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1 Bootstrap in 2d CFT

The main reference in this section is Sec. 1], see also [DFMS97],]ZZ90)].

1.1 Conformal transformations

Conformal field theory is quantum field theory which has invariance under conformal
transformation. First, let us recall the definition of of the conformal group and conformal
algebra

Definition 1.1. Let X be a Riemann manifold of dimension d with metric g,,. The
transformation x — y is called conformal if the metric tensor is multiplied by a function
A(x), namely
p o
gpgggﬂgiy = A(2) g (1.1)
More geometrically this means that conformal transformations preserves angles be-
tween curves.
First, let us find corresponding Lie algebra. Consider transformation y* = z* + €
with small €”, then we get

9upOu€” + gpu0y €’ = K(x)gu

Here A = 1+ K. Assume for simplicity that g,, is constant. Below we will mainly
concentrate on the case d = 2, where this condition is not restrictive since any metric is
conformally equivalent to constant one Ch. 13]. Then we can lower index and
get

Oper + 0pey = K() g

Now exclude K from this system. Taking the trace we get
20, = K(x)guwg"’ = dK(x)
Therefore, finally we get
O+ vy = (7o) (12)



Problem 1.1. Deduce the relations
(2 = d)0,0,(07€5) = g (9795)(0”¢,)
(d - 1)(9"9,)(9"e,) = 0

Problem 1.2. Find a group of conformal transformation in d > 3. Find dimension of
the group, find isomorphism with some classical group.

Now take d = 2 g, = 0, Then the equations ([1.2)) takes form
doeo = D161, D19 = —0oer, (1.3)

This are Cauchy—Riemann equations on real and imaginary part of the holomorphic
function, if we set z = 2% +iz!, Z = 2 — ia!. Therefore any holomorphic vector field
of the form z"0, is locally conformal. For the corresponding conformal transformation

z = f(2)

_ofof ,
ds® = Dzdz — = -dzdz. 1.4
s 2dZ o o= o dzdz (1.4)
Denote L, = —z""10,. For n > —1 this is infinitesimal transformation of the neigh-

borhood of 0, for n < —1 this can be viewed as infinitesimal transformation of punctured
neighborhood. Them satisfy relations

[Lyy Lin] = (n —m)Lyym.

This Lie algebra is called Witt algebra.

In two dimensional conformal field theory, the space of fields form projective repre-
sentation of this algebra. So actually there is an action of the algebra which has one
additional generator C, such that [C, L,] = 0 and

n®—n

———nimoC. (1.5)

[Ly, L] = (n —m)Lyym + B

This algebra is called Virasoro algebra.

Problem 1.3. Show that any Lie algebra with relations [Ly, Ly, = (n — m)Lpim +
w(n,m)C, [C, L,] = 0 is isomorphic to Virasoro algebra.

This problem explains that Virasoro algebra is unique central extension of Witt al-
gebra. The relations are chosen in such way that L_1, Lg, L1 form a closed al-
gebra which is isomorphic to sly. This is the Lie algebra of the group PSLy(C) of
global conformal transformations of CP!, they are fractional linear transformations
z+ (az +b)/(cz +d).

For the Riemann surface of genus 1 (torus) the group of global conformal transforma-
tions is one dimensional, it consist of shifts z — z + a. For higher genus the group of
global conformal transformations is discrete.



1.2 Fields

It turns out to be convenient to consider z,z as two independent complex variables.
Therefore, the symmetry of the theory will be the product two Virasoro algebras. How-
ever, at some point we have to identify z with the complex conjugate z* of z.

Fields only depending on z, i.e. O(z), are called chiral fields and fields O(Z) only
depending on z are called anti-chiral fields.

Definition 1.2. If a field O(z, z) transforms under scaling z — Az according to

O(z,2) = A"MNO(\z, A%)) (1.6)

it is said to have conformal dimensions (h, h).

Definition 1.3. If a field ® transforms under conformal transformations z — f(2)

according to .
o2 () (2 a0, 7 (1)

it is called a primary field of conformal dimension (h, k). If this holds only for for global
conformal transformations, then ® is called a quasi-primary field.

Infinitesimally (f/0z)" = (1 + hd.e), and we get for primary field ®
5ce®(2,2) = (hze + €0, + hOze + €0:)®(2, 2) (1.8)

1.3 Stress-energy-momentum tensor

In Lagrangian formalism correlation functions are defined as

(O1(1,Z1) .. Op(z1,Zn)) = /Ol(xl, Z1)...Op(x1,Ty) exp(—=S[e])De. (1.9)

Here ¢ denotes some fields in our theory, Dy is a measure in the path integral,
Sl = [ Lg.0%0)i% (1.10)

is an action, £ is Lagrangian densitylj7 O;(zi, %;) are some local function of ¢(z;) and its
derivatives. Typical examples of the local field are O(z) = ¢ or O(z) = e*?.

Now we are going to derive some properties of the space of fields, which follows from
Lagrangian description. Many examples of conformal field theories do not have such
description. In this case the corresponding properties are postulated.

Tt is usually assumed that £ do not depend on higher derivatives of ¢ (for example in mechanics this
is a condition that everything is determined by coordinates and momentum or this can stated as
principle of least action). But this assumption is not important for our arguments here.



Assume first that correlation functions . Assume that some coordinate transfor-
mation z# — z# + ¢#, supplied with an action on fields ¢ — ¢ + 4.0 is a symmetry of
the action

S[e] = Slp + dLuee]. (1.11)

For any (not necessary symmetry) € we have
Sl + dtu] = S[ee] — / en AV [pld*x

Taking constant e (i.e. assuming translation invariance) we have that [ A*[p]d*z = 0.
So A*[p] must be a derivative A*[p] = 0, T"*. Therefore

5SS = / (Ope,)TH d*x: (1.12)

Remark 1.1. Below we all also assume that TH” = T"#. This is not obvious (but see
[DFMS97]). Using this symmetry one can write

1
5eS = 5 /(@Ley + Open)TH d*x (1.13)

The term (J,€, + 0y€,) is a variation of constant metric. Actually, one of the ways to
see (|1.13) is to consider metric as dynamical variable and get define T"" as a tensor
corresponding to variation of the metric 6,8 = [ 8,0g,, T d’x.

On the equation of motion 6.S = 0 for any €, not necessary corresponding to symmetry
of the action. Therefore integrating by parts we have 9,7+ = 0.

Actually we do not restrict ourselves to the theories defined by . So we rather
postulate then prove properties of stress-energy-momentum tensor. This properties could
be viewed as a an application of Noether’s theorem.

Recall first this theorem in the classical mechanics. Assume that we have a vector
field v on the coordinate space X of the mechanical system. This vector field can be
lifted to the vector field on the phase space T* X, which we denote again by v. Assume
that this vector field v represents symmetry of the system, i.e. L,H = 0, where H is a
Hamiltonian of the system. Then, there is a Hamiltonian H,, for the vector field v, and
this function is an integral of motion 0,H, = {H, H,} = 0.

In the field theory, for continuous symmetry € there is current j” such that 9,5* = 0
(on the equations of motion). Compare to electric charge, the change of charge in the
region is equal to the current flow through the boundary of the region.

In our case there exist (symmetric) tensor 7" such that for any conformal transfor-
mation x# — z* 4 € we have

0y(T"e,) =0 (1.14)

Taking €* to be constant we get 0,7, = 0. Taking to be any conformal transformation
we get

0= 8, (T"c,) = %T”“(@Mey 1 8ye,) = 2(8”60)7’””9“” (1.15)



Proposition 1.1. In CFT we have T}, = 0.

Now restrict ourselves to 2d CFT in complex coordinates. Then the proposition above
means that T,z = 0. Moreover, we have the following property.

Corollary 1.2. Denote T = T,,, T = Tss. Then equation 0,1y, = 0 means 0;T =
0, T = 0.

Problem 1.4. a) Find stress-energy-momentum tensor for the theory with action

Siel = [ (@uete - V() o (1.16)

(free theory with self-action) and the transformations ¢ — ¢ + 0,0 (x).
b) In case V=0 find equations of motion. Find T.,, T.z, Tz > on equations of motion.

1.4 Ward identities

Consider again z,Zz as two different complex numbers. Consider transformation z +—
z+€(z,2),z — z, such that e is holomorphic function with respect ot z. Then we have

/Ol(xl,a_:l) . Op(p, Tp) exp(—S[yp]) Dy =
[048001w121) .01+ 8)0n(zn, 70 exp( ST <1 + [ d2z5eT<z>) D+ 3.¢)

This equality is just a change of variables. Assume mow that measure in path integral
is invariant under the shift D(¢ + dep) = D(g). Taking the linear in € term we get

n

/d2286 01(1'1,1‘1) On(l‘n,i'n» = Z<01(1‘1,£]_}1) .. 5601(117@,531)071(1'”,@”»
i=1

Assume now that e vanishes outside the neighborhood By,..., B, of z1,...,x,. There-
fore the integral on the left side is equal to the of integrals over B; which due to Stokes
theorem equals to contour integral. We get

n

ZMZj[ dz(T(2)01(x1,71) ... Op(2, Tn)) = ¥ _(O1(21, 1) - .. 00;4(2i%;) O (w0 Tn))

=1

Therefore for any point z;
. 17{ d2(T(2)01(21,71) - . On (s ) = (O (1, 51) - .- 004 (x5, 7:)On (s o))
T

This condition is local, so we have (inside any correlation function)

1

5= p DT()0(,7)dz = 5.0(x, 7). (1.17)
T J o,



Assume for simplicity that z = 0. If we set T(z) = >_ L,z "2 then we get

L,O(0) = — jf n+1 (ZL P 2) (0)dz = % fc HP(2)0(0)dz = §ons1 O(0),

27 )
(1.18)
i.e. L, corresponds to the infinitesimal deformation with ¢ = z"*!. Recall that corre-
sponding vector fields satisfy Witt algebra. So it is natural to expect that L, (Fourier
modes of T'(z)) satisfy Virasoro algebra.
Easy integration by parts shows that for any infinitesimal transformation e defined at
the vicinity of 0. Then we get from that

560(0):2%”- Z 8k * Z Zn+2 Zkl 2eLi10(0).

Co \ k> 0 ! nez k>0

This means that for any field O we have L_10 = 9,0. Now assume that field ® is
primary. Then by the infinitesimal formula (1.8) we have by

0P (0) = (h0,e + €0)®(0) (1.19)
Comparing the last two formulas we get the following proposition.

Proposition 1.3. Primary fields satisfy highest weight condition

Li®=0k>0, Ly®=ho. (1.20)

2 Representations of the Virasoro algebra

2.1 Verma modules

Denote by Vir the Virasoro algebra. Let Virsg be a subalgebra generated by Ly, kK > 0
and C. Let Vir.y be a subalgebra generated by L, k < 0.

Definition 2.1. Verma module Vj,. is a module freely generated by Vir.y from the
highest weight vector vy, .

Lkvh’c = 0, k > O, L(ﬂ)h7C = hvh,c, th,c = CUp,c- (2.1)

More formally, one can consider vector space generated by vy, . as one-dimensional rep-
resentation Cy, . of Vir>g. Then by definition Verma module is an induced representation
Ve = U(Vir) ®u(virsg) Ch,e

Due to Poincare-Birkhoff-Witt theorem, the module V}, . has a basis labeled by par-
titions A

L—/\Uh,c = L—>\1L—>\2 .- -L_/\k|h>, where Ay > Ao... > A > 0.

