AFfine  Quantum  Groups
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Fd Representations of UglSt)
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® Tnter twener R (525 )%@Q(Mﬂ e 6/“4) @ 62/6(2,]

[Basis /7 () 0 0\

/80, VO Vel o)) GlU M) wale-gy

= U, g, 4~ 8 0
/ 4%) ( /OW) ’Z 0 “4“’%2) %[Mf“«l} 0
M(_ZZM‘* [/(4’520{1
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Det R(“%,) = T 0 o o

o Proflert 0> [ —=Cujel{ng) —>C (ug)=0
O—> Clug PCug)®C(u)—>F = O

Otherwise CYu,) ® Clu,) (TTedycdle

® Remark  MOL 54 (ategory
o Remark o g=1 (')och)= () o6y




Duality

® [kf IF V -fd ep V' ~olual S pact
Pilx)= plsa)’

° Property : 3 maps

3 VeV —>q g —=vey
o In ow case ()" = C*(ug)
>(2(’\/ X\/ V ]/X V%K /\/X/(/}/

Clug) ¢ Clg) Clg) Clug)



® Prop For any tvaluation representatioy
ViK™ =\ {gw

P For M%(%L) — tru¢

S2E) = S(—E, 1) =K, (~£,k, 12976
S°(F)=S(-KR)=KFrK' =45,

:EO >SQE — o'
U //:? - /0/52(/;4) %M

-t _ . SR) —
W = /57 —> /Sl[Eﬂ q

o Proftenm Viw)' = \/[gzw) Jor any
evaluotion repf  Viw)

® Profler Any ured RypeI) rep of u(Se,) oOf
dim (s Lsomorphic to  Cu) for some U




O wecghts

® Prop V—Ffd. rep of U (56, )
then W= —=> 19

fi [}L[rﬂ/ }[[sj] z@iz/]/]—j %%f— OC‘%S @ sz/\/r:‘o [
® lype T reps \/;@W\/M i5ely Kegts (01
=) k=1 on type . ASSume thic Gelow
o Def | X | (< £ —wecght  vector (F
S s eyenvedtr Of  W2) ¢z

® Def & (s 5"/%?/7&51‘ V%4 c;g/zf VLT OT
Lf )(Y%)é =0, & (s egavector of Y) ¢ 12




® Thm If V ~irredacidle  fol rep
then 3 (and | up fo mattcple) -
o~ hw  vector g7 s
BB R K — % (5h)  sulalpdr
/= Oy ¥y k3G Then XI5V

let ¢ fe max. st V70 Let (<l {hen XB)E=0

Subspace V) (s preserved by i) Hence assume
that § clgenvector Of &V’?J@ V(2]
V= ﬂg [SA@)é = <X x ¢.¢ e X xS
POW progerty — XTndXOm3 XCred £ €V, )
hence  dumV,=t, hence & unigue up multiple



Ly 4 anpther  Chw Ve tor e/, m>0

bd <xTmd - XIm 15 >SEDcontradiction T

© Proflem let ¥ hw rep Of wlsl) with
/@;—cf Iy Fi=( Then jor evaluatn rep Ulst)

Py g‘k-l

o)t =guas =vhs,  ghd=d Fam

Hint @ Suffccient to check oty one  formute, see Lemma. Befow
@ Some  (ntermediate  formutas

A2 A2
EJSA:M%E/\/ Cet é/\,f /”;é/\ thel

E § :M (%)‘, %)"/Z_ %)\’7+ %*A’Q)
0ra — (g-¢7) é/\'ﬁ\




® Prop let Vv=reps, eV LoV Ehw vectors
Vis=Yiy= gr)¢, V(=YY= ¢lz)¥
Then  Vieies=Y@ket=gl)ghiet), X'l fof

