
Affine quantum groups

15.02.2022

Problems for the course Skoltech, fall 2021. There are mistakes here, if
you find some please write to mbersht@gmail.com
Definitions and hints are in slides and references.

1 Quantum groups

Problem 1.1 (till 04.10.2021). Let g = sl3, 𝑉 = C3 a) Compute first and second term
in 𝐸,𝐹 of ℛ using pairing. b) Compute 𝑅𝑉,𝑉 and 𝑅𝑉,𝑉 *. c) Find eigenvalues of ̃︀𝑅𝑉,𝑉 .

Problem 1.2. Let g = sl3, Compute first and second term in 𝐸,𝐹 of ℛ using factor-
ization formula.

Problem 1.3. For g = sl3 and 𝑉 = C3 compute 𝐶𝑉 , 𝐶𝑉 *.

Problem 1.4. a) For g = sl3 relate 𝑙𝑖𝑗 generators in RTT realization and Cartan-Weyl
elements. b)* The same for g = sl𝑛+1

Problem 1.5. Show that ⟨𝑅𝐿+
1 𝐿

+
2 − 𝐿+

2 𝐿
+
1 𝑅,−⟩ = 0.

2 Affine algebras, affine Weyl group

Problem 2.1 (till 11.10.2021). Show that generators 𝐸0, . . . , 𝐸𝑟, 𝐻0, . . . ,𝐻𝑟, 𝐹0, . . . , 𝐹𝑟

satisfies relations of Kac-Moody algebra.

Problem 2.2. a) If 𝑠𝑖𝜆 = 𝜆 (equivaliently (𝛼∨
𝑖 , 𝜆) = 0) then 𝑇𝑖𝑌

𝜆 = 𝑌 𝜆𝑇𝑖.
b)* If (𝛼∨

𝑖 , 𝜆) = 1, then 𝑇𝑖𝑌
𝜆𝑇𝑖 = 𝑌 𝑠𝑖(𝜆).

Problem 2.3. For Φ = 𝐴𝑛 the elements 𝑌𝑖 = 𝑇−1
𝑖−1 · · · · · 𝑇

−1
1 𝜏𝑇𝑛−1 · . . . 𝑇𝑖. Here 𝜏 ∈ Ω

is such that 𝜏𝑇𝑖𝜏
−1 = 𝑇𝑖+1, 𝜏𝑇𝑛𝜏

−1 = 𝑇0.
a) For 𝑛 = 1, 2 find formulas for 𝑌 𝜛𝑖 and show above.
b)* Show above for any 𝑛.

Problem 2.4. * Show that 𝑃 ∈ 𝑊 𝑎𝑒 is the subgroup of elements with finitely many
conjugates.
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3 Representations of affine algebra

4 Poincaré-Birkhoff-Witt basis for 𝑈𝑞(̂︀𝑠𝑙2)
Problem 4.1 (till 01.11.2021). Show that

𝐸𝛼+(𝑛+1)𝛿𝐸𝛼+𝑚𝛿 − 𝑞2𝐸𝛼+𝑛𝛿𝐸𝛼+(𝑚+1)𝛿 + 𝐸𝛼+𝑚𝛿𝐸𝛼+(𝑚+1)𝛿 − 𝑞2𝐸𝛼+𝑚𝛿𝐸𝛼+(𝑛+1)𝛿 = 0

Problem 4.2. * Show that

𝑒+(𝑧)𝑒+(𝑤)(𝑧 − 𝑞2𝑤) + 𝑒+(𝑤)𝑒+(𝑧)(𝑤 − 𝑞2𝑧) = (1− 𝑞2)(𝑧𝑒+(𝑤)2 − 𝑤𝑒+(𝑧)2)

5 New Drinfeld realization for 𝑈𝑞(̂︀𝑠𝑙2)
Problem 5.1. Finish the proof of

[𝑋+(𝑧), 𝑋−(𝑤)] =
1

𝑞 − 𝑞−1

(︁
𝜓+(𝑧)𝛿(

𝐾𝑤

𝑧
)− 𝜓−(𝑧)𝛿(

𝑤

𝐾𝑧
)
)︁

Problem 5.2 (till 01.11.2021). Show that for 𝑟 > 0

[ℎ𝑟, 𝑋
+(𝑤)] =

[2𝑟]𝑞
𝑟

𝑤𝑟𝑋±(𝑤), [ℎ𝑟, 𝑋
+(𝑤)] = −𝐾𝑟 [2𝑟]𝑞

𝑟
𝑤𝑟𝑋±(𝑤).