One can define the character of the Virasoro representation by Tr¢™. It is easy to see
that Lo(L_xvhe) = (h+ |A|)L_\vp e, where [\ = A + ...+ A;. Then the dimension of



the eigenspace of Ly with eigenvalue h + N is equal to number of partition p(N). Then

we have
h

_ h N _ q
X(Vie) =4 NZ:OP(N)(J T (=g (2.2)

Here ¢ is a formal variable, but of course the analytical properties of the resulting
functions could be interesting. Some properties (in particular modular transformations)
become better if the character will be defined as Tr gLo—¢/24

Definition 2.2. The vector w € V. is called singular of the level N > 0 if it satisfies
Liyw=0,k>0, Low=(h+ N)w. (2.3)

Example 2.1. Let h = 0. Then w = L_jvp. is a singular vector. Indeed, obviously
Li(L_1vp,c) =0 for k > 2 and the only nontrivial computations is

Ll(Lfl’Uh,c) = Qh’Uhﬂc =0.

Proposition 2.1. The Verma module V}, . is reducible if and only if there is a singular
vector w € Vi ..

Proof. Assume that w € Vj, . is a singular vector. Then it generates a submodule over
the Virasoro algebra, and due to singular vector conditions this submodule does not
contain the highest weight vector vy .. So the Verma module Vj, . is reducible.

On the other hand, assume that there exists a proper invariant subspace W C Vy, ..
Since this subspace is invariant under the action of Lg it should be graded Therefore it
contains some vector w with the lowest value of Ly. This vector is annihilated by Ly,
for k > 0. If w is proportional to vy, ., then W coincides with Vy, ., that contradicts our
assumption. Therefore w is a singular vector. O

It will be convenient to use the following (Liouville) parametrization of the central
charge and highest weight

b=l +b

c=c)=14+60""+b)?2 h=h(Pb) = )2 — P2 (2.4)

Theorem 2.2 (Kac-Feigin-Fuchs). The Verma module V}, . has a singular vector on the
level N is and only if there exist m,n € Z, mn > 0 such that N = mn and h = hp, =
h(Pmn,b), where Py, = (mb~1 + nb)/2.

Example 2.2. For P = P} ; we have h = hy; = 0. This agrees with Example above.

Problem 2.1. Find formulas for singular vectors on the level 2. The formulas should
depend on b (and do not depend on P).

By L, we denote the irreducible quotient of V.. It exists and unique, it can be
defined as a quotient of Vj, . by a sum of all proper submodules.



One of the main goals of representation theory of the Virasoro algebra is to describe
Ly for all h,c, in particular find their characters. It follows from Theorem and
Proposition that for h # hy, , the Verma module is irreducible, Vj, . ~ Ly, ..

Assume that h = hy;,». We have a morphism of Virasoro modules Vi, 1nme —
Vi m,c Which sends vp,, . 4 nm, e to a singular vector w € Vy,, . .. Note that hy, m +nm =
Py, —m. Due to Theorem @ the Verma module Vp, , 4nm,c is reducible if and only if
P, _m = P, for some r,s € Z, rs > 0. Therefore if b? is not positive rational number,
we see that Vi, . 1nm,c is irreducible. Moreover, under this assumption Vy,, . . has no
singular vectors other then w. Therefore we have

g"mn (1 —g™")

X (L n,e) = m (2.5)

We will call b such b? ¢ Q generic. Corresponding central charges are also called generic.
The characters of representations for non generic ¢ could have drastically different form.

Example 2.3. Let us take b?> = —2/3. Then the central charge ¢ = 0. In this case the
Virasoro algebra has trivial representation. Therefore

l—q—¢+¢°+q¢" —--
[[2: (1 —¢¥)

Problem 2.2. (Duality ¢ <> 26 — c.) Assume that c is generic. Show there is
an embedding of Verma modules Vi, . — Vp, . if and only there exist an embedding

Vihs26—c = Vi—hy 26—c-

X(Lop) = 1=

2.2 Shapovalov form

Definition 2.3. Shapovalov form is a complex symmetric form on Vj . such that
(Uh,mvh,c) =land L} = L_;, C*=C.

Introduce notation for the Gramm matrix

G/\,,LL = (Lf)\vh,m L—uvh,c)-

Since the operator Ly is self adjoint the eigenvectors with different eigenvalues are pair-
wise orthogonal. Therefore G, = 0 if |A| # |p|. SO the Gramm matrix G has a block
form, for the given level N we have a matrix G of the size p(N) x p(N).

Example 2.4. On the level 1 the matrix G1 = (G 1)) = 2h,

Problem 2.3. Find the matriz G2. Compute its determinant in parametrization (2.4)).
Decompose it into a product of linear functions on P.

Remark 2.5. There is a similar but different notion for Shapovalov form (see e.g.
[KR87, Sec. 3]). Namely, one can consider Hermitian form on Vy, . such that (vp ¢, vpc) =
1 and L}, = L_,. Such form exists only if h,c € R. One can also ask weather this
Hermitian form is positive definite, this impose additional constraints on h, ¢ for example
from the level 1 calculation one can see that h > 0.



Proposition 2.3. The Verma module Vy, . is irreducible if and only the Shapovalov form
s non degenerate

Proof. If the form G is degenerate then its kernel is a submodule of Vj, .. Indeed, if
w € Ker G, then for any k € Z and u € Vj . we have (Lyw,u) = (w, L_ju) = 0, so we
proved that Liw € Ker G.

On the other hand, if Vj, . is reducible then by Proposition it contains singular
vector w. Then w € Ker G since (L_x\vp ¢, w) = (Vhe, Ly, - .. Ly, w) = 0. O

Theorem 2.4 (Kac-Feigin-Fuchs). Determinant of the Shapovalov form on the level
N has the form detGy ~ []
coefficient.

o1 (B = B ) PN =) phere ~ means some constant

Note due to this theorem det G, vanishes for h = h,, ,, firstly for N = nm. Therefore
there is a singular vector in Vj,, . . on the level mn. Hence the Theorem follows
form the Theorem The meaning of power P(N — nm) stands for the dimension of
the space descendants of the singular vector, all this descendants belong to the kernel of
G.

We will prove the Theorem later, but up to now we just show that it gives correct
degree of det Gy as a polynomial in h

Proposition 2.5. The determinant of the Shapovalov form det G has degree in h non
greater then 3 5 _n U(A).

Here by I(\) we denote a number of parts in the partition .

Proof. 1t is easy to see that degree of each matrix element G ,, is not greater that I(\)
and (). O

The following combinatorial statement shows that this bound of degree coincides with
the degree in Theorem

Proposition 2.6. For any N > 1 we have 3\ _n| UA) = X2, 51 P(N — mn).

Proof. The proof can be organized as a sequence of identities for generating functions.
By l(”)()\) we denote number of parts equal to n in a partition \. We have

IV SRS E IS N D DTS B SR | P

N>0  mun>1 mn>1 K>0 n>1 k>1

=2 (1_qnqn)2 Il 5 _1qk =2 1M =3 i)
A

n>1 k>1,k#n n>1 A

O]

Problem 2.4. Bound the degree det Gy, as a polynomial in c. Compare this bound with
the Theorem [2.]).

10



3 Conformal blocks

3.1 Correlation functions of Primary fields

Using conformal symmetry we can fix two and three point functions to a large extent.
Consider two point (®1(z1), P2(22)) of two quasiprimary chiral fields. It depends on
z1 — 22. Due to rescaling

<q)1(21), @2(22» — <)\h1+h2q)1()\21), (I)Q()\ZQ)>

Therefore (®1(z1), P2(22)) = d(z1 — 22)" "2 for some constant d. Now using inversion

1 1
(D1(21), P2(22)) = (5 57 P1(—1/21), P2(—1/22))
1 *2
So we get hy = hs. Therefore the two point function is diagonal on quasi primary fields
(of course this is not literally correct if there are more then one quasi primary field of

given dimension)

C12
(P1(21), Pa(22)) = 5h1,h2m (3.1)
Similarly
o i) ® = Clas 3.2
< 1(21)’ 2(22)’ 3(23»_ hi+ha—h3 ho+hz—h1 hi+hs—h2 ( ’ )
212 %93 213

where z;; = z; — zj.

For fields which are quasiprimary with respect to anti chiral Virasoro algebra we will
get similar dependence on z. If the fields are quasiprimary with respect to both chiral
and anit chiral Virasoro algebras then we have product. For example if for two fields we
have hy = hy = hg = hy = h then

(®1(21, 71), Pa(22, 22)) = C|z1 — 20|

In particular this function has no monodromy on the plane. If A > 0 it also decreases at
infinity and is integrable over all complex plane.

Four point functions are not determined completely by the conformal invariance. But
they can be reduced to the function of the cross-ratio. For example four point function
of chiral quasiprimary fields has the form

(1 (21)P2(22)P3(23)Pa(2a)) = [ [ (zi — 2)"7 G(2), (3.3)

where 12 = y13 = 0, y14 = —2h1, Y24 = h1 + hg — ho — hyg, 34 = h1 + hy — hg — hy,
o3 = hy — h1 — ho — hg, G(z) is some function of cross-ratio
_ (a1~ =) (23— 2)
(21— 22)(23 — 22)

(3.4)
The choice of the exponents +;; is not canonical, since we can put factors like 27 or

(1 — 2)7 either inside the function G(z) or in the prefactor. Here we assumed that
prefactor does not have singularities at z; — zo and z1 — z3.

11



Remark 3.1. It is also useful to write confromal invariance of the correlation function
of quasiprimary fields in form of invariance under the infinitesimal conformal transfor-

mations:
Z zte: > 0k ®hy(21) ... Bp, (20)) = 01 (3.5)
k=1
2 z(14€) > (k0 + hi) (@, (21) . O, (20)) = 0 (3.6)
k=1
- ezi Sz Y (0 + 2henk) @y (1) - Dy () = 0. (37)

k=1

3.2 Vertex operators

Now we will work in operator formalism. We consider the correlation function as a
matrix element, where fields an 0 and oo are in and out Verma modules over chiral and
antichiral Virasoro algebra.

And other Primary fields will be considered as a operators between Virasoro repre-
sentations.

The equation can be rewritten in term of operator product expansion. One
can consider this as a limit z — 0 and the product 7'(2)®(0) can have singularities only
around 0 (locality condition). And the equation means that

h®(0 0®(0
_ 120 , 200

T(z)®(0) + regular terms. (3.8)

This OPE leads to commutation relations

Proposition 3.1. Commutation relations between Lj and ®p(z) has the form

0
[Lk, CIJh(z)] = <Zk+laz + (/{3 + 1)Zkh> (I)h(z). (3.9)
Proof. We apply the commutator to any field A located at the origin

[Li, ®n(2)]A(0) :%C T (w)w* 1, (2) A(0)dw — (ph(Z)j{c T (w)w ™ A(0)dw

- f{ T(w)wk 1@ (2) A(0)dw = jq{ < he(z) 8@(’2)) +reg.) wE T A(0)dw

(w—2)2 (w—=z2

z z

- (h(k: 1 1)250(2) + zk“a@(z)) A(0)
Since the field A(0) is arbitrary we get the desired commutation relation. O]

For example, three point correlations function (to be more precise three point confor-
mal block, see below) is just a matrix element (v, ¢, P (2)Vh,,c). From the commutation
relations one can see that

(Vhy.er Pr(2)Vhy ) ~ 2702,

12



This agrees with the formula (3.2]).

Proposition 3.2. Let ®), be a vertex operator from Vy, . to Vi, ..
a) Decompose ®p(z) = Y. ®p[n]z"~h="2=" We have commutation relation on modes

[Lk, @h[n — kH = (kh —-n—+ (h1 — hg))@h[n] (310)

Denote the image of highest vector vy, . by W,Zlh(z) = 2Mm=h=P2 5PN Then the
vectors Wy satisfies

LoWyx = (hl + N)WN, LiWnyg = (hl + kh — hy + N)WN, k> 0. (3.11)

b) Let hy be generic. Then the vertex operator @y, exists and unique up to (independent
on z) normalization.

