continuously differen-
tiable was proved by Cauchy himself, while it was proved by Goursat assuming only differen-
tiability of f.

Exercise 3.17. Prove that fsl(o) e dz = 0.

An important consequence of Stokes theorem is the invariance of the integrals under
homotopic change of the contour.

Theorem 3.18. (DEFORMATION THEOREM ) Let G C C be a domain and f : G — C a C!
complex differentiable function. Let vo, 71 : [, B8] = G be two homotopic closed contours in
G or two homotopic curves in G such that yo(a) = v1(a) = a and v (B) = 71(8) =b. Then

(3.3) (2)dz = / F(2)d=.

Y0
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Proof. We consider the case in which 7 and 77 are curves (open piece-wise smooth paths).
The case in which 7 and 71 are contours is left as an exercise (not easy). Let us assume that
70 and v, do not intersect except at the end points. Since the curves v and v, are homotopic
there is a continuous map H : [a, 8] x [0,1] — G that maps 7o into 1. Let D be the image of
the rectangle [, 8] x [0, 1] through H. The domain D C G is compact since H is continuous
and [, 8] x [0,1] is compact and the boundary of D is 79 — 71, (see figure 5). We conclude
that D does not have holes and it is simply connected.

S A %P =% (p)
Y [ElS)

41 m

o e P G2) =% (3)

Figure 5: The contours 79 and ; and the domain D.

Then by Stokes theorem and Cauchy theorem

(2)dz — s (2)dz = /YO’YI f(z)dz = f(z)dz = /D fzdxdy = 0,

Y0 oD

because when f is holomorphic in G, then fz by Cauchy Riemann equations (1.1).
O

Exercise 3.19. Let v : [a, 5] — C be a close smooth contour encircling the point z = 0.

Show that
dz .
— = 2.
y 2

Exercise 3.20. Prove that C\ {0} is not simply connected.

Remark 3.21. When we consider a complex holomorphic function f : D — C and D simply
connected, by Cauchy Theorem 3.15

Af(z)dz =0

for any closed contour + in D. By the converse of the Fundamental theorem 2.27, it also
follows that f has an antiderivative F' in D. To arrive to this conclusion it is essential that
D is simply connected.

3.2 Cauchy Integral Formula

The Cauchy Integral Formula shows that the values of a differentiable function on a disc is
determined completely by its values on the boundary circle of the disc
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Theorem 3.22. (CAUCHY INTEGRAL FORMULA) Let D C C be a domain and f: D — C
complex differentiable function. Let Br(a) C D. Then for any z € Br(a) one has

(3.4) f(z) = 1/5 de.

;(a) w—z

2

Proof. Observe that the function

w—z
is differentiable in D \ {z}. Choose 0 < ¢ < R — |z — a|. By the Deformation Theorem and

Exercise 3.8
/ g= / g& 7f(w) dw = / fw) dw.
S (=) St(a) SF(z) W— 2 Sfla) W — 2

By Example 2.8 we know that

/ de :/ de—%rif(z).
S&(2) St (a)

w—z w—z

By the Estimation Lemma we obtain

Stz W=z weso(z) W — 2|
= 2me sup M—)O as € — 0.
wES:(2) €

We conclude that

0 = lim f(w)_f(z)dw:/ Lw>dw—27rif(z).
e—0 Sj(z) w—z S;g(a) w—z
which gives the statement of the theorem. O
Remark 3.23. Observe that if z € D\ Br(a) then
! f(w) dw = 0.

% Sg(a) w—z

This follows from the Cauchy Theorem because % is differentiable in Bpry.(a), for suffi-

ciently small € > 0.
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What can be said If the function f is not holomorphic? The answer is the following
generalized Cauchy integral formula

Theorem 3.24. (CAUCHY-POMPEIU INTEGRAL FORMULA). Let D C G C C be domains
and D simply connected and bounded by a simple close curve, f : G — C and f = u+iv with
w, v continuous differentiable functions in G. Then we have the generalized Cauchy formula
forze D

where dA(C) is the area measure in the coordinate (.

D

9D

Proof. For e > 0 we consider a small disk around B.(z) C D and the region D, = D\B.(z)
with boundary 0D U S7 (z). By Stoke theorem formula (3.2) we consider the integral in the
region D.. This is possible because even if D is not simply connected we can split it in two
simply connected regions. Then we have

/apéf@)zdg_/w F = //Cac dAlc

For the integral along SF(z) we make the change ¢ — z = ee®?

Ei0] QWM iogg i [ i0\ if .
/S+(2)<_2— ; o0 iee”df =i | flz+ee™)e”df — 2mif(z)

and € — 0 by the continuity of f. Regarding the area integral, we verify that the integral
over the disk B(z) goes to zero:

af
/ / 34 dA(¢ / / e ire®drdd| < 2mMe
()6 — 2 reif

0
where we use the continuity of (9f in a bounded region, that implies there exist M > 0 such

that 5
‘f‘ <M, VY(eD.
a¢
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So we have obtained

f(w) ac
aDW—Zdw 2mif(z —2L//< dA(¢

which is equivalent to the statement of the theorem. ]

Theorem 3.25. (LIOUVILLE THEOREM) Let f : C — C be a bounded differentiable function.
Then f is constant.

Proof. Since f is bounded there exists a constant M € (0, +o00) such that |f(z)| < M for all
z € C. Fix a,b € C. Let R € (0,+00) such that R > |a|, |[R > |b|. By the Cauchy Integral
Formula

fla) = f(b) =

L[ @ L[ fw) L[ fw@a-b)
27 Jsto) w—a 2mi Jsto) w—b 2mi Js+(0) (w — a)(w —b)

Hence by the Estimation Lemma

2R sup |f(w)||la — b < RMla — b
27 wesp(o) W —allw—b] (R —a])(R—[b])

[f(a) = f(b)] <

Therefore
RM]la — b

Rt (R — [al) (R — W)

— 0= f(a) = f(0).

The Cauchy Integral Formula might be extremely useful in computations.

Example 3.26. In order to evaluate the integral
w
/ € dw
s¥() W
we may use (3.4) with f(w) :=e" and z := 0 Clearly f is differentiable in C. Then

ew
/ ——dw = 2mi e’ = 2.
S (0) W

/ew+w
dw,
~ w+ 2

Solution. Note that the integrand < +“’ is differentiable in C\ {—2}.
(a) Tt is clear that S;F(0) is homotoplc into a point in C \ {—2}. Thus by the Deformation

Theorem w
/ c wdw =0.
Sfr(O) w+ 2

(b) We may use (3.4) with f(w) :=€“ +w and z := —2. Clearly f is differentiable in C and

we obtain "
/ ¢t Y iw = omi(e”2 — 2).
S5 (0)

Example 3.27. Evaluate

where (a) v = S(0); (b) v = S57(0).

w+ 2
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/ dw
st w1

1 1
w2+1  (w—4)(w+1)
Set f(w) := w%ﬂ and let z := i. Thus f is differentiable in C\ {—i}. Hence by the Cauchy

Integral Formula
d
/ 2w :/ Lw),:%m’f(i):ﬂ.
st w1 s w—d

In the same way we compute that
/ dw
— = —T.
sty w2+ 1

Remark 3.29. Note that in Cauchy’s Integral Formula the function f, not the integrand
f(w)/(w — z), is holomorphic. If z € Bpg(a) then the integrand is holomorphic only on
Bpr(a) \ {2z}, so we can not use Cauchy’s Theorem to conclude that the integral is zero.

Example 3.28. Evaluate

Solution. Observe that

Mathematicians of this section:

e Baron Augustin-Louis Cauchy (21 August 1789 — 23 May 1857), French mathematician
o Joseph Liouville (24 March 1809 — 8 September 1882), French mathematician

e Sir George Gabriel Stokes (13 August 1819 — 1 February 1903) was an Irish physicist
and mathematician.

e Dimitrie D. Pompeiu (4 October 1873 — 8 October 1954) was a Romanian mathemati-
cian.
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Week 4

4 Taylor and Laurent series

4.1 Analytic functions

In this section we introduce analytic functions, namely complex functions defined by power
series. We will then show that such functions are infinitely many times differentiable.

4.1.1 Revision on convergence of series of complex and real numbers

Let us recall from Section 1 that the space (C,|.]) is a complete metric space. As for real
numbers the converge of series is defined according to the converge of partial sum, namely

the series
o0

Zn
n=0
n
converges iff the sequence of partial sums s, = ) z; converges, namely the lim,, ;o s, = S is
i=0
finite. Alternatively being C a complete metricj space the notion of convergence is equivalent
to {sn}nen being a Cauchy sequence, namely for all € > 0 there is a ng > 0 such that for all

n>m > ng

n
|sn—sm|:|z,2j|<e
j=m

o0

The series Y 7 zy, is called absolutely convergent if ) |z,| converges. We also recall the
n=0

Cauchy-Hadamard formula from real analysis: the series of real numbers > >° by, by, > 0

converges if

(4.1) lim sup b/™ < 1,
n—oo
and diverges to +oo if limsup,,_, b%/ " > 1 and it is undefined if lim sup,,_, b}/ "=1.
(Remember that limsup,, by = Timy o sup{b}/n, b;/ffrl, )
Alternatively using the ration test if
b
lim sup ntl 1,
n—oo n
. . . ap e bn+1
then the series converges and it diverges if lim sup,,_, -, B > 1.
n
Therefore the series > |z,| converges if
. 1/n . ‘Zn—i-l ’
limsup|z,|"/" <1 or limsup < 1.
n—o00 n—oo |Zn|
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4.1.2 Series of complex holomorphic functions

We consider a series of holomorphic functions in a domain D

f1(2), f2(2),..., fu(2),... z€D

and their partial sum
n
§=0

We say that the series Z;io fn(2) converges point-wise to a function f(z), if the sequence of
partial sums {s,(z)}nen converges to a function f(z) with z € D. This means that for each
z € D and Ve > 0 there is a natural number ng = ng(e, z) such that for all n > ng(e, 2)

|sn(2) = f(2)| <

The series converges uniformlyin D if Ve > 0 there is a natural number ny = ng(€) independent
from z such that for all n > ng(e)

|sn(z) — f(2)] <e. VzeD.

The series Zj’;o fn(2) is said to converge absolutely in D if

> 1fal2)]
=0

converges for all z € D.

Definition 4.1. Let D C C be a domain. A function f : D — C is said to be analytic at a
point zg € D iff for some ball B,(z9) C D there is a power series

oo
Z an(z — 20)"
n=0

that converges absolutely for all |z — zp| < r and

(4.2) f(2) =) an(z—2)",  z€Bu(x).
n=0

A function f : D — C is said to be analytic in a domain D iff f is analytic at every point
ze€D.

Theorem 4.2. Consider the power series

(4.3) > an(z — 20)",
n=0

where (ap)'=4> is a sequence of complex numbers, and let 0 < R < +oo be its radius of

convergence given by

1
(4.4) i lim sup |a,|*/™.

n—oo
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Then the following properties are satisfied:

(a) if |z — 20| < R then the series (4.3) converges absolutely;

(b) if |z — z0| > R then the series (4.3) is absolutely divergent;

(¢) if r € (0, R) then the series (4.3) converges absolutely and uniformly on By (z).

Proof. We first prove (c). Fix r > 0 and let |z — 29| <7 < R. Then

o0 o0 )
1> an(z—20)" <D laglr.
n=0 j=0

By the Cauchy-Hadamard rule (4.1) the series 322, |laj|r? converges if
lim sup(|a;|r?) 7 = << 1,
Jj—o0 R

that is true because 7 < R. Let us now consider the partial sums s,(z) = >2"_ja;(z — 20).
For all € > 0 there is a ng > 0 such that for all n,m > ng, n > m, we have that

n
|sn(2) — sm(z Z laj|r! <€, ¥z € Br(z),
j=m

because Z;’;O laj|r? is a convergent series and in particular a Cauchy sequence. Let fix
m > ng. Given z € B,(z9) chose n > ny sufficiently large (and possibly depending on z) so
that

|f(2) — sn(z \<Z|aj|rj <e€.
Then for m > ngy (and now m independent from z)

£ (2) = sm(2)| < [f(2) = sn(2)| + |sm(2) = sn(2)] < 2¢,

which shows the uniform convergence 72 a;(z — z0)? for every |z — 29| <7 < R.
Next we prove (b). The series clearly diverges absolutely for |z—zg| > R, let say |z—z| = R+9,

6 > 0, because the series
Z lajllz — 20l = Z |aj||R + o
7=0

is divergent. We have thus proved (b) and (c). To prove (a) we observe that given z such
that |z — zg| < R, there is r > 0, (depending on z) such that |z — 29| < r < R and repeating
the argument in (a) we conclude that the series (4.3) is absolutely convergent. O

Remark. Ratio Test. Alternatively, if the limit limy,— 400 (|an+1]/|an|) exists, then the

|an+1
lan]

radius of convergence satisfies the relation - 7 = limy 100
Example 4.3. Let f(z) = 00 (2, 7 > 0. This is the geometric series that converges for
|z| < r.

Exercise 4.4. Find the radius of convergence of each of the following power series:

ny2

272n ) 3n _5)n n2
a) Y00 S p) oo TIEA gy yree RNy yoee 2
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Finally we state without proof the following result that will be used.

Theorem 4.5. Let ), ~qan(z — 20)" and 3 5 bj(z — 20)? be convergent power series in
B, (29), r > 0. Then their sum and their product are a convergent power series in By(zp). In

particular
Z an(z — 29)" Z bi(z — 20) tosm Z (z—20)™ Z anbm—n.
n=0

n>0 §>0 m>0

From the above theorem it follows that if f(z) and g(z) are analytic functions in B, (zp)
their sum and product are also analytic functions B, (zp).

We introduced complex analytic functions defined by a power series. Now we show that
such functions have an infinite number of complex derivatives. Then we will show that any
complex differentiable function has also an infinite number of complex derivatives and it is
analytic.

Lemma 4.6. Suppose the power series y .-, a,z™ has radius of convergence R > 0, then the

power series
o0
E na, 2"t
n=0

has the same radius of convergence. Let us define

oo oo
FE =3 ane g(m) = nan
n=0 n=0

Then

£(2) = lim LG h; — ) _ o), s e Bro).

Proof. Let R’ be the radius of convergence of > o0 na,z""1, then

_1
"R

;=

1 1 P
— = limsup |nay|"/™ Y = limsupn=-1 (\anﬁ) '
R n—oo n—o0

1
because limsup,,_, ., n»—1 = 1. Next let us calculate the derivative of f(z). We have

fFGa+h) = f(2) =) anlz+h)" = 2" = an [Z (Z) hRpk z"]
n=0 n=0

k=0

so that

lim Jz+ hf)L — /() = lim ian [nzn_l + ” (Z) z"_khk_ll = Tinanzn_l =g(2).

h—0 h—0

O
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Next we generalize the above result to any number of derivative. Namely any analytic
function is infinitely many times differentiable.

Theorem 4.7. Suppose the power series Y - an(z — 2z0)™ has radius of convergence R > 0.
Then the function f : Br(zo) — C defined by

o
= Z an(z — 2z9)"
n=0

is infinitely many times differentiable in Br(z9) and for any k € N the formula
(4.5) fP) =Y {nn—1)...(n—k+1)} an(z —20)"* 2 € Br(z0)

holds. For instance ™ (z) = nlay,.

Recall, that a (complex) polynomial of degree n is a function of the form

pn(z) =a,2" + an—lzni1 + -+ a1z + aop,
where ay,...,a, € C and a, # 0. Clearly every polynomial is analytic in C. Examples of
analytic functions are

o0 ’Vl

—Zz (Iz] < 1), exp(z Z; (2] < o0),

0 (_1)n22n+1 & n 2n

sin(z) = Z ol (2] < o0), cos(z Z (|z] < 00),

n=0

Now let us prove that the coefficients a,, of a power series expansion of an analytic function
are uniquely defined.

Theorem 4.8. Let r € (0,400), 2o be a point in C, and (ap)"=5, (b)'=d> be sequences
of complex numbers. Assume that

Zanz—zo Zb z—zp)" z € By(29)

(we suppouse that the series are convergent for any z € B, (zp).

Then ay, = by, for alln € NU{0}.

Proof. Define f : B.(z9) — C by

:Zan(z—zo)”zzbn(z—zo)n (|2 =20 <)
n=0 n=0

Then by theorem 4.7 f(”)(zo) = nla,, f (z0) = nlb, which implies a,, = b,,. O
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4.2 Taylor Series Theorem

Using the Cauchy Integral Formula we can now prove that every differentiable complex func-
tion is infinitely many times differentiable and analytic.

Theorem 4.9. (TAYLOR SERIES THEOREM) Let D C C be a domain and f : D — C
differentiable function. Then f is analytic in D and for any ball Br(zo) C D the power series
exrpansion

0 r(n)(,
(1.6 flotm =3 < py
n=0 ’

is valid. Further, if r € (0, R) then

(4.7) £ () = /S ) _ fw)

N % (20) (U} - Zo)n+1

Remark 4.10. i) Power series expansion (4.6) is called the Taylor series expansion of f at
20-

i1) By the Deformation Theorem the integral in the right hand side of (4.7) does not depend
onr € (0,R).

Proof. Fix zp € D and a ball Br(z9) € D. Choose h such that zp + h € Bgr(zp) and r such
that |h| < r < R. By the Cauchy Integral Formula applied at the point zg + h € B, (z) we
know that

1 f(w)
f(zo+h) = i /Si(zo) o (o - 1) dw.

By the (complex) geometric sum formula

1 9 qm+1
4.8 I m
(4.8) 1—¢ +q+q¢ +---+gq +1_q
applied with ¢ := fzo we obtain
1 B 1 1
_ - _ h
w — (20 + h) W=zl — 2o
— 1 h h2 Bm pmAL
— w— ZO {1 + w—20 + (w_zO)Q + LRI + (wi’ZO)m + (U)*Zo)m(U)*(Z(rl*h)) }
Therefore
1 f(w)
20+h) = — dw
f(z0 +h) 21 J it (z0) W — (20 + R)
— 1 1 h hm pmt1
2w sz FN o= T e T+ sy + <w—20)m+1(w—<zO+h))}dw
m
= anh™ + Ap,
n=0
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where

m+1
an = 1 f(iw)ldw and A, = 1/ f(ui)h dw.
21 J it () (W — 20)"F 21 Jst () (W — 20)™ 1 (w — (20 + 1))

We are going to show that lim,, ., A, = 0.

Indeed, f is differentiable in Br(zp) and hence continuous on S,(zp). So f is bounded on
Sy(z0) (because Sy(zg) is compact). This means that there exists M > 0 such that

[fw) <M (w € S5:(2))-

Now |h| < r, |lw—29| = r and |w—(20+h)| > ||w— 20| —|h|| = 7—|h|. Then by the Estimation
Lemma

1 M]|h|m™*! Mh hI\™
An| < o (")

= 2 pmtl(y — \h\)M: r— |h|

2rr

Since |h| < r we conclude that lim,, o Ay = 0.

lim_ (f(zo +h) =) anh”> =0.

n=0

Therefore

This means that f is analytic at zy with the power series expansion
f(zo+h) Z anh"™,

and this expansion is valid for all |h| < R. The coefficients a,, of the expansion are

1 f(w)
n= 57— —
@ 2mi /S;r(zo) (w — zp)t1 v

where 7 is such that |h| < r. However the restriction |h| < r is unnecessary by the Remark

4.10. To complete the proof we simply observe that a,, = % by Theorem 4.7. O

Remark 4.11. The Taylor Series Theorem states, in particular, that every differentiable
complex function is infinitely many times differentiable and analytic. A corresponding notion
of analyticity can be similarly introduced for real functions. However, the following example
demonstrates that for real functions existence of all higher order derivatives does not imply

analyticity. Let f : R — R be defined as f(x) = e~ for x # 0 and f(z) =0 for x = 0. Then
f is infinitely many times differentiable and in particular at x = 0

fMoy=0  (neNuU{o}).
However f # 0 in a neighbourhood of z = 0 and therefore f is not analytic at x = 0.

