Affine quantum groups

15.02.2022

Problems for the course Skoltech, fall 2021. There are mistakes here, if
you find some please write to mbersht@gmail.com
Definitions and hints are in slides and references.

1 Quantum groups

Problem 1.1 (till 04.10.2021). Let g = sl3, V = C3 a) Compute first and second term
in E,F of R using pairing. b) Compute Ryy and Ryy+. c¢) Find eigenvalues of Ry y .

Problem 1.2. Let g = sl3, Compute first and second term in E,F of R using factor-
1zation formula.

Problem 1.3. For g = sl3 and V = C? compute Cy, Cy-.

Problem 1.4. a) For g = sl3 relate l;; generators in RTT realization and Cartan- Weyl
elements. b)* The same for g = sl, 41

Problem 1.5. Show that (RLTLy — Ly LT R,—) = 0.

2 Affine algebras, affine Weyl group

Problem 2.1 (till 11.10.2021). Show that generators Ey, ..., E., Hy, ..., H,, Fy, ..., F,
satisfies relations of Kac-Moody algebra.

Problem 2.2. a) If s;\ = \ (equivaliently (o, \) = 0) then T,Y* = Y T;.
b)* If (o, \) = 1, then TY T; = Y5,

Problem 2.3. For ® = A,, the elements Y; = Tf_ll ceee TflTTn,l -...T;. Here T € Q
is such that TTyr—! = i1, T, =Typ.
a) For n=1,2 find formulas for Y= and show above.

b)* Show above for any n.

Problem 2.4. * Show that P € W% is the subgroup of elements with finitely many
conjugates.



3 Representations of affine algebra

4 Poincaré-Birkhoff-Witt basis for U, (sl,)
Problem 4.1 (till 01.11.2021). Show that

Ea+(n+1)5Ea+m5 - q2Ea+n5Ea+(m+l)5 + Ea+m5Ea+(m+1)5 - q2Ea+m5Ea+(n+l)5 =0
Problem 4.2. * Show that

ef(2)e" (w)(z — ¢*w) + e (w)e (2)(w — ¢*2) = (1 - ¢*) (2" (w)? — we ™ (2)?)

5 New Drinfeld realization for Uq(sAlg)

Problem 5.1. Finish the proof of

1 K
X)X (W] = o= (¢+(z)5(7w) - ¢—(z)5(%))
Problem 5.2 (till 01.11.2021). Show that for r > 0

[hr, X T (w)] = [2:}qeri(w)7 [hr, X T (w)] = —K’”[QZ]qw”Xi(w).

Problem 5.3. Show that
7®(h,) =h_,, T®(TT(2)=K¥ (271, 70T (2)) =K o (z1).
Problem 5.4. Show the existence of evaluation homorphism
evy: Uy(sly) = Uy(sly), By E, Fi — F, Ey— uF, Fy— u 'E.

Problem 5.5. Find formula for the action of loop generators X *[n|, X~ [n], hy, h_, for
evaluation representation C?(u)

Problem 5.6 (till 01.11.2021). Check formula for R matriz acting on the tensor
product C%(uy) ®@ C?(ug)

6 Factorization of R-matrix

Problem 6.1. Prove any of the formulas for A(E_qins), A Fa—ns), A(F-a-—ns)-
Problem 6.2. Show that

n
A(Ea—i-né) =1® Eatns + Eatns @ Kayns + (q - qil) Z EaJr(nfp)é ® Ka+(nfp)6Ep5
p=1
+ very low terms

where very low terms are of the form a ® b, where a contains at least two terms of the
form Eqyps.



Problem 6.3. a) Find Gauss decomposition for R = R~ RR" matriz acting on the
tensor product C?(u1) ® C?(us).

hl I B
b) Show that Reay,ygea(un) = B> Reznecrus) = 77
¢)* Show that R?C2(u1)®(c2(u2) = f(u1/u2)R®, for some function f.

Problem 6.4. Check that Drinfeld coproduct preserves some (a couple) of relations in
new realization.

7 RLL relaization

Problem 7.1. a) Deduce from RLL relations K, F*+ relations.
b) Deduce from RLL relations F*, FT relations.

Problem 7.2. Deduce from Yang-Baxter equation that
R(a1/a3)L{ (a1)L3 (az) = L3 (az) L{ (a1)R(a1/a3)

Problem 7.3. Show that for Uq(sA[g) we have

1 0
L+(a) B <(q_1 - Q) ZTZO Ea-‘rnia_r O)
e =), ((ag™")" 0
exp (Z [27“} h, ( 0 _(aq)r>>

r>0
<1 (¢t —q) 2 >0 KlE—a-;-réCb_T)
0 1 ’

Problem 7.4. Show that A defined by
A(L*(2) = L (@)L (Kpa), AL~ (2) = Ly (Kl a)L; (a),
agrees with RLL relations.