The vector W,Zl 1 (2) could be called Whittaker vector or chain vector.

Proof. The statement a) follows directly from the (3.9).

Recall that condition h; is generic if and only if the Shapovalov form on Vy, . is
non-degenerate. First we prove the uniqueness and existence of the Whittaker vector
W,Zlh(z) Indeed, using (3.11)) one can reduce the scalar of the form (L_jvp, c, Wn)
to the scalar product (vp, ., Wp), i.e. to normalization of ®;. Since the form is non-

degenerate this determines W uniquely. Denote the vectors defined by this construction
by Wi

Problem 3.1 (*). Prove that obtained vectors Wy satisfy (3-11)).

Note that in order to determine ®,vy, . we used relation (3.10|) for £ > 0. Now using
this relation for £ < 0 one determines uniquely the vectors ®,L_,vp, . ]

Remark 3.2. This proof can be rephrased as follows. The Verma module Vy,, . is free
as Vir«g module, therefore the construction of ®; is equivalent to the construction of a
map from one dimensional vector space (vp, ) to Vp, o, which satisfies for Virso.
For generic hy the Verma module Vy, . is cofree as Virso module therefore everything
reduces to construction of the map from (vp, ) to (vp,.) which agrees with for
k = 0. This is given by 2/ ~"=h2,

Note that commutation relations (3.9)) do not fix normalization of ®;,. One of standard
choices is
(U’H,Cv (I)h(z)vhz,c) = Zhlihih?- (3.12)

Sometimes it is more convenient to use another normalization, in which this three point
function depends on h1, ho, h, c.

Problem 3.2. a) Define representation of the Virasoro algebra on the vector space F
with the basis [n] = 2**t"(9,)*, n € Z. Equivalently (and probably more standard) one
can define basis by the formula [n] = 22T (dz)~*.

b) Show that commutation relations on modes P, are equivalent to the relation on
components of intertwining operator Vp, . ® FAH Vhy e Find corresponding X, ju.
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3.3 Conformal blocks

Consider four point correlation function G(z,z) = (®4(00)P3(1)P2(z,2)P1(0)). In the
operator formalism the target module of ®3 (and correspondingly source module for
®3) is not specified. This Vir @ Vir module is called intermediate module and can be
arbitrary from our space of states. Therefore we have

G(z.2) = 3 Ol (vhier @1, (1), Bra (o) (05,0085, (1) 5y (s ) (313)
R,k
The region of summation depends on the theory. If the space of fields in the theory
contains finite number of Vir @ Vir modules then the theory is called rational and the
sum in is finite. For not rational theories the sum could be viewed as an integral
over h,h. The numbers C{”Q, C§L4 are responsible for the normalization of ®o, ®3 and
called structure constants.

The function F(h, h, ¢|z) = <Uh4,c, Dy, (1) p, P, (z)vh17c> is determined by the represen-
tation theory of the (chiral) Virasoro algebra. This function is called the conformal block
of the correlation function. It can be written explicitly inserting all possible descendants
of vp, . in intermediate module. Namely

F(hyhelz) = 2" N 2Ry @y, (1) Ly |R) (B Ly ®p, (1)|Rg)GM. (3.14)
>‘7/'L7|)“:|“|

Here GM is the inverse of the Shapovalov matrix G, ,. It is easy to see from (3.10)
that the operator ®,(z71): Vhy.e = Vi, e is adjoint to the operator @ (2): Vi, e = Viy e
Therefore one can write four point conformal block as scalar product of Whittaker vectors

F(hyhyelz) = (Wh, 5, (1), W, 1, (2)) (3.15)

Formulas (3.14)) and (3.15) define conformal block as a power series in z. The first

nontrivial term can be easily computed

h—hy+ha)(h—hs+h
(ot t b —hatha) )

F(h,h,c|z) = 2h~h=he (1 + oh

the further computations although straightforward, they quickly become extremely com-
plex.

3.4 Degenerate field ®,;

Quite often the space of fields consist is not a sum of Verma modules but rather the sum
of irreducible ones. The physical reason is an exclusion of the states with zero norm.
Then the Proposition [3.2] is no longer applicable, and one gets auxiliary constraints.

Recall that Verma modules become reducible for special highest weights, given in the
Theorem Consider first the case where one fields has highest weight h1; = 0. In
the irreducible module the singular vector L_1vp, , . is excluded.
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Consider three point function <‘I’h1,1 ®j, Dp,). In the operator formalism we have three
options where to put degenerate representation.

For example one can put ®p,, to the zero and hence ask for the existence of the
vertex operator ®,(2): Lp, ,c = Vhy,e. Since we know the existence and uniqueness of
the vertex operator @y, (2): Vi, , — Vp, we need to show that

(L—pVhy,er Pny [N]L_\L_1vp, , ) = 0, for any partitions \, 4 and N € Z.

Since vectors vp, . and L_1vp, , . are vanish under the action of Ly, k£ > 0 this reduces
to the condition (vp,.c, ®n,[N]L_1vp, ,.c) = 0, or equivalently

0= (Uh2707 (I)hl (Z)Lflvhl,hc) = aZ(UhQ,& <I>77b1 (Z)’Ufn,lyc) = (h2 —h1— hl,l)z}m_hl_hl’l_l'

Since h1,1 = 0 we get that h1 = ha. In other words the fusion with ®p,, , does not change
primary field. The field @5, , can be viewed as an identity operator. Symbolically this
can be written as

[©1,1][®r] = [®]-

It is instructive to obtain the same result in another manner. Namely put @, ,
to the infinity and hence ask for the existence of the vertex operator ®j,(2): Vi, —
L, ;- Similarly to the proof of Proposition it is necessary and sufficient to construct
Whittaker vector W(z) € Ly, , .. Arguing as in the proof of Proposition this boils
down to the relation that W(z) is orthogonal to the kernel of the Shapovalov form,
i.e. we need (L_,L_1vp, ¢, ®n [N]vn, ). Since @y is adjoint to @5 we get the same
condition as before: hy = hs.

There is a third option to get the same result. Namely one can put @, , to the point
z an two other fields at zero and infinity. As was shown in Sec. [I.4]the field corresponding
to L_1®p, ,(2)is 0. Pp, , (2). Therefore we get a condition (L_,vp, ., 0z Pn,  [N]L_\vp, c) =
0. This boils down to

O = (vh27caz(1)171(z)vh1,c) = az(zhz_hl_hl,l)'

Hence we get the same condition as before: hy = hs.

3.5 Fusion with ¢,,,

From now on we simplify notations, instead of @, , we will write ®,,, instead of
Vhpy o W Will wWrite vy, 5.

Consider the second nontrivial example (m,n) = (1,2). The corresponding singular
vector equals to (L%, +b*L_3)v1 9. One can study this case similar to previous one (see
problems) but we prefer to show another way of reasoning [Z2Z90].

Consider (chiral) four point function {((b=2L? ; +L_2)®12)(2)®p, (21)Ph, (22)Pry (23))-
The action of L_; on @ 5 is a derivation and the action of L_j is given by 5502 T(w)®(2)(z—
w)~'dw. One can deform this contour to the neighborhood of points z1, 29, 23 and using
OPE get partial differential equation

z— 2; 0%

2 3 ,
(f’”aazﬁZ((zf;)ﬁ : a)) (12(2)01,(21) 81 (2 (23)) = 0. (316)
i=1 '
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If the fields ®;2 and ®; are fused to some @, then due to (3.12)) the equation (3.16)
has solution with asymptotic behavior (z — 21)*, where X = h — hy — hy 2. Substituting

this into equation we get
b2X(X —1)+h — X =0. (3.17)
Solving this equation we get
h = h(P,b), P=P £ %b, where hy = h(P1,b).
Symbolically this can be written as fusion rule

D1 2Pppp) = [Php—bj2p)] + [Pr(prb/2,5))- (3.18)

Problem 3.3. a) Impose vanishing of the matriz element (vp,, ®p, (2) (L% +b*L_2)v19)
and get the same result for fusion.

b) Define the vertex operator corresponding to the field L_ovp, .. Impose vanishing of
the vertex operator corresponding to (L?, +62L_2)v172 and get the same result for fusion.

In particular taking the product of two degenerate fields has the form
D19P1 5 = [P15041] + [P1 1]

This should resemble tensor product of sl representation, product of 2-dimensional and
n-dimensional is a sum of n + 1-dimensional and n — 1-dimensional.

In order to find fusion rules with ®;3 we use associativity, first fuse with ®;2 and
then again with ®1 5. We get

1341y = [Pap—bp)] + [@rpp)] + [Php+bp))-

Again this should resemble formula for tensor product of 3-dimensional and n-dimensional
representations of sly. Arguing in this way we get generic formula for fusion with @4,

D1 Pppp) = Z [Ph(Ptsb/2,p))- (3.19)

1-n<s<n—1, 2|(n—1—s)
The fusion rules for ®5; are the same as for ®; 5 but with substitution b — b1

P21P(pp) = [Prp—b-1/20)] + [Prpro-1/2,0)]-

This lead to general formula for fusion rule with degenerate field

P nPh(pp) = Z (P h(Prrb—1/2+4s0/2,0))5 (3.20)
1-m<r<m-—1, 2|(m—1-r)
1-n<s<n—1, 2|(n—1-s)

One can think that here we have to sly, one related to b and another one related to b .
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3.6 Zamolodchikov’s recursion relation

Although it’s possible in principle, it is difficult to compute conformal block using just
the definition or . There is another way to study this function based on the
analytic properties of these functions with respect to h and ¢, see [Zam84], [Zam87].

In the expansion each term is rational function in parameters hi, ho.h3.hy, h, c.
The poles of this function can come only from GM* and therefore are related to zeroes
of the determinant of the Shapovalov form. Therefore the only possible poles in h are
h = hmp, m,n € Zxo.

Let F = J-"zhﬁh? = 1 + o(z) denotes renormalized conformal block, it will be
convenient to write some formulas in for F instead of F. The pole h = hm.n appears
first in F at the coefficient at 2™ and corresponds to singular vector Dy, ,vp c.

Indeed, one can change the basis on the level mn such that Dy, ,vp . will be one of the
vectors of the basis. Then the inverse of the Shapovalov form G** has a pole only for
the diagonal element corresponding to Dy, »vp ., and this pole is simple (here we used
that G, has only simple zero at h = hy,;, on the level mn by theorem [2.4]).

Hence the residue of the 2" term at h = h, , equals to

1
(Dm,nvh,m Dm,nvh,c) .

Rm,n = (Uh47 (I)hf, (DDm,nvh,C) (Dm,nvh,w (I)h2 (1)Uh170) Resh:hm,n

Theorem 3.3. The residue of conformal block at h = hyy, , has the form
Resp=h,5, .. ]}(ﬁ, h,c;z) = zm”Rm,n]}(ﬁ, hmn +mn, c; z) (3.21)

Moreover, the function F has only simple pole at h = himn, (for generic ).

Note that Ay, + mn can be simply written as h,, —,. Note also that in the original
normalization F' the factor z"" in (3.21]) disappears.