Example 4.12. The Taylor series of exp(z) about zp = 0 is given by
=1
exp(z Z —' (z € C).

Indeed the required expansion can be obtained by using (4.6) and exp™(0) = 1. Since
exp(z) is differentiable for every z € C, the radius of convergence of the series is R = 400.
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In practice, we determine the radius of convergence of the Taylor series of a differentiable
function as the radius of the largest ball contained in the domain of differentiability of the
function.

_ 1

Example 4.13. Find the Taylor expansion of the function f(z) = ;725 about 2o = 3i.

Solution. One can obtain the required expansion by computing the derivatives f’(n)(37)
explicitly. However it might be more efficient to represent f as partial fractions

1 11 1
1+z2_2i<z—i_z—|—i>'
n 1/ (=1)"n! (—=1)"n!
F(z) = % ((Z_,L')n+1 - (Z+Z')n+1)'

1 = (=1)" 1 1
— = - — 34)".
1+ 22 ;} 2i ((2z‘)n+1 (4¢)n+1> S
Observe that 1+ 22 = 0 iff z = 4. Thus the domain of differentiability of f is C\ {i, —i}.
Since By(3i) € C\ {i, —i} is a ball centered at zp = 3¢ contained in C\ {i,—i}, we conclude
that the series converges for |z — 3i| < 2.

Then we compute

hence

4.3 Morera Theorem

The following theorem gives a ”converse” to Cauchy’s type theorems.

Theorem 4.14. (MORERA THEOREM) Let D C C be a domain and f : D — C continuous
function. Assume that for any closed contour v : [a, 5] — D one has

/ f(z)dz = 0.
v
Then f is differentiable in D.

Proof. We show that f has an anti-derivative and then by the Taylor series theorem the
antiderivative is analytic. Fix any point a € D. Since D is connected then for any z in D
there is a contour 7, . joining a and z and the integral

Fo(z) = | f(2)dz
Ya,z
does not depend on the choice of the contour of integration. Therefore F,(z) is well defined.
By the Converse to the Fundamental Theorem (Theorem 2.27), the function Fp(z) is an
antiderivative of f. Namely F,(z) is complex differentiable in D. By the Taylor series theorem
it follows that F,(z) is analytic and it has an infinite number of derivaties, therefore, f(z) is
also differentiable. O

Remark 4.15. Not that the converse is not always true. For example let D = C\{0} and
f(z) = 1. Then f is differentiable in D but

d
/ Y _oni wr>o.
SH(0) *
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4.4 Cauchy Estimates and the corollaries

The next lemma is an immediate consequence of the formula (4.7) but is stated separately in
view of its importance.

Lemma 4.16. (CAucHY ESTIMATE) Let D C C be a domain and f : D — C analytic
function. Suppose that Br(z9) C D and

(I <M (z € Sr(20))-
Then for any n € NU {0}

n!M
Rr

(4.9) £ (20)] <

Proof. From the Taylor Series Theorem we know that

PO =g [ st

Hence, by the Estimation Lemma,

' M n!M
(n) L _ M
1™ (o) < - LSH(0) = T
27R
as required. ]

Definition 4.17. An entire function is a function which is defined and analytic on the whole
complex plane C.

Example 4.18. Clearly every polynomial is an entire function. Functions exp(z), sin(z),
cos(z) are entire. By the Taylor Series Theorem every entire function f has a power series
expansion »_ 7 i anz" with infinite radius of convergence, so entire functions can be viewed
as polynomials of ”infinite” degree.

As a simple corollary of the Liouville Theorem (see Theorem 3.25) we prove that every
polynomial has a root in the complex plane.

Theorem 4.19. (FUNDAMENTAL THEOREM OF ALGEBRA) Let p,, be a polynomial of degree
n > 1. Then there is a point zy € C such that p,(z9) = 0.

Proof. Suppose that py,(z) = anz" + an—12""'+ -+ ag # 0 for all z € C. Here a; € C and
an # 0. Then

1
9(z) =
Pn(2)
is an entire function.
On the other hand, writing
a Ay a
pule) =z (14 2L Dty 00
an? an? an?
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with appropriate constants by, ..., b,, we see that?

lim [py(2)] = oc.
|z]—o0
Hence
lim [g(2)] =0.

|z]—o0
In particular, by definition of limit we have that Ve > 0 there is a radius R > 0 such that
lg(z)| < € for all |z|] > R. But |g(z)| is continuous on Br(0) so there is a constant M > 0
such that |g(z)| < M if |z| < R. Therefore g is a bounded entire function. By the Liouville
Theorem g must be constant. This is a contradiction. ]

Remark 4.20. The fundamental theorem of algebra was first proved by Gauss.

Solving differential equations. The concept of a function being analytic is very useful to
solve linear differential equations. In particular let us consider a second order linear differential
equations of the form

(4.10) f'(2) + A(2) f'(2) + B(2)f(2) =0, f(20) = co, ['(20) =c1

where the function A(z) and B(z) are analytic in a domain D C C and zy € D. The question
is: is there a solution of the above differential equation in a neighbourhood of zy? The answer
is yes and it is provided by the Cauchy-Kowaleskaya theorem.

Theorem 4.21. The initial value problem (4.10) with the functions A(z) and B(z) analytic
i D and zy € D has a unique analytic solution in a neighbourhood of zy.

We do not prove the theorem but infer how to obtain a solution of the equation in a power
series expansion with an example

Example 4.22. Find the solution of the differential equation
f(2) + lao + a1 (z — 20)]f'(2) + [bo + b1(2 — 20)]f(2) = 0, f(z0) = co, f'(20)=c1

‘We look for a solution in the form
o0
F(2) =" falz = 20)"
n=0

where f(z0) = fo = co and f'(29) = f1 = c1. Plugging the series into the differential equation
we obtain

D n(n—1) folz—20)"*+ao+ar(z—20)] D nfalz—20)" " +[bo+b1(2—20)] Y fu(z—20)" = 0.
n=0 n=0 n=0

Re-ordering the summation we obtain

o0

(m+2)(m+ 1) fmia(z = 20)™ +ao Y (m+1)fmi1(z = 20)" + a1 > mfm(z — 20)"

+ bo Z fm(z —20)" + b1 Z fm-1(z —20)" = 0.
m=0 m=1

2Prove this as an exercise.
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By the uniqueness of the Taylor series expansion, we conclude that we can settle equal to
zero the terms of the same power.

In particular for m = 0 we obtain
2f2+aof1+bo=0

and for m > 1

1
m+1)(m + 2)

(4.11) fmt2 = 1 (ao(m + 1) fm+1 + (ma1 + bo) fm + b1 fim—1) -

By the Cauchy-Kowaleskaya theorem the solution f(z) = > 7 fn(z — 20)™ is analytic in a

neighobourhood of zy. Let us assume % = limy,—oo % < o0o. Then using the recursive
equation (4.11) for f,, we obtain that
QL,:: lim Lﬂn+2Hfm&lHj%J 1 |fm+2|
R3  meoo | fpt|| fnl | fme1]  m—oo | frnoi]
, 1 | fmt1] | fml )
< lim agl(m +1 + |may + b +1b =0,
I Gy ) (om0

that show that the series has radius of convergence R = oc.

Remark 4.23. By the Cauchy-Kowaleskay theorem the solution of the differential equation
(4.10) is analytic in a neighbourhood of zy. However in the above example we obtain that
the solution exists for all z € C. This is the case because the coefficients A(z) and B(z) that
we chose are polynomials, and therefore analytic in the whole C.

4.5 Laurent Series

By a Laurent series we mean a series

o0

(4.12) Z an(z — z0)".

n=—oo

This is to be thought of as a compact notation for the sum of two series

00 00 00
n._ n -n
E an(z — 20)" = E an(z —20)" + E a_n(z—20)"".
n=—00 n=0 n=1
Laurent series regular part singular part

Laurent series (absolutely) converges in a set A C C iff both regular and singular parts
(absolutely) converge at every z € A. Note that the singular part of a Laurent series is not
defined at z = zg.

We know that the natural domain of convergence of a power series is a ball.

Consequently, the singular part of a Laurent series converges outside a ball.
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Theorem 4.24. Let (a )n_,oO be a sequence of complexr numbers, zg be a point in C. Then
there exist the number r € [0, +00) U {+0oc} such that the following properties are satisfied :

(a) if |z — zo| > r then the series Y o2 ; a—n(z — 20)"" converges absolutely;
(b) if |z — zo| < then the series > o2 a—n(z — 20)~" diverges;
(c) if p € (r,400) then the Y o7 | a—n(z — z9) ™™ converges uniformly on A, - (20).
Moreover, r can be computed by the formula
r = limsup |a_n|"/".
n——+o00

1
2—20

The prove of the theorem follows from Theorem 4.2 by setting w := and consider
the power series > ° | apw™.

We define the open anulus
Arp(z0) ={2z€C:r<|z—2| <R}, 0<r<R<+4o00, 2z €C.

Theorem 4.25. Let (a,)'="2 be a sequence of complex numbers, z be a point in C. Define
r, R € [0,4+00] by

(4.13) r = limsup |a_n\%, R~ =limsup ]an|%,
n—o0 n— o0
where we agree that +oo~! =0, 07! = +o00. Consider the Laurent series
o0
(4.14) Z an(z — z0)".
n=—oo

Then the following conditions are satisfied:
a) the series (4.14) converges for all z such that r < |z — 29| < R,
b) the series (4.14) diverges for all z € C\ A, g(20)
c) if r < p1 < p2 < R then (4.14) converges uniformly on m.

Hint. Apply the formula for the radius of convergence of power series separately to the regular
and singular parts of the Laurent series.

Definition 4.26. The function f(z) defined in A, r(zp) admits an expansion in a Laurent
series if there is a series of the form (4.14) that converges for every z € A, r(20) to the function

f(2)

As for Taylor series, Laurent series can be differentiated term by term, and therefore,
Laurent series define holomorphic functions.

Theorem 4.27. If the Laurent series of a function f(z) defined in A, r(z) exists, then it is
uniquely defined.

Proof. Let f(z) = > 02 an(z — 20)" for z € A, r(29). The Laurent series converges uni-

n=—oo

formly for r < " < p < R’ < R. We consider the quantity % and integrate term by

term over a circle S;f (zo)

f(z / n—k—1
—_— (z— 2o dz = 2miay
/s;(zo) (z —20) ’““ Z S*(zw :

n=—oo
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by Cauchy theorem. We obtain

(4.15) an = f(w)

= ——dw.
21 S;’(zo) (’U)—Zo)nJrl v

By the deformation theorem the result does not depend on the choice of p and therefore the
coefficients a,, are uniquely defined. O

Formula (4.15) for the coefficients a,, is not very practical for computing the Laurent series
of a given function. Instead, tricks can be used to obtain an expansion of the required form.
Then the uniqueness of the expansion indicates that this is the desired one.

Example 4.28. Let f(z) = exp(z) + exp(1). We have

<1 1 <1
exp(z) = Z ;Z” (|z] < o0); eXp(;) = Z 52_” (|z] > 0).
n=0"" n=0 "

Therefore f(z) has the Laurent series expansion in Ag (0) given by

f(Z) = Z anzna
n=—oo
wherean:%forn207a0:2andan:ﬁforng—l.

Example 4.29. Let f(z) = % + 112. Then, by using the geometric series i ="
(0 < |z| < 1) we see that

(4.16) () = % 3 (<o < 1)
n=0

is the Laurent expansion of f in Ag1(0). On the other hand, by using transformation w := %

we obtain

fw) =t (-2 =w—w§;w" _ ‘g;“’" (jul < 1)

Therefore
(4.17) fe == % 2 (2> 1)

is the Laurent expansion of f in A o (0).

Remark 4.30. Observe that both (4.16) and (4.17) are Laurent expansions of f(z). The
first case is a Laurent expansion near zg = 0. The second case is a Lauren expansion near
wo = 0 or zg = oo.

Example 4.31. Consider
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We can expand each fraction near zg = 0 or infinity as a geometric series to obtain different
Laurent expansions:

(4.18) =3 (1 - 2—(”+1>) (2 € Bi(0)),

n=0

—1 [e'e]
(4.19) flzy=— Y 2"=) 270 (2 € 4;5(0)),
n=0

n=—oo

-1

(4.20) =3 (24"“) - 1) 2 (2 € Agpo(0)).

n=—0oo

Note that (4.18) is simply the Taylor expansion at zp = 0 while the others are genuinely
Laurent expansions involving the singular part.

Week 5

Theorem 4.32. (LAURENT SERIES THEOREM) Let f : A, r(z0) — C be a holomorphic
function. Then f has a Laurent series expansion

oo

flz)= Z am(z — 20)™, (z € Arr(20)).

Further, if p € (r, R) then

(4.21) Ay = L Aldw.
210 J it (z0) (w — zp)™*

Remark 4.33. i) By the Deformation Theorem the integral in the right hand side of (4.21)
does not depend on p € (r, R).

.. . . (m)
i1) Note that in contrast to the Taylor Series we can not longer assert that a,, = ! m('zo) even

for m > 0, since f need not be differentiable at zy under the hypothesis of the Laurent Series
Theorem.

In order to prove the Laurent Series Theorem we need a modification of the Cauchy
Integral Formula for annular domains.

Lemma 4.34. ANULAR CAUCHY INTEGRAL FORMULA. Let f : A, p(20) — C be a holo-

morphic function. Let z € A, g(20). Let p1, p2 and € be such that v < py < p2 < R and
B.(z) C A, p,(20). Then

f(z) = 1/ ) gy — 1/ de, 2 € Ay py(20)-
2 St (z0) W — 2 2mi S (z0) W 2
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52(20)

Proof. Let S¥(2) be a circle of radius e inside the anulus A, ,,(20). Join S (20) with S (z)
and S7(z) with S, (20) via straight line segments 72 and 72, traversed in opposite directions
each.

The obtained closed contour is contractible into a point in A, r(20). Hence

[ [ S,
SHW— = Sgy(z0) W 2 Spp(z0) W2

by the Deformation Theorem. Therefore

f(w) fw) [ fw)
/S;—Q(ZO) v Zdw B /‘9;—1 (20) W — Zdw a /Sg'(z) mdw B 27”'}0(2)

by the Cauchy Integral formula, applied at the point z € B.(2). O

Proof of the Laurent _Series Theorem. Fix z € A, r(z0). Choose pi1, p2 and e such that
r < p1 <p2 < Rand Be(2) C Ay, p,(20). Then by Lemma 4.34,

FRTER By (VR Ry (0
2me Sy (20) W — 2 2mi S (20) W — 2

regular part singular part

All we need to do now is to work out the two integrals as power series and calculate the
coefficients.

As in the proof of the Taylor Series Theorem we obtain

1 D
— f(w) dw — Z am(z N zO)m’
271 St (z0) W — % o
where )
Am = — f(w) dw.

- 2mi S5 (20) (w — zg)m+1
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The treatment of the second integral is similar. Using the geometric sum (4.8) with
q:=%= ZO we obtain

! 1
w—2z  z—21 lz"ijg
1
— w—20 (w—z0)"~ (w—20)
g Z_ZO{ +zz0+ +(z Zo)"1+(z Zo)” I(Z w)}
Therefore
1
—./ 7f(w) dw
21 S;'l(zo) w—z
1 (w—20)™ ! (w—20)"™ }
= — W—20 [ 0 0 d
21 5;1(20) w){Z 20 + (z—20)2 + + (z—z0)™ + (z—z0)"(z—w)
- Z (I_m(z - Zo)im + By,
where
1 _
Ay = — wi(w — 20)™ 1dw and B, = L f(w (w ZO) duw.
() — ) i
211 52—1 (20) 211 3;1 (ZO) (z — ZO) (Z — w)

We are going to show that lim,, ., B, = 0.

Indeed, f is holomorphic in A, g(z9) and hence bounded on S, (zy) (because S,, (20) is
compact). This means that there exists M > 0 such that

[f(w) <M (we S, (20))

Set § := |z—zp|—p1 > 0. Now |w—20| = p1, |2—20| = p1+d and |z—w| > ||z—z¢|—|w—20|| = 9.
Then by the Estimation Lemma

1 Mpp Mpi [ p1 \"
< N S = .
Bol < o o+ oys L 0) = =5 (m >

2mp1

We conclude that lim,, o B, = 0.
Therefore

1 —m
2 s (Zo)w—z Za_ (2= 20)
and

= Z am(z — 20)" + Z a_m(z —20)"™ (z € Ar r(20)),
m=0 m=1

-~ ~~

regular part singular part

which the required Laurent expansion. To finish the proof we observe that if p € (r, R) then
Sy (20) ~ St (20) ~ S, (20) in A r(20). Thus the integrals in the expressions for a,, and b,
do not depend on the particular choice of p € (r, R). O

As a consequence of the above theorem we have:

49 December 29, 2024



4.5 Laurent Series 4 TAYLOR AND LAURENT SERIES

Corollary 4.35. Let f : A, r(z0) = C be a holomorphic function. Then there are two
functions fo(z) holomorphic for |z — zo| < R and foo(z) holomorphic for |z — zo| > r such
that

If

f(2) = fo(2) + fo(2), 2 € ArR(20).

then this decomposition is unique.

Proof. From the Laurent series theorem we have

“+o00

f(z) = Z an(z —20)", 2z € ArRr(20).

n=—oo

We set

+o0
fo(2) = an(z = 20)",  fool2) ==Y an(z —20)".
n=0

n<0

This functions satisfy the requested properties, namely they are holomorphic in |z — z9| < R
and |z — zg| > r respectively. Now suppose to have another decomposition

f(z) :f0(2)+foo(z), lim foo(z) =0.

Then fo(2) — fo(2) = foo(2) — foo(2) for z € A, r(20), so that the function

is holomorphic in C and lim,|_,., h(z) = 0. It follows from Liouville theorem that h(z)

0.

50

foo(2) = foo(z) for |z —zo| > 7

h(z) = { fo(z) — fo(z) for |z—20| <R

O
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5 ISOLATED SINGULARITIES

5 Isolated singularities

Definition 5.1. Let f : Ag r(20) — C be a complex function and R > 0. We say that 2 is
an isolated singularity of f if the function f is holomorphic in Ay r(2p) and not holomorphic
(or is not defined) at zp.

For example, f(z) = % has an isolated singularity at zp = 0 since it is analytics in Ag r(0)
for any R > 0. The function f(z) = % is singular at z = 0 but it is not analytic in any

neighbourhood of z = 0 since the function == is a multivalued function. Therefore = does
vz Vz

not have an isolated singularity at z = 0.

Definition 5.2. Let f : Ag r(20) — C be a complex function. We say that zp is a branch
point singularity of f if the function f(z) is multivalued in Ay r(20) and holomorphic in

(5.1) {z€C st. 0<|z—2| <R, e<arg(z—2) <2m—¢€}, €>0,
and is singular at z = zg.

As examples of branch point singularities we have log(z) or z* with —1 < a < 0. Indeed
both functions are multivalued in a neighbourhood of the origin, they are singular at z = 0
and they are holomorphic in the domain (5.1). Notice that the choice of the domain (5.1) is
not unique.

