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Introduction - 1

POD-Galerkin Reduced Order Model

N~ for the simulation of laminar and turbulent flows
around a circular cylinder

G. Stabile!, S. Hijazi!, S. Lorenzi?, A. Mola!, G. Rozza'
ISISSA MathLab, Trieste, Italy:; Politecnico di Milano, Italy

High Fidelity problem - 2

Motivations
e Vortex-induced vibration is a well known
phenomenon in many engineering fields
and a reliable ROM is still missing in lit-
erature.

e There are interesting non-linear phenom-
ena particularly challenging to be repro-

duced with a ROM.

e For design purposes several configurations
need to be tested and a reliable ROM
would dramatically reduce the computa-
tional time.

Methodology-Overview

Development of reduced order methods for the analysis of vortex shedding
phenomena around a circular cylinder. The reduction has been performed
using the following numerical techiniques:

e High Fidelity simulation of the physical problem trough the finite
volume solver OpenFOAM® [4]. (BOX 2)

e Collection of the snapshots and construction of the reduced basis
space V,;, using a POD |1]| approach. (BOX 3)

e Projection of the unsteady Navier-Stokes equation onto the reduced

basis space V,; in order to construct the POD-Galerkin dynamical
system. [2]. (BOX 4)

Construction of V., - 3

Governing Equations
The physical problem is modelled using the unsteady incompressible
Navier-Stokes equations. For low values of the Reynolds number the fol-

lowing system of equations is considered:
<( U 4 (u-V)u—vV2u+ Vp=0

V. — 0 in €

\\

while for higher values of the Reynolds number a URANS approach with
a k —w [3| turbulence modelling is used:

U 4 (u-V)u=V-: {—pI—I— (v + 1) (Vu+ (Vu)T) — %k[}
V-u=0 |

Vi = f(kv w) n £
Transport-Diffusion equation for k

Transport-Diflusion equation for w

The space discretization of the equations has beed performed using a finite
volume approach

The POD-Galerkin Dynamical system - 4

Assumption: reduced order solution for the velocity, pressure and fluxes
fields is given by a linear combination of the bases functions ¢; (@) (which
depends only on space) multiplied by a temporal coefficients a;(t):

u(x, t) = S ai(t) ()

The reduced basis space V,;, = span(¢;) is constructed solving the follow-
ing minimization problem:

. N, N,
V., = arg mm]\lfs > 2 (%) = > i1 (un (@), pi(x)) L2 i () |7 2

Where w,(x,t,u;,) are field solutions (Snapshots) sampled at different
inlet velocities and times.

~ Uy (, 1)

Results - 5

The error in L?—norm for the ROM
litt coefficient, Re = 100 for different
number of modes used.

Relative Error

1.0014363
0.0685620
0.0886061
0.0660731
0.0054784
0.0040657

Number of modes

Comparison between velocity fields at
Re—6000 with 20 modes. At the top
1s the reduced basis case lower at the

bottom is the high fidelity one.
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Laminar Case

Using a finite volume discretization it appears inside the discretized equa-
tion also the mass fluxes over the faces of the cells. It is then made the
assumption that the velocity field, the mass flux field and the pressure field
can be decomposed as:

u(x,t) u,(x,1) N p;(X)
F(x,t) | = | Fr(x,t) | =220 ai(t) | ¥a(x)
p(x, 1) pr(X,1) Xi (%)

The governing equations are then projected onto the spatial bases and the
original fields are replaced with the approximated fields. This operation
generates the POD-Galerkin system:

da; N, N,
d(t) Zz  Bjiai(t) — 3 _p 21 D i1 Clriak(t)ai(t)
Where B, C and A read:

sz‘ — (‘Pja A%"z')L? V- (¢k%‘))L2

and the dynamical system can be rewritten as:

— 27],\21 Aj’iai(t)

; ki = (903-7 ; Ay = (Sojain)LQ

G = vBa—alCa— Aa

Turbulent Case

For the turbulent the approximated eddy viscosity is written as:

:Z@ ' ai(t) @i ()

that leads to the following dynamical system:

Ut (ZE, t) ~ Vt’r,n(ill', t)

—v(B+ BT)a —a' (C —CT, — CTy)a — Aa + 7(up.D — Ea)

where 1t is introduced also the effect of different inlet velocities upe with a
penalization tactor 7. The additional terms are still obtained with Galerkin
projection onto V,, and read:

D; =(pj)r2.o0 ; Eii = (@i, vi)r2.00 ; Bl = (¢, V - (TVSO;'F»B
CTijki = (@i, okA@i) 12 ; CTojri = (9, V- or(Vepi )12
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