Proof. Similarly to to the arguments above one can see that singular behavior of GM*
comes only from the vectors of the form L_,p,, ,vn.c-

Lemma 3.4. Let Ggﬁ’n) = (LD Vhes LDy Vhe)- Then we have

G\ = (LxUh,, s LoV ) (Do Vhcs D) + O((h = hinn)?). (3.22)

In particular, it follows from this lemma and non degeneracy of (L_xvn,, _,.c L—pVh, _p.c)

that G(m " has only simple poles for A = h,, p,
For the matrix elements one can easily see that

(Vhaer Py (D)L ADmnVhe) _ (Vnaer Phg (1) LAVAmn,c) (3.23)

(Uh4767 (I)hs(l)Dmmvh,C) (th;,c(bhs(l)vh-l-mn,c)

Therefore we have

RESh:hmyn]:(ﬁa h7 C; Z)

17



= Resh:hm,n Z Zl)\|+mn (Uh47 (I)hS (1)L7)\Dm,n'vh,6)(L—qu,nvh,cv (Ehz (1)vh1,C)G?T’rl:n)
At | A= ]|

—

= 2" Ry o F (b, by, + M, €5 2)
O

It remains to find the factors R,, ,,. They depend on hi, ha, h3, hg,c. The residue Ry,
vanishes if the fusion condition holds for hi, ho, h or for hs, hy, h. Therefore the R,,
should be divisible by a factor

-1 -1 -1 -1

b b b b b b b
RN, = H(P1+P2+7’—+s§)(P1—P2+r—+3§)(P3+P4+7'—+s§)(Pg—P4—|—r—+sf

2 2 2 2

7,8

Here the product goes over the same region as in fusion rules .

The ratio R,/ R%,n has no more zeroes. It can have some poles but poles could
depend only on c¢. Therefore this ration depends only on ¢. The meaning of auxiliary is
coincidence of hyy, , with some other hy,/ s, for m'n’ < mn, in this case the determinant
of the Shapovalov form on the level mn have higher order of vanishing and therefore
conformal block can have higher order poles.

The final answer is Ry, = R, ,/RE .., where

™m,n’

!/

RP —9 11 (ib~' + jb), (3.25)

1-m<i<m,1—n<j<n

/

here ’ means that the factors corresponding to (i,5) = (0,0) and (i,j) = (m,n) are

excluded.

Problem 3.4. On which power (h — h12) appears in the norm of (L% + b*L_q)vp.c.
The answer could depend on the value of central charge.

Problem 3.5. Find residue of conformal block for h = h1 2 by direct computation using
Theorem . Compare the result with the formulas for RY —and RP

o n above.

Therefore one can write

~(7 mann =7 . =7
F(hyh,c;z) = Z Z_ih’]:(h, hmn +mn,c; z) + hh_{lgo F(h,h,c;z). (3.26)

m,n€l>q

It remains to find the limit limj,_,. F. This can be done, but we prefer to change
point of view and consider the previously found poles and residues as a poles in ¢. Indeed
if mn > 1 one can solve equation h = hy, ,(c) as ¢ = ¢ n(h). The residues will change
by the formula
Ohp n(c)

- o -
Rm,n(h7 h) - Rm,n(h7 C) 86
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Therefore we get
F(h,h,c;z) = Z ————F(h,h+mn,cpp;z) + lim F(h, h,c; z). (3.27)

cC—2¢C c—00
m,n€lsg,mn>1 m,n

In the limit ¢ — oo we have GM — 0 unless A = y = (1)V. Therefore the only
contribution of the vectors LY vy, in (3:14)) is significant in the limit ¢ — oo.

Problem 3.6. Prove that in the limit ¢ — oo classical conformal block goes to hyperge-
ometric function oFy(h — hy 4+ ho,h — hg + hs, 2h; 2).

The recurrence relation (3.27) can be solved in some sense explicitly, see [Perld, eq.
(2.28), (2.32)].

Problem 3.7 (*). One point conformal block F(h,hi,c;z) is a trace of the operator
lody, (2) acting on Vi, .. Find the formula for ¢ — oo limit of F(h,hy,c; 2).

3.7 Singular vector D,

In the proof of the fusion rules , we used associativity. One can ask for more
direct proof. In order to perform it we need to find explicit formulas for singular vectors
Dy pvh,y, ,, e This is also important for the proof of the Kac-Feigin-Fuchs theorem.

In the case (m,n) = (1,n) there exists a remarkable formula.

Proposition 3.5 ([BSAS88|). Singular vector in Vy, , . has the form D1 ,vp, , », where
b2(n—l)

Dl,n = _
k1+_§ln Mo+ A k) (kisr + o+ F)

L_jL_jy...L_jy.  (3.28)

Two remarks are in order. First, one can write similar formula for D, ; replacing
b — b~!. Second, note that in the right side of (3.28) indices k1, ..., k; are not ordered,
so the summands in the right side are linearly dependent.

Example 3.3. The first nontrivial examples of this formula has the form
Dy =L_q,
Dio=L% + VL,
1 1 1
D173 = ZLg—l + §b2L_1L_2 + inL_QL_]_ + b4L_3
There is another way to write these formulas (see [BDEFIZ91], [DEMS97, Sec. 8.2,
8.4]). Introduce three n x n matrices Jy, J, J_

n—2+1
2

These matrices satisfy commutation relations of the Lie algebra sly

(Jo)ij = 0ijy  (J)ijg = di—1y, (Jy)ij = i(n —i)diy1;.

oo Ji] = Jo, o, J ] = —J_, [Jy,J_] = 2.
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Construct an n x n matrix with values in the Lie algebra Vir:

[e.e]

Dip=—J +> (BT ) Ly (3.29)
k=0

By rdet of the matrix A with non commutative variables we denote its row determinant

rdet A = Z (—1)1(0)1410(1) Tl Ano(n)'

G’GSn

Problem 3.8 (*). Prove that rdet ®, ,, is proportional D1 p, where D1, D1, are given
by (3.29) and (3.28) correspondingly.

The condition the Dj,vp, , . is a singular vector can be rewritten in the following
way. Introduce the chain of vectors vy, vy, ... v, such that

Un—1 Un
Un—2 0

Ql,n . == . s Vo = /Uhn,WuC' (330)
Vo 0

These relations can be viewed as a system of recursion relations on v, the first two of
them are v; = L_jvg, vo = L_1v1 + (n — 1)L_svp.

Problem 3.9. a) Prove that

-2
Lovy = (i + v, Liyp=—l(n—1) (1 + b2112l—|—3> V1.

b)* Prove that

7 —2l+6
Lovy=—=l(l—1)(n—=0)(n—1+1) (624 + b4nz+> V2.

¢)* Define vectors w; by the formula v; = b* Hi:l i(n —i)w;. Prove that these vectors

satisfy chain relations (3.11)), find corresponding h, is it generic?

It follows from this problem that v, = D1 nvp, , ¢ 1s a singular vector. So we proved

the formula (3.28)).

Using this formula one can write differential equations which follows from existence
of the singular vector. For each L_j applied to the primary field ®(z) in the correlation
function (®(z)®p, (21) ... Pp, (2n5)) we can write a contour integral and then deform the
contour

L_1®(z) = jl{ T(w)(w — 2) " 1d(2)dw —
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N

> fc T(w)(w — 2) ¥y, (2)dw

=1 %

=3, o (R g

k—1)h; 0.
5 (o)

(zi—2)F (2 —2)F 1

Problem 3.10. a)Deduce the fusion rules for ®1 3 from the explicit formula for D 3.
b) Do the same for ®q 4.
(Calculations performed in computer algebra systems are welcome)
c)* Do the same for any ®1 .

4 Three point function

4.1 Hypergeometric equation

We will need some standard properties of hypergeometric functions and hypergeometric
equation. For the reference see [WW96, Ch. 14].
The hypergeometric equation has the form

2

z(l—z)%FJr(C—(A+B+1)z)d%F—ABF:(). (4.1)

This is the linear second order linear differential equation with three regular singularities
at 0,1,00. The asymptotic behavior of solutions near these points has the form

0 1 00
ZO, zlic (Z — 1)07 (Z — 1)071473 (1/Z>A? (I/Z)B

Any second order linear differential equation with three regular singularities at 0,1, co
can be transformed to by F + (1—2)*2°F. The particular form is convenient
since here we have solutions with constant leading term 2° at 0 and solution with constant
leading term (z —1)? at 1.

The expansions of solutions of near singularities can be found term by term.
The answer for the solution with constant leading term is the hypergeometric function

=, Atrptr
211 (A, B; Cs2) = Z Wzn,

n=0

(4.2)

where X = X(X +1)--- (X +n —1). Another solution near zero is
AR (A-C+1,B-C+1;2-C;2).

These two solutions have simple monodromy for the path encircling 0. One can similarly
write solutions expanded at (z — 1) and 1/z which have simple monodromy for the path
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encircling corresponding singularities. There are formulas which connects these different
bases in the spaces of solutions, we will need the following one

F(A,B;C;z) = ;‘Eg;igg : ﬁ;(—z)AF(A, 1-C+A;1-B+A1/z)
) (PP 04 B~ A+ B1f2). (1)

It is usually proven using integral presentation for oF7.

Now let us return to conformal field theory. If we consider four point conformal block
(12(2)Pp, (21)Phy (22) Pry(23)) with degenerate field @ 5. It satisfies differential equa-
tion . If we put other three fields to 0,1, 00 as in then, the resulting equation
will be just second order differential equation in z. One can write this equation using
conformal invariance —. Another way is to study asymptotic of the solutions.
Namely we shown in Sec. that this conformal block can have asymptotic behavior
at z — z; as (z — z;)MPHsb/20)=h(PLb)=hi2 for g — 41,

Problem 4.1. Let F5, s+ 1 denotes the conformal block

(P, P35, Py, b;2) = e Ppa(1 ) c 4.4
Fu(Pu By, Probiz) = (e ®g(1), o @1 ()on ) (4.4)
where s = £1. Then we have
Fo(z) = 2P5(1 — 2)BF(A,, B,; Cs; 2) (4.5)
where
Ay, = —sbP —bPy,—bP3+ 1/2 (46)
Bs = —sbP,+bPy—bP;+1/2 (4.7)
Cs = 1-—2sbPy, (4.8)
D, = h(P1 + Sb/2, b) —hy — h172 (49)
E, = h(Pg + b/2, b) — hg — hl’g. (410)

As the consequence of this Problem and formula (4.3]) we get a connection formula for
the degenerate conformal blocks

Fo(Pr, P3, Py)(z) = 272" Y By Fy(Py, P3, P1)(1/2). (4.11)
t==+1

4.2 DOZZ formula

Dorn, Otto and Zamolodchikov, Zamolodchikov found a formula for the three point
function in the Liouville theory [DO94], [ZZ96]. Recall that dependence on the position
of the fields is fixed by the conformal invariance see the formula . So the only
function to determine is the dependence on the conformal dimensions. Note also that this

22



functions serve as normalization of vertex operators which are not fixed by commutation

relations (3.9). In this section we mainly follow [Tes95].

The Liouville theory is defined by the local density of the Lagrangian £ = i(@acp)Q +
pe?®?. Here b parametrizes the central charge of the theory via , and parameter p
is usually called the cosmological constant. The field ¢(zZz) has both holomorphic and
and anti-holomorphic parts.

The primary fields in the theory has the from V,, = exp(ay). Them has conformal
dimensions h = h = a(b~! + b — a). The coincidence of chiral and antichiral conformal
dimensions lead to absence of the monodromy in the correlation functions, which we will
use below. By C'(aq, a2, a3) we denote the three point function of fields V,,, Va,, Vas-

The parametrizations by « and P are related by a = %(b‘l +b) — P. For example for
the degenerate field ®1 o we have P = (b1 +2b)/2 and o = —b/2.