5.1 Classification of isolated singularities

Observe that if 2y is an isolated singularity of a function f then f has a Laurent series
expansion

Z:: Z — ZO +mz::0am z — ZO (Z c AO,R(Z())).

~~

singular part regular part

We classify isolated singularities according to the number of nonzero coefficients in the singular
part of the Laurent expansion of f at zy. Three different situations are possible.

Removable singularity. We say that zg is a removable singularity of f if for all n > 0 one has
a—p = 0. In this case the Laurent expansion of f at zy consists only of the regular part, e.g.

— Z am(z — 29)™ (z € Ao,r(20)).
m=0

Taylor series

Then the singularity at zo can be removed, by defining f(z9) := ag, and we obtain a function
which is analytic on Bg(zp). For example, consider

sin(z)

f(2) = (= #0).

Clearly f is analytic on Ag ~(0) and 2o is an isolated singularity of f, because f is not defined
at zop = 0. The Laurent expansion of f at zg = 0 has the form

z

flz)=1- 7_,_7 7+ (z € Ap,00(0)).

51 December 29, 2024



5.2 Local behavior of holomorphic functions 5 ISOLATED SINGULARITIES

So zp is a removable singularity. By defining f(0) := 1 we get a function which is analytic on

C.

Pole. We say that zq is a pole of order k of f if there exists k& € N such that a_j # 0 and for
all n > k one has a_,, = 0. Sometimes a pole of order 1 is called a simple pole.

For a pole of order k the Laurent expansion of f at zy has the form

k
E + E CLm z— Zo (Z S A07R(Zo)).
— Z — Zo
”finite” singular part regular part
For example, consider
sin(z)

f(z) = A (Z # 0)'

Clearly f is analytic on Ag «(0) and zp is an isolated singularity of f. The Laurent expansion
of f at zg = 0 has the form

fe) = G—g-+g -+ (2€40).

So zg is a pole of order 3.

Essential singularity. We say that zg is an essential singularity of f if for any & € N there
exists n > k such that a_, # 0. In this case the Laurent expansion of f at zy has the form

oo
f(z) = 27" —i—Zam (z —20)™ (z € Ag r(20))-
(z — 20)
n=1
”infinite” singular part regular part

For example, consider
.1
fe)=sin0) (2 £0).

Clearly f is analytic on Ap «(0) and zp is an isolated singularity of f. The Laurent expansion
of f at zg = 0 has the form

fo=t- X1 11 11 a0,

z 3123 Blzd 77

So zp is an essential singularity.

5.2 Local behavior of holomorphic functions

Removable singularities are simple because they always can be removed. The next proposition
allows to recognize removable singularities.

Proposition 5.3. Let f : Agr(20) = C be a holomorphic function. Assume that zy is an
isolated singularity of f. Then the following are equivalent:

(a) zo is a removable singularity;

(b) lim,_, f(2) exists and finite;

(¢) |f(2)| is bounded on Agr(20) for every r € (0, R).
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Proof. The implications (a) = (b) = (c) are obvious.
(¢) = (a). Let r € (0, R). Suppose that |f(z)| is bounded on Ay ,(z0), e.g. there exists M > 0
such that

f) <M (2 € Aor(20))-

Consider the Laurent expansion

— Z EEND + Z am(z — 29)™ (z € Aor(20))-

n=1
We are going to prove that a_,, = 0 for all n > 0. Indeed, for n > 0 and p € (0,r) we have

1
Gy = — fw)(w — 2 =1 .
ot Jgt (w)( 0)

By the Estimation Lemma
1 _
la—p| < %Mpn 1L(S;r(2’0)) = Mp".

If we let p — 0 it follows that |a_,| = 0. O
When zj is a removable singularity the function f(z) : Ao r(20) — C has an analytic
extension f(z) in z = z. Indeed let us define

2y | f(®) for z € Ao,r(20),
1z) = { lim, ., f(z) forz= zoo. ’

The function f (z) is not only continuos in z = 2y but also analytic. Indeed we leave as an
exercise to show that

MNOESIE

h—0 h

exists and is finite.

Exercise 5.4. Let zg be a non removable isolated singularity of a function f. Prove that

limsup |f(z)| = +o0.

Z—r20

There is a similar criterion for recognizing poles.

Proposition 5.5. Let f : Agr(z0) = C be a holomorphic function. Assume that zy is an
isolated singularity of f. Then the following are equivalent:

(a) zo is a pole of order k;
(b) lim, ., (2 — 20)¥ f(2) = w # 0.

Proof. The implications (a) = (b) is obvious.
(b) = (a). Suppose lim, ., (z — 20)*f(2) = w # 0. Then

9(2) = (2 — 20)"f (2)
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has a removable singularity at zo by Proposition 5.3. Set g(z9) := w. Hence g is holomorphic
on Br(zp) and has a Taylor expansion

= Z am(z — 20)™ (# € Br(20)),
m=0

where ag = w. Therefore

k
ak—n
Z G—z)" + Z aptm(z —20)" (2 € Ao,r(20))
m=0

n=1

where ag # 0, so f has a pole of order k at z. O

Exercise 5.6. Let zg be a pole of a function f. Then

lim |£(2)] = +oc.

Z—r20

Exercise 5.7. A rational function is a function of the form

where ¢,,(z) and p,(z) are polynomials of orders m and n. Assume that zy € C is a root of
pr, of multiplicity k& > 0, i.e. there exists a polynomial p,,_(z) of order n — k such that

pn(20) = (2 — ZO)kpnfk(Z% Pn—k(20) # 0.

Prove that if ¢,,(20) # 0 then zg is a pole of order k of the rational function f(z).

Definition 5.8. A set of points S C C is discrete if for any point zy € S there exists a
neighbourhood B, (zp) = {2z € C s.t. |z — 20| < r} with 7 > 0 such that B,(zp) NS = {20}.

For example the set {z9 + 27k} for k € Z is discrete in C.

Definition 5.9. A function f : C — C is called meromorphic in the domain D C C, if f is
holomorphic in D\'S where S is a discrete subset of D and f has poles in S.

For example rational functions are meromorphic in C. Let f(z) and g(z) be two holomor-
phic functions in D and suppose that g(z) is not identically zero and has a discrete number

of zeros. Then the ratio f(z)/g(z) is a meromorphic function in D. An example of a non
cos(z)
sin(z)

rational meromorphic function is f(z) = Indeed the set of zeros is given by 7k, k € Z.

Exercise 5.10. Show that the set of meromorphic function in a domain D is a field. Further
show that if f is meromorphic in D also f’ is meromorphic in D.
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Week 6

5.2.1 Extended complex plane.

Sometimes it is convenient to extend the complex plane by adding to C a single ”point” oc.

Denote by C the set C := C U {oo}. We call C the extended complex plane together with
the following algebraic properties: for any z € C

¢ 0 +2z2=2+00=00
e if 240 then z-co=00:2=00
® 0000 =00

=0

B w

We say that a sequence of complex numbers (2, ),en converges to oo in C if

VR >0 3N € N such that ¥n > N = |z, > R.

The points of C can be identified with the points of the unit sphere S? in R? via the
stereographic projection. Let

S*={(X,Y,2)eR*: X*+Y?*+ 2> =1}

be the unit sphere in R3. The stereographic projection from the north pole N = (0,0, 1)
associates to the point P = (X,Y,Z) € S?, the point (x,y,( = 0) € R? obtained from the
intersection of the line passing through N and P and the plane ¢ = 0. Let r(¢) be the line
that passes through N and P, then

r(t)=N+t(P—N)= (X, tY,1+t(Z—1)), teR.

The line intersects the plane ¢ = 0 when 1+ ¢(Z — 1) = 0 namely at the value of t = 11

which corresponds to the point Q = (1=, %, 0). Introducing the complex coordinate
ny X +1Y
z=x+iy =
A
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we have a map o7 : S2 — C defined as

X +1Y

P:(X,Y,Z)%Z:x‘i_ly:(jl(P):ﬁ

, when Z # 1 and 0¢1((0,0,1)) = 0.

The map o7 establishes a one to one correspondence between S? and C. Indeed the map has
an inverse that can be constructed in a similar way.

Exercise 5.11. Construct the inverse map to oy.

Solution. Let @ = (x,y,0) be a point on the plane and consider the line ¢(¢) that passes
through @ and N,
L(t)=N+1t(Q—N) = (te,ty,1 —t), teR.

Then a point (tz,ty,1 —t) on the line £(¢) intersects the sphere S? when

2 2
2492 +1 |22+ 1

(tx)2+(ty)2+(1—t)2:1—>t: z =z 41y,

which corresponds to the point on the sphere

2x 2y ) 2
2P+ 17 2P +17 [2P+1)

Recalling that x = Rez and y = Imz we have obtained the inverse map o L.C—»s?

_ 2Rez  2Imz |z[2—1 _
1 1
= o0o) = N.
o1 (2) <\z|2+1’ |2+ 17 |2]2+1)" o1 ()

O

Note that a similar construction can be done using the stereographic projection to the
south pole S = (0,0, —1). In this case the intersection of the line passing from S and P with
the plane (z,y,¢ = 0) is the point Q" with coordinate

X —iY

0'2:82—>C, UQ(P):Q/:Z/:W.

Note the relation between z and 2’:

,  X?4Y?

= = 1.
zZZ 1—Z2

The two open set Uy := S2\{N}, and U, := S?\{S} together with the maps o1 and o9 give
to S? the structure of a one dimensional complex compact manifold?

3A one dimensional (two real dimensions) complex manifold M is a topological space endowed with an
atlas, namely a collection of charts {Ua, 0o }aer with I = {1,2,...} such that U, is an open set, Uac1Us = M
and each o4 : Uy — C is a homeomorphism, namely a bijective continuous map with continuous inverse. When
UaNUg # 0, o, B € I, the composition map (called transition function)

op00y" 0a(UaNUg) = C

is holomorphic. ( If the transition function is simply differentiable, the manifold is called a differentiable
manifold). The most elementary one dimensional complex manifold is the complex plane C with just one chart
I ={1}, Ui = C and map o1 coincides with the identity. The Riemann sphere S is the next example, where
now two charts are needed (U1, 01) and (Usz, 02) (see above).
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Indeed on the intersection U; N Uy the maps o;(Uy NUz) = C\{0}, j = 1,2 and the
composition maps
sr00T (x) = £, grooyl(z)) = =
2!’ 2 z
are holomorphic maps from C\{0} — C\{0}.

Because of this correspondence, which was introduced by Riemann, the extended complex
plane sometimes is called also the Riemann sphere.

A disk of radius R centred at infinity is the set of points z € C such that

L o<
—_— ya 0.
L<ll<

A holomorphic function on the circle of radius R centred at z = oo is the function holomorphic
in 2/ = L on the set |2/| < R. Such function admits the Taylor expansion in 2’

FZ) =) el
n=0

In the variable z such function takes the form

o0

f(Z(2)) = Z cnz

n=0

Singularities at infinity. Let f: A;/r(0) = C be a holomorphic function. In order to
classify the singularity of the function f at z = co we consider the change of variable 2z’ = %

and we classify the singularity of the holomorphic function
f(2(2") : Ao,r(0) = C

at 2/ = 0. Such function has an isolated singularity at 2’ = 0.

Removable singularity at infinity. We say that f(z) has a removable singularity at z = oo if
f(2(2')) has a removable singularity at 2z’ = 0 For example, the function f(z) = 27 has a
removable singularity at infinity for any positive integer m or m = 0.

Exercise 5.12. Let f : Aj/p o (0) — C be a holomorphic function. Prove that the following
statements are equivalent:

(a) f has a removable singularity at infinity;
(b) lim,_,~ f(2) exists and is finite;
(¢) |f(2)] is bounded on A, +(0) for every r € (1/R, 00).

Pole. We say that f(z) has a pole of order k at infinity if f(z(z")) has a pole of order k at
Zero.

Exercise 5.13. Let f : A;/p o (0) — C be a holomorphic function. Prove that the following
statements are equivalent:

(a) f has a pole of order k at infinity;
(b) lim, 0 fz(;f) =w #0.

57 December 29, 2024



5.3 Essential singularities 5 ISOLATED SINGULARITIES

Essential singularity. We say that f(z) has an essential singularity at z = oo if f(2(2’)) has
an essential singularity at zero. For example, exp(z), sin(z), cos(z) have essential singularities
at infinity.

Lemma 5.14. The only holomorphic function on C is the constant function.

Proof. 1If f(z) is holomorphic on C then

f(z) = Zanz", zeC
n=0

where the series converges for any z € C. Now let us check the behaviour of this function at
infinity, by considering the function f(z(2')) where z = 1. We have that

F() =) an(z)™"
n=0

which has a singularity in 2/ = 0 unless a,, = 0 for all n > 0. It follows that f(z) = ag, namely
a constant. O

Meromorphic functions in the extended complex plane. A function meromorphic in
C is a function that is holomorphic in C\S where S is a discrete set in C and f has poles
at the points of S. We claim that S contains a finite number of isolated points. Indeed if
S had infinite cardinality, the limit point zg of the discrete set S would lie in C because C
is compact, and therefore zy would be an accumulation point for S, contradicting the fact
the S is discrete. Since meromorphic functions in C have only discrete set of poles, it follows
that S must be finite. Rational functions are meromorphic functions in C, while the function

1
f(z) = sin(z)

set S = {z € C| 2 = mn, n € Z} has an accumulation point at co € C and therefore it is not
discrete.

is not a meromorphic function in C because it has poles at z, = 7n and the

One can show that the only meromorphic functions on C are rational functions, namely
ratio of polynomials.

5.3 Essential singularities

The behavior of a function f near a pole zg is relatively simple. In particular, we know that
lim,_,,, | f(z)| = co. However in the case of an essential singularity |f(z)| will not have a limit
as z — zg. The following result is classical.

Theorem 5.15. (CASORATI-WEIERSTRASS THEOREM) Let f : Ao r(20) — C be an analytic
function. Assume that zg is an essential singularity of f. Then the image of any punctured
neighbourhood of zy is dense in C, namely the set

f(Ao.r(20)),

is dense in C for all 0 < r < R.
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Proof. Suppose the conclusion of the theorem is false. Then there exist wy € C, r € (0, R)
and ¢ > 0 such that

|f(z) —wo| > ¢ (z € Aor(20))-
Let

Then g is analytic on Ag,(z0). Moreover,

ol

l9(2)] < (2 € Ao,r(20))-

Hence zg is a removable singularity of function g by Proposition 5.3 and
o0
g(z) = Z am(z — 20)"™, z € By(z0).
m=0
Let ai be the first nonzero coefficient of the above expansion, namely

g9(z) = Z am(z — 29)™, z € By(z0).

m=k
Then

. — 20V (F(2) — wy) = lim M
zh—>nzlo(z 0) (f( ) O) _z1—>20 g(Z)

1
= — #0.

ag
By Propositions 7.3,7.2 we conclude that z is a pole of order k£ (when k > 1) or a removable
singularity (when k& = 0) of the function f(z) —wp . Observe that the Laurent series of
f(2) — wq differs from the Laurent series of f(z) only in the zero—order coefficient. So z is a

pole or removable singularity of f(z), which is a contradiction. O

In fact a much stronger result, known as Picard Theorem, is true. The proof requires
techniques considerably beyond the reach of this course.

Theorem 5.16. (PICARD THEOREM) Let f : Agr(z0) — C be a holomorphic function.
Assume that zy is an essential singularity of f. Then the image of the function f of each
Apr(20), 0 <1 < R, assumes all complex values except possibly one.

Proof. See CONWAY, pp.302-303. O

Remark 5.17. The exception mentioned in the theorem can really occur. For example, the
function f(z) = exp(1) misses the value 0 but attains all others. In other words, for any € > 0
one has f(Ag(0)) = C\ {0}. On the other hand the functions f(z) = sin(1) attains every
value, that is for any € > 0 one has f(Ap:(0)) = C, as can easily be verified.

We recall that we defined entire functions as functions that are holomorphic in the whole
C. Clearly the polynomials are entire functions. All entire functions that are not polynomials
are called transcendental entire functions. Examples are e?, sin(z), cos(z). The following
result is just an obvious consequence of the material of the section.

Lemma 5.18. The entire function f : C — C is transcendental if and only if f has an
essential singularity at infinity.
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Proof. Let us suppose that f is entire and transcendental, then it admits a Taylor series
expansion convergent in C

flz)= Z an?"
n=0

where an infinite number of coefficients a,, # 0, otherwise f would be a polynomial. Then we

make the change of variable z = % and we have that

f() =Y an(z)"
n=0

which has a singularity in 2z’ = 0 and the singularity is essential because an infinite number
of coefficients a,, # 0. It follows that f as an essential singularity at z = co. The converse
statement is quite straightforward. O

Mathematicians in this section

e Karl Theodor Wilhelm Weierstrass (31st October 1815 — Berlin, 19th February 1897),
German mathematician,

o Felice Casorati (17 December 1835 — 11 September 1890), Italian mathematician,

e Charles Emile Picard, FRS and FRSE (24 July 1856 — 11 December 1941) French

mathematician.
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6 Residue Theorem

6.1 Winding number of a curve

In Example 2.8 we found that

1 1
-_— dZ =1.
21 Jsta) 2 —a
If S (a) := =S (a) is the circle traversed in the negative (clockwise) direction then obviously
1 1
— dz = —1.

21 Js7(a) 2 — @

If 4 (t) = a + pe' (0 <t < 27n) then v, = Sf(a) + --- + Sf(a) winds n times around the

point a and we find that
1 1

—_— dz = n.
211

%z—a

Now suppose that 7 : [0,27n] — C\ {a} is a closed contour that is homotopic to 7, in C\ {a}.
Then by the Deformation Theorem again

% - i adz =n.
P
Exercise 6.1. Prove that
1 1 ds — { 1, if 29 lies inside S} (a), i.e. |20 — al < p,
2mi Jst(a) Z — %0 0, if 2o lies outside S (a), i.e. [20 —a| > p.

Hint. Use Deformation Theorem and Exercise 3.8 when zg is inside S;f(a). Use Cauchy
Theorem when 2 is outside S;f (a).

These observations lead to the following definition.
Definition 6.2. Let v : [a, 5] — C be a closed contour and zy ¢ . The winding number of

~ with respect to zp indicated as W (v, zp) (also called the index of v with respect to zp) is
defined by

1 1
W (v, z0) := 9 /7 o Zodz.

Geometrically, this means that the contour vy winds W (7, zp) times around the point zg.

The definition of the winding number would be improper if the following result were not
true.

Theorem 6.3. Let v : [, 5] — C be a closed contour and zy & . Then W (v, zo) € Z.

Proof. Assume for simplicity that + is a smooth contour. Since zg & - the function 6 :

0,8+ C, o
[T,
00 = [
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is well defined, continuous and differentiable. Moreover,
H(CV) = 07 0(5) = 27TZW(77 ZO)
and performing the integral we obtain

0(t) = log(v(s) — 20)|3=5-

In particular

0=

because v(3) = (). This implies, because of the properties of the complex logarithm,

= log(1),

0(B) = 2min, n € Z.

O]

Exercise 6.4. For each given n € Z, construct a closed contour 7, such that W(y,0) = n.

The following summarizes the most important properties of the winding number.

Exercise 6.5. Prove the following properties of the winding number:
(a) W(=7,20) = =W (7, 20);

(0) W1 + 72, 20) = Wi, 20) + W(2, 20);

(c) if y1 ~ 2 in C\ {20} then W (1, z0) = W (72, 20).

Hint. (a) and (b) follows from Exercise 2.14, (¢) follows from the Deformation Theorem.