Problem 5.3. Show that

𝜏Φ(ℎ𝑟) = ℎ−𝑟, 𝜏Φ(Ψ+(𝑧)) = 𝐾Ψ−(𝑧−1), 𝜏Φ(Ψ−(𝑧)) = 𝐾−1Ψ+(𝑧−1).

Problem 5.4. Show the existence of evaluation homorphism

ev𝑢 : 𝑈𝑞(̂︀sl2) → 𝑈𝑞(sl2), 𝐸1 ↦→ 𝐸, 𝐹1 ↦→ 𝐹, 𝐸0 ↦→ 𝑢𝐹, 𝐹0 ↦→ 𝑢−1𝐸.

Problem 5.5. Find formula for the action of loop generators 𝑋+[𝑛], 𝑋−[𝑛], ℎ𝑟, ℎ−𝑟 for
evaluation representation C2(𝑢)

Problem 5.6 (till 01.11.2021). Check formula for 𝑅 matrix acting on the tensor
product C2(𝑢1)⊗ C2(𝑢2)

6 Factorization of ℛ-matrix

Problem 6.1. Prove any of the formulas for Δ(𝐸−𝛼+𝑛𝛿), Δ(𝐹𝛼−𝑛𝛿), Δ(𝐹−𝛼−𝑛𝛿).

Problem 6.2. Show that

Δ(𝐸𝛼+𝑛𝛿) = 1⊗ 𝐸𝛼+𝑛𝛿 + 𝐸𝛼+𝑛𝛿 ⊗𝐾𝛼+𝑛𝛿 + (𝑞 − 𝑞−1)

𝑛∑︁
𝑝=1

𝐸𝛼+(𝑛−𝑝)𝛿 ⊗𝐾𝛼+(𝑛−𝑝)𝛿𝐸𝑝𝛿

+ very low terms

where very low terms are of the form 𝑎 ⊗ 𝑏, where 𝑎 contains at least two terms of the
form 𝐸𝛼+𝑝𝛿.
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Problem 6.3. a) Find Gauss decomposition for 𝑅 = 𝑅−𝑅0𝑅+ matrix acting on the
tensor product C2(𝑢1)⊗ C2(𝑢2).
b) Show that ℛ−

C2(𝑢1)⊗C2(𝑢2)
= 𝑅−, ℛ+

C2(𝑢1)⊗C2(𝑢2)
= 𝑅+.

c)* Show that ℛ0
C2(𝑢1)⊗C2(𝑢2)

= 𝑓(𝑢1/𝑢2)𝑅
0, for some function 𝑓 .

Problem 6.4. Check that Drinfeld coproduct preserves some (a couple) of relations in
new realization.

7 𝑅𝐿𝐿 relaization

Problem 7.1. a) Deduce from RLL relations 𝒦+
1 , ℱ+ relations.

b) Deduce from RLL relations ℱ+, ℱ+ relations.

Problem 7.2. Deduce from Yang-Baxter equation that

𝑅(𝑎1/𝑎3)𝐿
+
1 (𝑎1)𝐿

+
2 (𝑎2) = 𝐿+

2 (𝑎2)𝐿
+
1 (𝑎1)𝑅(𝑎1/𝑎3)

Problem 7.3. Show that for 𝑈𝑞(̂︀sl2) we have

𝐿+(𝑎) =

(︂
1 0

(𝑞−1 − 𝑞)
∑︀

𝑟≥0𝐸𝛼+𝑟𝛿𝑎
−𝑟 0

)︂
exp

(︃∑︁
𝑟>0

[𝑟](𝑞−1 − 𝑞)

[2𝑟]
ℎ𝑟

(︂
(𝑎𝑞−1)𝑟 0

0 −(𝑎𝑞)𝑟

)︂)︃
(︂
1 (𝑞−1 − 𝑞)

∑︀
𝑟>0𝐾1𝐸−𝛼+𝑟𝛿𝑎

−𝑟

0 1

)︂
.

Problem 7.4. Show that Δ defined by

Δ(𝐿+(𝑧)) = 𝐿+
2 (𝑎)𝐿

+
1 (𝐾(2)𝑎), Δ(𝐿−(𝑧)) = 𝐿−

2 (𝐾
−1
(1)𝑎)𝐿

−
1 (𝑎),

agrees with RLL relations.