Remark — For coproduct /X /{0/‘ K=1)
N X (2)=19X(2) + X [2)6V [3)
AYe=vz]evlr) RV R)=Y (pey[)

this (S trivial

Pf o We hawe trangatarity of  /\ /{O/’ k=1)
(/Zfﬂ)“h[ﬂ@iw‘ﬂ@bﬁﬂ ~low z/ff/ﬁs//

"ow terms' €€ X k>® €< X0 M, x>
lach CLrmM CO*H%(M ccz/ east oné X[ﬂj

Hence  ALh(r))ief =(hIrIe1+1eprr) ket >0



Screlarty ALhEA) tok = (hEAs 1+ 10per]) Eot”  >p

- We have

A XT) = 10 X+ C<Xrd> e 3 50
Semitarly  AX'[n] = XpaJete1o X0 + C<XEnTk e
fence A (XCnT) et =0 1

o Lxamp Recald for  jlw)  Chw @luz=g" Foug
2 3
For @ (u) Chw — Glu=q3

_ peugd | 2tUG g ptdg”

Clw®CHug) — Ylga=s 3 § rrag =G e ~ Bilug2)
1)

Stmcarty for
Cwe odug) has e-hw as gl € ug")



® Pelow we use ) ~> |/ [a) for a,_,u%&z/

20
%Q%’z

then C-hw @laz) = q°

Cho Vila)®l lag]e. B 6g™) =Chw Y la)

o PIg"2)
Chw Vp)e eV la,) = q Pl2) where Pe=l1za,)
Monce pofynomial P) (s catled Drinfetd potgnomiaf

°émma V- rep, -Chw vector Assiime Z_ i X[14=0
tor some 1, 1Ay Then YR5=YRS- )8

@/e):(ﬁz%”")/gz%(z”ﬁ for  some (L

Pr 0= X B A XLilt)=5 a5 [ Vie)-w2)) g0



2 A 249’?/%)5‘ has  terms 132 .
Az YR has  terms 7z 7P 1z
Hence (Z43) V) =(545)Y )15 R 708 |

® femark This Lemma  works for ang F.d repl
Moreover (¢ works for any rep with fd K, weight
spaces, g W (u)



Mo Theoreri

® Thri (Charc Presstey) For any Ffd %(SAQ) rep

o P& . ~
C-hw =g p(j)%) where Pl2) (s monic, degP=¢

The map ~>,0\ (S ejectior
Drinfetd potynonial

Skefeh of pF @ For ayy Pl2)=(3-a) (za) Gt |y ée

irred. quotient (N SuBmodute  generated by ¢-hw vect
(1 y(a)6. 8l5(a,)  Then o (S (rred. with  C-hw
?=q° Plgs/ A2

O For guen ¢ there 31 imrep with Chw ¢



@let V- fid crrep, 5-E-hw vector:
let K t=q't 7?@/7 Pet,, Fs=0 Acding 6y
X1 we get Z X[3§=0. Hence 8y Lemma  and

Vie)=K +0(27) ple)=q° 24/ (220, 16 = 7 Mg,

@\M can reorder o § S .t product
4 16).0V, 18,), where g7=a,/6 satsfy
y Z / : . .
Thm. 8elow, hence (t (s (rred. By
\/5\//\4[5(4)@~—~®1//\6(66)/ = VA, €2, @gfﬂ/ []

® Remark  Another aproach ‘to [hrr
Tntroduce [ =gx"[a] X LA™ then (ZF-Z)§=PR)s




Lrreduciéte tensor  product

® Thm Consi der tensor ﬂf@d%&f VAV[Q ) \//\m}{)/
et 0. =a.q 2 Assume thal g

[ f ca/@:%/ 562/29/ P then Neg, AEE
Hence Vv (s }”muclﬁé

® ef String — finte geometric /D/’ggﬂ%con With
ratio @t (eS¢t like {6 bq). 84"

Two Streags S & are on special posction if
SUS —string, S, #Sus,, S,7Sus,

Otherwise strongs S, S, are in general postuon




Proftem Any  fenite mubtiset (n € can Ge uniquety
presented das G Wnon of strings. painwise i general posttion

For Yla) Cet  Strung 6¢ SK@Z{M}
| 0 naméers
[string — roots of Drenfetd pofynomiat)

corol v, (a)®. Y lac) 1S crred  if strings
are tn generac position But

Rk Thm works for some order of factors But
if Vew s irred then WeY s also crred  since
has the same Ehw oand S(zé