Remark 6.6. In fact, the converse to the property (c) above is valid. Namely, if W (v1, z9) =
W (72, 2z0) then 1 ~ v in C\ {2} (for the proof of this deep topological result, see CONWAY,
p-90 and p.252). So the winding number completely describes the classes of equivalence of
contours which are homotopic in C\ {z}.

6.2 The residue Theorem
Let zp be an isolated singularity of a function f. By the Laurent Series Theorem f has a
Laurent series expansion

o0

(6.1) f(2)= ) an(z—20)" (2 € Aor(%0))-

n=—0oo

Definition 6.7. The residue of a function f at an isolated singularity zg is the coefficient
a_ of the Laurent expansion (6.1) of f about zp. This is denoted by

Res(f,20) == a_1.
Remark 6.8. By the formula (4.21) for the Laurent coefficients we know that

1
a_| = — f(w)dw pe€(0,R)).
= 3t fop T € O.R)
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Therefore we can define the residue in the equivalent form

Res(f, z9) := 1 f(w)dw (pe(0,R).

o 271 S;(zo)

Thus if we know the Laurent coefficients we can evaluate certain integrals and vice versa. We
will see later that in some cases, however, one can compute the residue of a function without
having to find the full Laurent expansion or computing integrals.

6.3 Residue Theorem

The Residue Theorem, which is proved in this section, is one of the main results of Complex
Analysis. It includes Cauchy’s Theorem and Cauchy’s Integral Formula as special cases and
leads quickly to important applications. In particular, it becomes one of the most powerful
tools of Analysis for evaluation of definite integrals.

Theorem 6.9. Let f: C\{z0} — C be a holomorphic function with an isolated singularity in
2o and 7y : o, B] = C\{z0} a closed contour. Then

/f(z)dz = 2miW (v, z0)Res(f, z0).
.

Proof. Since f is holomorphic in C\{zp} it has a Laurent expansion

f(Z) = Z an(Z — Zo)” + Za_—lz()’ z € C\{Zo}
n#—1

Let us define the function g(z) as
g9(z) == Zan(z —29)".
n#l

The function g(z) admits and anti-derivative in C\{zp} and the anti-derivative can be obtained
by integrating the Laurent series term by term:
n+1

9(2) =G'(z), G(z):= Z an(Z;i))l
n#—1

Then by applying the fundamental theorem to the function g(z), we obtain

/Wf(z)dz:/vg(z)dszal/vzizzo
:a_1/ i
e

= 2mia_1W (7, 20)
= 2miW (v, z0)Res(f, 20).

O]

This result has a clear generalization to the case in which the function f has many isolated
singularities. Now, the idea of the residue theorem is quite simple. Suppose that we integrate
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f(2) around a contour that encloses many isolated singularities of f(z). We attempt to
deform this contour to a point, but it gets snagged on the singularities. The snagged bits of
the contour reduce to integrals around circles lying close to the singularity so that it can be
evaluated as in theorem 6.9.

Theorem 6.10. Let D C C be a domain and S = {z1,...,2m} be a discrete set of points in
D and let f: D\S — C be a holomorphic function with isolated singularities in S. Suppose
that v : [a, B] — D\S is a close simple curve. Then the following relation holds

1./f(z)dz = W(y, 2z1)Res(f, z).
Y

21
2L €S

Proof. The proof of this theorem follows the lines of the previous theorem. Let us first define
for convenience the set S’ of points 2z, € S such that W(+, zi) # 0. These points lie in the
connected domain D’ with boundary 7 (because v is a close simple curve). Then we consider
e > 0 sufficiently small so that each open set Bc(z;) C D’ and Bc(z) N Be(z;) = 0 for k # j.
We define the domain V as

V= DI\ U, es Be(z).

and its positively oriented boundary OV consists of

oV =v- > SH)

zR €S’

where now we are also assuming that - is positively oriented (anticlockwise). If 7y is negatively
oriented the oriented boundary of V is

OV =—y— Y SH(z).

2R €S’

Then the function f is holomorphic on the compact set V U OV and applying Cauchy
Theorem it follows that the integral on the boundary is equal to zero. Hence

Z/ f(2)dz,

f(z)dz=0— f(z)dz =
\4 +y 2, €S’ (Zk)

where the sign ++ refers to a anticlockwise/clockwise oriented contour. In order to calculate
the integral of each term |, SF () f(2)dz we need to repeat the steps of the proof of the previous
theorem. Indeed f(z) near each singular point zj has a Laurent expansion that can be written

in the form
a(k)

f(z) = __;k +or(2), gk(z) = Y af(z = =)™

z
n#—1

Then the function gi(z) has an antiderivative in B¢(z) so that we can conclude that

/ f(z)dz = / gk (2)dz + a(_kl) / = _ 2miRes(f, zx).
S (2r) S (=) SE(ar) # T Fk

f dz—Z/ Z—QTFZZReSf,Zk)

2, €S’ (Zk 2, €S’

Therefore
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We recall that the winding number W (7, z) keeps track of the orientation of v and whether
2 is in D’ so that we can rewrite the above formula as

[ £G)dz = 2mi Y W) Res(7. ).
v 2LES

O

The above theorem can be generalized to any contour + non necesseraly simple. By using

the definition of winding number we arrive to the residue theorem in its general form.

Theorem 6.11. (RESIDUE THEOREM) Let D C C be a simply connected domain, and S =
{z1,22,++ ,zm} C D be a finite subset of D. Let f : D\ S — C be an analytic function with
isolated singularities in S and =y : [o, B] = D\ S be a closed contour. Then

(6.2) /f = 2mi Z W (v, zi)Res(f, z).

zZLES

The proof of this theorem is omitted, but it is a simple generalization of the proof of
theorem 6.10.

The Residue Theorem includes Cauchy’s Theorem as a special case if we assume that
S = ) (note however that the proof of the Residue Theorem relies on Cauchy’s theorem).

6.3.1 Singular integrals and principal value

b
d
/ x, a<c<hb.

Tr —C

Consider the integral

We can compute it as an improper integral in the form

/b dx , [ /Hl dx /b dx ]
= lim |— +
a T—C =0 a cC—T ey C— T

ea—0
b—c . €1
= log + lim log —.
cC—a €1 —0 €2

624)0

Clearly the limit of the last expression depends on how €; and €2 goes to zero. Consequently
the integral regarded as improper integral does not exist. However it can be given a meaning
by chosing €; = €2 = €.

Definition 6.12. The Cauchy principal value of the improper integral

b
d
/ x’ a<c<hb

r —cC

is the expression
b dx . ¢ dx b dx b—c

p.. = lim + = log .

e T—c e—0|J, x—c cteC— T c—a

65 December 29, 2024




6.3 Residue Theorem 6 RESIDUE THEOREM

Now consider a contour v : [, 5] — C, tg € [o, 8] and (to) = 20, V() = a, v(B) = b.
Consider a circle of radius € centred at zp with e sufficiently small so that (;(e) and (2(€) are
the points of intersection of this circle with the oriented contour v and let L. be the path
contained in v connecting (; to (2. Then we can defined the principal value of the contour

integral
dz . dz . e gy b dz
P.. = lim = lim +
v zZ— 20 e—0 y—Le zZ— 20 e—0 a Z — 20 10) zZ— 20

P g log(Ga(e) — 20) — log(Ga(e) — <o)

= log
By construction |(1(€) — zo| = |(2(€) — 20| so that
lim [log(C(€) — 20) — log(Ca(€) — 20)] = @ lim [arg (G (€) — 20) — arg(Ca(€) — 20)] = im

We conclude the following

Lemma 6.13. Let v be a contour in C and zg a point on the contour v. Then

/ dz b—2zy .
.. = log + .
v Z — 20 a— 2o

dz .
p.v. =m,
~ Z— 20

We are now ready to prove a generalisation of Cauchy integral theorem.

If the contour is close

Theorem 6.14. (GENERALIZED CAUCHY INTEGRAL FORMULA) Let f: D — C be a mero-
morphic function with poles in zg,z1,...,2n € D and let us suppose that zy is a simple pole
for f. Let us consider a close positively oriented contour v € D and let zyg € v while the other
poles do not lie on . Then

N
(6.3) D.. / f(2)dz = miRes(f, z0) + 2mi Z W (7, zj)Res(f, zj)
ol j=1

Proof. The p.v. of the integral is not a close contour but v— L, where L. is the path from (; (¢)
to (2(€) with e sufficiently small so that these points are the only intersection of S¢(zp) N 7.
To make a close contour we add an arc C. of a circle of radius €, oriented clockwise, centred
at zo and connecting (1 (€) to (2(€) so that I'c =y — Le + C. is a close contour that does not
contain zg. Then we can apply the Cauchy residue theorem

N
f(2)dz = 2mi Z W (T, zj)Res(f, z)

r. =

On the other hand, since the poles z; do not lie on the contour I'c by deformation theorem

N
f(z)dz = 2mi Z W (v, zj)Res(f, zj)

T =
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that is equivalent

/ f(z /f dz+27TzZW7,z] Res(f, z;).
v—Le

j=1
To calculate fC z)dz we consider the Laurent series expansion of f at zy convergent in
Ao, p(20), p > €
a—1
z) = a;i(z—z
f( ) 2~ 2 + Z J 0)
7=0
so that
a_1dz >
lim/ f(2)dz = lim —177 4 lim/ Zaj(z— 20)?
=0 Jo. =0 Jo. 2 — 20 =0 Jo. =0
a_1dz

= lim
=0 Jo. 2 — 20

=a_ lg% [log(Ca(e) — z0) — log(Ci(€) — z0)] = —mia_1 = —miRes(f, 2o)-

We conclude that
v.f/f(z)dz = lg% . f(z)dz = lgr(l)/ f(z dz+2mZW v, 2j)Res(f, zj)

N

= 7miRes(f, z0) + 2mi Z W (v, zj)Res(f, zj).
j=1

6.4 Calculating residues

It is important that in many cases residues can be calculated without finding the full Laurent
expansion of a function.

Example 6.15. Find the residue of f(z) = SH;# at zo = 0.

sin(z) 1 23 1
D) =3 z——+4. —;+

Solution. We have

3!

~~

/

sin(z)
Hence Res(f,0) = 1.

In general, if we are given a function f with an isolated singularity at zg then we proceed
in the following way. First we decide whether we can find easily the first few terms of the
Laurent expansion in Ag r(zp). If so, the residue of f at zp will be the coefficient a_; in
the expansion. If not some other methods or rules can be used, according to the type of
singularity. Consider several examples.
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Removable singularity. If zg is a removable singularity of a function f, then the Laurent
expansion of f about zy has no singular part. Hence Res(f, zg) = 0, so removable singularities
do not contribute to the value of integral in (6.2).

Pole. In the case of a simple pole one can develop easy criteria for calculating residues.

Lemma 6.16. Let zy be a pole of order one of a function f. Then

Res(f,z0) = lim (z — 20) f(2).

Z—20

Proof. If zg is a pole of order one of f then

a

[ ==+ > m(z=2)" (2 € Aor(x0),

z —

n=0

for some R > 0. Hence

Zli_)rgo(z —20)f(2) = Zli_)rgo {a_1 + Z an(z — zo)”ﬂ} =a_1,

n=0
as required. O
Lemma 6.16 can be easily extended to the case of higher order poles.
Lemma 6.17. Let 29 be a pole of order k of a function f. Set ¢(2) := (z — 20)*f(2). Then

lim *~D(2).

1
Res(f, z0) = W 220

Proof. If zg is a pole of order k of f then

i a_fg a—f+1 a_1 > _ n
fz) = (2 — 20)F - (z — z0)k—1 * + z— 20 * ;an(z 20) (2 € Aor(20)),

for some R > 0. Hence

0(z) =a_p+a_p1(z—2)+ - +a_1(z—2)" 1+ Z an(z — z0)F™ (z € Ao,r(20))-

n=0
Therefore
- - k+n)!
(k—1) _ —_ 1) (7 _ 1+n A
et (2) = (k= Dlay +n§%an 15 n) (2 = 20) (2 € Ao,r(20))

and 1

Res(f,20) = a_1 = 1 Jim P (2).

0

Example 6.18. Find the residues of f(z) = —%—— at 29 = +1.

D3]
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Solution. Clearly zg = —1 is a pole of order one. By Lemma 6.16 we compute
Res(f,~1) = lim (z + 1)f(z) = lm > = 1
oS\ - z—l>n—11 & 2= z—l>n—11 (Z — 1)3 N 8

We see also that zg = 1 is a pole of order kK = 3. Thus

2 2
— _ k _ < 1 o 2 _ 4z 2z
SD(Z)'_(Z ZO) f(z)_z+17 ¢(Z)_Z+1 (Z+1)2+(Z+1)3
By Lemma 6.17 we compute
Res(f. 1) = 5 lim '(2) = ¢
(1) = 5y Iy ) =

Exercise 6.19. Let D C C be a simply connected domain. Let f : D — C be an analytic
function, zgp € D and « : [, 8] = D \ {20} a closed contour. Prove that

2mi — zp)tl

(6.4 Wz ) = g [ L
i

Compare this formula with (4.7).
Hint. Apply Lemma 6.17 to g(z) = %
Example 6.20. Evaluate

1
/52@) CiDera”

1

Solution. The only pole of the integrand f(z) = GIET

z1 = —1. By Lemma 6.16, we obtain

inside S;7(0) is a simple pole at

. 1
Res(f,21) = lim (= + )f() = 5.
Further, it is geometrically clear that W (S2(0), —1) = 1. Thus by the Residue Theorem,
/ F(2)dz = 270 W(S(0), —1)Res(f, —1) = i,
S2(0)

Example 6.21. Evaluate

=
S
4 (2=1)3(z+1)
where 7 is a square [2, 2i] + [2i, —2] + [—2, —2¢] + [—24, 2].

2

Solution. The singularities of the integrand f(z) = (Z_l)%i(zﬂ) occur at +1. Thus, by the

Residue Theorem
/ F(2)dz = 200 {W (7, ~)Res(f, ~1) + W (7, )Res(f, 1)}
Yy

It is geometrically evident that W(y,4+1) = 1. Using calculations from Example 6.18 we
evaluate
/ fe)dz=2mid L 1l
2)dz =2mi —= + = p =0.
- 8 8
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Essential singularity. In the case of an essential singularity there are no simple rules like
for poles, so we must rely on our ability to find the Laurent expansion.

Example 6.22. Find the residue of f(z) = exp(z + 271) at 29 = 0.

Solution. We have

f(2) =exp(z +271) = exp(2) exp(z7!) = <1+z+;+ ><1+1+2,122+ >

Gathering terms involving % we get
1 + + 1 1 L
z 213! 3'4'

1 1 1
ReS(f,0)=1+ +2‘73'+@+

Thus the residue is

One can not sum the series explicitly.

Residue at infinity. We have seen that the residue of a complex function f holomorphic
in Ag r(20), 20 € C, and R > 0, with Laurent expansion f(z) = > 72 an(z — 20)" can
equivalently be defined as the coefficient a_1,

(6.5) Res(f, zp) :=
or as a contour integral

(6.6) Res(f, 20) = —— f(z)dz  (pe (0,R)).

271 S:,r(zo)
Namely if we take (6.5) as a definition then (6.6) holds. Viceversa, if we take (6.6) as a
definition, then (6.5) holds.

The point at infinity is a point on the sphere S? and we need to define a counter-clock
wise contour around the point at infinity We consider a function f : A;/p o (0) — C analytic
for R > 0. Any circle Sl/ (0) with p < R is positively oriented with respect to the domain
containing the point at 1nﬁn1ty

Definition 6.23. Let f : A;/p . (0) — C, R > 0 be analytic. The residue at infinity of the
function f is defined as

(6.7) Res(f,z = 00) := % s o f(z)dz (0 < p<R).
1/p

To calculate such integral we cannot use directly the residue theorem because the function
in not analytic inside the circle Sf/p(O) and the following Lemma is needed.

Lemma 6.24. f: A/ (0) = C, R > 0 be analytic with Laurent expansion

F=y =

n=1
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Then

(6.8) Res(f,z = 00) = —Res (f(('j;/)),z’ = O) = —a_j,

_ 1

where z = .

Proof. To calculate the contour integral in (6.7) we need to make the change of coordinates
2’ = 1/z and consider the function f(z(2’)) that is analytic in the punctured disc 0 < |2/| < R

and it has an isolated singularity at 2’ = 0. The circle S;/p(()) defined in the variable z = %e‘it,

t € [0,27] becomes the circle S} (0) in the variable 2’ = 1. With the change of variable
2! =1/z, the contour integral becomes

Res(f,z = 00) 1= L f(2)dz
21 Sl_/p(o)

1 dz’ <1 a_
= flz( (— ) = - / . d
27 S (0) (2(=) ()2 nz::l 27 S (0) (2')2—n

= —ZRes <(;)2nn,z' = O) = —a_1

where we exchange the integral with the sum because of uniform convergence of Laurent
series, and in the last relation we use the definition of residue (6.7). O

The next lemma, applies to a function that has a finite number of isolated singularities.
It states that the sum of all its residues, including the point at infinity is equal to zero.

Lemma 6.25. Let f : C — C be a complex function analytic in C\S where S = {z1,...2zm}
is the finite set of isolated singularities of f. Then

ZRes(f(z),z = zj) = —Res(f, z = c0).
j=1

Proof. We consider a circle of radius R, with R sufficiently small so that z; € By /x(0) for all

j=1,...,m. In the complement region A;,r .,(0) the function f is analytic. Then
i 1
ZRes(f(z),z =zj) = 2/ f(z)dz
= T ST/R(O)
1
=—— f(2)dz
271 S;/R(O)
= —Res(f, z = 00).
where in the last relation we use (6.8). O
Example 6.26. Let us consider the function f(z) = Zfll it has a pole at z = 1 with residue

equal to one. Its Laurent expansion at z = oo is

1
2

k=0

flz) =

IS
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so that Res(f(z),z = 0o0) = —1 and this shows that
Res(f(2),z=1) + Res(f(z),z =00) =0

Example 6.27. Let us consider the function f(z) = m It has clearly simple poles
e

at the integer 7 = 1,...,m. Using the lemma 6.25 we can claim that
m
D Res(f(2),2 = j) = —Res(f(2), 2 = o)
j=1

On the other hand the residue at infinity is

(4 N
Res(f(z),z = 00) = —Res (f((zs)z)),z' = O) = —Res (M,z’ = O) =0

and therefore

m

> “Res(f(2),z = j) = —Res(f(2),z = 00) = 0.

J=1
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Week 7

6.5 Evaluating Integrals

We now illustrate the practical use of the Residue Theorem in evaluating some integrals.

It is remarkable that in some cases systematic methods for evaluating real integrals can be
developed using the Residues Theorem of complex analysis. We consider only simplest results
of this type. For other applications of the Residue Theorem in evaluation of real integrals see
STEWART AND TALL, MARSDEN, or any other textbook on Complex Analysis.

Integrals of type [, f(x)dz. Consider integrals of the form
“+o0o
/ f(x)dx.

In what follows, C; = {z € C : Im(z) > 0} denotes the upper half-plane in C, while
C4 = {2z € C:Im(z) > 0} stands for the closed half-plane.

Theorem 6.28. Let f be a complex analytic function in the domain C; = {z € C|Im(z) > 0}
except for a finite number of isolated singularities {z1,...,zm} C C4 and continuous in R.
Suppose also that there exist R > 0, M > 0 and € > 0 such that

M
(6.9) lf(2)] < W (]z2| > R, z € CL UR).
Then

+o0 m
(6.10) / fx)dx =27y " Res(f, z).