Consider four point function with one degenerate field. We have

(Vs (0)V_p2(2,2)Vay (1)Vay (00)) = > Clar, —b/2,01 + 5b/2)C (a1 + sb/2, a3, us)
s==+1

.Fs(Pl, Pg,P4)(Z)./—"5(P1, Pg,P4)(Z) (412)

Now we tend z to oo and use transformation formula . The result should be
a linear combination of terms F;(Py, P3, Py)(2 1) F (P, P3, Py)(271), the crossed terms
Fi(Py, P3, P)(z~ Y F_(P1, P3, Py)(27') should cancel. This cancellation follows from
the fact fusion of the fields Vi, and V_; /5 consist of two fields V,,, 42, t = +1. In other
terms on this cancellation follows from the absence of the monodromy in the correlation
function (Vi, (0)®_p/2(2, 2) Vay (1) Vay, (00)).
Therefore we get a difference relation
C(Oz4, g, + b/2) B_17+1B_17_1 C’(al, —b/2, o1 — b/2)

C(Oé4, a3, ] — b/2) N _B+17+1B+1’,1 C(al, —b/2, oy + b/2) ’

The last fact depends only on «; and is related to normalization of the field V. So up
to this factor we get a shift relation

C(a1 + b, a2, a3) Y(b(az + az — a1 — b))

C(Oq, a9, ag) ~ 'y(b(ozl + a9 + a3 — Q))'y(b(oq + a9 — 043))’}/(()(0[1 + a3 — ag))’
(4.13)

where y(z) =T'(z)/T'(1 — x).

Inserting another degenerate field V_-1/, one can get similar shift relation for the
shift by b=!. These system of shift relations can be solved using certain analog of a
multiple gamma function.

Quite often the answer is written in terms of the function Y (x) which is defined by
the integral presentation (for Reb > 0, Re(b+b~!) > Rex > 0, )

< aqt [ [b=1+b 2 -
log Tp(z) = / n ( 5 x) et 4 S
0

b l4p

(1 — e300 (1 — el
(1 _ efbflt)(l _ efbt)

b_1+bt b l4p
2 2
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an by analytic continuation to the other regions. This function satisfies difference iden-
tities
Y (x +b) = y(bax)b 2% Y ()
Y(x+b7") =y (b~ )b ()

Problem 4.2. The double gamma function is defined by the formula

d =
logrq,eg(m) = £|5:0 Z (.’L’ +exm + 6271)73 =
m,n=0
d 1 > dt etz
—|s=0g=—— —t° . (4.14
is| 'T(s) /0 t (1—eat)(1— e et (4.14)

Find the ratio T'¢, ¢,(x + €1)/Tc, ¢, (). Show that
-1
_ Fb,b_l(b 2+b)2
Fb,b_l (:E)Fb7b—1 (bil + b— ZL‘) '
Putting all things together one can show that

To(z) (4.15)

1
Tb(a1 + a9 + a3 — Q)Tb(a1 + a9 — a3)Tb(a2 + a3 — Ozl)Tb(Oz;; + o1 — Ckg).

Using the normalization V, = e*¥ one can find the full answer, see [2Z96], eq. (3.14)]

Ca1,042,043 ~

Remark 4.1. In terms of the AGT relation the parameters b, b~! which appears here
in shift relation correspond to Nekrasov parameters €1, €a which are responsible for the
rotation of the lines in C2.

5 Minimal models

Before we had formulas for characters of Verma modules (2.2)) and irreducible ones ([2.5)
_ Wy = L™
- ’ m,n,C/) — .
[1:2:(1—d¥) ’ ;2 (1 —q*)
But the second formula works only for generic central charges. In terms of Liouville

parametrization this means that b?> ¢ Q. In this section we consider the special cases,
with b2 € Q.

X(Vh,c)

5.1 Example c =0

Let us start from the simplest case of ¢ = 0. In this case we have trivial representation
C. Its character is just 1 but can be rewritten in the form similar to ([2.5))

1—q— q2 + q5 + q7 _ q12 o Enez(_l)nq(?m%n)ﬂ

[[2: (1 —¢%) [12: (1 —4%)
The numbers (3n2 —n)/2 are called pentagonal numbers and the identity which we used
is called Euler pentagonal theorem.

1=

(5.1)
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In Liouville parametrization we have (b=!1+4b)? = —3, one

can take as a solution b = y/—2/3. Under this choice we h=0
have 2b=1 + 3b = 0. This leads to additional symmetries of (V w)
the exceptional highest weights h,,, = 42,43, besides =1 h=2
standard one hp,p = h_pm, —n. ay| @2 C I
The formula gives the character for the module with

h = 0. The right side (namely the numerator 1 —q—¢?) sug- "7° h=T
gests that corresponding Verma module has singular vectors a7 <°2>><°” 1.8
on the level 1 and 2. Indeed

h =12 h=15

h=0=hi1, h=0=h_1_1=hp. ><

The submodules generated by these two singular vectors
necessary intersect This is clear from the comparison of the
characters

1 q q°
Hiil(l —q*) [2(1—¢%)  TIZ,(1—d%)
Therefore these submodiles intersect, at least at the level 5.

Indeed, one can show the existence of such singular vectors. We will often use a
formula Ry, +mn = Ry, —n = h_p, . Therefore we get

:1—q5—q6—3q7—...

h=1= h171 +1= h_171 = h173, and, h =2 = h172 +2= h17_2 = h371.
So we showed the existence of the singular vector on the level 5. Similarly we get
h=1= hl,l +1= h1,_1 = h3’2, and, h =2 = hLQ +2= h_1,2 = h1,5.

This corresponds to the singular vector on the level 7.
Arguing in similar manner one can get the whole diagram of embedding. This can be
summarized in the following theorem

Theorem 5.1. There is an exact sequence of the Vir modules
0+ L070 — V070 — VLQ @VZQ — V5,0 EBVZ() — V1270 D V1570 — ...

This theorem can be viewed as materialization of the character formula (5.1). Of
course we did not prove it, we just gave some arguments in support.

Remark 5.1. This exact sequence means in particular that Verma module Vo con-
tains singular vectors on the levels 1,2,5,7,12,15,.... We noticed the first two above.
Similarly one can get

h=0=hig=h3s, h=0=h_1_1="hi2=nhss

so we get singular vectors on the level 12,15 but missed levels 5,7. The existence of
these vectors do not follow from the standard h,, , formula. E|

2Note that h=0=h11 = hass2, h=0=h_1,1=h1,2 =haz7/s.
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Problem 5.1. a) Prove that any Verma module Vp,, , o is a submodule of one of the
following modules

Vh1,170’ Vh1,3,07 Vh2,1,07 Vh2,2,0v Vh2,3,07 Vh2,6:0' (5'2)

b)* Find the character of the modules Ly, , o-
Hint: find first characters of the modules (5.2)),

5.2 Minimal models

Definition 5.1. Chiral part of minimal model (p,p’), where p’ > p > 1 are coprime
integer numbers is a chiral conformal theory with central charge given by b = \/—p/p’
and fields @, , 1 <m <p—1,1<n <p' —1 with identification @, ;, = Pp_ p/—n-

Here as usual the word chiral means that we consider only holomorphic Virasoro
algebra. The honest minimal models are products of chiral and anti chiral parts.
The parameter b above satisfies relation pb~—! + p’b = 0. Therefore we have

hm,n = hfm,fn = hpfm,p’fn-

Hence fields ®,,, and ®,_,,,,_, have equal conformal dimension and in "minimal”
theory should be identified. The number of primary fields in (p,p’) minimal model is
(- 1) —1)/2.

The first example of the minimal model is (p, p’) = (2,3). The central charge is equal to
¢ = 0 and the theory has only one primary field of conformal dimension hq1 = hi 2 = 0.
This example was discussed in the previous section. The only representation is one-
dimensional, hence the theory contains only identity operator. This theory is called
empty. Since the stress-energy-momentum tensor 7'(z) in this theory vanishes it is
usually excluded from the list of minimal models.

Proposition 5.2. The fields ®,,, of the minimal model are closed under the fusion.

Proof. We know that all these fields can be obtained by the fusion of the simplest
degenerate fields ®12 and P2 1. So it is sufficient to show that fusion of ®; 2 and ®,, ,
with 1 <m <p-—1,1<n <p —1 satisfies the same restrictions. This is clear from the
fusion rule if n < p'—2. If n = p’—1 one can first use symmetry ®,, , = Py —p
and then fusion rule . ]

The singular vectors can be found similarly to the previous section. For example for
the module h = 0 = hy1 = h_1 1 = hy_1 1 we have two singular vectors on the
level 1 and level (p — 1)(p’ — 1). The corresponding highest weights also corresponds
to degenerate representations h_11 = hp_1 41 = h1, -1 = hpy1p—1, and hp_1 1 =
hop—11 = h1_pp—1 = higy_1, and so forth. This leads to the explicit formulas for
characters. /

Introduce notation for the minimal model character X%% = X(Lpp ne(v)), Where b =

/—p/p'. Then it was proven in [FF84], [RC85)] (see also [FF90] and [IK11]) that

(' @kp+m)—pn)?— (' —p)? (@' (2kp+m)+pn)2 —(p' —p)?

pf — <Z$ . ) ﬁ (1 _ a:k)_l (5.3)

keZ k=1
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Problem 5.2. For minimal models (2,2p + 1) express characters Xf,{% as an infinite

product.

Problem 5.3. The minimal model (3,4) has central charge 1/2 and usually called Ising
minimal model.

a) Find the formulas for the characters Xi/4 + x‘;),/;, Xi),/14 — Xi),/;; X‘i/; in the form of
a product (without denominator).

b)* Prove these formulas from representation theory of real fermion.

5.3 Unitarity.

Recall that we defined above two Shapovalov form, one of them is complex linear form
(+,-) and another one is sesquilinear (-,-), see Remark Note that the existence of
sesquilinear form with L = Lo and CT = C requires h, ¢ € R. Therefore one can consider
the Virasoro algebra defined over the field R, here these forms (-,-) and (-, -) coincide.

One can ask whether this sesquilinear form (-,-) is positive-definite. Of course this
question makes sense only for irreducible modules Lj ., h,c € R. This property is
equivalent to the fact that on the Verma module Lj . every vector has non negative
norm.

The following theorem was proven by Friedan, Qiu, Shenker [FQS84],[FQS86], another
exposition is given by Langlands [Lan88], see also [IK11l, Ch. 11]

Theorem 5.3. The Verma module Vj, . has no vectors of negative norm if and only if
one of the following conditions hold:

e h>0,c>1
ec=1-6/m(m+1), h="hps, mEZLsy, 1 <r<s<m.
The proof of this theorem can be decomposed into several steps. We will do the first

ones.
Step 1
Lemma 5.4. If Vj . has no vectors of negative norm then ¢ >0, h > 0.
Proof. Since 0 < (L_1vp ¢, L_1vp) = 2h we get h > 0. Since 0 < (L_pvp,c, L_nUhe) =
2nh + c¢(n® —n)/12 we get ¢ > 0. O
Step 2
Lemma 5.5. The limit limp,_,o, h™/V) (L—pVh.es L_yvpe) = axdy p,, where ay € Z>1.

Proof. In the proof of Propositionthat degree of (L_,vp ¢, L_)\vp ) is non greater the
I(A). Moreover, this degree can equal to [()), if any commutator of the form L, Ly,
gives Lg. This is possible only if A = p. If the partition A = (1™1,2™2...) (i.e. has my
parts equal to 1. mg parts equal to 2, and so on) then the leading coefficient is equal to
) = H,L(QZ)mlmz' ]
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Corollary 5.6. Determinant of the Shapovalov form is equal to oy Hmzl(h—hns)P(N*”s),
where oy € Z>o.

Proof. The roots and their multiplicities follows from the Theorem [2.2] The leading
coeflicient equals to ay = HMM:N o) O

Lemma 5.7. If ¢ > 1 and h > 0 then V}, . has no vectors of negative norm.