® Chart, Presstey Tarasov [for Ylae,)) e fotlow Motev



P of the Thm  Induction. Step K1—~+K

V=V, eV, V- orreductdle, §=5,2.%5

K

Lemmae Tf 5 tn Vous &hw vector then 57508
Pf S=2 X'y ef 6 hw vector
o):— 1

AXTnI= 16X+ ¢(¥n] |mead®..  Hence ¢ =t -
next {erm (ZX@]GBHVMZ Tal” g/\ ®5P (1@2‘)@@2 )X[O] gA ®5p
R R S Py g

);z? 2 -q; 2‘“4%—2/0 KL éf\fjép ! /40‘%/9

due to aSsumption, the pofe 7-a4° does not (ONE




Hence the Only subrodute Of V Ls gencrated
by t=g @t TF [t not V fence I submoduf? ir

J* that  dees _not contain ¢
Here 2 (s aﬂ%caawmmgm 3.t

X(E)=KF, 2lFk, 2(F 75K

Lemma @ Antiautomorphism 2 (s well defined

@) Loz =(xrex)oN (¢ f antepode S S#x! )
0 \//\() = (q°0")  (as fefore 5 ag**)
%) qu movw)@@ CU 3¢

Hence. |/ Satcsfy assurption of Thm => the onty

C-hw  vector o vt s £ =01 (rred




§ ~ Characters
oV —fd [ty I) rep U5, )

o= @(V@/ where Vi) (generalized) eqspaces
vselfy, d [ -ge)s=(re-gafs=0

°* Ir K5=¢"% = lirm ¢$l2)-¢° &MW&/:@‘/

222 2720
Usuatly assume dimV, =1

under this — assumption, for Sy, 5 V)
and X eUgld) the matrix element X505
s well defined. We denote (¢ <5 X



o lemma Let §el, Y€V, st <SX0Spma<Exa s

Then ¢'lz)= @/2)( 2224 }

Z - a@
Qf? 2/7

PE himd X[l §= X [o]him ] — ) XLn§ =

- )
= XTd] hir § + ww(ﬁ)xm

gy ~04") ) _ w2 ag?
@@(M (37 )Zm(z@’) =4 2-ag™

Frodtert  (Inder the assumptions of lemma g
@< XmEH=as Xss @S XtasH<y, X175 = S5

méfg

® This  temma  applies for evaluation reps  Vplu)
S XMISP=<S K Ep5>= U <5\ K XIg 5>



Hence <5, X080 =) s X155
Tf 5=, then §=¢,., and
(Son X8, >=Fug™” )<MMS> b.g™ )<s,ux‘ms>

© pof If =gt =MV,
Then V= jj/ac W (4)
q character of V- Xalv) = Z din Yy

v, Ko(ReplUg(38)) = C[9]=CLY ] aeC

® lemarks

@ For fd tp C-hw has  the forr q P/zg)/ﬂ/z/
Hence Lthe corresponding  Yp=117(a)



For Wla) &-hw @e¢ZLr hence Y= YaDlag) Yag™’)

B I <5 Xt =a<sxmss then Vo=V Ay Where
Aoaag). Y - "fund weight,  A="smpte root’

C) For Vla) we have

X, la)=Ya)Yiag) . tlag™ 1+ Alo)(1+ Alag?) t+ Alag™)
([ raph Alo)  jleg) A'lag™” 57175({5%03/5?

For exampte
xwvmm~wa+y(a)
X%W@U Yia)Ylag?) + Y lag)V(ag?) * Yag )y (a)
X (Vs (a)) =Yg ag')* \/agﬁ)ya@z)y(a(ﬂ )
YagW( )Va@)*\/ﬁgl)%&)yfa(g”z)



@ q - chafacter (S not  trace  of V(z)
Examps  Vilu) S”i(i) :((6%23)& Oﬂ) tryle ~q*q

2-q'a /
0) ey We Eosf a

€ Condteon 25 =d5  where @/2/@/2%2)//6@
Rl2) = [LL2 /mw e=b,-€

Eqacm@eﬂf NemJ § %MW >a-Z28)s

@ FOI/ 0) >\/ >V~>V —=0) e /76{V6 ?C%C) %%(///)+%g(l/7
Hence Xy (S deford o K [Repy.y (Uy (SE)

@ G- character (s refcnement Of character

The diagram s K, (Repl Uy(56,)) Y ey Via)
commutatve ey . v /
Ko (Rep (Ugl 5%) >CLy™]