- k=1

Proof. Let r > R. Consider the contour 7, = 7, + [~7, 7], where 7, = re® (t € [0,7]) is the
"upper” half-circle. Assumption (6.9) implies that all the singularities of f lie inside 7,. It
is clear also that W (~,, zx) = 1, for each k. Hence

/ f=2mi ZRes(f, 2k)
r k=1
by the Residue Theorem. But
(2)dz = / f(2)dz + / f(z)dz= [ f(z)dx +/ f(re®)ireds.
Ir [—T,T} Y -r 0

By (2.1) and (6.9) we obtain

™ , . ™ ‘ . M
/ f(re'®)ire**ds Sr/ |[f(re)[[e”|ds < — = 0 asr — oo,
0 0 =" r

SM/T.IJre =1
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since € > 0. Therefore

lim f(z)dz = lim / f(2)dz — lim f(re®)ireds = 27TiZRes(f, 2k)-
r Yr 0

r—oo [_ r—00 7—+00 P
=1

=2mi Y pe 4 Res(f,z1) —0

On the other hand, from Calculus we know that f(z) is integrable on R and

“+00 r
/ f(z)dz = lim f(z)dz,

oo r—oo [_,.

because f is continuous on R and because of the condition (6.9). Thus (6.15) follows. O

Remark 6.29. If the function f is analytic in the lower half space C_ UR and it has the
decaying properties in (6.9) for |z| > R and z € C_ UR, then to evaluate the real integral
(6.15) one has to calculate the sum of residues in the lower half space. Note that if f(R) C R
then the integral is real.

Example 6.30. Evaluate

400 d
/—oo (22 4 a?) (22 + b?) (a,b>0, a#b).

Solution. The singularities of the integrand

1

&)= v e

occur at +ia and +4b. In particular, f is analytic in C,, except for poles of order one
{ia,ib} C C,. Obviously, f satisfies the assumption (6.9). So all the conditions of Theorem
6.28 are verified and hence

+oo
/ f(z)dz = 2mi {Res(f,ia) + Res(f,ib)}.

— 00

By Lemma 6.16 we compute

Z—1a 1
Reslf i) = I P r 2+ ) ~ 2@ — o)

In the similar way,

z—1b 1
B 1 _ :
Res(f,4b) = lim (2 +a) (22 + %) 2ib(a2 — b?)

Therefore

/+°° dx B T
oo (@2 +a?)(z2+b2)  abla+b)
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Exercise 6.31. (CAUCHY INTEGRAL FORMULA FOR THE HALF-SPACE) Let f be a complex
function such that f(R) C R. Suppose that f is analytic in the closed upper half-plane C
and that there exist M > 0 and € > 0 such that

() < f‘f (zeCy).

Prove the integral formula

f(z0) = ! /+OO /(@) dx (20 € Cy).

21 J_o T — 2o

Hint. Use Theorem 6.28.

Trigonometric Integrals. Consider integrals of the form
2

; Q(cos(), sin(e)) dyp,

where Q = Q(z,y) : R? = R is a rational function, that is

Q’H’L ($7 y)
Q(xa y) =\
Pn(,y)
where ¢, (x,y) and p,(x,y) are real polynomials of orders m and n.

Assume that p,(z,y) has no roots on the unit circle S1(0). Then Q(z,y) is continuous on the unit
circle. The substitution z = €*¥ may be used to convert such trigonometric integrals to those involving
rational complex functions. Indeed, after the substitution z = e'¥ we obtain

cos(y) = % (z + i) . sin(p) = = (z _ 1) (2= %, o c [0,2n]).

T2 z

Introduce the function

(6.11) f() =
Thus f : C — C is a rational function (cf. Exercise 5.7) that has no poles on S;(0) and

fl@+iy) =Qx,y) (2 ==z+1y € 5(0)).
Then by the Residue Theorem we obtain the formula
2m 2m

(6.12) Q(cos(p), sin(p))dp = f(e®)ie™dyp = / f(z)dz = 2mi Z Res(f, zx),

0 0 st (o) oS

RQGE+2)%(E-32))

¥

where § = {21,..., 2} is the set of poles of f inside of the unit circle S1(0).

/271‘ ng
o a+sin(p)’

2
1z) = 22+ 2iaz — 1’
The only pole inside S’f (0) is a pole of order one at z; = —ia +iva? — 1. By Lemma 6.16, we obtain

Res(f,z1) = lim (z — 2z1) f(2) = L

z—21 Z a2 - 1

/27r dy 27
) atsinp)  va-1
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Thus by (6.12) we conclude that
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Evaluation of integrals of the form fgoo 2% f(x)dx with a real non integer constant.

Theorem 6.33. Suppose that f is analytic in C except for a finite number of poles {z1, ..., zm}
with z; € C\[0,00) for j =1,...,m and suppose that f(R) C R. Let a € R\Z and suppose
also that there exist constants R > 0, My > 0 and 61 > 0 such that

M

(6.13) F()2* 7Y < 2 > R,

and there exists constants r > 0, My > 0 and d9 > 0 such that

(6.14) F(2)2°7 1 < Moz 2] <
Then
oe a—1 2mi “ a—1
(6.15) ; 2 f(x)dx = T o2rita—D) Z Res(f(2)z%7%, zx).
k=1

Proof. By conditions (6.13) and (6.14) the function z®f(z) — 0 as * — 0 and x — oo so that
the integral [ 2*~!f(z)dx converges at the upper and lower limit of integration. The new
feature is now that 2¢~! f(z) is not a single-valued function. This is however the circumstance
that makes it possible to find the integral form 0 to co. We chose the principal branch of

2971 as 0 < arg z < 2 so that the line (0, 00) is a branch cut for the function 2~! and for
PR 2627ri — Za—l N za—le27ri(a—1)_

The function 227 !f(z) is analytic in C\[0,00) except for a finite number of poles for the
rational function f(z). In order to compute the integral we consider the close contour I' =
S (0)u SY/E(O) U+ U~— where 74 = [¢,1/€] on the upper side of the branch cut (0, 00)
and y— = [1/¢,¢€] on the lower side of the branch cut. We chose € sufficiently small so that
the contour I' contains all the poles z1, ..., 2, of the function f(z). Then, by applying the
residue theorem we obtain

/ 27 f(2)dz = 2mi Z Res(f, zj).
r =
On the other hand

1/e ) €
/ 27 f(2)dz = / 27 f(2)dz + / 27 f(2)dz + / 297 f(z)dx + e2miaD) / 2 f(x)dx
r = (0) Sj/E(O) € 1/e

) 1/e
= / 227 f(2)dz + / 227 (2)dz + (1 — e?miemD) / 2 f(z)dx.
Se(0) 51,.(0) ¢

Combining the last two equations we have that

Ve 2mi “ _
/ 2 f(z)de = o@D zRes(f(z)z“ L)
€ 1
(6.16) ’

<f5; o= F@dz+ [s 02 (z)dz>

1 — e2mi(a—1)
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We need to show that the last term in the above identity tends to zero as € — 0. One has by
the estimation lemma and (6.14)

/ 2271 f(2)dz
S (0)

where we assume e sufficiently small so that € < r, with r defined in (6.14). In the same way
by the estimation lemma and (6.13) we have

/ 227 f(2)dz
57,.(0)

where again we assume e sufficiently small so that 1/e > R with R defined in (6.13). Therefore
we conclude that in the limit € — 0 the relation (6.16) becomes (6.15).

<2me sup [297Lf(2)] < 2meMae® Tt = 2w Mye®?,
2€56(0)

2
<2m/e sup |27 f(2)] < —WMle‘slH = 2n M €%,
2631/6(0) €

O
Example 6.34. Let us calculate the integral

ooxa—l
/ de, 0<a<]l.
0 .’E+1

a—1
1 satisfies the conditions (6.13) and (6.14). The function

We clearly have that the function :
z
1/(z + 1) has the only simple pole at z = —1 so that

Za—l za—l
1/6 :Ea—l d 27TZ R Za—l 1 <«]‘S€(O) P _|_ 1dZ + fsi‘r/e(o) > + 1dZ>
/e r+1 x_1_62m'(a—1) es(z+1,z—— )_ 1 — e2mi(a—1) '
where 2 = —1 = ¢™. In the limit ¢ — 0 we obtain
/oo xafl dr — 271'?' (em')a—l _ s .
o z+1 1 — e2mi(a—1) sin(m(1 — a))

Example 6.35. SINGULAR INTEGRALS. In some cases one needs to calculate a real inte-
gral that, using complex analysis, becomes a singular integral. Let us consider the classical

example
/ sinc(x)dz
0

sin(mx) sin(mzx)

where sinc(z) = . Note that lim,_,q =1 and x = 0 is a removable singularity.

s
Since sinc(x) is an even function, we can consider this integral on the whole real axis and as
T2

the imaginary part of , namely
z

oo 1 o 9] ez‘wz
/ sinc(z)dxr = Im/ dz,
0 2 4

where the r.h.s. is a singular integral. Indeed the function % has a pole at z = 0 on the

contour of integration and no other poles. Since e**™ is exponentially small for Im(z) > 0 we
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can use contour deformation and close the integral on the upper half space with a semicircle
of radius R and let R — oco. Then we apply the generalized Cauchy integral formula of
theorem 6.14 to obtain

p.v./ C dr= miRes(f,0) =1
Tz

We conclude that ~ )
/ sinc(z)dr = =.
0 2

6.6 Discrete application of the Residue theorem

Infinite sum. Consider a series of the form

+oo
S= Y f(n)

n=—oo

where f(z) is a holomorphic function with possibly some finite number of poles off the real
axis.

Theorem 6.36. Let f be a holomorphic function with possibly some finite number of poles
off the real axis. Furthermore we assume that there is € > 0 such that

(6.17) lim |f(2)|[z|'T¢=¢

|z| =00

where ¢ is a constant. Then

(6.18) d fn)=— > Res(f(z)mwcot(nz),2).

nez z=polesof f

Proof. In order to perform the sum, we find an auxiliary function g(z) with simple poles at
the integers and with residue equal to 1. Typically

g(z) = mcot(mz) = 7;;??7(:;;)

which has simple poles at the integers n € Z with residue equal to one. Let yx be the

positively oriented square with vertices N + 3 £4(N + 1) and —(N + %) £ i(N + 1) with N
positive integer. Namely each side of the square has length 2N + 1. We consider the integral

1 7 cos(mz)

— f(z)————=dz.
2mi Sy sin(7z)
We consider N sufficiently large so that all poles of f are inside vy and we can apply the

residue theorem:

! f(z)wdz = Z f(n)+ Z Res(f(z)m cot(nz), 2) .

2mi sin(mz
( ) neZ z=polesof f

IN
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cos
Next we want to show that the integral va f (z)wdz is equal to zero. Given the

sin(7z)
decay condition (6.17) of f(z) it can be checked, using the Estimation Lemma, that for N
sufficiently large

mcos(mz) cos(mz), ¢
——————=dz| < 4m(2N —0 as N —
. /) sin(mz) (2N +1) su ZG’YN D sin(mz) |N1Jr€ s >
os(mz), .
where ¢; > ¢ > 0 and we use the fact that sup_ \ - | is bounded as N — oco. Indeed
N Tsin(mz)
we have
cot(z) = cos(x +1iy) . cosxzcoshy —isinxsinhy
sin(x 4+1iy)  —cosxsinhy 4 isinx coshy

The right vertical side of the square vy is parametrized by (N + )(1 + it), with ¢ € [-1,1]
so that the cotangent can be bounded by a constant, namely

cos(m(N + 5

) cosh(tm(N + 1)) — isin(r(N + 1)) sinh(¢mw(N +

| cot <7r(N +0 —i—it)) =

sinh(mt(N + 3))
cosh(mt(N + 1))

‘<M, te[-1,1]

because tanh(mt(N -+ 3)) is uniformly bounded by a constant M when ¢ € [—1,1]. In a similar
way one can show that cot(mz) is bounded on all other sides of the square yy. Therefore
applying the residue theorem we obtain

0= lim 1/ f(z)wcos m2) Zf Z Res(f(z)mcot(mz), 2)
TN

Sln 7TZ
nez z=polesof f

so that

(6.19) d fn)=— > Res(f(z)mwcot(nz),2).

nez z=polesof f

Example 6.37. The goal is to show that
oo
1 2
S = — = —.
Z n2 6
n=1
For the purpose we consider the sum

1
Q=2 7

ne”L

where a € R and we take f(z) = which has simple poles at z = £ia. Then by (6.19)

22 4+ a2

I<a>=21=_Res<“°tW> :>_R<7rt<7f> Z:_m> __coth(ma)

n2 + a2 22 4+a?’ 22 4+a?’ a
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Next we observe that

So we need just to calculate

1. .
5 M) = 75) = 5 lim

1
We conclude that S = > °° — = 72/6. Note that in this way we have calculated the
n

n=1

Riemann zeta function

at s = 2.

Exercise 6.38. Applying the same ideas as above you can show that

— 1 —1 — 1 i
4 prg _— = — 6 — —_ _— =
¢(4) Z nt 90’ ¢(6) Z ns Z n8 4725 x 2’
Remark 6.39. For alternating serie >,/ _ (—1)"f(n) one uses instead of cot(7z) the func-

tion g(z) = @ that has residue (—1)" at the integer n.
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Week 8

7 Zeros of analytic functions

7.1 Zeros.

Let D C C be a domain and f : D — C analytic function. We say that a point zg € D is a
zero of f iff f(z9) = 0.

Classification of zeros. Let zg be a zero of an analytic function f. Expanding f in Taylor
series about zp we have

f(2) = an(z—20)" (2 € Br(20))
n=0

where Br(z9) C D. Then ag = f(z0) = 0 and two different possibility can occur:
i) all the coefficients a,, are zero, and then f(z) =0 in Br(zp),
i1) there exists m € N such that ap =a; =--- = a;,—1 = 0, but a,, # 0.

In the case (i7) we say that zg is a zero of f of order m. Sometime zeros of order 1 are called
simple zeros. For example, the function f(z) = 2" has a zero of order m at zo = 0.

Example 7.1. Let p,(z) be a polynomial and zy be a root of p, of multiplicity m (see
Exercise 5.7). Then zj is a zero of p,, of order m.

Exercise 7.2. Prove that the following conditions are equivalent:

a) zg is a zero of a function f of order m;

b) f(z0) = f'(z0) = -+ = f" D (z) = 0 and ™) (z0) # 0;

¢) f can be represented as

f(z) = (2= 20)"h(z) (2 € Br(20)),
where h is analytic in Br(zo) and h(zp) # 0.

f(z)

Remark 7.3. Proposition 5.5 implies that if zy is a pole of order m of the function f(z)
then the function ﬁ is analytic at zg, and zg is its zero of order m. However, if zy is

d) zp is a pole of order m of the function

an essential singularity of f(z) then ﬁ can not be analytic at zy. This follows from the

Casorati-Weierstrass Theorem (explain how). Moreover if zy is an essential singularity of
f(2), then there is more then one option for 1/f(2):

e 7z is an essential singularity of %

e 2 is a cluster point of singularities, i.e. a limit point of isolated singularity.
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For example f(z) = e has an essential singularity at z = 0 and also the function 1/f(z) =
e~=. The function f(z) = sin(1/z) has an essential singularity at z = 0 while the function
1/f(z) = 1/sin(2) has poles at z = 5= that are clustering at z = 0 as n — co. So in this
case z = ( is a cluster point of singularities and not an essential singularity.

Example 7.4. Find zeros and their orders of the function

(22 +_1)2
———;f——n

f(z) =

Solution. It is clear that zeros of f occur at the roots of (22 4+ 1)? = 0, that is at z = #+i. To
find the order of zeros we represent f as follows:

z

(Z2+1)?* | (- i)2g(z), where g(z) = @ is analytic at z =i and g(i) = 4i # 0,
(z+1)%g(2), where g(z) = (Z_Zi)Q is analytic at z = —¢ and g(—i) = 47 # 0.

So by Exercise 7.2 (¢) we conclude that z =i and z = —i are both zeros of f of order 2.

Example 7.5. Find zeros and their orders of the function
f(2) = cos(z).
Solution. It is clear that zeros of f occur at z, = (n + 1), (n € Z). Observe that
cos'(z,) = —sin(z,) = (=1)""1 £ 0.

So by Exercise 7.2 (b) we conclude that z, = (n + 3)7 are zeros of f of order 1.

Definition 7.6. We say that a zero zg of an analytic function f is isolated iff there exists
r > 0 such that f(z) # 0 on Ag,(z0).

Lemma 7.7. A zero of finite order of an analytic function is isolated.

Proof. Write
f(z) =(z=20)"g(z) (2 € Br(%)),
where ¢ is analytic in Br(z9) and g(zo) # 0. In particular, g is continuous at zy. Hence there
exists r > 0 such that for any z € B, (z0) one has ¢g(z) # 0. But then f(z) = (z—20)"g(2) # 0
on A, (z0), since g(z) # 0 on Ay, (20). O
In the previous section we have considered infinite series representing analytic functions
in a domain D. Now we consider infinite products.

7.2 Infinite products

The natural question is whether it is possible to represent analytic functions via their zeros.
Let {a; };’il, with a; # —1, be a sequence of complex numbers and consider the product

Py =[]0 +ay).

J=1
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If the limit lim,, ., P, exists and it is equal to P we write

P .= (1 —f—aj)

—

1

J

Clearly, by taking the logarithmic, the infinite product becomes an infinite sum

S = Zlog(l +aj)

j=1

where log is the principal branch of the logarithmic and the series means that the partial
sums S, = > log(1 + a;) has a limit as n — oo. Clearly the sum converges if |a;| — 0 as
j — oo.

Definition 7.8. Let Re(a;) > —1 for all j > 1, the product [];2,(1 + a;) is said to converge
absolutely if the series Zjo’;l log(1 + a;) converges absolutely.

To have an estimate of the convergence we have the following lemma.

Lemma 7.9. For |z| < 1
1 3
() 12l < llog(1 +2)| < 2

Proof. We consider the Taylor series expansion of log near z =0

oo

z" 22 28
log(1 = V= — 4+ — 4+ ...
og(l+ z) 7;()n s
that converges for |z| < 1. So for |z| < 1 we have
1 - e I
1——log(1 = 1" < - "
R R WEE EES
n=2 n=1
1 |z| k=31
== < =
21— 2] — 2

which implies

1
1] = [log(1 + 2)|| < |2 = log(1 + 2)| < 52|
where in the first inequality we use the reverse triangular inequality. ]

The above lemma enables to conclude that the series Z;’il |zj| converges, if and only if the
series Z‘]’il llog(1 + z;)| converges, because the terms of the logarithmic series are dominated
from above by 3|z;| and from below by 3|z;|. We have to keep in mind that |z;| < & for j
sufficiently large (why?). Then the convergence of P, = e is established by the absolute
convergence of S,. We are now ready to prove the following
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Theorem 7.10. Let D be a domain in C and { f,(2)}72, a sequence of holomorphic functions
in D. Suppose that there is ng > 0 such that for all z € D and n > ng, |fu(z)| < M, for
some constant M, and Zzoznoﬂ M, < o0o. Then the product

o0

[T+ fal2)

n=1

converges uniformly to an analytic function f(z) in D.