Proof. 1t is sufficient to proof the statement for strict inequalities ¢ > 1 and h > 0 and
then use continuity. First we prove that under these conditions Verma module Vy, . is
irreducible.

Consider two cases. First assume that ¢ > 25. In Liouville parametrization ¢ =
1+6(b+b"1)2, so we get b € R, we can assume that b > 1. Therefore for any r, s € Z>1
we have

I (lf1 + b)2 B (rlf1 + sb
TS 2 2

Now assume that 1 < ¢ < 25. Then b? € R but b=2+b? € Rsg. Therefore rb=2 4 sb? €
R only if 7 = s. Hence h, s € R only if r = s. We have h,, = (1 —r?)(b~t + b)?/4 < 0.

Now note that for A > 0 the Shapovalov form is positive definite due to Lemma [5.5
Since this form is nondegenerate for ¢ > 1 and h > 0 we see that it is positive definite
in this region (by continuity). O

)% < 0.

Step 3 Due to previous two steps it remains to consider case 0 < ¢ < 1, h > 0. The
Theorem means that in this region unitarity holds only for special points correspond-
ing to minimal models.

The idea can be explained as follows. If for example (h—hj 2)(h—ha,1) < 0 then on the
level 2 determinant of the Shapovalov form becomes negative. Therefore in this region
the form on Vy, . is not positive definite Similarly one can the region (h—hy 3)(h—hs1) < 0
is also forbidden. One can see the corresponding regions in the Fig. [I}

One can make this argument another way. Namely the norm of the vector Dqavp .
vanishes for h = hy 2. But it follows from the Corollary the multiplicity of this root
is equal to 1. Therefore the norm of this vector changes the sign after having crossed
the line A = hq2(c). Since for h > 0 the form is positive definite therefore in this region
we have vector of the negative norm

Now we are going to prove that regions of the form (h — h; s)(h — hs,) < 0 covers the
strip0<ec¢<1,h>0.

Step 4 It is convenient to use new parametrization

6 p?—1

¢ m(m+1)’ dm(m + 1)

Comparing to Liouville parametrization we have m = —1/(b*> + 1), p = 2P/(b~ + b).
Since 0 < ¢ < 1 we can take 2 < m < oco. Since h > 0 we can assume that p > 1. For
singular dimension h, s we have p, s = £(—mr + (1 +m)s).
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- a (h=hi2

1 O (h=hy2hh-has)<0 [ =N ] O h-hes

th=h1 2)(h=ha.1)<0 N\ | O (h-hia

01 (h=hs g)(h—hg1)<0 0 (h-hys
78 (i)

Figure 1:

Assume that (h — hy.s)(h — hgy) < 0. We can assume that r < s, then [p, 5| < [ps.|.
Therefore we have h, s < h < hg, and |prs| < p < |psr|. This leads to three inequalities,
which we label by A,B,C

p<—mr+(m+1)s (B)
p>—sm+ (1+m)r (C) (5.4)
p>sm—(1+m)r (A)

Denote the open region bounded by these lines by D. This region is drawn in Fig.
We proved the following lemma

Lemma 5.8. (h — h,)(h — hs,) <0 if and only if the point (s,r) belongs to D.

Step 5
Lemma 5.9. There ezists an integer point (s,r) inside the closure of D.

Proof. Taking s sufficiently large we need to find point between two parallel lines (A) and

(C). This means that we need to have integer point in the segment [s 5 — 7, 5.0 +
i)y 8 € Zsso.
If m is irrational number then by Kronecker’s Approximation theorem there exist s

such that {—°""} < m+1’ i.e. there is integer point in the segment [t an”:f]

— Q m —
Now assume that m is rational, let m = ¢, then +1 = 43+ Where a, b are coprime

integers. Then there exists s such that {— o <1<, +b On the other hand the size of

mQ fl = 35):;7 > m, therefore there is an integer point in the segment. [

the segment is
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h—hg 1)<0
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‘@
3k

3
s

Figure 2:

Step 6 Let so = min{s|(s,7) € D.} and o = min{r|(s,r) € D.}. It is easy to see
geometrically that (so,79) € D.

Lemma 5.10. If (sg,70) € D then there are vectors in V. with negative norm.

Proof. Tt is sufficient to prove that determinant of the Shapovalov form on certain level
is negative. For this determinant we will use the formula from Corollary By the
Lemma 5.8 the determinant contains negative term (h — hyq so)(h — hs.r,) and all other
terms of the form (h — hy5)(h — hs,r)p(’"oso_”) should be positive. Therefore either the
determinant is negative or there exists r such that h —h,, < 0 and r? < roso. Let m be
minimal r with such property, then the determinant on the level 7} contains only one
negative term (h — hy ). O

Due to this lemma we have shown that if the Verma module V} . has no vectors of
negative norm and 0 < ¢ < 1, h > 0 then h = h, . It remains to show that ¢ should
correspond to (m/m -+ 1) minimal model and also impose certain constraints on r, s. For
these steps we refer to the papers mentioned above.

It is also remains to show ”if” part, namely that for ¢ = 1 — 6/m(m + 1), h = h,,
m € Z>a, 1 < r < s < m there is no vectors of negative norm. We will do this in
Theorem [6.12] below.
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6 Affine s((2)

6.1 Affine si(2)

We denote the standard generators of sl(2) = sl(2) @ C[t,t"}] ® CK by e, = e ® ",
fn=[f®t" h, =h®t" and the central element by K. with the relations

[e’m em] = [f?’w fm] = O; [ena fm] = hn+m + n5n+mK7 (61)
[y em] = 2€entm,  [Pny fin] = =2 ntms  [Pn, Am] = 2005 4m K.

Sometimes we will use notations J. =e, J_ = f, Jo = h. It is convenient to introduce
currents

e(z) = Z enz "L h(z) = Z hnz "L f(2) = Z foz L (6.2)

ne”L nez nez

We denote by V), ;, the Verma module. This is module generated by the highest weight
vector vy such that

et =0, n>0 hyup = four =0, n>0 hov=lv, Kv=kv.

The value k£ of the central element is called the level of the representation. We denote
by L1 the irreducible quotient of V.

On can define action of the Virasoro algebra on these modules. The stress—energy—
momentum tensor is given by the Sugawara formula

1

Tsug(z) = m : <;h2(z) +e(z)f(z) + f(z)e(z)> :. (6.3)

Proposition 6.1. Define L, by the expansion Tsug(z) =Y Lz "2,
a) We have a relation Ly, Jom| = —mJg pnim.

b) L, satisfy Virasoro algebra with central charge ¢ = 3k

k+2-
The vector vy, is the highest weight vector for the Virasoro algebra:

11 +2)

anl,k = 0, n > 0, Lovl’k = mvl’k.

One can define the character of the representation V' 0f£:[(2) as x(V)(z, q) = Trqrozho|y.

Lemma 6.2. We have
2l g 42)/4(k+2)
[[Z(1—22¢/)(1 - ¢/)(1 — 2727 1)

Proof. The Verma module V), has a basis

X(Vik) = (6.4)

[e.9]

o o0
- nfj H Mh,j H Ne,j
vn = [T TTn2 TL ey o
J=0 J J=1

—
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where all numbers ny j, np j, e, € Z>o and only finite number of them are nonzero. We
have

[e.e]

e} 00
I(1+2) . .
ho’l)ﬁ = l + 2 Zned - Qan’j Viz, Lovﬁ = /{7 T 2 + Z ]ned' + ]nh,j +]Tlf7j) (Y
- - =1

Therefore we have

1(1+2
Vlk- E xl+227 1 Me,j— 22] Onqu4gk+2))+zj l(jne]“"]nh]“l‘,]nf])

I

l(l+2 [e.e] [ee] o0 o
=z q4(7€+2) H g l'_2nf]q-]nfj H g anh,j H E x2n57j ane,j
] Onfj—O j:1 nh,j:O j:1 neJ:l
2l gl+D)/406+2)

I (= 22¢0) (1 - ) (1 — 220
O

Of course the more delicate question is the character of irreducible module £;j For
generic [, k the Verma module V), is irreducible. The precise statement is given in the
following theorem.

Theorem 6.3 ([KK79]). The Verma module V. is irreducible unless | + n(k +2) =
or k—1+n(k+2) =m for some m,n € Z>o.

Example 6.1. Let | = m € Z>o. Then the vector fg’”lvl,k is singular, namely annihi-
lated by e,, n > 0, hy, fn, n > 0. The only nontrivial check is for ey, which reduces to
the case of finite dimensional algebra sls.

Problem 6.1. For k — 1| =m € Z>o show that vector e’f’flvl’k € Vi is singular.

For k ¢ Q the only one of the conditions in Theorem can hold. Therefore the
irreducible module is a quotient of the Verma module by submodule generated by one
singular vector. This submodule itself is isomorphic to Verma module, hence we get the
formula for character.

Lemma 6.4. For generic k and | € Z>g
(:Cl —l—2)ql(l+2)/4(k+2)
[[72:(1 = 22¢)(1 = ¢)(1 —22¢/7)

Remark 6.2. It is instructive to compare this formula with the formula for the character
of the finite-dimensional sy module:

xX(Lig) =

(6.5)

e I 2 B
l pr— pr—
X 1—22 z—ax !

Note also that the character has symmetry xy; = —x_;_o.

32



6.2 Integrable modules

Definition 6.1. Shapovalov form (-, -) on V), j, is sesquilinear form such that (v ¢, v;.) =1
and operators are conjugated by

e = fon fl = e, bl = h_p, KT = K. (6.6)

n

As before one can also define complex symmetric Shapovalov form, but we do not use
it here. The following proposition can be proven similarly to Proposition

Proposition 6.5. The kernel of the Shapovalov form coincides with the largest nontrivial
submodule in V.

Therefore one can define Shapovalov form on the irreducible quotient £; ., where this
form is nondegenerate. Similarly to the Virasoro case one can ask whether this form
is positive definite. Ore, equivalently, weather Verma module V;; has no vectors of

negative norm. It appears that this question for ;[(2) is simpler.

Theorem 6.6. The module L}, has positive definite Shapovalov form if and only if
LkeZ, 0<I<k.

Proof. Assume that V;;, has no vectors of negative norm. Since operators K, hy are self
adjoint their eigenvalues should be real. Therefore it is necessary that [, k € R.
It is easy to see that

(fiv, fiv) = Fm),
These numbers are non negative only if [ € Z>g. On the other hand
(€™ v, e™v) = (k—1)¥"ml.

Therefore k — | € Z>o. Hence we get [,k € Z,0 <1 < k.

It remains to prove that for such [, k£ the module £; ;, has positive definite Shapovalov
form. This can be shown using induction by k. For k = 0 we have | = 0 and Lo = C
is trivial representation. For k = 1 the modules Ly and £; 1 have explicit construction
see Problem[6.2] below. It follows from this construction that Shapovalov form is positive
definite on these modules.

For generic I,k € Z, 0 < [ < k we consider tensor product Eg%ll ® E%If*l. This
module has positive definite Shapovalov form, therefore it is isomorphic to direct sum of
irreducible modules which are orthogonal with respect to this form. The highest weight
vector has the weight (I, k), therefore it generates irreducible module £;j. Hence we
proved that £; ;. has positive definite Shapovalov form. 0

Problem 6.2. Let a,, n € Z, Q generators of the Heisenberg algebra with commutation

A~

relations [an,a—_n] = n, [ag, Q] = 1. Introduce the field

1 R
o(z) = Z —apz "+ aglogz + Q.
n€eZ\0 "
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Prove that formulas
e(z) = 1exp(V2p(2))1,  h(z) = V20p(2),  f(2) = exp(=V20(2)):

satisfies relations ,g[g on the level 1.
b) By F,, denote Fock representation of the Heisenberg algebra with generators a, and
highest weight 1. Show that sums

Loi=PFum L= D Fups

meZ meZ+1/2

form integrable representations 5A[2 on the level 1.
¢) Show that Loy and L1 have positive definite Shapovalov form.