M@&‘ip&‘caﬁw@/
® Thr X,lyev)= Ko (V1® XV

,_i Léé 54/' / /r// be {-w gﬁﬁl‘g OJE \/ O/—dg/?d/ S.2.
é<// K 5=q"s, k52975 = mem;.
2)-¢R)S, contain §, = (<)

Tn particatar %, —¢ hw vector
et 57/,./5’/ similar Gosis of V.
Bas(s  sey §ek 56y, ek ses  yer | el



Trangutarity 2\ (hey)=herie 1o <" Cows erms”
V&m/—ﬁrnm”€¢K%717K>®4*§X&Jﬁ@1§>

Hence  hlT] ey seys Let . e

: \ 3

(S triangular @ O

Tn /o/am‘z‘ca/ﬂf D v

fﬂ@ja are -w

/2 Ctors X ([ 0

v
X




o Remark For new Drinfeéd  coproduct

fasts 5,05 s Cw dasS

Triangutar —matrex — from o o v
Cw Bases ey —= Ve
ceometrically Ckounkor Stable envelope matrix

A

® (oo Any fd rep of UlSt) has C-w  Basis
With &/Z):(g"f/{/q?)/f/w !

PE We fnow Hor evalaation  reps yla)

Hence  for tensor /DFOU/MG@_
Any crrep (S tensor  product of Wt rens

® Corol For fd rep V, with Drinfedd  polynomia
PRI=11% (2-0) we howe %o Vo) =T1Y(a)tezp) where any o
is monomial wn A Tn particalar any M has ﬂega{(t/@ Y degree



® Th K, (Rep,, Uy(58)) = C[ Vial+Y lag)Ic €L Y]

—_—

Pf Xg (S TLhg  hoptomorpacshi

Ko (Rep,, Ug(58)) generated 8y classes o Vlw
hence  Im x,  generated @ %Z(lé/a)):\//aﬁ\/'(agi)

Drenfedd polynomial. ()= Ve)+ Cower terms.
MWa,) are Cnearly ondepenaent cn CLYJ] hence
X 1S embeddung

Ko (Rep,, Ug(5G)) has dasis \p, where PR-TT (a) —

®(orol  For any U, V' we pave V=es in folkeg, ()

® Def Monomial S catted  dominant (f ¢t does not
contacn variates V. 'la)




Remark @ If V ~fd rep, écly € hw vector. Then
the COrresponding monomaal Yy (s domcnant
@ If V' reducidte, then v4lv) contams more then one dominant mown
QopoSite ¢S 1wt true

® Prodler” Find irred 4V st vlv) COntains more
then one dominant term

Hoint  Take some Vis)evis) for S, (N geﬂemé DOSLLLOn

® For any strung S et VIS) corresponding  £d rep
£g.  S=1al=V(S)=VYla) S={aaq’l = Vis)=lla), S=p=>)K)=C

Progtert  por- Serengs. S, S, (n - Special  position et

5% SV, TSNS S8, u{%?gg?g/_’gsé}/ S\S& =SS

Then in Ko we have /(s )o V(S )= VIS, Jov(s,) + s)e us,)



® Droftem® let S={a,aq” .aq*$ Then V(s) for S5
in Ko (Rep,, ) Saz‘zsfces relations Of cluster alpedm %\@
the only frozen variadte \,(a).

Hint Variables for Jfe cluster atgebra. can be
“dentified with diagonals of ¢3-gon, frozen vartalles
are. sges of €3~ gon

® Remark [lecterc-Hernandez) let € ée a futl Suba
Of Rep,, Whose Objects satisfy
*Fvery compoSction  factor has the forr
V(s)®. OVIS),  5¢€S
(Cearty & d@pm{ only on € up t0 (SOMOrphism

Then €, (s monoidal category, K,(6,)— cluster alpeb
Of ny/ﬂé Ag.



Keferences
® (harc fFresstey  Quantum Groups —Sec. 12.2
® Liingof Semenyakin A brief introduction o
quantam — groups  Sec S
® Motev Yangians and classical Lie atgebras

® fernandez leclerc Quantum affine algebras
and  cluster aflgelfras