Proof. Since the series fo:no 41 My, is convergent, there is N > ng such that M;,, < % for all

n>N. Let k>m >N, and S, = > "y log(1l + fn(2)), then we have by Lemma 7.9

(7.2) ZH@l#h»%%E]MMS%ZH@:M<w
= ; 7;_N . n=m
13 1S - Sl =1 Y log(l+fu)I <2 Y Ih)
n=m+1 n=m+1
3 k 3 00
n=m+1 n=m+1

where €, — 0 as m — oco. This shows that S, is a uniform convergence Cauchy sequence.
Now let Py, =[] (1 + fn(z2)) so that

|Pu(2) — Po(2)] = ‘esmz)(esk(z)fsm(z) _ 1)‘ < elSm@(lSkE)=Sm@] _ 1)

where we have used (7.2) and (7.3) and the fact that

[e.e] [e.e] k
T SEAP gy
k=1

k=1

This shows that Py, is a uniform Cauchy sequence and therefore uniformly convergent to a
continuous function P(z) in D. By Morera theorem P(z) is analytic in D. Indeed for any
close contour v € D

P(z)dz :/ lim P (z)dz= lim [ Py(z)dz=0

because each P,, is analytic. We conclude that

P(z) = (1+ f1(2) (A + fa(2)) ... (1 + fy-a( H 1+ fu(2))

is an absolutely and uniformly convergent sequence of analytic functions. O

Example 7.11. Let

P(z)=mnz H(l — ﬁ)
n=1
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In this casse f,(z) = sz and inside the circle |z| < R we have

0 12
— <
nz %%
n=1
that shows that P(z) is analytic in |z| < R. Since we can take R arbitrarily large, P(z) is
analytic in C. We observe that sin(7z) has the same zeros as P(z). It can be shown indeed
that the two functions coincides namely

o0 52
i =z [J(1-55).
sin(rz) = 7z n,l( 5 )

In a similar way

o0 22
cos(mz) = L[Ou i %)2)

7.3 Analytic continuation

Recall, that a point zy € C is called a limit point of a set S C D C C iff there exists a

sequence {zp tnen C S, such that z, # 29 and lim,_,~ 2, = 2. In other words, for any r > 0
one has S N Ag(20) # 0.

Lemma 7.12. Let D C C be a domain and f : D — C analytic function. Let N C D be the
set of zeros of f. If N has a limit point zo € D then f(z) =0 in any ball Bgr(z9) C D.

Proof. Let (z,) C N be a sequence such that lim, . 2, = zo € D. Since f is analytic and,
in particular, continuous in D, we conclude that

f(z0) = lim f(z,) =0.

n—oo

Therefore zy is a zero of f, which is not isolated. Hence zy is a zero of f of infinite order.
On the other hand, since f(z) is analytic in D for any ball Br(z9) C D the function f has a
convergent Taylor expansion

f(2) =) an(z—2)" (2 € Br(20)),
n=1

The coefficients a,, = 0 for all n > 0 because the function f has a zero of infinite order in
20- ]

Theorem 7.13. (IDENTITY THEOREM) Let D C C be a domain and f : D — C analytic
function. Let N C D be the set of zeros of f. If N has a limit point in D then f(z) =0 in
D.

Proof. By Lemma 7.12 we know that if zg is a limit point of A/ then f(z) = 0 in any ball
Bpgr(z9) C D. For any other point z € D\Bg(z0) choose a contour v : [a, 8] — D from zg to
z. We are going to show that f(y(¢t)) =0 for all ¢t € [a, J].
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By continuity of the map 7 one can find § > 0 such that v(t) € Bg(z) for each t €
[, +9). Hence f(y(t)) =0 for all t € [, + ) and by continuity f(y(a+d)) =0. Set

T :=sup{7 € [a, 5] : f(7(t)) =0 for all t € [, 7]}.

Clearly o+ § <T < 3. We need to prove that T' = £.

Note that f(7(7")) = 0 by continuity of y. Assume that 7' < 3. Then z; = v(7T') is a non
isolated zero of f. By Lemma 7.12 we know that f(z) =0 in a ball By, (21) C D. Hence, as
before, we can find d; > 0 such that f(y(¢)) = 0 for all ¢t € [a, T + 6;]. But this contradicts
the definition of T'. Thus we conclude that T' = £. O

Corollary 7.14. (UNIQUE CONTINUATION THEOREM) Let D C C be a domain and f,g :
D — C analytic functions. Let S C D be a subset of D and suppose that

f(z)=g(z) forall ze€S8.
If S has an accumulation point in D then f(z) = g(z) in D.

Proof. Apply the Identity Theorem to the function f — g. O

Analytic continuation. Let D C C be a domain and f : D — C an analytic function.
We say that f is an extension (or a continuation) of a function g : § — C if § C D and
f(z) = g(z) for all z € S. According to the Unique Continuation Theorem, if S has an
accumulation point in D then there exists at most one analytic extension of g from S to
D. An important application is that real analytic functions f : R — R have at most one
analytic extension. For example, the complex exponential function (exp,C) defined on C is
the unique analytic extension of the real exponential function (exp,R), defined on R. The
same statement holds for the trigonometric functions sin(z), cos(z).

Example 7.15. Consider g : B;(0) — C given by g(z) = >_o° ; z". The function f(z) = -1
on D = C\ {1} is the unique analytic extension of g. Observe that f is the mazimal extension
of g in the sense that f can not be extended analytically beyond C \ {1}.

The Unique Continuation Theorem provides a method for making the domain of an an-
alytic function as large as possible, e.g., starting from a given real differentiable function, or
starting from a convergent power series.

Example 7.16. Consider the principal branch of the logarithmic function
Log(z) =log|z| +iargz, —7m <argz <.

Observe that such defined function Log(z) is the unique analytic extension to C\ (—o0, 0]
of the real logarithm log(z). The function Log(z) is also the unique analytic extension of the
convergent power series

e}

o)=Y ey,
n=1

simply because Log(z) = g(z) for z € By1(1).
We can also analytically continue the function Log(z) along a path. For example if we

consider a unit circle around the origin in the counterclockwise direction and start at the
point 1 after a full circle one obtains the function h(z) = 27w + Log(z).
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Example 7.17. The function f(z) = /z = ezloe(®) with —7 < arg(z) < m is analytic in
C\(—00,0]. If we take the analytic continuation of f(z) along a unit circle around the origin

in the c?unterclockwise direction starting from the point +1 we end up with the function
g(z) = ex(os(x)2m) — _ /7 — _ f(2). This is the other solution of the equation

[z ==

If we continue analytically g(z) = —4/z along a unit circle centred at the origin, we recover
f(2) the original function. So the function 1/z has an analytic extension to two copies of the
complex plane glue along the negative real axis.

Further investigation of analytic continuation lead naturally to the concept of Riemann
surfaces as domains where functions that are multivalued on the complex plane become single-
valued.

Example 7.18. The I" function is defined as
o
I'(z) = / t*“te7tdt, Re(z) > 0.
0

The function is a differentiable (and therefore analytic function) for Re(z) > 0, where the
integral is defined.

For n positive integer the function coincides with the factorial I'(n) = (n — 1)! that can
be verified by integration by parts of the integral fooo t"le~tdt.

Further by integration by parts one obtains the functional relation

© e T(z+1
+/ ptetgy = LEEL
0

[e.e] tz
I'(z) :/ t* e tdt = —et
0 0 z z

z

We notice that I'(z + 1) is a well defined analytic function for Re(z) > —1 and therefore the

ratio @ has a simple pole at z = 0. We conclude that the function
r 1
r(z) = HETD
z

has an analytic extension in Re(z) > —1 and z # 0. Repeating the integration by parts
multiple times we arrive to
'z+1) TI'(z2+2) I'(z+n)

P(Z): . :Z(Z+1)::Z(Z+1)(z+n—]_)7 Vn € N.

In the right hand-side of the above relation the function I'(z 4+ n) is analytic for Re(z) >
—n. It follows that the function I'(z) has an analytic extension for Re(z) > —n and z #
0,—1,—2,...,n—1 where it has simple poles. We can conclude that the function I'(z) has an
analytic extension to the whole C\{0,—1,—2,—3...} and it has simple poles at the negative
integers.

7.3.1 Fourier series

Let f:[—1,1] — C be an integrable function, namely

/7r F(e)]d6 < oc.

—T
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The Fourier coefficients of f are
a, = 1 /Tr (e ™m0ap, 2 e Z.
2 J_,

The Fourier series of f is formally

The use of Fourier series is crucial in harmonic analysis, quantum mechanics, wave propaga-
tion, signal processing.

We want to address the following question: what properties of the Fourier coefficients
guarantees that the function f defined on the unit circle has an analytic extension to an
annulus that contains the unit circle? Let us consider a function f that is analytic in A, r(0),
0 <r <1< R. Then by the Laurent series theorem the function f can be represented by the
Laurent series expansion

(7.4) i)=Y an2"
where
1 f(w)

n — . 1
21 S;)‘—(O) wm
Clearly we can take p = 1 so that

1 (™
tn = o f(e®e ™49, neZ

—Tr

that coincide with the Fourier coefficients of f. The above considerations lead to the following
proposition.

Proposition 7.19. Let {a,}nez be the Fourier coefficients of an integrable function g defined
on the unit circle. If the Fourier coefficients a, satisfy

n—o0 n—o0

-1
r= limsup|a_n|% <1<R= (limsup|an\}z) ,

then the function g has an analytic extension to the annulus A, r(0). The analytic extension
s given by the function f defined by Laurent series

f(z)= Z anz", z€ A g(0),

and f(2)|s,0) = 9(2). If an, =0 for n <0, then the function g has an analytic extension to
the disc Bgr(0).

Next we consider the case of a function f : R — C with [*_|f(z)|dz < co. The Fourier
transform is defined as

O =5 [ @
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and the inverse Fourier transform is formally defined (in the sense that we ignore convergence
issues)

f(z) = / T RO e,

A similar question about decay of Fourier transform and analyticity can be posed. Let € > 0
and
Se ={z € C||[Im(z)] < €}.

Let
Ac={f:S. — C|f analytic and sup / |f(z +iy)|de < oco}.

—e<y<eJ —o0

We have the following lemma that we do not prove.
Lemma 7.20. Paley-Wiener. Let f € A.. Then for any § € [0,¢)
(7.5) /(O < Be ™, ¢eR,

for some positive constant B. Viceversa, if the Fourier transform f(ﬁ) has the decay rate as
in (7.5), then the function f

o0
fo = [ floeme
—0o0
has an analytic extension off the real axis to a strip Ss.

Example 7.21. Let us calculate the Fourier coefficients of f(x) =

) 627ri§x
/ 5 dx.
oo T4+ 1

We consider the case £ > 0 and the case ¢ < 0 separately. In the case & > 0 there are
constants M > 0 and R > 1 so that

z%&-l’ namely the integral

627riz§ M
| 2 | < D2
(22+1) R
Therefore we can close the contour on the upper half space and use residue theorem to obtain

%) 627rix§ 627riz§
L dr = 2riRes(———, 2 =i
/OO @ D) x = 2mi es((z2+1),z i)

|z| > R,Imz > 0.

— 27 lim [(z i)

zZ—1

e27riz§
e
= e "¢
e?m’z&
In the case £ < 0 the function ’ﬁ| is bounded for large |z| and Imz < 0, so in this
z

case the contour should be closed in the lower half space and the total contour is oriented
clockwise. By applying the residue theorem to the clockwise oriented contour we obtain

oo 2mix€ 2miz€
/ = —2m’Res(€7, z = —i) = me?™

oo (X2 +1) (224+1)
Therefore f(¢) = me 2™l From the Lemma 7.20 we conclude that the function f(z) =
Wffooo e 2l 2™ g¢ has an analytic extension to the strip S;. Since f(z) = H%’ the

analytic extension is given by the function 1/(2? 4+ 1) that has poles at z = =+i.
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7.4 Principle of the Argument

We now turn to an application of the Residue Theorem which gives information concerning
the number of zeros and poles of a complex function. It is convenient to introduce the notation

m, if f has a zero of order m (m € N) at 2z,
ind(f,20) = —m, if f has a pole of order m (m € N) at 2,
0, if f is analytic (or has a removable singularity) at zg, and f(zg) # 0.

We say that ind(f, zp) is the index of f at 2.

Theorem 7.22. (PRINCIPLE OF THE ARGUMENT) Let D C C be a simply connected domain
and S ={z1,22,- -+ , 2} CD,p>1. Let f : D\ S — C be an analytic function which has no
zeros or poles in D\ S and has a zero or a pole at each point of S. Let vy : [a, 5] = D\ S be
a closed contour. Then

(7.6) 1/ f/(z)dz = Z W (v, zi)ind(f, z).
g

2ri ), f(2) ot

Proof. By the Residue Theorem,

%/fqz)

/
f(z)
We are going to show that:
(a) If ind(f, z;) = p > 0 then f’/f has a pole of order 1 at z and Res(f'/f, zx) = p;
(b) If ind(f, z) = —p < 0 then f’/f has a pole of order 1 at z; and Res(f’/f,zr) = —p.

dz =" W(y,zx)Res(f'/f, 21)-
zLES

Case (a). To prove (a) note that by Exercise 7.2 (c)
f(z) =(z—2)"9(2) (2 € Br(2)),
where g : Bg(zr) — C is analytic and g(zx) # 0. Therefore
f'(z) = p(z = 2P 1g(2) + (2 — 2)P9 (2),

and hence

FE_ p L g6

fz) 2=z g(2)
has a simple pole with residue p at zx, because ¢’/g is analytic at zy.

Case (b). In this case, similarly as in Proposition 5.5,

f(z)=(z—2)Pg(2) (2 € Aor(2k)),

where g : Bg(zr) — C is analytic and g(zx) # 0. Therefore

F(2) = =p(z — 2e) P g(2) + (2 — z) Pg'(2),

and hence
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which has a simple pole with residue —p at zx, because ¢’/g is analytic at zy. O

If f is holomorphic in C except that for a finite set of poles and  is a simple close and
positively oriented curve in C and such that all the zeros and poles of f are contained inside
v we have that

f(z) = | C counting multiplicity C counting multiplicity

(7.7)

1 / f'(z) number of zeros of f in number of poles of f in
2mi
.

If the function f does not have poles inside the simple contour -, then the principle of the
argument Theorem counts the number of zeros of f inside the contour ~.

In what follows, for an analytic function f defined on a domain D C C we denote Ny :=
{z € D: f(z) = 0}. Observe that by Lemma 7.12 the set Ny has no limit points in D, except
for the case f =0 in D.

The theorem below is frequently used to locate zeros of a function by comparing it with
another function whose zeros could be located more easily.

Theorem 7.23. (ROUCHE THEOREM) Let D C C be a simply connected bounded domain
and f,g: D — C analytic functions. Let v : [, 5] — D be a closed contour. Assume that

(7.8) 1f(2) —g(2) <|f(2)]  (z€n)

Then

(7.9) > Wy z)ind(f,z1) = Y Wiy, 2)ind(g, 21),
2N} 2, ENy

where Ny and Ny are the sets of zeros of f and g respectively.
Remark 7.24. Condition (7.9) implies that neither f nor g can be zero on +.

Proof. Let F(z) := ch(é; Then from (7.8) we have

(7.10) 1—-F(z)] <1 (z €7).

Let I'(t) = F(~y(t)). Clearly I" : [a, 5] — C is a closed contour. Moreover, I' C B;(1) by (7.10).

Hence the winding number of the point z = 0 with respect to I' is zero, namely W(T',0) = 0
and therefore
F B (y(t At
[EQg — [EOOL g, [TTO,
v F(2) o F(r(1)) o L)
1
= / —dz =2mi W(T',0) = 0.
TR
But by direct computation
F(z) _dG) )
F(z)  g(z)  f(z)’
which implies (7.9). O

Example 7.25. Let p(z) = 28 — 523 + 2 — 2. Prove that p(z) has exactly 3 roots (counted
with multiplicities) inside the unit circle.
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Solution. Let q(z) = —523. For |z| = 1 it is immediate that
la(z) = p(2)| = | = 2% — 2 + 2| < lq(2)| = 5.

By Rouché’s Theorem p and ¢ have the same number of zeros (counted with multiplicities)
inside the unit circle, and the equation 523 = 0 obviously has one zero with multiplicity 3
inside the unit circle. O

Exercise 7.26. (FUNDAMENTAL THEOREM OF ALGEBRA) Let p, = an2"+a,_ 12" 1+ -+
a1z + ag be a polynomial of degree n > 1. Prove that p, has exactly n zeros (counted with
multiplicities).

Hint. Let q(z) = a,2™ and estimate |p,(z) — ¢(z)| on S (0) for large enough R > 0.

The following theorem provides an important property of non constant holomorphic func-
tions. Recall that continuity requires that the preimage of an open set is open, namely f~(U)
is open in C when U is open in C.

Definition 7.27. A function f: D — C is called open if and only if it maps every open set
U C D to an open set f(U) C C.

Theorem 7.28 (Open mapping theorem). Let f(z) : D — C be a holomorphic non constant
function. Then f is an open mapping. If f is a bijection to its image f(D), then f'(z) # 0
forallz e D.

Proof. We use Rouché theorem to prove this result. Let a € D and let b = f(a). We want to
show that there is § > 0 so that Bs(b) C f(D). Since the zeros of holomorphic functions are
isolated, there is a sufficiently small and close neighbourhood B.(a) C D so that f(z) —b #0
for all z € Bc(a) and z # a. This means that f(z) — b is not zero in Sc(a) and since S¢(a) is

compact we have

0= inf — b > 0.
nf [7(2) b

Next we apply the Rouché theorem to the functions h(z) = f(z) — b and g(2) = f(z) —w
where w € Bs(b)\{b}. Then

h(z) = g(2)| = lw—b| <6 < |f(z) bl = |h(z)], = € S (a).

By the Rouché Theorem we conclude that f(z) — b and f(z) — w have the same number of
zeros in B.(a). Since f(z) — b has a zero of order at least one at z = a, it follows that for
every w € Bs(b)\{b}, there is at least one value of z € B.(a)\{a} so that

1) = w.

If f is a bijection to its image f(D) it follows that for every w € f(D), there is only one value
of z € D so that f(z) —w = 0 and this implies that the equation f(z) —w = 0 has a first
order zero, or equivalently, f'(z) # 0 for all z € D. O

92 December 29, 2024



7.5 Maximum Modulus Principle 7 ZEROS OF ANALYTIC FUNCTIONS

7.5 Maximum Modulus Principle

The Maximum Modulus Principle states that if f is analytic in a domain D then |f(2)| can
have its maximum only the boundary of D. This property of analytic functions becomes
crucial in the study of harmonic functions and boundary value problems. We start with a
preliminary lemma.

Lemma 7.29. (MEAN VALUE PROPERTY) Let f : Br(z0) — C be an analytic function.
Then for any r € (0, R) one has

2

(7.11) feo) = [ f(zo+rei®)de.

2m Jy

Proof. By the Cauchy Integral Formula

1 1 27 ip ) 1 27 )
) = = / @) g LTG0 gy = L [T p g+ rei®)d,
270 Jsit (z9) Z — %0 2w Jo rew¥ 2 Jo
which is required. O

Remark 7.30. The Mean Value Property states that the value of f at the center of a ball
B, (z0) is the average its values on the spheres S, (zp).

Let D C C be a domain and f : D — C an analytic function. We say that zg € D is a local
maximum point of |f]| iff there exists r > 0 such that |f(z)| < |f(z0)| for all z € B,(z9) C D.
We say that zp € D is a local minimum point of | f| iff z¢ is a local maximum of —|f|.

Theorem 7.31. (MAxiMuM MobpULUS THEOREM) Let D C C be a domain and f: D — C
an analytic function. If | f| has a local mazximum point in D then f is constant in D.