Using this construction one can get formulas for the characters:

ZmEZ $2mqm2 2 ) 2 9\ 2 2 —9\ 4
X(Lon) = T, 0=¢) =1+ (2°+1+27%)q + (42427 %)q¢" + 22°+3+227 )" + .. .,
j=1
(6.7)
2

2m ,m
Zmez+1/2l’ q

[Z.(0 = ¢%)

X(L11) =
(6.8)

Problem 6.3. a) Find the formula for Sugawara Virasoro algebra on Lo 1, L1,1 in terms
of a, and without exponents.
b) Decompose Lo 1, L1,1 as representations of this Virasoro algebra.

Since Lie algebra s[(2) is infinitedimensional the definition of the Lie group it is a
delicate question. But for any m € Z we have a finite dimensional s[(2) subalgebra
generated by e, f—m,ho + mK. The sl(2) module V is called integrable the action of
any such s[(2) subalgebra integrates to the action of the group SL(2).

Theorem 6.7. The module Ly}, for I,k € Z, 0 <1 < k is integrable.

Proof. For any m > 0 the action of e;, on L; is locally nilpotent. For m < 0 the action
of f_, on L}, is locally nilpotent. Therefore, for any m € Z the module £, is highest
weight module with respect to subalgebra generated by e, f—m, hg + mK. Since this
module has positively definite form it is isomorphic to a direct sum of finite dimensional
modules with respect to this subalgebra. It remains to note that any finite dimensional
s[(2) integrates to the SL(2) module. O

The integrable modules are analogues of finite-dimensional representations of simple
Lie algebras. In particular, there is Weyl-Kac formula for the character. It has the form

Numl,k
[[72(1 = 22¢7)(1 — ¢7) (1 —272¢/ 1)

X(Lik) = (6.9)
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where the numerator is given by the formula

Numl’k _ ql(l+2)/4/@ Z qnn2+(l+l)n(xl+2/in _ x—l—2nn—2) (610)
nez

and we used notation x = k + 2. It is also convenient to rewrite the numerator as

Numy j, = q71/4n Zqi(zmﬂﬂ)?@lum _ xfzfszz) (6.11)
ne”

In this form it is easy to see an affine Weyl group symmetry in the form
Numy o, = Numy g, Num_;_9; = —Numy. (6.12)

6.3 Coset construction

Consider the tensor product of two ;[( 2) modules L;1 ® Lk, where z' = 1,2 There
is an action of the algebra 5A[( 2) ® 5A[( 2) on this space, we denote by e ,h (1) fn the

generators of the first factor and by 6(2) h% ), 7(12) the generators of the second factor.
The space Li1® Ly becomes a level k + 1 representation under the diagonal action
of ai2): et = el 4 ef? nd = Al 4 2, g = f10 4 1

Lemma 6.8 ([GKOS86]). Denote

Teoset (2) = T (2) + Took (2) — Téhg(2)

Then modes of Tcoset(2) satisfies Virasoro algebm with c=1—-6/(k+2)(k+3). This
coset Virasoro algebra commutes with operators e5, ha, f2

Proof. Using Proposition we get

[LSOSEt eA] _ [Lgll),eq(%)_i_eg)]_i_[l/g)’e%)_i_e(?)} [LA A] _ —me,%) me( )+meA 0.

rm n m
Using this commutativity we obtain
n® —

12
= (L9 + L@, LY + L] = L5 + I8, 155 + 1)

3 _
n5m+nc(1) + ( )L(z) u6771—"-nc(2)

1

3

_ [Lr’(ljoset7 Lgloset] + (m _ n)Lﬁwn + %5m+ncA‘
Therefore, operators Lgoset satisfy Virasoro algebra with central charge
3k 3k+3 6
Coset _ (1) (2)_A:1 AR L I SR
¢ e e = T T s k+2)(k+3)
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Note that for k € Z>( the central charge ¢ =1 —6/(k + 2)(k + 3) corresponds to the
minimal model (k + 2,k + 3). The parameter b corresponding to this central charge is

equal to byio/ps = /—(k+2)/(k+3).

1 (1+1)
R 2 /= (k+2)(k+3)
sition of the L;1 @ Ly}, as a Vir & sl(2) module:

Proposition 6.9. Let (I, k) be generic, P = Then we have a decompo-

Lo1®Lyj = @ Lupamb)e @ Livamp+1, L£11 @ Lpg = @ Lipamb),c @ Litamk+1,
meZ meZ+1/2

here b = byy2/k43, ¢ = c(b).

Proof. Since all modules on the right side are generic Verma modules it is sufficient to
show equality of the characters. The denominators on the left and right sides are equal
to [[72, (1~ 22¢)) (1 — ¢9)2(1 — 27 2¢/~1), so it is sufficient to look to numerators. Using
the formula we have for the first isomorphism

1(14+2) (14+2m) (14+2m+2)

(Z meqm2)xlq4(k+2) _ Z xl+2mqwqh(l)+mb). (6.13)
meZ meZ
Calculation for the second isomorphism is similar. O

Theorem 6.10. Let Ly, be integrable representation. Then we have a decomposition of
the L1 ® Ly, as a Vir @ sl(2) module

Lin® Lk = @ Lh21+1,2z’+170 & Ly g1 (6.14)
l’=l+i mod 2

Proof. Again it is sufficient to show relations on characters. Since denominators are
equal we concentrate on numerators. Using the formulas (6.7)) and (6.10))

( Z me me)NumM

meEZ
9 1(1+2) 24 (I4+1)n( I4+26n —1—2Kkn—2
=(>_ qma™m) <q Y A C s )

meZ nez

1(1+2) 9 5 o
=q ir E qﬁn +(4+1)n+m (xl+2nn+2m _ 2 1—2kn—2 2m)
m,n
1(1+2) 2 (1 1712 , B o
=q i E q(ﬂ+1)n +('+)n+7 (-1 (x2(n+1)n+l _ p2st -l 2)

/
U'n

t2) _UU42) 1 gy
= Zq ir 4(k+1) "4 Numl’,k+1a (6.15)
l/

where we have substituted I’ = [ + 2m — 2n, and used following relations

I'=1+2m — 2n,
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1
kn? + (I +Dn+m? = (k+ D)n>+ 1"+ )n+ il 1)?.

Now using (6.12]) we represent the right side as a sum of Numy jq, with 0 <" <k +1
and I’ = I mod 2. Calculating the coefficients we get the numerators from ([5.3)). O

Remark 6.3. The coset constrution is not symmetric under b <> b~ ! replacement. One
can see from decomposition (6.14) that s(2) on the level k is corresponds to b~! but
s[(2) on the level k£ + 1 is corresponds to b.

Theorem 6.11. Determinant of the Shapovalov form on the Verma module Vp,, , . van-
ishes on the level rs

Proof. Take k € Z>1, such that (k+2—r)(k+3—s) > rs. It follows from the calculation
of characters in the proof of Theorem that certain multiplicity space for ;[(2) has
the character which equals . One of these characters has the form ¢s(1 — ¢™* +
/LA = ¢’). Coset Virasoro algebra with central charge ¢ = 1 — 6/(k + 2)(k + 3)
acts on this multiplicity space. Hence, the representation of the Virasoro algebra with
this central charge and highest weight h, s(c) has singular vector on the level rs.

So we proved that for any large integer k the determinant of the Shapovalov form
on Verma module Vy, ., ¢ =1—6/(k + 2)(k + 3) vanishes on the level rs. Since this
determinant is polynomial in k& we see that it vanishes for any k. O

Combining with h — oo arguments we proved Theorem [2.4] and hence Theorem

Theorem 6.12. The representations Ly . for c =1—6/m(m + 1), h = hys, m € Z>o,
1 <r < s < m have positive definite Shapovalov form.

Remark 6.4. Note that precisely these modules appears as exceptional cases in the
Theorem [(.3]

Proof. Due to Theorem [6.6] the tensor product L;; ® L has positive definite form
with conjugation of J(g}%, J,% given by . Therefore the conjugation of the Virasoro

generators LSLI), L7(12), LA, Lgoset are given by the formula LL = L_,. Therefore we
proved unitarity for any module obtained by coset construction .

It is easy to see that any module of the form Ly, . for ¢ =1 —6/m(m + 1), h = h, g,
m € Z>2, 1 <r < s < m appears on the right side of . ]

Problem 6.4. Let | € Z>q and k is generic. Find the decomposition of L;1 ® Ly, as
Vir & s((2) module.

Problem 6.5 (*). Consider coset (Fg)y ® (Fg)1/(Eg)2. Find its central charge and
highest weights. Compare to Ising minimal model (3/4)
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7 Drinfeld-Sokolov reduction

7.1 Finite-dimensional case

Classical case. Consider finite dimensional simple Lie algebra g = s[(2). Denote its
standard generators by e, h, f, as before we will also denote them as J.Jy, J_ sometimes.

The dual vector space g* has the structure of Poisson manifold. This means that the
algebra of function on g* is a Poisson algebra. One can restrict to the algebraic functions,
this algebra is an algebra of polynomials S(g) = Cle, h, f] and the bracket of generator
is defined by {Js, Jp} = [Ja, Jp]. This bracket is called Kostant-Kirillov bracket.

. . . . 1
By N we denote nilpontent subgroups which consist of matrices g(a) = <0 ?)

Proposition 7.1. The coadjoint action of g* is hamiltonian with H = e.
Proof. This proposition means that for any function F' € Cle, h, f] we have

d

= (gle) )| ={H.F}.

a=0
It is sufficient to check this relation on the generators F' = J, In this case the left side
will be just adjoint action [e, J]. This finishes the proof. O

Remark 7.1. This proof does not use any special properties of our situation. Using the
same words one can show that coadjoint action of any group G on g* is hamiltonian.

Definition 7.1. The hamiltonian reduction g* by the coadjoint action of N is {z €
g*le(x) = e}/N.

This construction depends on the ¢, i.e. depends on the of hamiltonian. Action of the
torus relates all nonzero values of €, so actually there are two cases e = 0 and, say, € = 1.
In order to write this quotient explicitly it is convenient to identify g with g* using
trace form:
Jege Tr(J)egh.

* ok
Under this identification the set {z € g*|e(x) = €} goes to the set of matrices <e *)

Proposition 7.2. For e # 0 any matriz of the form <: :) can be uniquely reduced to

t . .
the form <(€) 0) by conjugation of N.
Proof. Direct computation. O

This proposition means that for € # 0 the reduction can be identified with affine line
ef + (e). This is called a slice.
Now consider the algebra of functions on the reduction. By the definition it is

N
<(C[e, h, f]/(e — e)) . Since the reduction is an affine line this algebra is an algebra
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of polynomials in one variable t. One can also argue that this algebra is generated by
image of the Casimir element t = C' = ef + fe + h%/2.

In terms of the matrices : : this invariant is proportional to the determinant,

this gives the same formula.

Quantum case. Now we want to quantize this construction. It well known that quan-
tization of Poisson algebra S(g) is the universal enveloping algebra U(g).

Definition 7.2. The quantum hamiltonian reduction g* by the coadjoint action of IV is
(U(g)/(e—e)N.

Since the group NN is connected the condition of N invariance can be stated infinitesi-
mally, as invariance under commutativity with e. In terms of the quotient it means that
for any X € (U(g)/(e — €))" there exists Y € U(g) such that eX — Xe = Y(e — ¢).
Therefore the quantum hamiltonian reduction is an algebra

(X1 +Yie - ) (X2 + Yale = ) = (X1 Xe + (X1Va + ViXa + VY )(e — €)),
where eXy — Xoe = Y (e —¢).
Problem 7.1. Find (U(sly)/(e — €))N depending on value of € € C.

