
Affine Quantum Groups

Lecture 8-9

F. d. Representations of Ugiste, )



Evacuation Representations

evi.Ugisied-uq.sk) E. ↳ E Eot> UF

Fit> F Fo tu 'E

Def_ For V rep . of Uqisea) let Vlu)

be eying → Uqlsiea)→EndW

Example ¢4m

⇐ 1811 F. ↳1981 Kit> 1%8-4

Eot> 1%81 For> 189) Kot> 1%18)



Intertwines R :GYun)⑧§Yua) → 6441×06%21
job

lBasis 1 O O O

V+⑦V+,V+④k,k⑦V+, - Vik )
p=

0 ¥qi?O

121%1124%1=1 ÷÷i÷iio
qiuiaa o o oDet

RKYuzt-u-quaprobeem-o-c-cyuxocyuqt-csluq.to
o→oYuqtayuq4⑦¢(u→¢→o

otherwise ayah -004%1 irreducible

Rematk_ Not Sls category
Rematk For 8=1 644×0%1--047 -10044



Duality

Def If V -f. d rep
,

V
't
-dual space

p☒lx)= plstxl)*
Property : 3- maps

3- ✓
*
④ ✓ → a ① → ✓ ④ v*

In our case loyal )*=¢4uqy
✗*

✓
*
v v ✓

☒

✓
*✗ v☒×✗

¢4uq7 etat flag" ¢4uq4 ¢4uq9



Ptop For any evaluation representation
VluT*=Vlq "at

PI For Uqlsils ) - true

S4Eo)=s(- 1-ok?/ = - KottoKjY=8'Eo
ST Fe ) = Sl - Kef, ) = K, F, Ki

'
= 9-21=1

u=E%=
, l→sYEoYgypp=q"u

w"=F%
,
↳S4://gyg.j-q-hu-lptoflem-vlu.it= Vlqfw ) for any
evaluation rep Vlad

Problems Any iiied .
Hype II tep . of Uqisiea ) of

dim 2 is isomorphic to ¢4k ) for some U



e- weights

Prof V- f. d. rep of Ugl
then K=Kok, → -1-1

PI
.
[ ha-Ha]]=②¥_K¥ 8µs KIK"=o

Type I reps V=?⃝µ.µYµ, V-gevwk.iq
"
's E-0,1

⑦ 11=1 on type I. Assume this below

Def_ 5 is e- weight vector if

3 is eigenvector of 4+12-1 4-12-1

DIE } is e- highest weight vector
if ✗+12-15=0

, } is eigenvector of 4%34-12-1



Thy If V - irreducible f.d rep
then 2- land ! up to multiple )

q -4*-51
.e- h.ir

.

vector

Pf_ E
, ,

F
,
,

K
,

- Uqisllz ) subalgebra
f- ④ Um , V-gekyk.5-q.is .

Then XYZ) 's c- Virus,

Let e be Max .

S.t. Vie , =/ 0 .

Let better then XYZ)} -0

Subspace Vie, is preserved by 4+-12-1 . Hence assume

that 's eigenvector of 4TH
, 4-12-1

✓ = Uq 1%5=4×-15 4-..lt?..Y+--...X+...:X+DpBWprop-tyXImisXImit..:XImrI} c- He-2k )
hence dim Keil, hence } unique up multiple



If F another C-h.W.vectotbc-Ye.am ,
m > 0

3¢ < ✗ Imi .

.
. :X

-

[miss
'

> contradiction
.

Problem Let Y
,
hw

. rep of Ugliest with

K⇐q% , E§=O Then for
evaluation rep. Ugliest

4+12-135-01944=4-12-1}, ¢,# =p

Hint @ Sufficient to check only one formula
,
see Lemma below

.

⑧ Some intermediate formulas

Eg }×=u÷÷:}, , eet 5×5-45, then

Egg .EU/8t-8*2-qt-4+q-x-2( q - q
") ¥-2

.



Ptp Let V.V
'
- reps, SEV

,
{
'

EV
'

e- hw
.
vectors

4+145-472-13=0/12-15
,

4+145-472-15=01%-15
,

Then 4+12-15×05=4-12-15×05=0112-101%-113×051
,
✗+12-1 { ⑦&

Remark For coptoduct ¢0T K=1)
✗+12-1=1×0×112-1 -1×+124×0412-1

4-+12-1=4-+121×0442-1 4--12-1--4 -12-1×0412-1

this is trivial
.