Proof. Assume that zp € D is a local maximum point of |f|. Choose R > 0 such that
Br(z0) C D. By the Mean Value Property applied at zp € D, for any r € (0, R) one has

2 )
£Go)l < 5= [ 1o+ re)ide

On the other hand )
| f(20 + 7€) dp < [ f(20)],
—_——

<|f(20)|

since zp is a local maximum point of | f|. We conclude that

2 Jo

1 2

o |f(z0 + 7€) |dp = | f(20)].
™ Jo

Rewrite the last equality as
1 2w

. {|f(20)|—|f(zo+7“ew)’}d90:0-
0

>0, since zg is a local maximum

Therefore | f(z0)| — | f(z0 + re®)| = 0 on S,.(2). Hence
Vre (0,R): |f(20)| = |f(20+ )| on S,(z).
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We conclude that |f(20)| = |f(20 + 7€*¥)| in Br(zp). This implies that |f(z)| = const in
Bpg(zp) and by Cauchy Riemann equations f(z) = const in Bg(zp). Thus f(z) is constant in
D by the Identity Theorem. d

Remark 7.32. In other words, if f is non constant holomorphic function in D then any
local maximum point of the modulus |f| may occur only on the boundary of D. Observe
that f may have no local maxima on the boundary of D if D is not bounded. For example,
if f(z) = z and D = C4 is the upper half plane, then |f(z)| = |z| has no local maximum
points neither in D nor on the boundary of D. Another example is the function f(z) = 22
on D ={z € C:|z| > 1}. Here every point of the boundary of D is a minimum point of |f] !
Note also that in the trivial case when f is constant in D, the maximum of |f| is attained at
every point of D.

Remark 7.33. The maximum modulus principle is also a consequence of the open mapping
theorem. We first remark that if U C C is an open set non containing the origin then
|| : U — (0,00) is an open mapping. Next assuming that f(z) is non constant in D and
f(2) # 0 for all z € D we consider the map |f|: D — (0,00) that is an open map. If there
is zg € D such that f(z9) = b attains a maximum in D then |f(Bs(20))| < |b| for every disk
Bj(z9) € D and the upper bound is reached at z = zy. Therefore |f| cannot be an open map.

Example 7.34. If f(z) = exp(z) and D = B;(0) then |f(z)] = eR°(®). Hence |f| has its
maximum on Bi(0) at zg = 1.

Exercise 7.35. (MINIMUM MobDULUS THEOREM) Let D C C be a domain and f: D — C
an analytic function. If |f| has a local minimum point zy € D then either f(zp) = 0 or f is
constant in D.

_1_

HON

Remark 7.36. In other words, if f is non constant in D then any local minimum point of
the modulus |f| may occur only at zeros of f or on the boundary of D.

Example 7.37. If f(z) = 22 and D = B1(0) then |f(z)| = |2|>. Hence every z € S1(0) is a
maximum point of f and zp = 0 is the minimum point of |f].

Hint. Apply the Maximum Modulus Theorem to the function

Mathematicians of this section
Raymond Edward Alan Christopher Paley (7 January 1907 — 7 April 1933), English Mathe-
matician. Eugéne Rouché (18 August 1832 — 19 August 1910) was a French mathematician.
Norbert Wiener (November 26, 1894 — March 18, 1964) was an American computer scientist
and mathematician.
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8 Conformal mappings

In this chapter we consider a more global aspect of analytic functions and we describe ge-
ometrically what their effect is on various regions of the complex plane. The problems and
ideas presented in this chapter are more geometric with respect to the previous chapters. We
wish to define an equivalence relation between domains in C. After doing this it will be shown
that all simply connected domains D C C are equivalent to the open ball B;(0), and hence
are equivalent to one another.

Let start with the following definition.
Definition 8.1. Let D C C be a domain and f : D — C a holomorphic function. If f
preserves angles between oriented paths passing at a point zg then f is said to be conformal

at zg. If f is conformal at every zg € D we say that f is conformal in D. In the latter case
we also say that f is a conformal mapping of D onto f(D).

To further explain the definition, let D C C be a domain and let v1,72 : [, B] — D be
two smooth intersecting paths at a point zp, namely 1 (t1) = Y2(t2) = 20 and ~{(t1) # 0,
5 (t2) # 0. The angle 6 between the paths 71 and 9 at zp is by definition the angle bewteen

its tangent vectors v} (¢1) and 5(t2), namely:

0 = Arg(v5(t2)) — Arg(v1(t1)),

see the figure below.

Now let f: D — C be a holomorphic function. Let I'1(¢) = f(71(¢)) and T'a(t) = f(y2(t)).
Then using the chain rule

Ti(t) = fl(mt))7(t),  Talta) = f'(ra(ta))va(t2).

Assuming that f/(zo) # 0 we have
Arg(Th(t2)) — Arg(T')(t1)) = Arg(f'(20)) + Arg(15(t2)) — (Arg(f'(20)) + Arg(v1(t1)))
= Arg(15(t2)) — Arg(vi(t))-

This says that given any two paths through zg, f maps these paths onto two paths through
wo = f(z0) and, when f’(z9) # 0, the angles between the paths are preserved by f both in
magnitude and direction. Therefore, we have proved the following.
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Theorem 8.2. Let D C C be a domain and f : D — C a holomorphic function. Then f is
conformal at each point zg € D such that f'(z9) # 0.

V&N

Za-4Y%

Example 8.3. Let us consider the function f(z) = z2. We have for z = r(cos + isin#)
f(r(cos +isinf)) = r2(cos 26 + i sin 26);
so it is clear that
e the image of a circle S, (0) is the circle S,2(0)
e the image of a ray Ry = r(cosf + isinf) with 0 fixed and r € (0,00) is the ray Rag.

The angle of any circle centred at zero and any ray Ry is /2 and this angle is preserved since
the map f(z) = 2z? maps circles to circles and rays to rays.

Figure 6: The square of size 1 under the map f(z) = 22 and f(2) = 23.

Example 8.4. The map S(z) =az+b, a € C* and b € C is a translation and a rotation, so
it clearly preserves angle. The map S(z) = 1/z is an inversion. It maps circles to circles and
lines to lines.

8.1 Mapping properties of analytic functions

In this section we study mapping properties of analytic functions. In particular we are inter-
ested in studying the properties of a conformal map.

We recall the following important property of analytic functions that is given by the Open
mapping theorem 7.28. ”"Let f(z) : D — C be a holomorphic non constant function. Then
the image f(D) is a open set of C. If f is a bijection to its image f(D), then f'(z) # 0 for
all ze D”.
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< = u

7\
©)

Figure 7: In the first figure the linear map S(z) = az + b, a,b € C\{0} scales, rotates
and translates the square. In the second picture the map S(z) = 1/z leaves the unit circle
invariant, while the circle of radius less then one is mapped to the circle of radius bigger then
one and viceversa.

Definition 8.5. Let U,V C C be two domains of C. A map
f:U—=V,

is called bi-holomorphic if f is analytic and it is a one to one (bijective) map from U to V.
Namely there is an analytic function g : V' — U such that f og = idy and go f = idy. The
function f is called an automorphism if U = V.

].] ] . ]. ) E EZ .“. X E;EZ‘;'

We remark that f’(z) # 0 is not sufficient to have an injective map.

Example 8.6. Consider f(z) = exp(z) with z € C. Thus f’(z) # 0 for each z € C. However
f is not one-to-one, indeed f(z) = f(z + 2mi) for any z € C.

Remark 8.7. In fact, according to Theorem 8.2, every one-to—one analytic function is con-
formal. The converse is not true, for example f(z) = 22 is a conformal mapping of C \ {0}
onto itself, but is not one—to—one. The use of the term one—to—one conformal instead of the
equivalent term one-to—one analytic is a traditional terminology.

Example 8.8. Consider f(z) = exp(z), then f is conformal on C because f is analytic and
f'(z) # 0 for all z € C. Let us look for a domain where f is bi-holomorphic to its image. Since
e* = e*T2™ we restrict the domain of definition to the strip D = {z € C: —7 < Im(z) < 7}.
Fix ¢ € R and consider z = ¢ + iy, then f(z) = re® for r = €. That is, for 7 <y <, f
maps the line z = ¢ onto the circle with center at the origin and of radius e“. The image of
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T T

the boundary of the strip D namely the lines y = &7 with € R are f(z) = e®e'™ < 0 and
f(2) = e®e™™ < 0, namely the negative real axis. So f(D) = C\ (—o0,0).

Example 8.9. The map f(z) = Log(z) takes the upper half plane H to the strip {w =
u+iv € Clu € R, 0 < v < 7}. Indeed Log(z) = log |z| + targ(z) where the range u = log ||
is the real axis while 0 < v = arg(z) < m. If we consider instead the half disk Dy = {z €
C|lz] <1, Im(z) > 0} then the image of D via Log(z) is given by {w = u+iv € C|u <
0, 0 <v < 7}. Indeed now u = log|z| < 0 and 0 < v = arg(z) < 7.

Example 8.10. The function f(z) = z® maps the sector S = {z € C|0 < arg(z) < Z} to the
upper half plane H = {z € C |Im(z) > 0}. The inverse map is defined by z = f~(w) = wa,
where the branch of the logarithm is chosen so that 0 < arg(z) < w. Thus f is a one to
one conformal map between the sector S and H. When o = 2, f is a one-to—one conformal
mappings between the first quadrant D = {z € C : Re(z) > 0, Im(z) > 0} and the upper half
plane.

Example 8.11. The function f(z) = (z + 1) is called Joukowski transformation. Setting
w = f(z) we see that we have to solve a quadratic equation to obtain the inverse z4 =
w + vVw? — 1, where z;2z_ = 1. It is clear from the expression of z1 that when w € [—1,1]
then zy € S1(0). So for any w € C\[—1, 1] there are two pre-images z4 and z_. Restricting
the map to the half disk Dy = {z € C||z| < 1, Im(z) > 0}, we see that the image f(D) =
{z € C|Im(z) < 0}.

Example 8.12. By combining the exponential map, a rotation and the Joukowski map, the
function f(2) = sin(z) = 55— maps the strip S = {z € C| — ZRe(z) < 3,Im(z) > 0} to
the upper half plane.

8.2 Fractional linear transformation
An important example of conformal maps, are fractional linear transformations.
Definition 8.13. A fractional linear transformation is a function S : C — C of the form

S(z) = az+b

cz+d

where a, b, ¢, d € C and ad—bec # 0. These are also called Moebius transformations or bilinear
transformations.

Note that
ad — be

(cz+d)?’
so that the condition ad — bc # 0 implies that the map S(z) is a conformal map.
Note that when ad — bc = 0 the map S(z) is equal to a constant. Indeed d = be/a so that

S'(z) =

b
az+b %(cz-i—;c):

5(2) = cz—l—dz cz+d

When ad — bc # 0 the inverse map is
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f(z) =22
—_—-
[i] 0
m )= 1
—_— -
0 1 0
i
flz) =logz
— -
0 [i]
m flz) =logz I 7
R —
0 1 0
fi(z) = e** fa(z) =i filz)= F {2+ 1)
- i — —
’ al
_n s 0 1
2 2
f(z) =sinz

Figure 8: Several explicit conformal maps. In the first picture 0 < o < 1.
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For ¢ # 0 we can consider S as a map from C to C by observing that S(co) = 2 and
c

S(=d/e) =

The simplest linear fractional transformations are:

e translations: w=2z+0b, be C;

e rotations: w = az and |a| = 1, or rotation plus dilatation (homothetic transformation)
if w=az,a€Canda#0;

e inversion: w = 1/z.

The general linear fractional transformation is a composition of translations, inversions di-
latation and rotations. Indeed for ¢ # 0 we can write

az+b  bc—ad a

cz+d  A(z+d/c)

which shows that the general linear fractional transformation is composed by a translation,
inversion, rotation and homothetic transformation followed by another translation.

az+b
cz+d

Remark 8.14. It is easy to check that the set of linear fractional transformations z —

such that ad — bc # 0 form a group with respect to composition. Indeed let

a1z + b aswi + by

Wy =
c1z+di’ cowi + da

then

b
(8 1) wy = a2 lezzidi + b _ ag(alz + bl) + (clz + dl)bg _ Z(a2a1 + bgcl) + asby + dibey
. c2 3115131 +dy ca(arz+b1) + (az+d1)dy z(arca + crds) + bica + dacy

Remark 8.15. Given three distinct points in the complex plane 2z, 23 and 24 there is always

a linear fractional transformation that maps them to 1,0 and co. The transformation is given
by the ratio

Z—23%— 2

S(z) = 372 — 24

2 — 2429 — 23
Indeed we have S(z3) =0, S(22) = 1 and S(z4) = 00

Next we consider important elements of the group of the fractional linear transformations.

Theorem 8.16. Let
H={z €C, |Imz > 0},

and consider the map

z—1
S(z) = o
The map z — w = S(z) is a bi-holomorphic map from the upper half plane H to the unit disk
1
B1(0) with inverse S~ (w) = e i_ T
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Figure 9: The map S(z) = 7.

Proof. We show that the boundary of H , namely the real axis is mapped to the unit circle
and the upper half plane to the interior of the unit circle. Indeed let z = x € R then

r—1

w|=|S(x)| = -| = =1
jul = 15()| = |2 | = Y
Now let z = x + iy with y > 0, namely z € H. Then
, r+i(y—1 z?2 4+ (y —1)?
] = |8(z + iy)| = | ZE wz w1
z+i(y+1) 22 + (y + 1)2

so that S(H) C B1(0). To show that S(H) = B1(0) we need to show that the map is surjective.

z—1
Solving for z the equations w = - we obtain

z2+1

w41 Jw|? — 1 = 2iImw
_1/ —_ —_—

— g1 — =
? W) == =T e

We need to show that when w € B;(0), then Im(z) > 0, that is

I e s

Im(5~ (w)) = fw—17

>0, when w € By(0),

namely S~!(w) € H. This shows that S : H — B;(0) is surjective so that S(H) = B1(0).
O

Finally we consider the sub-set of transformations that maps the disk |z| < 1 to the disk
|lw| < 1. We have the following theorem.

Theorem 8.17. Let zg € C with |z0| < 1 and t € R. The transformation

02— 20
(8.2) Stz (2) = GZtm

is an automorphism of B1(0). All the automorphism of B1(0) have the above form.

Proof. Let |z| < 1, then

|z — 20> = (2 — 20)(2 — %) = |2|> + | 20> — 2Re(220)
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and
11— 202 = 1+ |2}|20]* — 2Re(2%))

so that
2 202 1= 22[2 = 22+ |20 —2Re(220) — (1+ ]2 |20/~ 2Re(20)) = (1 |z0[2) (2P —1) < 0
whenever |z| < 1 and |zp| < 1. Hence for z € B;(0)

zZ— 20

|w]| = [(St,2 (2)] = <1

1— 2yz

namely it lies within the unit disk. It is left as an exercise to show that for any w € By(0)
there is z € B1(0) so that z = S;} (w). We conclude that the map S; ., () is a bijection of

t,z0

B1(0) to itself. We skip the proof of the second part of the theorem regarding the statement
that all automorphisms of Bj(0) have this form. (See M. Stein and Rami Shakarchi, Complex
Analysis page 218 ”Schwartz Lemma”). O

8.3 Conformal equivalence

We start with a definition.

Definition 8.18. Let Dy, Dy C C be domains. We say that D is conformally equivalent to
D, iff there is an analytic one-to-one function (bi-holomorphic function) f : D; — Ds such
that f(Dl) = D2.

Remark 8.19. Clearly conformal equivalence is an equivalence relation.

Exercise 8.20. Prove that C is not conformally equivalent to any bounded domain.
Solution. Let f(z) : C — D be such conformal map, namely an analytic function from C to
D with D a bounded domain. It follows that |f(z)| < ¢ for some constant ¢o. Namely f(z)
is analytic in C and bounded, therefore by Liouville theorem f is constant. But f/(z) = 0 for
all z € C so a constant cannot be a conformal map from C to D.

The natural question is how to classify domains of the complex plane up to conformal
equivalence. The theorem below is one of the fundamental results in the theory of conformal
mappings.

Theorem 8.21. (RIEMANN MAPPING THEOREM) Let D C C be a simply connected domain
such that D # C and let zg € D. Then there is a unique one—to—one conformal mapping f of D
onto the unit ball B1(0), having the properties f(z9) = 0 and Re(f'(20)) > 0, Im(f'(z9)) = 0.

In other words, among the simply connected domains there are only two equivalence
classes; one consisting of C alone and another containing all proper (different from C) simply
connected domains.

Observe, that classification of conformally equivalent non simply connected domains be-
comes far more complicated. For example, an annulus A; 2(0) is not conformally equivalent
to the punctured unit ball Ag(0). We do not consider this topic in the course.

Corollary 8.22. Let D1, Dy C C be simply connected domains such that D1, Do # C. Then
Dy and Doy are conformally equivalent.
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Proof. We merely observe that D; is conformally equivalent to the unit ball B;(0), and B;(0)
is conformally equivalent to Dy, via the inverse of the conformal mapping f : Do — B1(0). O

We do not proof the existence of the Riemann mapping theorem but only the uniqueness.
For the existence see CONWAY, pp.156-159. For the uniqueness we need to introduce the
concept of conformal automorphism.

Conformal automorphism. Let D C C be a domain. Obviously, D is conformally equiv-
alent to itself, the corresponding one—to—one conformal mapping is the identity mapping
f(z) = z. Also, if f,g : D — D are one-to—one conformal mappings then the composition
go f: D — D is one-to—one and conformal. Finally, if f : D — D is a one-to—one and
conformal map then f~': D — D is one-to-one and conformal. Because of these properties,
the set of all one—to—one conformal mappings from D onto D forms a group (with respect to
compositions), which is called the group of conformal transformations of D. Such group is
also called group of automorphism of D defined as Aut(D).

Lemma 8.23. The group of automorphism of C is given by the transformations
z—az+b, a#0, a,beC.

Proof. Let f be an automorphism of C to itself, it means that f is analytic and f/'(z) # 0 in
C. Let us split the complex plane in two domains B;(0) and D := C\B;(0). Since f is a one
to one map, we have that f(B;(0)) N f(D) = 0. Applying Picard theorem 5.16 we conclude
that f cannot have an essential singularity at infinity. Indeed the set of values of f(D) is
not dense in C since it does not contain f(B1(0)). It follows that f(z) has at most a pole at
z = 00, namely f(z) is a polynomial in z. In order to have a one to one map, f(z) = az+b
with a # 0. O

Exercise 8.24. Prove that the group of conformal transformations f of the disk By (0) to

itself such that f(0) =0 is given by {cz:c € C,|c| = 1}.

Solution. The element of the group of transformation of the unit disk to itself is f(z) = S; .,
0 —

defined in Theorem 8.17. Then f(0) = 0 implies that S .,(0) = e’t% =

) ) — 20

namely zo = 0 and ¢ arbitrary, namely S; ,,(z) = €'*2. Setting ¢ = " we have the claim.

—2pet = 0

Proof of the uniqueness of Riemann mapping theorem. If there are two such functions f;
and fo, then the function g(z) := fl(fgl(z)) is a one to one mapping from the unit disk to
itself with the property that g(0) = 0 and ¢/(0) = f{(f, '(0))/f5(20) > 0. We know from
exercise 8.24 that such maps are of the form g(z) = cz with |¢] = 1, and the condition
g'(0) = ¢ > 0, implies ¢ = 1.

Mathematician of this section:

August Ferdinand Mébius (November 1790 — 26 September 1868) was a German mathemati-
cian and theoretical astronomer.