Problem 7.5. Using the formula for 𝐿+ show that Δ𝐸1 = 𝐸1 ⊗𝐾1 + 1 ⊗ 𝐸1, Δ𝐸0 =
𝐸0 ⊗𝐾0 + 1⊗ 𝐸0.

8 Finite dimensional representations of 𝑈𝑞(̂︀sl2)
Problem 8.1. Show that C2(𝑢1) ⊗ C2(𝑢2) is irreducible unless 𝑢1/𝑢2 = 𝑞±2. In last
case show that

0 → C → C2(𝑢)⊗ C2(𝑢𝑞2) → C3(𝑢𝑞) → 0

0 → C3(𝑢𝑞) → C2(𝑢𝑞2)⊗ C2(𝑢) → C → 0

Problem 8.2. 𝑉 (𝑢)* ≃ 𝑉 (𝑞2𝑢) for any finite dimensional evaluation representation
𝑉 (𝑢).
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Problem 8.3. Any irreducible (type I) representation of 𝑈𝑞(̂︀sl2) of dimension 2 is iso-
morphic to C2(𝑢) for some 𝑢.

Problem 8.4. Let 𝑉𝜆 be highest weight representation of 𝑈𝑞(sl2) with highest weight
vector 𝜉𝜆 such that

𝐾𝜉𝜆 = 𝑞𝜆𝜉𝜆, 𝐸𝜉𝜆 = 0.

Then, for evaluation representation 𝑉𝜆(𝑢) of 𝑈𝑞(̂︀sl2) show that

Ψ+(𝑧)𝜉𝜆 = Ψ=(𝑧)𝜉𝜆 = 𝜑𝜆(𝑢, 𝑧)𝜉𝜆, 𝜑𝜆(𝑢, 𝑧) = 𝑞𝜆
𝑧 + 𝑢𝑞−𝜆−2

𝑧 + 𝑢𝑞𝜆−2
.

Problem 8.5. Any finite multiset in C* can be uniquely presented as a union of string
pairwise in general position

9 𝑞-characters for 𝑈𝑞(̂︀sl2)
Problem 9.1. Assume that all l-weight spaces in 𝑉 are one dimensional, 𝜁 ∈ 𝑉(𝜑),
𝜁 ′ ∈ 𝑉(𝜑′), are such that ⟨𝜁 ′|𝑋−[𝑛]𝜁⟩ = 𝑎𝑛⟨𝜁 ′|𝑋−[0]𝜁⟩.
a) Show that ⟨𝜁|𝑋+[𝑛]𝜁 ′⟩ = 𝑎𝑛⟨𝜁|𝑋+[0]𝜁 ′⟩.
b)* Show that ⟨𝜁 ′|𝑋−[0]𝜁⟩⟨𝜁|𝑋+[0]𝜁 ′⟩ = 1

𝑎(𝑞−𝑞−1)
Res𝑧=𝑎 𝜑(𝑧).

Problem 9.2. * Find irreducible finite dimensional representation of 𝑈𝑞(̂︀sl2) whose
𝑞-character contains more the one dominant term.

Problem 9.3. For strings 𝑆1, 𝑆2 in special position let 𝑆3 = 𝑆1 ∪ 𝐶2, 𝑆4 = 𝑆1 ∩ 𝑆2, 𝑆4
is 𝑆4 with two nearest neighbors and 𝑆3 ∖ 𝑆4 = 𝑆5 ⊔ 𝑆6. Then we have equality in 𝐾0

𝑉 (𝑆1)⊗ 𝑉 (𝑆2) = 𝑉 (𝑆3)⊗ 𝑉 (𝑆4) + 𝑉 (𝑆5)⊗ 𝑉 (𝑆6)

Problem 9.4. * Let 𝑆 = {𝑎, 𝑎𝑞−2, . . . , 𝑎𝑞−2𝑙}. The classes 𝑉 (𝑆′) in 𝐾0(Repf.d.), for
strings 𝑆′ ⊂ 𝑆 satisfy relations of cluster algebra of type 𝐴𝑙, the only frozen variable is
𝑉 (𝑆).

10 𝑞-characters in general

Problem 10.1. For g = sl3 find 𝑞-characters and graphs corresponding to two different
8 dimensional irreducible representations.

Problem 10.2. For g = so8 find 𝑞-characters and graphs corresponding to fundamental
representations.