PI We have triangularity of A ¢0T K=1)
lhH=h[☐ ⑧ 1+1 ④her] +

"

low terms "

"low terms " c-¢(x+[n]
,
#⑦ ① ( X'Cifhcs],k>

each term contain at least one ✗In}

Hence b. lhci ) }⑦É=lh[☐④ 1+1×0174-3) }⑦}
'

no



Similarly Atheist }⑦É=lhEt]④1+1④hEt])}⑦}
'

1-so

we have

Xtcn])=1⑦X+[n] -1 Clum]> ⑦# n >o

similarly bX+fn]=X+En] -01+1+0 ✗In] -1 Ckxtfm]>K#⑦#

Hence slxtcn]) }④§=O Fn

Eiampee Recall for Velu ) e-h.no/e1u.zt--qeEIuigeii-'
For alla )e-h.ir/qlu1--qZz--+?.C4u)xOC4uqj-ch1ui-khluq:z1--q¥?q¥j=qa¥¥g→=¢aluq⇒,

6%1
similarly for

Ela)④
. .

-

④ flag
"") has e- b.was deluge-4<-18"(uqe-1)



Below we use Velal → Vela ) for a = - age-2

then e-h.no/e1qzj--qeZz--aa8-He-h.vYla)x0V1laqTQ..+0Vfaqf'"1) =L .

hw treat

e. h.lv Klaw . .

# Vitae ) = of where 1%-1=1712--9.1

Monic polynomial Plz ) is called Dripped polynomial

Lemma_ V- Tep, 3- e. hw.

vector
.
Assume ÉoAiXIi]}=o

,

for some n, {Air Then 4+145-472-13=0/12-1}
,

of A) =⇐Bit
")/ISAizti) for some {Bit.

- PI 0=11+12-1/EAIXII ] } )=EAiÉ / 4+12-1 -4-12-11 Iq - g- 15'}



EAIÉ 4+12-1} has terms 1,2=3.2--2
,

.
. .

EAIÉ -4-12-1} has terms E.E
"

.
.
.

. ,Z? 1, Z, .

.

.

Hence ¢Aiz
") 4+12-13=124.2--44-12-1}=KBiÉK

Rematk This Lemma works for any f. d. Tep V

Moreover it works for any rep with f. d. K, weight
spaces, e. g. Wut



Main theorem

Thm_ Khari Pressley) For any f. d. Uqlsie, ) rep
e- hw of of where Plz ) is monic

, degP=e .

The map v → p
,
is bijection

Dtilfeed polynomial

sketch of Pf ⑥ For any 1012-1=12--91
.

:(2- -ad let Vp be
in
-ed

. quotient in submodule generated by e-hw vector

in Klan ⑦ . . - ⑦ Velael Then Vp is in
-ed

.

with C- H.W.
= g-cplqiz)/ Plz)

⑧ For given ¢ there 1-± irtep with e-hw ¢



⑥ Let V - f. d. itiep
,
5- e- hw .

vector
.

Let K
, }=qe } .

Then eek
> o,

1=9+13--0
. Acting by

Kat we get E¥oAiXIi]}=o .

Hence 18g Lemma and

4+-12-1=11-1-+012-7 ) Olle)=q-e 1.7:( z -G.)117%2--91, Mbi=q
"
Mai

⑧ we can reorder ai
,
bi St product

VµlaD④ . .
-

⑦ Vxelbe) , where qhi-q.IQ . satisfy
Thm

.

below
,
hence it is in

-ed
. By ⑧

V=VµlaD④ . .
-

⑦ Vxelbe), ⑤ Fili Ezzo g. e. d

Rematk Another aptoach to Tbm :

Introduce P
,
- =¥:X -105×-05 then IEP,-2-1-15=172-7}



Irreducible tensor product

Thm_ Consider tensor product V-tkia.IQ . . Variant,
let G. = ai g-

" i. Assume that

if ai 182=99
, ec-kzqi.pk then ✗

✗
c-Hyo, ✗F-
l
.

Hence v is irreducible

DIE string - finite geometric progression with
ratio qe set like {8,8g? . . .bg

"}

Two strings S
, Sadie in speciation if

S
, Usa

- string , 51=15, v52 , 52-+5, Usa

otherwise strings S
, , S.a are in generosities

.



Piobeem Any finite multiset in it can be uniquely
presented as a union of strings pairwise in general position .

For Vela ) let string be selal-taq-Y.yanq-mj.gl
1 string - toots of Dtcnfeld polynomial )

cotol-ve.la, )④ . .
-

⑦ Valar ) is itTed . if strings
are in general position but

RI Thm works for some order Qf factors but
if V⑦W is cited

.
then W⑦V is also cited

.

since

has the same e- hw and size
.

