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Introduction
The aim of this work is to show the applicability of the Reduced basis (RB) model reduction in nonlinear systems undergoing bifurcations. Bifurcation
analysis, i.e. following the different bifurcating branches and determining the bifurcation point itself, is a complex computational task. Reduced Order
Models (ROM) can potentially reduce the computational burden, enabling fast online evaluation of the solution for arbitrary parameter values.

Application in elasticity: Von Kármán equations
Let us consider an elastic, bi-dimensional and rectangular plate Ω = [0, L]× [0, 1] in its undeformed
state, subject to a λ-parametrized external load acting on its edges. The displacement from its flat
state and the Airy stress potential, respectively u and φ, satisfy the Von Kármán equations

{
∆2u = [λh+ φ, u] + f , in Ω

∆2φ = − [u, u] , in Ω

{
u = ∆u = 0, in ∂Ω

φ = ∆φ = 0, in ∂Ω

where h and f are the some given external forces acting on our plate, while
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are the biharmonic operator in Cartesian coordinate and the bracket of Monge-Ampére respectively.

Bifurcation problem and spectral analysis
We represent the non-linear PDE with the parametrized mapping G : V ×D → V ′, so that the weak
form of the Von Kármán system reads: given λ ∈ D, find X(λ)

.
= (u(λ), U(λ), φ(λ),Φ(λ)) ∈ V s.t.

g(X(λ), Y ;λ)
.
= 〈G(X(λ);λ), Y 〉 = 0 , ∀ Y ∈ V.

We say that λ∗ ∈ R is a bifurcation point for G : V × D → V ′, from the trivial solution, if there
is a sequence (Xn, λn) ∈ V × R with Xn 6= 0 and G(Xn, λn) = 0 such that (Xn, λn) → (0, λ∗) . A
necessary condition for λ∗ to be a bifurcation point for G is that DXG(0;λ∗) is not invertible.
From the algebraic viewpoint the RB method reads: find δ ~XN ∈ RN such that

JN ( ~Xk
N (λ);λ)δ ~XN = GN ( ~Xk

N (λ);λ), and Xk+1
N = Xk

N − δXN .

Moreover, the linearization around the null solution provides us the following eigenproblem, where
the parametrized eigenvalue σλ ∈ R, crossing the imaginary axis, induces the bifurcation{

∆2u+ λuxx = σλu , in Ω

u = ∆u = 0 , in ∂Ω

The Von Kármán reduced framework is continuing in collaboration with A. Patera (MIT).

Application in CFD
We consider the incompressible Navier-Stokes
equations in ΩT = Ω× (0, T ]{

∂u
∂t + (u · ∇u)− ν∆u +∇p = 0 in ΩT ,

∇ · u = 0 in ΩT .

discretized with the spectral element method.
We focus on a jet flow entering a sudden ex-
pansion channel. The system undergoes a su-
percritical pitchfork bifurcation with increasing
Reynolds-number Re = 2Uw

ν , that characterizes
the flow regime.
For sufficiently small value of Re, a steady sym-
metric jet is observed. Above a certain critical
Reynolds number, two stable solutions emerge,
with the flow attaching itself to the top and
lower boundary. This “wall-hugging” is a well-
known phenomenon called the Coanda-effect.

Channel flow solution at Reynolds number 100.

Reduced Order Modeling
To allow for bifurcation analysis of complex
problems, reduced order modeling can play an
important role. A RB space is generated from
snapshot solutions to recover the bifurcation di-
agram and accurately find the bifurcation point.
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Bifurcation diagram over Reynolds number 5 to 100.
Plot of the velocity in vertical direction at the point

(x, y) = (1, 3).

Localized bases, each corresponding to different
bifurcation branches, are under current investi-
gation.
This work is continuing in collaboration with M.
Gunzburger (FSU) and A. Alla (PUC-Rio).
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