Problem 7.5. Using the formula for L™ show that AE, = F1 @ K1 +1® E1, AEy =
Ey® Ko+ 1® Ep.

8 Finite dimensional representations of Uq(sAlg)

Problem 8.1. Show that C?(u1) ® C%(ug) is irreducible unless uy/uz = q2. In last
case show that

0 — C — C*(u) ® C*(ug*) — C*(ug) — 0
0 — C3(uq) — C*(ug®) ® C*(u) - C =0

Problem 8.2. V(u)* ~ V(q?u) for any finite dimensional evaluation representation
V(u).



Problem 8.3. Any irreducible (type I) representation of Uq<§[2) of dimension 2 is iso-
morphic to C2(u) for some u.

Problem 8.4. Let V) be highest weight representation of Uy(sly) with highest weight
vector &y such that

K& =g, E& =0.

Then, for evaluation representation Vy(u) of Uq(sA[g) show that

A2t uq_A_2

24+ ugr?

UF(2)6 = U= (2)6n = da(u, 2)€n,  Oa(u,2) =¢

Problem 8.5. Any finite multiset in C* can be uniquely presented as a union of string
pasrwise in general position

9 ¢-characters for Uq(glz)

Problem 9.1. Assume that all l-weight spaces in V are one dimensional, ¢ € V),
¢" € Vg, are such that (¢'|X~[n]¢) = a"(¢'|X~[0]C).

a) Show that (C| X" [n]¢’) = a"(C|X([0]¢").

b)* Show that (¢'|X~[0]¢)(¢|XT[0]¢") = m Res,—q ¢(2).

Problem 9.2. * Find irreducible finite dimensional representation of Uq(;[g) whose
q-character contains more the one dominant term.

Problem 9.3. For strings Sy, S92 in specicll position let S5 =S UCy, Sy = S1 NSy, Sy
is Sy with two nearest neighbors and S3\ Sy = S5 U S¢. Then we have equality in K

V(S1) @ V(S2) = V(S3) @ V(S4) + V(S5) ® V(S6)

Problem 9.4. * Let S = {a,aq™?,...,aq"?}. The classes V(S') in Ko(Repyy.), for
strings S C S satisfy relations of cluster algebra of type A;, the only frozen variable is
V(9).

10 g-characters in general

Problem 10.1. For g = sl3 find q-characters and graphs corresponding to two different
8 dimensional irreducible representations.

Problem 10.2. For g = sog find g-characters and graphs corresponding to fundamental
representations.

Problem 10.3. * For g = sly show that Ker S = C[Y (a) + Y 1(ag?)].



11 Schur-Weyl duality
Problem 11.1. Show that formulas
Eien = dizni1en+1,  Fien = dizpen—1, Kiep = ¢"=h"0=141 ¢y

defines representation of Uq(g[n)

Problem 11.2. Show formula T; = 82-/]%7;72'4_1 + Yl‘}%:_l(s}/ —1).

Problem 11.3. Check formula T'(ep, @ eq) (or T(eq ® ep)) for g > h, s >0,

Problem 11.4. Check commutativity of E; and T on e, ® g4 for g =h+nk+s, k>0,
s>0, N=2.

Problem 11.5. * a) For N =2 My, 4, is irreducible if and only if a1/as # ¢*,q¢ 2.
b) If aifaj # ¢*, V1 <i,j < N, then Mz is irreducible.

12 Semi-infinite construction
Problem 12.1. Show that e, A e, = —qep, N ey for 0 < g—h <n.

Problem 12.2. Let iy, ...,ix € Z such that Y5, (ix + m —k) > 0 and iy +m < N.
Then e;; N---Nejy =0.

Problem 12.3. * Show that
a) Ki|\) N m = qNim1 2Rt Mt 0m=i=dmin=i| \) - where |A|; = #{0 € N|c(O) = j}.
b) Ki|\) N = ¢ {BeAMN)[e(@)=i} —#{OeRemN)|e(D)=i} —dm+n=i| \) .

Problem 12.4. Vk, 3By, acting on Fp, s.t. BNy o0 Qoo NOEIA) Nm = Br|A)m.-

Problem 12.5. Compute ByB_1|2),

13 Bosonization, vertex operators

Problem 13.1. a) Check X, X~ relation.
b)* Check [ X, X ] relation.
¢) For Loy check X~[0]|0) = X T[—1]?0) = 0.

Problem 13.2. * Check intertwining property of ®° with X+ (w).
Problem 13.3. Find dependence of \I/fr’D and U on Ay, Ay

Problem 13.4. Find normalization f(u) of the R matriz on relations of vertex opera-
tors.
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