Chan
, Pressley, Tarasov /for 4101411 . We follow Moler

.



Pfofthethm Induction
. Step K-1 → K

.

f- vxia.TV
'

,
V - irreducible

, 5=3×9 . . He

Lemma If 3 in V is e- hw vector then 5-4×0}
PI 5-§? ✗To]

"}µ⑦}j e- h.ir vector

☐✗ In]=1 ⑦ ✗ +In] -1 AHEM] / men> ④ . .

. Hence §p =}
'
-

next term (Exton ⑦ 41m]EYXIoPEµ⑧5p -111×0%51^12=7×701%4 ,⑧5p
MM 70

K z - b,
IF

17=2 z-qq-apXT.is
"}xi①}p + [ z_#_a

,

✗Tip
"

}, ,⑦Ép
due to assumption , the pole z-a.JP does not cancel



Hence the only submodule of V is generated
by 3=4×0}

'
. If it is not V hence F submodule in

line that does_not contain }*
Here x isantiautoi-phism-S.t.XIEit-K.fi

,
RIKK Ki

, KIE )=Eiki

Lemma_ ⑥ Anti automorphism x is well defined
⑧ box =@ ⑦A) od ( c. f. antipode S, 5-+2 ! )
② V×laY=Vylq- • b- 1) Ias before f- aq-2×1
⑨ v*=V×lq%iY⑦V×Iq%i)④ . .

-

④Waihi't

Hence v
't

satisfy assumption of Thm ⇒ the only
e- hw vector in v* is 5

'
⇒ V.V in-ed



g- characters

V -f. d. Hype It Tep Uqisea )

v = +04¢, , where 4¢ , Igeneralized) eig spaces
V-J c- Hop , Fd 14+12-1-101445=14-12-1 -0112-199=0

If kis-q.ms ⇒ eziyzolzf-qe.e.im/olz1=q-e
2- →0

Usually assume dim 4¢,=1

under this assumption , for 4- You , 's
't Vol

and ✗ c- Uq 181 the matrix element × :S ↳ is
'

i Well defined .

We denote it <5.XD
.



Lemma Let Sekou
, }
'

Evo , st <5. ✗ In] 's>=aY&xIo]g>

Then 042-1=012-118'

PI HIM] ✗To] 5=510]h[my -8mY-q-8.iq??,XImTg-M--XIohcmis+@%Y%¥÷×- cosy
g-
'

explcq-q-ys.IT?Ijt-a8Mz-m1=q-aZz-.-ag?Pi-obleM-Under the assumptions of Lemma
⑨ <5. ✗ In] 's anthias 's ⑤( 5. www.x-cois> = "¥%%

This lemma applies for evaluation reps Velu)

<5,5*55<5
,

-KGS> = - ussik.XT.gs>



Hence <5.Xin 's> euros; kinds>
If 5-}m

,

then 5-Sms and

Csm
, ,
Xin] }m > = tug

"-725ms ,XIa5m > =laqm-eksm.si/Ios5m)De-fIfok-1=q-R-z-?Rk-)--H--!lZ-aiYnqz.gg
i=e

Then Y¢= t.IE/lai1Me-Y-Y8ilF- 1

of character of V
: Xqlv)=§dimV¢Y¢

Xq : kolrepluql.ES ) ) → ① [91--04%1] ae

Remarks

⑨ For f. d. Tep e-hw has the form g-ePlzq4/Plz)
Hence the corresponding Yq= MY/a.)



For Vela ) e- h.wcfk-t-q-z-e-aahenceyg-Ylalylaq-7.it/aq*e-"I

⑧ If <5. ✗ In] 's>=aK&XIo]5> then Yµ=Y¢A_a
' where

Ala)=YlaHlaq4 .
Y -

"

fund . Weight; A -
"

simple root
"

⑥ For Vela ) we have

✗qlvelalt-ylalylag-7.i.Ylaq-dk-YH-A-talll-A.lag-411-1 . . . .

Ala g-
""'1.)
'
of cluster

Graph
Atal AIaÑ) A' laai

"""
mutations

.

→2- r - n . ✗

For example

Xqlvilal )=Y /a) + Y' laqa)
✗qlvalatl-ylalylaq-7-Y-laqyylaq-4-y-yaq.TT

'

/a)

Xqlvslal )=YlaHlaq7YlaqY+Ylaq7YlaqiMaqY
+ YTaqYY.la/Ylaq-YtYIaq4YIa1YTaq-7



⑨ g- character is not trace of 4+12-1

G- 4+-12-1=9+9-1Example vital y±kt=
"

g¥ we lost a !

