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Kolmogorov n-width decay Nonlinear MOR Nonlinear conservation law

Nonlinear ROMs: Kolmogorov n-width
PDE FOM ROM

∀µ ∈ P, U ∈ U P ⊂ Rntrain , Ũ ∈ Xh P ⊂ Rntest , Ū ∈ XROM{
Gµ(U(µ, t, x)) = 0
Bµ(U(µ, t, y)) = 0

{
G̃µ,h,∆t(Ũµ) = 0
B̃µ,h,∆t(Ũµ) = 0

{
Ḡµ,h,∆t(Ūµ) = 0
B̄µ,h,∆t(Ūµ) = 0

Kolmogorov n-witdh

Let (P, ‖·‖)P and (U , ‖·‖U ) be complex Banach spaces, and K ⊂⊂ P
compact. If L : K ⊂⊂ P → U is the solution map, we define the
Kolmogorov n-width of L(K ) ⊂ U ,

dn(L(K ))U = inf
W⊂⊂U

dim(W )=n

max
v∈K

min
w∈W
‖L(v)− w‖U . (1)
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Nonlinear ROMs: Kolmogorov n-width decay

Theorem 1, [Cohen and DeVore, 2016]

Suppose L : O ⊂ P → U is a holomorphic mapping from an open
set into U and L is uniformly bounded on O. If K ⊂ O is a compact
subset of P, then for any s > 1 and t < s − 1,

sup
n≥1

nsdn(K )P <∞⇒ sup
n≥1

ntdn(L(K ))U <∞ (2)

−div(µ∇u) = f dn(M) . exp−n [Babuška et al., 2007],

u3 − div(exp(µ)∇u) = f dn(M) . n−t [Cohen and DeVore, 2016],

∂tu − µ∂xu = 0 dn(M) & n−
1
2 [Ohlberger and Rave, 2015],

∂2
ttu − µ∂2

xxu = 0 dn(M) & n−
1
2 [Greif and Urban, 2019].
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Nonlinear ROMs: discrete point of view SVD
∂tu − ∂xu = 0 → SVD[Utrain] = VΣU → α̇j = vj · F(

∑r
i=1 αivi )

Utrain =


1 1 1 1 . . .
0 1 1 1 . . .
0 0 1 1 . . .
0 0 0 1 . . .
...

...
...

...
. . .


nx×Nt
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Cumulative singular values

The singular values decay depends on
1 mesh refinements, temporal discretization step
2 choice of linear subspaces
3 full-order model Kolmogorov n-witdh decay
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Survey of nonlinear ROMs
1 Purely data-driven:

ConvAE-LSTM [Mücke et al., 2021],
POD-DL-ROM [Fresca and Manzoni, 2021],
Multi-level ConvAe [Xu and Duraisamy, 2020].

2 Local and dictionary based ROMs:
Model reduction by domain decomposition [Buffoni et al., 2009],
ROM-net [Daniel et al., 2020].

3 Non-linear pull-back in reference system:
Registration-based methods [Taddei, 2020],
Advection-informed methods [Iollo and Lombardi, 2014],
ALE for convection-dominated flows [Mojgani and Balajewicz, 2017].

4 Filtering, transforms . . .
Laplace transform and Contour Integral
Methods [Guglielmi et al., 2020]

5 Nonlinear-manifold with shallow autoencoders:
NM-LSPG-GNAT with shallow autoencoders [Kim et al., 2020].
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Manifold learning with autoencoders, cite geometric ML
The usual POD algorithm can be generalized with an autoencoder. The
embedding maps ψ : Rd → Rr and φ : Rr → Rd are trained with a mean
square loss and the Adam algotihm in PyTorch [Paszke et al., 2019].
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NM Least-squares Petrov-Galerkin [Lee and Carlberg, 2020]
Let us suppose that Gh,δt : P × Xh × X

|It |
h → Xh is the discrete FOM,

Gh,δt(µ,Ut
h, {Us

h}s∈It ) = 0. (3)

For each discrete time instant t the following nonlinear least-squares
problem is solved for the latent state zt ∈ Z , with the Levenberg-Marquardt
algorithm

zt = argmin
z∈Rr

‖Gh,δt(µ, φ(z), {φ(zs)}s∈It )‖2Xh
. (4)

That is for each time instant the following intermediate solutions
{zt,k}k∈{0,...,N(t)}, zt,0 = zt−1,N(t−1) of the linear system in Rr are
considered,(

(dG t,k−1dφt,k−1)TdG t,k−1dφt,k−1 + λ Id

)
δzt,k = (5)

= −(dG t,k−1dφt,k−1)TG t,k

zt,k = zt,k−1 + αk δzt,k (6)
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Reduced over-collocation method [Chen et al., 2021]
At each optimization step the reduced variable z ∈ Rr is forwarded to
Uh = φ(z) ∈ Rd . Let Prh ∈ S = {P ∈ Rrh×d |P = (ei1 | . . . |eirh )T},

zt = argmin
z∈Rr

‖PrhGh,δt(µ, φ(z), {φ(zs)}s∈It )‖2Rrh (7)

= argmin
z∈Rr

‖PrhGh,δt(µ,Prh(φ(z)), {Prh(φ(zs))}s∈It )‖2Rrh (8)

= argmin
z∈Rr

‖G̃h,δt(µ, φ̃(z), {φ̃(zs)}s∈It )‖2Rrh . (9)

The nodes/magic points of the over-collocation hyper-reduction method
should be defined such that,

Prh = argmin
P∈S

max
(zt ,{zs}s∈It )∈T

‖PGh,δt(µ,P(φ(zt)), {P(φ(zs))}s∈It )‖2Rrh ,

(10)
where T is the space of discrete solution trajectories.
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Knowledge distillation: teacher-student training
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Test case: nonlinear conservation law
We consider the following parametric nonlinear conservation law model
Ω = [0, 1]2, {

∂tu + 1
2∇ · (u⊗ u) = ν∆u

u(0, x) = µ ∗ 0.3 ∗ sin(2πx) sin(2πy) ∗ χ[0,0.5]2

where µ ∈ [0.8, 2].The FOM is solved for with the FVM in OpenFoam. The
NM-LSPG-ROC method is implemented in ITHACA-FV.
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Latent 4-dimensional dynamics
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Results

Figure: ConvAE (Convolutional Autoencoder), NM-LSPG-LM (Nonlinear Manifold
Least-Squares Petrov-Galerkin Levenberg-Marquardt), NM-LSPG-ROC (Nonlinear
manifold Least-Squares Petrov Galerkin Reduced Over-Collocation), LSTM (Long
Short-term Memory NN)
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