There is another way to define quantum hamiltonian reduction. Consider Clifford
algebra Cl generated by v, ¢* with relations

PP =) =0 PP yyt =1

Let A = U(sl(2))®Cl. The algebra A is actually a superalgebra, where U (sl(2)) are even
and 9, v¢* are odd. Let Q¢ = ¢(e —€). The operator adq, acts on A as a commutator
on even elements and as anticommutator on odd elements. Clearly adéé =0.

Problem 7.2 (*). Find cohomology of adg, on A.

One can also construct representations using quantum hamiltonian reduction. This
will be is more meaningful in other examples, but for completeness let us give the
construction here. For any representation V' of U(sly) one can consider V ® A, where
A is 2-dimensional representation of Cl. The algebra A acts on the V ® A and one can
define cohomology space H(V ® A, Q). The algebra H(A, Q) acts on this space

Problem 7.3 (*). a) Let V.=V, be a Verma module generated by the highest weight
vector vy such that evy = 0, hvy = 0. Find H(V®A, Q.), compute the action of H(A, Q).

b) Let V. =V} be a dual Verma module. This module can be also realized as a space
of polynomials Clz] with action of

e=—x20y —lr, h=22d,+1, [=20,

Find H(V ® A, Qc), compute the action of H(A, Q).
c) Let V' be a finite dimensional representation of sly. Find H(V ® A, Qc¢), compute
the action of H(A, Q).
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7.2 Affine case

In this section we follow [Bel89], [Dic03], [FF90], [FBZ04]. This particular case of hamil-
tonian reduction is called Drinfeld-Sokolov reduction.

Classical case. Consider now affine Lie algebra g = ;[(2) The commutation relations
were given above in . The dual space g* has Poisson structure with Kostant-Kirillov
bracket.

The function K on g* is a Casimir function, in other words it belongs to the Poisson
center. Omne can fix its value by number, we denote this number by k and the corre-
sponding affine hyperplane in g* by gj. The algebra of functions on gj is an algebra of
polynomials with generators e,, fn, hn. In terms of currents the Poisson structure
has the form

{e(2),e(w)} = {f(2), f(w)} =0, {e(z), f(w)} = h(w)d(z,w) + k&' (z,w),
{h(2),e(w)} = 2e(w)d(z,w), {h(z2), f(w)} = 2f(w)é(z, w),
{h(2), h(w)} = 2kd' (2, w),

where 6(z,w) = Y, 2w,

< 1
By N we denote a group which consist of matrices ( 0 a(lz)> , where a(z) = > a2 ™.

Proposition 7.3. The action of]v on g* is hamiltonian. The Hamiltonian correspond-
ing to one dimensional subgroup {g(ta(z))} is H =3 ane_, = § a(z)e(z)dz.

This proposition means that for any function F

< (glia(z)) - F)

={H, F}. (7.1)
=0
It was already mentioned in Remark [7.1] that the proof of proposition works in this
case. The space of all hamiltonians is generated by e,, n € Z
It is convenient to consider functions e,, fn, h, as a functions on the space of linear
differential operators

ol (M2 ()
L=k—+A@) kd2+<e(2) _h(z)/2>. (7.2)

Then the action of the group N can be given by conjugation of differential operator or
gauge transformations of A(z), namely

d d d
k—+ A k— 4+ A)g ' =k— Ag~t —g'g7! 7.3
o, T A= gk + A)g dz+<gg 9'g ) (7.3)
Indeed, one can see from this formula that
d d
Sglta() )| =0, S(gla) h)| = 3 ad,
t=0 =0 gip—n
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9 (g(ta(2)) - fu)

= - Z Qg fo + knay,

t=0 a+b=n

in agreement with the formula (7.1)).

Definition 7.3. The hamiltonian reduction of g by Nis {A(z) = (h(ze)/2 _;:((5))/2> } /N,

where the action of N is given by gauge transformations

In principle € can depend on z but for simplicity below we take e € C. As in nonaffine
case there are actually two cases ¢ = 0 and € # 0. Similarly to nonaffine case one can
show that

Proposition 7.4. For ¢ # 0 any matriz A(z) = <h(22/2 _/{((j))/z> can be uniquely

et(z)

0
reduced to the form (e 0

) by the action of N.

The modes of the function #(z) = > t,27""2 are coordinates on the hamiltonian
reduction. Direct computation shows that t(z) = ef(z) + h?(2)/4 + kh'(2)/2. One can
check the {t(z),e(w)} = 0 as expected. One can see that

3
{t(z),t(w)} = 7%5”’(,2, w) + 2kt(w)d' (z, w) + kt' (w)d(z, w). (7.4)

In other words t,, are functions on the space Vir* with Kostant-Kirillov bracket. So we
get (classically) Virasoro algebra from affine Lie algebra sls.

Remark 7.2. If A(z) = (h(zﬁ)/Z _}‘):((ZZ))/2) then the differential equation

<ka +A(z)> (i;) _ <8> (7.5)

is equivalent to the second order differential equation —k?{(2) +t(2)po(z) = 0. Gauge
transformations by the group N preserves g and therefore preserves this equation.

This second order differential equation is a first example of so called oper. Technically
this equation is a row determinant of L.

Remark 7.3. It is worth to mention generalization of these construction to the other
affine Lie algebra. Consider for simplicity the case of the algebra g = sl(3).

N 1 0412(2) 0513(2)
e The group N = |0 1 ag3(z) |. The space of hamiltonians is generated by
0 0 1
e;j[n], where 1 <i < j <3, neZ.
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e It is convenient to consider functions e;j[n| as a functions on the space of operators
L= d% + A(z). Hamiltonian reduction is defined as

*

*
%k /N
1

One can prove that any N orbit uniquely intersects each of the following sets

0 tl(z) tQ(Z) 0 1(2) tQ(Z)
Aiz)=|(1 0 0 : Az)=11 0 #(2)
0 1 0 0 1

The coordinates t1(z), t2(z) are coefficients of the third order differential operator
rdet L. The coordinates #1(z), f2(z) correspond to Slodowy slice

e Any N orbit intersects (but non uniquely) set

Therefore we get
(—kO)™ + 151(2)(—14:8)"_2 +.. Fty(2) = (k0 +a1(2)) ... - (kO + an(2)).
This is called Miura transform.

e Poisson bracket of ¢1(z), t2(2z) is Gelfand-Dickey bracket for classical affine W
algebra. This can be proven either in terms of ¢ directly [Dic03, Sec 9.4] or in
terms of Miura transformation.

Example 7.4. In case of sl we have L = d% + <2 t(()z)) The form is given

by w(A, B) = § Tr[L, A]Bdz. Cotangent vector corresponding to dt,, has the form

_ (A& u) o A
on = < S \(2)/2)" It should be N invariant, namely [L,d,] = 0 %)
This gives A\(z) = —k(n + 1)2". The form do not depend on the choice of p, one
can take p = 0 or fix it by the condition [L,d,] = (8 8) This gives p(z) =
(n? +n)/22""1 + ¢(2)2" and

3
(bt} = (G, 6 = jq{Tr[L, ol ~ k54 b — M)
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Quantum case. We do quantum reduction using fermions Introduce the anti-commuting
generators ¥, ¥ . m,n € Z with the relations

{¢n’¢M} = {w;kbﬂb;@} =0, {Ql)nﬂ/}:%} = 5n+m,0

By ClL we denote algebra generated by 1,4, m,n € Z. It is also convenient to
introduce currents ¥(z) = Y., 2", ¥ (2) =3, izt
Let A be a completion of the product U (glg)k ® Cl. Here completion allows us to
consider infinite sums of generators which acts on the highest weight modules. Subindex
k means taking the quotient by the ideal generated by central element K — k.
Introduce an operator

ckzﬁﬁww—awaw

The cohomology of Adqg, on A are called quantum hamiltonian reduction. It can
be proven that for € # 0 the cohomology form Virasoro algebra.The Stress-energy-
momentum tensor which generates the Virasoro symmetry reads

1 x
Tps(2) = Tsug(2) + 50:h(2) — ¥ (2)0¢"(2), (7.6)
where Ts,; was defined in (6.3). The central charge of this Virasoro algebra equals

6(k +1)>

—1_
s k+2

(7.7)

Remark 7.5. One can compute this cohomology using spectral sequence. Introduce
two gradings on A
degge, =1, degyhy, =degy, = degy; =0, degyfn=—1;
deg. fn=deg ¥ =1, deg, h, =0, deg v, =deg, e, =—1.
We can decompose operator Q. as
Q= Q= Qu=§ e f vl
z|=1 z|l=1

It is easy to see that
Q(Q) = ng = Q0Qo + QuQo =0

The operator (Qy preserves deg., and shifts deg, by 1, the operator Q. preserves degy
and shifts deg., by 1.
It is easy to see that

[Qo, ¥(2)] =0,  [Qo, h(2)] = =2e(2)1(2), [Qo,: " (2)¥(2) :] = e(2)d(2),

here [, -] denotes super commutator. One can show that cohomology of Qg are generated
by ¥(z) and J(z) = h(z) +2: ¢*(2)1¥(z) :. The J(z) is a bosonic field with relations on
generators J(2) =3, .z Jnz" "L, [, Ji] = 26854, Where k =k + 2.
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Now we want to compute cohomology of Q., one can view them in expansion on € we
start from cohomology of Qg and then add e corrections. We have [Qo, J(2)] = 2€1(2),
and similarly for any field of the form P(J(z),J'(2),...). Moreover, [Qo,[Qoc, P]] = 0,
therefore [Q, P] represents class in cohomology of Q. In order to have correction
P + €P such that [Q., P + ePy] = o(e?) we need to have [Qu, P] = [Qo, P1], in other
words [Qo, P] should represent Qg zero cohomology class.

Note that

[Qo, f(2)] = h(2)¥(2) + kO-1(2) = J(2)Y(2) : +£021(2)

The left side vanishes in Qy cohomology. Therefore in Qo cohomology we have 9,1 (z) =

—1 2 J(2)(2) 1, in other words 9(z) is a vertex operator exp(— [ J(z)/k). This operator

K
is a screening operator and it well known that the algebra which commutes with this
operator is the Virasoro algebra with central charge (|7.7)). The formula for the Virasoro

algebra has the form

1 1

Tos(2) = L Je)Ie) 4 ( + k) 0.7 (2) (7.8)

(k+2) 2 + 2
Now we briefly discuss representations how to get representation of the Virasoro alge-
bra using Drinfeld-Sokolov reduction.
By A we denote the Fock representation generated by the vector v

v =0 forn >0, rv=0 forn>D0.

We introduce the grading on A by deg(v) = 0, deg(¢,,) = 1,deg(¢) = —1. The operator
Qe = ﬁzl:l(e(z) + 1)1(2)dz acts on the space V @ A.

It is easy to see that Q> = 0. We denote by Hiq(V) the cohomology of the com-
plex (V ® A,Q), where i stands for the grading on A namely the um deg,+ deg...
These cohomology are called quantum Hamiltonian (or the Drinfeld-Sokolov) reduction
of the V, sometimes terms BRST construction, and semi-infinite Lie algebra homology
construction are also used. .

The current Tpg(z) commutes with Q. Therefore, this Virasoro algebra acts on
Hpg(V) if V is an any level k representation of ;[(2) It can be proven that for € # 0 and
V = L, we have H%DS('ClJﬁ) =0, for ¢ #£ 0 and HODS(‘Cl,k) is irreducible representation of
the Virasoro algebra or zero.
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