The proof of Riemann mapping theorem by Riemann, contained a fault that was fized by Con-
stantin Carathéodory (18 September 1873 — 2 February 1950, Greek mathematician) using
the theory of Riemann surfaces, and separately by Paul Koebe (15 February 1882 — 6 August
1945, German mathematician,).
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9 Harmonic functions

Let G C R? be an open set and u = u(x,y) : G — R a real valued function. A natural
question to ask is: when u is a real (or imaginary) part of an analytic function f : G — C ?

Recall, that for a given real valued function u = u(z,y), the differential expression
Pu  0%u

Au=—+ —

4= 922 + 0y?

is called the Laplacian of a u. Another way to write the Laplace equation is to use the
Wirtinger derivatives (see Chapter 1)

o _1(9 _,9
0z 2\ 0z Z@y ’

o _1(90 .9
9z 2\ar  ‘oy)-

so that we can write the Laplace equation in the form

o 0
1 4——u=Au=0.
(9 ) B (%u u=~0

and

Definition 9.1. Let G C R? be an open set. A function v : G — R is called harmonic in G
iff v has continuous second partial derivatives in G and satisfies the Laplace equation

Au=0 (u € G).

Example 9.2. The constant functions and the functions = + y, 22 — y2, 2y, exp(x) cos(y),
are harmonic in R? because they are the real or imaginary parts of analytic functions. The
functions log(z? + y?), arctan £ are harmonic in R*\{0}.

Example 9.3. If u and v are harmonic in G and A, 4 € R then Au + pv is harmonic in G.

In what follows we shall frequently use the polar coordinates (r,¢) on R?\ {0}, where
x =rcos(p), y =rsin(p) and ¢ € [0, 27).

Exercise 9.4. Let (r,¢) be the polar coordinates on the plane. Prove that in polar coordi-
nates the Laplacian of a function u = u(z,y) is represented by

O*u  10u 1 0%
9.2 Au= — + -+ .
(9:2) " 8r2+7“87“+r28g02
Hint. Use the (real) Chain Rule and direct computations of partial derivatives.

Exercise 9.5. Verify that 7** cos(ky) (k € N) is harmonic in R? and log(r) is harmonic in
R2\ {0}.
The following lemma is an easy consequence of the Cauchy—Riemann equations.

Lemma 9.6. Let G C C be an open set and f =u+1iv : G — C an analytic function. Then
Re(f) = u and Im(f) = v are harmonic in G.

104 December 29, 2024



9 HARMONIC FUNCTIONS

The theorem below combined with the previous lemma, states that a function is harmonic
if and only if it is a real part of an analytic function.

Theorem 9.7. (HARMONIC CONJUGATE THEOREM) Let D C R? be a simply connected
domain and u : D — R a harmonic function. Then

(a) u is infinitely many times differentiable in D

(b) there exists a function v : D — R, called a harmonic conjugate to u in D, such that the
function f =u+iv: D — C is complex analytic.

Remark 9.8. If v is a harmonic conjugate to u in D and ¢ € R, then v+ ¢ is also a harmonic
conjugate to u. It follows from the Cauchy—Riemann equations that the converse is also true.
Namely, if v and w are harmonic conjugates to u in D, then v — w = const in D.

Proof. We prove (b) first. Set z = = + iy. Consider the function

0 1[0 0
(9.3) g(z) = 4= 3 (wu - Z@yu>

0
where — is the Wirganten derivative defined in Chapter 1. We show that g is analytic in D.

z
Indeed from (9.1) we have that
0 a0 0

_— = — U =

027 = 920z
and this is equivalent to the Cauchy Riemann equation for g. Furthermore, since u is C? in
D, the function g is C! in D and by Theorem 1.30 is analytic. Next we define

G(z) = 2/ g(w)dw
Ya,z

where v, : [, 3] = D is a path from a to z in D with a fixed. Since D is simply connected,
the function G(z) is well-defined and analytic. Set G = @ + 0. Then

G/—@+i@—1 @Jri@ _@fi@
~~ Oz or i \y oy )  Ox dy
=g

Thus % = % and %Z = %Z’ namely 4 —u = const in D. Set f = G — const. Then Re(f) =u

and Im(f) = v as required.
To prove (a) simply observe that the real part of a complex analytic function is infinitely
many times differentiable. O

2

Example 9.9. Find harmonic conjugates to the harmonic function u(z,y) = 22 — 2.

Solution. By direct computation we see that u is harmonic on R?. Then a harmonic conjugate
to u in R? can be constructed as the imaginary part of the integral of the function g =
g—; —ig—;‘ =2(z +iy) = 2z.

G(z) = / 2wdw = 22,
Y0,z

that is v(z,y) = Im(2?) = 2zy. O
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Remark 9.10. We saw in Harmonic Conjugate Theorem that harmonic functions are infinitely many
times differentiable. In fact, harmonic functions are also real analytic (as the real parts of complex
analytic functions). Roughly speaking, a function is real analytic if it is expressed locally as a power
series in the variables x, y. More precisely, a real valued function u(z,y) is real analytic at a point

(0, yo) if -
u(z,y) = Z Z cm k(T — 20)™ (y — Y0)",

n=0 m-+k=n
m,keNU{0}

where the series converges absolutely in a neighborhood of (xq,yo).

Exercise 9.11. Prove that if v is harmonic in a simply connected domain D C R? then g—g

and %Z are harmonic in D.

Hint. By the Harmonic Conjugate Theorem, u is infinitely many times differentiable in D.

Exercise 9.12. If f is analytic in a simply connected domain D C C and f(z) & (—o0, 0] for
any z € D, show that u = log|f| is harmonic in D.

9.1 Properties of Harmonic Functions.

One reason why Harmonic Conjugate Theorem is important is that it enables us to deduce
properties of harmonic functions from corresponding properties of analytic functions. In what
follows, if convenient, we identify a complex number z = 2 +iy € C with the point (z,y) € R?
on the real plane, without further notices.

Lemma 9.13. (MEAN VALUE PROPERTY) Let u : Bgr(z9) — R be a harmonic function.
Then for any r € (0, R) one has

2
(9.4) u(zp) = 1/0 u(zo + e )dep.

27
Proof. Let v : Bg(z9) — R be a harmonic conjugate to v and f = u + iv : Bg(z9) — C the
corresponding analytic function. By the Mean Value Property for complex analytic functions,
for any r € (0, R) one has

1 2 )
f(z0) = o f(z0 + re'¥)dep.
T Jo
Taking the real part of both sides of the equation gives the required result. ]

Remark 9.14. In fact, one can prove the converse. Namely, if a continuous real function
u: Br(z0) — R satisfies for every r € (0, R) the Mean Value Property (9.4) then w is harmonic
in Br(zp).

Next we deduce a Maximum Principle for harmonic functions.

Theorem 9.15. (MAXIMUM PRINCIPLE) Let D C R? be a simply connected domain and
u: D — R a harmonic function. If u has a local maximum or a local minimum point in D
then u is constant in D.
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Proof. Let v: D — R be a harmonic conjugate to u and f = u+iv : D — C the corresponding
analytic function. Consider the function g := exp(f). Obviously g : D — C is analytic and
lg| = e®?) " Since the exponential is strictly increasing, the local maxima of w are the same
as those of |g|. By the Maximum Modulus Theorem, if |g| has a local maximum in D then
|g| is constant in D. Hence, u is constant in D.

Finally, if u has a local minimum in D then —u has a local maximum in D. Thus we can
repeat the previous argument for the function —u. ]
The following refinement of the Maximum Principle for bounded domains is crucial in

the study of boundary value problems. In what follows, D denotes the closure of a domain
D C R? and 9D denotes the boundary of D. Then the set D is called the interior of D.

Theorem 9.16. (MAXIMUM PRINCIPLE FOR BOUNDED DOMAINS) Let D C R? be a bounded
simply connected domain and u : D — R a continuous functions that is harmonic in D. Then
u attains its marimum and minimum values on 0D.

Proof. It is known from Analysis that every continuous function on a bounded closed set
attains its maximum and minimum values. However a harmonic function w can not have
local maxima or minima in the interior of D. Thus the result follows. O

Remark 9.17. A harmonic function on a bounded domain D which is not continuous up
to the boundary may not attain its maximum or minimum values on the boundary 9D.
Consider, for example u(r,p) = log(r) on the punctured ball Ag;. The function log(r) is
divergent at r = 0 and so it is not defined on the closure of Ao ;.

Remark 9.18. Harmonic functions on an unbounded domain D may not attain its maximum
or minimum values on the boundary dD (and hence on the entire domain D). Consider, for
example, u(x,y) = exp(x) cos(y) on the strip Il = {z € R,y € (=7, m)} or u(r,) = rcos(p)
on the upper half-plane Ri ={zreR,y>0}.

9.2 Dirichlet problem for harmonic functions

Let D C C be a bounded domain, 0D the boundary and D the closure of D. The Dirichlet
Problem for harmonic functions is: given a piece-wise continuous® function g : 9D — R, find
a continuous function u : D — R, that is harmonic in D and that equals g on dD; or in other
words, that satisfies

(9.5) {Au =0 in D,

u = g on OD.

Observe that if g = const then u = const is a solution the Dirichlet problem (9.5). One can
easily see that the solution of the Dirichlet problem is always unique (if exists).

Theorem 9.19. The Dirichlet Problem (9.5) has at most one solution.

Proof. Let u; and uy be two solutions of (9.5). Let w = u; —uy. Then w is harmonic in D and

w = 0 on 0D. By the Maximum Principle w attains its maximum and minimum values on
the boundary dD. But since w = 0 on 9D, we conclude that w =0 in D. Thus u; = ug. 0O

4The function f is piece-wise continuous on 8D if it is continuous except for a finite number of discontinuities
on 0D
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Remark 9.20. If the domain D is unbounded then the uniqueness statement of Theorem
9.19 fails. For example, let D = A; (0) and g = 0 on S1(0). Then u; = 0 and up = log(r)
are two different solutions of (9.5).

Exercise 9.21. Prove that if g > 0 on 0D and w is a solution to (9.5) then u > 0 in D.

The Dirichlet problem on general bounded domains is rather complicated. We want to
find a solution for the case where the domain D is the disk. To do this we derive an integral
formula that explicitly expresses the values of a harmonic function on a ball in terms of its
values on the boundary of the ball.

Theorem 9.22. (P0o1sSON FORMULA) Let u : Br(0) — R be a continuous function that is
harmonic in Bg(0). Then for any p € (0, R) and ¢ € [0,27) one has

) R2 . p2 2w U(Reiﬁ)
: vy = : 6.
(9.6) upe?) = 5 [

Remark 9.23. If p = 0 then (9.6) is simply the Mean Value Property for u.

Proof. Let v : BR(0) — R be a harmonic conjugate to v and f = u+iv : Br(0) — C the corresponding
analytic function. Let Z be defined as

2
Z = —_,
z
which is called the reflection of z with respect to S7(0). Thus if z € Ay 4(0) then Z € A, (0), and
therefore )
7,/ S =0 zea,0)
210 sty w— 2

Thus we may subtract this integral to obtain

f(z)zi. f(w){ i - 1~}dw z € Aps(0).
270 J s+ (0) w—z w—2Zz

Observing that |w| = s we can simplify

Hence we have

6= [ =B e a0,
S57(0)

2mi wlw — z|?

or, in polar coordinates w = se’?, z = pe’¥ we get
1 e 2_ 2

i0 s —p

f(pe')

Taking the real parts on both sides of the equation, we obtain

(pei®) 1/% ()5 g 0<pe<
u(pe'?) = — u(se”’) ——— s.
P 27 Jo [sei® — peiv|? P
Observe that this formula is true for any r < R.

To complete the proof we only need to show that the formula is still true for s = R and w = 0,
hence for any w € Br(0).
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Since u is continuous on B (0) and since |se?? — pe’®| is never zero when p < s, we conclude, that
for a fixed |z| € (0, s) the function

52 — |2|?

Uls,0) := u(se”)m

is continuous for (s,6) on the compact set Ar+p (0), p = |2[. Thus, by a basic result from Analysis,
e,

(continuity on a compact set implies uniform continuity) U (s, 6) is uniformly continuous on A Rip, r(0).

Consequently,
lim U(s,0) =U(R,0),

s—R_
uniformly in . Then we can exchange the limit with the integral so that

2m 2 _ 2 2 _ 2 27 i0
lim i/ u(sew)'SMdg: (B — || )/ u(Re)
0 0

set? — 2|2 2m |Ret® — z|2

Assuming z = pe’® one gets the statement of the theorem. Finally, if z = 0 then (9.6) simply expresses
the Mean Value Property (9.4) for w. O

Definition 9.24. The quantity

L—1]p* 1
2 |1 — petv|?

Py(p) =

is called the Poisson kernel of the unit disk.

Remark 9.25. If v : B1(0) — R is a continuous function that is harmonic in B;(0) then by
the Poisson formula (9.6) we can write it in the form

(9.7) u(pe'?) = ux Py(p) = /0 u(e)P,(p — 0)do

The Poisson Formula enables to settle the Dirichlet Problem for the case when the domain
D is an open ball. Suppose that we are given a continuous function g : Sg(0) — R. Then we
can plug ¢ instead of u in the right hand side of (9.6).

Theorem 9.26. (SOLUTION OF THE DIRICHLET PROBLEM FOR A BALL) Let g : Sp(0) — R
be a piecewise continuous function. Then

i) there exists a function u that is harmonic in Br(0) and it is defined by the formula

) R2 . p2 2m g(ReiO)
Zw pu—
(9.8) u(pe'?) 5 /0 Rt — pei¢’|2d9 (p € (0,R), p€]0,2m))

ii) For those values of ¢ where g is continuous

lim u(pe'?) = g(Re'?);
p—R_

iit) if g is continuous on Sr(0) then the limit

lim u(pe®) = g(Re™).

p—R_

s uniform in @
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Sketch of the proof. To show that such defined function w is harmonic in Br(0) follows imme-
diately from the Poisson formula (9.6). It is more difficult to prove ii) and iii). The integral
expression for u must be examined in the critical case in which p — R and the integrand takes
the values "cost/0” near # = ¢. A complete proof of the theorem can be found in LANG,
pp-244-251 or CONWAY, pp.258-262.

The basic method for solving the Dirichlet problem on general domains is as follows. Take
the given domain D and transfer it by a conformal map to a ball, where the problem can
be explicitly solved. This procedure is justified by the fact that under a conformal mapping,
harmonic functions are transformed again into harmonic functions. When we have solved the
problem on the ball, we can conformally transform the answer back to D.

9.3 Dirichlet Problem on Jordan domains

Theorem 9.27. Let D1, Dy C C be conformally equivalent domains and f : D1 — Dy a
one—to—one conformal mapping of D1 onto Ds. Let u : Dy — R be a harmonic function.
Then the composition wo f: D; — R is a harmonic function.

Proof. Let 2o € Dy and wg = f(20) € Do. Let B,(wp) C Dy and V = f~1(B,(wp)). Clearly
V C D;. Since B,(wp) is simply connected, by the Harmonic Conjugate Theorem, there is
an analytic function g : B,(wp) — C such that u = Re(g). Hence go f : V — C is analytic
as a composition of analytic functions. Therefore u o f = Re(g o f), as one easily sees. Thus
wo f:V — C is harmonic as it is the real part of an analytic function. Since zy € D; was
arbitrary, we conclude that u o f is harmonic in D1. O

Remark 9.28. One can think of a one-to—one conformal mapping of Dy onto D5 as a change
of coordinates. Note, that definition of the Laplace operator A involves partial derivatives
of u. So, a priory, definition of a harmonic function depends on the choice of coordinates.
Theorem 9.27 says however, that a harmonic function remains harmonic after a conformal
change of coordinates.

Recall, that a path v : [o, 8] — C is simple if v is an injection, that is v has no self
intersections.

Definition 9.29. Let D C C be a bounded simply connected domain whose boundary 0D
is a simple closed path. Then D is called a Jordan domain.

Theorem 9.27, together with the Riemann Mapping Theorem, suggests a method of solving
the Dirichlet Problem on Jordan domains.

Let D C C be a Jordan domain and g : 0D — R a piece-wise continuous function. The
Dirichlet Problem is to find a harmonic function u : D — R that satisfies

Au = 0 in D,
(9.9) { u = g on 0D a.e.,

where a.e. means almost everywhere, namely except for a set of measure zero. Since D is
simply connected and D # C, by the Riemann Mapping Theorem, there is a one-to—one
conformal mapping f of D onto the unit ball B;(0). Furthermore, it is known that if D is

a Jordan domain, then f is continuous up to the boundary dD (that is f : D — By(0) is
continuous) and f is a one-to-one mapping of D onto S1(0). °

5The proof of this fact is rather technical. See, e.g., LANG, pp.351-358.
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Thus the function g is transformed via the conformal mapping f~! into piece-wise con-
tinuous function G = go f~1: 91(0) — R. Let U : B1(0) — R be the solution of the Dirichlet
problem

AU = 0 in Bj(0),
{ U = G on Si(0)ae.

Such solution is given by the convolution of the Poisson kernel with the function G, (see
formula (9.7))

) 1— ,02 27
Ulpe'®) = G+ Byl = - [

G(ew)
|1 — peile=0)]|

5df (pe(0,1), ¢ €10,2m)).

Then the function

u:=Uof:D—R
is the solution of the original Dirichlet Problem (9.9). Therefore, we have just outlined the
proof of the following result. 6

Theorem 9.30. (SOLUTION OF THE DIRICHLET PROBLEM FOR A JORDAN DOMAIN) Let
D C C be a Jordan domain and g : 0D — R a piece-wise continuous function. Then there
exists a unique function u : D — R, such that u is harmonic in D and ulpp = g almost
everywhere. If f : D — Bi1(0) is a bi-holomorphic map and f(z) = pe’¥, 0 < p < 1,
0 <o < 2m, then

27
u(z) = (go [~ * Py(g) = /0 (g0 1)) P,(o — 0)do.

Example 9.31. Let us consider the Dirichlet problem on the strip S = {z € C |0 < Im(z) <
i} with boundary condition g(z) = go(x), g(z + im) = g1(x) for x € R with go and ¢;
continuous vanishing at infinity. The conformal map between the strip S and B;(0) is given
by the composition of two standard maps:

e fi(z) =e® maps S — H (see example 8.8). For x € R, the line x + i7 is mapped to the
negative real axis while the line = is mapped to the positive real axis

o fo(z) = % map H — B1(0) ( see Theorem 8.16). The positive real line is mapped to

the the unit half semicircle in the lower half plane while the negative real line is mapped
to the half semicircle on the upper half plane.

e’ —1

Then f = fao fi = — el S — Bj1(0) is a bi-holomorphic map. The inverse map is
e* +1i

FoHw) = fito fyt(w) = log <—i1wuf

problem is given by

2T ett
w@) =0 ) pe) = [ o (1og(<i%51 ) ) Fale - 010
T ett 2T ett
= / g <log <—191L1>> Py(o —0)do +/ 90 <log <—z’ = f 1)) Pp(p —0)do
0 € T €

SFor a complete proof see, e.g., R. NEVANLINNA AND V. PAATERO, Introduction to complex analysis,
Addison—Wesley, 1969; pp.305-324.

1
1) (see figure 8.1) The solution of the Dirichlet
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e

e +1

where p and ¢ are defined through z by = pe'?.

Mathematicians of this section

Johann Peter Gustav Lejeune Dirichlet (18 February 1805 — 5 May 1859) was a German
mathematician.

Marie Ennemond Camille Jordan (5 January 1838 — 22 January 1922) was a French math-
ematician.
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