Problem 10.3. * For g = sl2 show that Ker𝑆 = C[𝑌 (𝑎) + 𝑌 −1(𝑎𝑞2)].
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11 Schur-Weyl duality

Problem 11.1. Show that formulas

𝐸𝑖𝑒ℎ = 𝛿𝑖≡ℎ+1𝑒ℎ+1, 𝐹𝑖𝑒ℎ = 𝛿𝑖≡ℎ𝑒ℎ−1, 𝐾𝑖𝑒ℎ = 𝑞𝛿𝑖≡ℎ−𝛿𝑖≡ℎ+1 , 𝑒ℎ

defines representation of 𝑈𝑞(̂︀sl𝑛)
Problem 11.2. Show formula 𝑇𝑖 = 𝑠𝑌𝑖 𝑅̃𝑖,𝑖+1 +

𝑞−𝑞−1

𝑌1/𝑌𝑖+1−1(𝑠
𝑌
𝑖 − 1).

Problem 11.3. Check formula 𝑇 (𝑒ℎ ⊗ 𝑒𝑔) (or 𝑇 (𝑒𝑔 ⊗ 𝑒ℎ)) for 𝑔 > ℎ, 𝑠 > 0,

Problem 11.4. Check commutativity of 𝐸𝑖 and 𝑇 on 𝑒ℎ⊗ 𝑒𝑔 for 𝑔 = ℎ+𝑛𝑘+ 𝑠, 𝑘 ≥ 0,
𝑠 > 0, 𝑁 = 2.

Problem 11.5. * a) For 𝑁 = 2 𝑀𝑎1,𝑎2 is irreducible if and only if 𝑎1/𝑎2 ̸= 𝑞2, 𝑞−2.
b) If 𝑎𝑖/𝑎𝑗 ̸= 𝑞2, ∀1 ≤ 𝑖, 𝑗 ≤ 𝑁 , then 𝑀𝑎⃗ is irreducible.

12 Semi-infinite construction

Problem 12.1. Show that 𝑒𝑔 ∧ 𝑒ℎ = −𝑞𝑒ℎ ∧ 𝑒𝑔 for 0 < 𝑔 − ℎ < 𝑛.

Problem 12.2. Let 𝑖1, . . . , 𝑖𝑁 ∈ Z such that
∑︀𝑁

𝑘=1(𝑖𝑘 +𝑚 − 𝑘) > 0 and 𝑖𝑘 +𝑚 ≤ 𝑁 .
Then 𝑒𝑖1 ∧ · · · ∧ 𝑒𝑖𝑁 = 0.

Problem 12.3. * Show that
a) 𝐾𝑖|𝜆⟩𝑁,𝑚 = 𝑞|𝜆|𝑖−1−2|𝜆|𝑖+|𝜆|𝑖+1+𝛿𝑚≡𝑖−𝛿𝑚+𝑁≡𝑖 |𝜆⟩𝑁,𝑚, where |𝜆|𝑗 = #{□ ∈ 𝜆|𝑐(□) = 𝑗}.
b) 𝐾𝑖|𝜆⟩𝑁,𝑚 = 𝑞#{□∈Add(𝜆)|𝑐(□)=𝑖}−#{□∈Rem(𝜆)|𝑐(□)=𝑖}−𝛿𝑚+𝑁≡𝑖 |𝜆⟩𝑁,𝑚

Problem 12.4. ∀𝑘, ∃𝐵𝑘 acting on ℱ𝑚 s.t. lim𝑁→∞ 𝜙∞,𝑁𝑏𝑘|𝜆⟩𝑁,𝑚 = 𝐵𝑘|𝜆⟩𝑚.

Problem 12.5. Compute 𝐵1𝐵−1|∅⟩𝑚

13 Bosonization, vertex operators

Problem 13.1. a) Check 𝑋−, 𝑋− relation.
b)* Check [𝑋+, 𝑋−] relation.
c) For 𝐿0,1 check 𝑋−[0]|0⟩ = 𝑋+[−1]2|0⟩ = 0.

Problem 13.2. * Check intertwining property of Φ𝐷 with 𝑋+(𝑤).

Problem 13.3. Find dependence of Ψ*,𝐷
+ and Ψ*,𝐷

− on 𝑎𝑟, 𝑎−𝑟

Problem 13.4. Find normalization 𝑓(𝑢) of the 𝑅 matrix on relations of vertex opera-
tors.
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