② Condition 4+12-15=0112-73
,
where 1012-1=9-92197-111212-1

,

Riz)= 17%2--9417:# - a.)
,

e-G- e-

Equivalent him] 5-q-m-%1Eai-EG.mg

⑤ For O→v'→v→v"→o we have xqlvt-xq.lv/txqlv9
Hence Xq is defined on kolkepf.d.luqisie.lt

⑧ g- character is refinement of character

The diagram is

commutative
kdRePlUqÉD

"
> fly] ya,

Restriction
,

t I

kolrepltlq.sk/-CLy"] y



Multiplicativey

Thd Xqlv ④ V1 = Xqlvl ⑦ Xqlv
')

PI Let 5 , , .
.
.

, % , be e- w
.

basis of V, ordered S.t.

i<j , Kigiqmibi, Kisjqmitsj ⇒ Mi >Mj .

14+12-1 -0/12-115; contain %.

⇒ i<j

In particular 5
,

- e. hw vector

Let Si
,

. . ii. similar basis of V.

Basis 3×0%1,4×08, .
.

,
Sisi

,
Sisi
,
Sisi

,
.
. .is:&

,
. .

.

.Fifi



Triangulating blhH=h[1-1×01+1 ④hat -1
"

low terms "

"low terms " c-¢( xtcn]
,
#⑦ ① ( X-cnfhcsT.ES

Hence HIT] bits! - - - beer ? Beti .
. . Leif,

*

0is triangular
.

µ
" """"" " ° ×

① "

"

"

|f. ⑦ yj are e-w

vectors ✗ 0 0

¥



Rematk For new Drin feed coptoduct
basis g. ⑦3; is e- w basis

.

Triangular matrix from
vxqy

'
→ V④s☐V

'

e- w bases

geometrically Okounkov stable envelope Mattix

Coto Any f. d. Tep of UqlÑ has e- w
.

basis
with 0/12-1=91121922-1/1212-1

PI We know for evaluation reps. Vela)
Hence for tensor products
Any ittep is tensor product of eval. reps

Cotol For f. d. Tep Vp with Dtinfeld polynomial
PK-t-RE.cz -a.) we have Xqlvp ) = MY/a.) THEM ), where any M
is monomial in A- ! In particular any M has negative Y degree .



th-kolrepf.duq.se?H--CfYla1+Y-YaqiDcccyTPf-Xqis ring homomorphism .

kolrepf.ae Ugliest) generated by classes of Ktul
hence Imxq generated byxqlvdalt-Ylai-Y-laqilkolrepf.aeUqiseal) has basis Vp

,

Where PK-t-tflz-q.li
=p

Drin feed polynomial. xqlvpt-MYla.lt lower terms .

1741%1 are linearly independent in CCY] hence

Xq is embedding

Cotol For any V
,
V
'

we have V⑧V=V⑦V in kolkepf.aluq.HN

Def Monomial is called dominant if it does not
contain variables Yilal



Remark ⑨ If V - f.d. Tep, }EV¢ e. hw
.

vector
.

Then

the corresponding monomial Yo, is dominant

⑧ If V reducible
,
then Xqlvl contains more then one dominant moron .

Opposite is not true .

ptoblem_* Find in-ed . f. d. V S.t. Xqlv) contains more
then one dominant term

.

Hint Take some Vlsi⑦Vlsi for 5,5. in general position

For any string S let V15 corresponding f. d. Tep.

E.g .

5- Lal⇒vlst-V.la
,
5-ha

, aqil ⇒ risk blat
,

5-¢⇒Wsfa

Ptoblem For strings S
,,
Sa in special position let

55-5,052 , Sis, Asa 55-5 , v1 two nearest5, 53154--5, Usg .

neighbors

Then in ko we have ✓ (g) ⑧ VISA )=V/5) ⑦ V15, ) + Uss) ⑦ V18)



Ptobeemit Let 5- La, aq? . . . ,aq-
"

4
.

Then V15) for S's
in KolRepeal satisfies relations of cluster algebra Ae

,
the only frozen variable Vela ) .

Hint Variables for Ae cluster algebra can be

identified with diagonals of e-is -gon, frozen variables
are sides of 1+3 - gon

Remai Keeler - Hernandez ) Let ee be a full subcat.
Of Reps:D

.

Whose objects satisfy
Every composition factor has the form
V15 )④ . . -

⑦ VK.ru )
,
sics

clearly ee depend only one up to isomorphism .

Then ee is monoidal category, Kolee ) - cluster algebra
of type Ae .
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